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EXECUTIVE  SUMMARY 


Computational  aircraft  performance  prediction  is  with  no  doubt  the  final  goal  of  all  the  fundamental  research  in 
Aerodynamics  because  computational  methods  are  indispensable  to  define  and  above  all  to  optimize  the  aircraft  we 
have  to  build. 

Today,  even  more  than  in  the  past,  one  wants  to  define  as  quickly  as  possible  with  minimum  recourse  to  experiments, 
economically  optimized  configurations  having  good  performance  up  to  the  limits  of  the  flight  envelope  and  to  know  in 
advance  their  absolute  level  of  performance. 

Obviously,  to  accomplish  this,  one  needs  to  take  all  the  features  of  the  flow  into  account,  especially  its  viscous 
character. 

Apart  from  the  Navier-Stokes  approach  in  the  whole  flow  field,  which  will  not  be  useable  on  three-dimensional 
practical  shapes  for  several  years,  the  only  way  to  do  this  now  is  to  take  advantage  of  the  huge  amount  of  work  done  on 
the  parts  of  the  flow  where  viscosity  plays  a  major  role  -  the  boundary  and  the  shear  layers  -  as  well  as  on  those  where 
the  perfect  fluid  assumption  can  be  made  and  to  find  adequate  methods  and  algorithms  to  link  the  viscous  and  the 
inviscid  parts  of  the  flow. 

^>4  This  symposium  was  consequently  organized  to  review  the  search  for  coupling  procedures.  It  appears  that  the 
situation  is  quite  satisfactory  for  2D  flows.  Very  good  correlations  can  be  found  between  the  computational  results  and 
the  experiments  provided  that  the  methods  include  the  wake  displacement  and  curvature  effects,  and  adequate  treatment 
of  the  trailing  edge  region  and  of  the  shock  boundary  layer  interactions.  If  so,  useful  and  reliable  tools  are  available  for 
engineering  purposes. 

However,  the  agreement  generally  deteriorates  with  the  extension  of  separated  regions  or  when  the  shock  intensity 
increases  and  further  improvements  are  still  needed,  for  example,  for  single  or  multielement  airfoils  near  maximum  lift 
or  at  high  Mach  numbers.  In  addition  it  must  be  stressed  that  the  quality  and  the  accuracy  of  the  experimental  data 
become  questionable  as  the  capability  of  the  computational  methods  to  adequately  describe  more  and  more  complex 
situations  increases.  Therefore  precise  and  reliable  code  validation  requires  more  and  more  well  documented  benchmark 
data. 

For  3D  configurations,  the  work  is  much  less  advanced;  only  a  few  studies  have  been  made  and  a  lot  of  work  has 
still  to  be  done,  especially  in  the  transonic  regime.  However,  the  first  results  obtained  using  the  ideas  which  have  proven 
to  be  efficient  in  2D  are  encouraging.  The  problem  of  separation  with  formation  and  rolling-up  of  vortex  sheets  which 
is  specific  to  3D  flows  is  of  primary  importance  and  the  studies  already  made  on  this  subject  will  have  to  be  pursued 
and  extended  in  the  compressible  and  transonic  regime.  Finally,  it  has  been  recorded  that  the  need  for  detailed  bench¬ 
mark  experiments  is  even  greater  in  3D  than  in  2D.  1 
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CALCUL  DES  ECOULEMENTS  A  FORTE  INTERACTION  VISQUEUSE 
AU  MOYEN  DE  METHODES  DE  COUPLAGE 


J.C.  LE  BALLEUR 

Office  National  d'Etudes  et  de  Recherches  Adrospatiales  (ONERA) 
29,  avenue  de  la  Division  Leclerc  -  92320  ChStillon  -  FRANCE 


RESUME 


Lea  mdthodes  de  calcul  du  fluide  visqueux  par  des  approches  de  couplage  aont  analysdes  globalement 
On  ddgage  d'abord  lea  niveaux  d'approximations  et  lea  concepts  mis  en  jeu,  ainsi  que  lea  formulations 
gdndralisdes  de  l'effet  de  ddplacement  visqueux  sur  le  fluide  parfait.  On  analyse  ensuite  lea  mdthodes 
de  couplage  fort  qui  s'appuient  sur  des  approximations  de  couches  visqueuses  minces. 

Dans  ce  cadre,  on  propose  une  formulation  ddficitaire  du  calcul  de  l'dcoulement  visqueux, 
dvaluant  l'dcart  A  un  dcouleraent  de  fluide  parfait  superposd.  Cette  approche  permet  de  traiter  approxima- 
tivement  les  gradients  de  pression  normaux  et  d'dliminer  les  comportements  supercritiques  au  sens  de 
Crocco-lees.  Elle  maintient  des  Aquations  intdgrales  simples.  On  passe  ensuite  en  revue  les  principales 
techniques  numdriques  de  couplage  actuelles.  Les  possibilitds  globales  et  les  espoirs  des  mdthodes  sont 
examinds  au  vu  des  calculs  de  profils  d'ailes.  Des  rdsultats  nouveaux  sur  le  ddcollement  de  bord  de  fuite 
sont  prdsentds,  ainsi  qu'une  mdthode  approchde  originale  pour  traiter  numdriquement  l'interaction  au  pied 
des  ondes  de  choc. 


COMPUTATION  OF  FLOWS  INCLUDING  STRONG  VISCOUS  INTERACTIONS  WITH  COUPLING  METHODS 
SUMMARY 


The  calculation  of  viscous  flovs  with  coupling  methods  is  surveyed.  The  approximation  levels  and 
concepts  are  firstly  outlined,  as  well  as  the  generalized  formulations  of  the  viscous  displacement  for  the 
inviscid  flow.  Then,  the  strongly  interacting  methods  that  are  based  on  thin  viscous  layers  approximations 
are  discussed. 

On  this  way,  a  matching  formulation  of  the  viscous  flow,  calculated  as  a  difference  with  the 
inviscid  overlaying  flow,  is  suggested,  in  order  to  restitute  approximately  the  normal  pressure  gradient 
inside  of  the  layers,  as  well  as  to  remove  the  supercritical  behaviours,  in  the  Crocco-Lees  sense.  This 
analysis  maintains  simple  viscous  integral  equations.  A  review  is  then  given  of  the  main  numerical 
techniques  presently  available  for  the  coupling  problem.  The  global  state  of  the  art  and  possible  extension' 
are  looked  at  through  the  viscous  methods  for  airfoils.  New  results  are  presented  for  trailing-edge 
separation,  and  an  approximate  method  is  suggested  to  capture  numerically  the  viscous  interaction  under  the 
shock-waves. 

1.  INTRODUCTION 

Les  dcoulements  A  grand  nombre  de  Reynolds  se  caractdrisent  par  l'existence  de  phdnoraAnes  localisds  A  dvolution 
trAs  rapide,  associant  dtroitement  d'une  part  les  effets  de  la  viscositd  et  de  la  turbulence, gdndralement 
confinds  dans  des  couches  minces,  d'autre  part  leur  rdpercussion  sur  la  structure  de  l'dcoulement  non  dissipa- 
tif.  L’exemple  typique  d'une  telle  situation  est  celui  de  l'interaction  choc-couche  limite. 

Ces  phdnomAnes  concentrds  et  A  petite  dchelle  peuvent  conditionner  l'dcoulement  macroscopique  dans  sa  totalitd 
en  raison  du  caractAre  non  lindaire  des  Aquations  qui  le  rdgissent  et  donner  naissance  A  des  rdgimes  complexes, 
dits  de  forte  interaction  visqueuse,  par  opposition  aux  rdgimes  de  faible  interaction  fondamentalement  diffd- 
rents  et  conduisant  A  des  solutions  proches  de  1' approximation  classique  du  fluide  parfait. 

Malgrd  les  progrds  importants  de  mdthodes  numdriques  adaptdes  A  la  rdsolution  des  Aquations  de  Navier-Stokes 
compldtes,  en  principe  capables  de  traiter  ces  rdgimes  de  forte  interaction,  une  approche. purement  mathdma-  . 
tique  du  probldme  adrodynamique  reste  difficile  dans  la  mesure  ou  elle  demeure  largement  tributaire  de  la  prdci- 
sion  des  techniques  numdriques,  de  l'dlaboration  de  modAles  de  turbulence  suffisamment  gdndraux,  du  recours 
ndcessaire'A  des  maillages  tr&s  fins  supposant  l'emploi  de  moyens  de  calcultrAs  puissants  et  pas  encore 
disponibles, 

Une  approche  plus  physique  est  de  ce  fait  prdsente  dans  toute  1' adrodynamique  numdrique  pratique.  Elle  appa- 
ralt  entre  autres  dans  1* introduction  d'equations,  de  conditions  aux  limites  ou  de  "modAles"  locaux  simpli- 
fids,  dans  l’dlaboration  de  mdthodes  de  rdsolution  composites  fonddes  sur  le  couplage  de  plusieurs  mdthodes 
numdriques  distinctes,dans  le  recours  ndeessaire  A  des  maillages  adaptds  aux  circonstances  locales  de 
l'dcoulement.  II  eat  clair  que  l'originc  de  telles  mdthodes  est  dtroitement  associde  A  la  structure  en  dchelle 
multiples  de  l'dcoulement  ainsi  qu'A  l'existence  d'dquations  approchdes  et  de  mdthodes  numdriques  approprides 
A  cheque  dchelle.  L'adaptation  de  ces  mdthodes  A  la  physique  des  phdnomAnes  s'est  bien  souvent  rdvdlde  comme 
une  source  d'efficacitd,  notammer.t  pour  des  niveaux  d' approximation  visqueuse  relativement  modestes.  Un 
exemple  typique  est  fourni  par  le  calcul  difficile  des  profit's  transsoniques  pour  lesquels  les  mdthodes 
fonddes  sur  des  analyses  de  fluide  parfait  et  de  couche  limite  en  interaction  possAdent  encore  des  perfor¬ 
mances  meilleures  que  les  analyses  de  type  Navier-Stokes,  A  la  fois  quant  au  coQt  des  calculs  et  quant  A  3eur 
prdcision. 

A  plus  long  terme,  on  peut  penser  que  l'adaptation  des  mdthodes  de  couolaee  aux  aspects  physiques  spdcifiques 
des  grands  nombres  de  Reynolds  devrait  conduire,  parallAlement  au  ddveloppement  des  mdthodes  de  rdsolution 
directes,  soit  A  une  dconomie  pour  des  performances  dgalcs,  soit  au  traitement  de  problAmes  plus  complexes 
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pour  un  coflt  de  calcul  donnd,  en  tridimensionnel  par  exemple,  soit  enfin  au  ddveloppement  indirect  de 
techniques  numdriques  nouvelles  pour  rdsoudre  les  Equations  de  Navier-Stokes. 

Nous  allons  examiner  ici  succinctement,  dans  les  parties  2  et  3,  les  niveaux  d' approximations  et  les 
concepts  gdndraux  qui  paraissent  se  ddgager  des  mdthodes  de  calcul  actuelles,  en  rdgime  de  forte 
interaction  visqueuse.  Les  parties  4,  5  et  6  seront  consacrdes  aux  mdthodes  s’appuyant  sur  des  approxi¬ 
mations  visqueuses  simples,  obtenues  4  partir  d'hypothdses  de  Prandtl  ou  de  couche  mince.  Aprfes  discussion 
de  leurs  repercussions  sur  un  modfele  de  calcul  par  couplage  avec  le  fluide  parfait,  nous  passerons 
brifevement  en  revue  les  mdthodes  numdriques  actuellement  capables  de  rdsoudre  un  couplage  de  ce  type, 
problAme  de  base  dont  l'dtude  est  encore  cependant  rdcente  et  limitde.  Nous  examinerons  enfin,  sur 
l'exetnple  de  synthdse  des  profils  transsoniques  ou  divers  phdnomdnes  d* interaction  visqueuse  interfdrent, 
quelles  sont  les  possibility  et  espoirs  des  mdthodes  de  couplage  de  cette  catdgorie. 


2.  APPROXIMATION’  NUMERIQUE  DU  FLUIDE  VISQUEUX  ;  NIVEAUX  GENBRAUX  D' ANALYSE  ET  METHODES 
DE  COUPLAGE 


II  est  hors  du  propos  de  cette  brSve  analyse  de  passer  en  revue  les  diverses  mdthodes  en  usage  pour  le 
calcul  du  fluide  visqueux,  l'objectif  etant  ici  seulement  de  ddgager  qualitativement  les  grandes  voies 
d'approche,  les  niveaux  d’ approximation  possibles,  ainsi  que  les  limites  d'utilisation. 

Comme  l'indique  la  figure  1 ,une  classification  en  quatre  niveaux  paratt  concevable,  le  niveau  1 
regroupant  des  approches  varides,  mais  fonddes  sur  une  rdsolution  directe,  tandis  que  les  niveaux  II, 

III,  IV  correspondent  aux  principales  approches  indirectes  ou  mdthodes  de  couplage.  Bien  que,  pour  chaque 
niveau,  des  approximations  plus  ou  moins  fortes  puissent  intervenir,  ce  qui  exclut  de  ce  classement  une 
hidrarchie  stricte,  la  gdndralitd  dcs  mdthodes  les  plus  completes  de  chaque  catdgorie  est  croissante  dens 
le  sens  allant  de  IV  vers  I. 


2.1.  Mgthodes  de  resolution  directes 

Le  niveau  I  correspond  aux  mdthodes  de  rdsolution  directes  et  inclut  en  particulier  la  rdsolution  complfete 
des  dquations  de  Navier-Stokes,  ainsi  que  les  rdsolutions  limitdes  aux  structures  turbulentes  4  grande 
dchelle,  avec  moddlisation  des  structures  /ines.  D'un  point  de  vue  plus  orientd  vers  les  mdthodes  actuellement 
utilisablcs  dans  les  applications,  le  niveau  I  correspond  4  une  approche  qui  peut  Stre  quelifide  de 
globale  [1  a  4]  dans  la  mesure  ou  elle  adopts  une  radme  mdthode  numdrique  et  un  radme  syatdme  d'dquations, 
uniformdment  valables  dans  tout  le  champ  d'dcoulement.  II  s'agit  soit  des  dquations  de  Navier-Stokes 
moyenndes,  assocides  A  un  moddle  de  turbulence, soit  des  dquations  de  Navier-Stokes  tronqudes  par  des  approxi¬ 
mations  de  couche  mince  [5,  6]. 


2.2.  MSthodes  directes  avec  oamutatlon  d'&niatlons 

Une  premiAre  extension  de  l'approche  globale  conaiste  &  conserve!  une  mdthode  numdrique  unique,  mais  4 
commuter  les  dquations  rdsolues,  en  fonction  des  zones  de  calcul,  sur  des  systdmes  complete  ou  simplifids 
[7],  figure  2.  Cette  approche,  voisine  dans  ses  motivations  des  mdthodes  de  couplage  par  zones,  ne  peut  6tre 
considdrde  comme  identique.  II  est  clair  en  effet  que  Ins  frontidres  de  commutation  d'dquations  ainsi 
mises  en  jeu  ne  matdrialisent  nullement  des  domaines  de  calcul  numdrique  disjoints,  raccordds  par  leurs 
seules  conditions  aux  limites,  mais  qu'au  contraire  une  coutinuitd  numdrique  des  ddrivdes  normalcs  aux 
frontidres  de  conmutation  est  implicitement  postulde.  L'approche  da  commutation  d'dquations  par  zone* 
correspond  done  essentiellement  4  un  allSgement  des  calcul s, obtenu  er  supposant  a  priori  l’annulation 
d'unc  partie  des  termes  des  dquations  dans  certaines  rdgions,  4  la  prdcision  de  la  technique  de  rdsolution 
numdrique.  Cet  alldgement  peut  6tre  compldtd  par  une  optimisation  de  la  gdomdtrie  des  frontiires  de 
commit  ition. 


2.3.  MSthodes  de  couplage  fort  avec  dissociation  par  donalnes 

L'approche  par  conmutation  d'dquations  peut  conduire  4  l'apparition  de  probldmes  muthdmatiques  ou  numdriques 
nouveaux  par  rapport  4  une  apprcche  globale  avec  dquations  de  Navier-Stokes  compldtes,  en  css  de  troncature 
importante  de  ces  derniisres.  Ils  seront  par  exemple  associds  aux  changements  d'ordre  des  dquations  aux 
ddrivdes  partielles,  aux  changements  de  domaine  de  ddpendance  ainsi  que  desconditions  aux  limites  ndeessaires. 

Ainsi  est-on  conduit  au  niveau  II  et  4  l'approche  de  couplage  par  dissociation  de  domaines  de  calcul, 
figure  3,  dans  laquelle  les  probldmes  mathdmatiques  et  numdriques  sont  traitds  inddpendamment,  tandis  que 
le  problfcme  global  est  reconstitud  par  le  biais  d'un  couplage  rigoureux,  dit  couplage  fort,  entre  les  condi¬ 
tions  aux  limites  des  divers  sous-domaines,  le  long  de  leurs  frontitres  communes,  Les  dquations  utilisdes 
dans  les  divers  sous-domaines  sont  en  gdndral,  soit  les  dquatioh3  de  Navier-Stokes  completes,  soit  des  dqua¬ 
tions  tronqudes  dans  des  approximations  de  couche  mince,  de  Prandtl  ou  d'Euler  [8,  9,  10  ,  11). 

Les  changements  d'ordre  et  de  nature  des  dquations  aux  ddrivdes  partielles  avec  les  sous-domaines  de  calcul 
contraignent  4  moduler  en  consdquence  le  noobre  de3  conditions  de  couplage  le  long  des  frontidres  de  raccorde- 
roent,  et  4  opdrer  des  choix  guidds  par  la  physique  des  phdnomdnen  ainsi  que  la  nature  des  dquations  locales. 

Le  couplage  des  paramdtres  adrodynamiques  sur  une  frontidre  de  raccordement  ne  conduit  plus  ici,  en  particulier 
au  raccordement  de  leurs  ddrivdes  normales  4  cette  frontidre,  le  ddfaut  de  raccordement  rdsiduel  dtant 
reprdeentatif  de  la  prdcision  du  moddle  de  couplage,  pour  un  ddcoupage  de  zones  et  d'dquations  ddtermind. 

II  est  4  noter  que  le  passage  du  niveau  I  au  niveau  II  fait  surgir  un  probldme  numdrique  nouveau.  II  s'agit 
de  rdaliser,  par  des  mdthodes  itdratives  ou  implicites,  en  stationnaire  comme  en  instationnaire,  le  couplage 
fort  des  conditions  aux  limites  assocides  aux  divers  sous-probldmes.  II  esc  clair  que  cette  difficultd 
majeure,  qui  ne  saurait  se  rdsumer  4  l'dtablissement  d'un  organigramme  de  calcul,  n'a  fait  l’objet  au 


au  niveau  de  l'adrodynamique  que  d'un  nombre  encore  restraint  d'dtudes,  motivdes  essentiellement  par  le 
raccordement  des  dquations  d'Euler  et  de  Prandtl,(cf  paragraphe  5). 
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2.4.  Mdthodes  de  couplaqe  fort  avec  dissociation  par  equations 

La  technique  prdcddente  de  dissociation  par  domaines  suppose  que  dans  chacun  d'entre  eux  les  Equations 
rdsolues  ddcrivent  d  elles  seules  le  comportement  local  de  l'dcoulement.  En  cas  de  niveaux  d' approximation 
assez  modestes,  corame  par  exemple  celui  des  Equations  de  Prandtl,  une  telle  situation  peut  conduire  & 
des  limitations  importantes.  On  doit  remarquer  par  ailleurs  qu'une  telle  technique  de  raccordement  est 
dvitde  dans  les  mdthodes  analytiques  de  ddveloppements  asymptotiques  raccordds,  dans  lesquelles  les 
domaine8  de  calcul  associds  aux  diverses  dchelles  se  trouvent  superposds  dans  un  mSme  .domaine  physique. 

Nous  avons  trouvd  [3/  12  a  13]  que  1' introduction  de  domaines  de  calcul  en  recouvrement,  figure  4,  dans 
la  formulation  de  mdthodes  composites  coupldes  pour  le  calcul  du  fluide  visqueux  &  nombre  de  Reynolds 
dlevd,  pouvait  conduire  d  un  progrfes  important,  relid  physiquement  h  la  possibilitd  de  traiter  l'dcoulement 
de  fluide  visqueux  en  termes  d’dcarts  &  l'dcoulement  de  fluide  parfait  fictif  dont  il  est  le  plus  voisin. 
Cette  analyse  constitue  une  gdndralisation  des  mdthodes  de  couche  limite,  classiques  ou  bien  avec  fort 
gradient  normal  de  l'dcoulement  externe.  Si  nous  considdrons  par  exemple  un  repdre  curviligne  xOu 
le  long  d'une  paroi,  que  nous  supposerons  plane  pour  simplifier  l'exposd  ,  si  it  et  t  sont  les  'compo- 
santes  de  la  vitesse,  p  la  masse  volumique  et  ft  la  pression,  si  xt  ,  tr  ,  p  ,  p.  sont  leurs  homologues 
pour  l'dcoulement  de  fluide  parfait  superposd,  les  dquations  du  fluide  visqueux,  notdes  (T)  +  (5)  ,  seront 
dissocides  en  un  systdme  d'dquations  de  fluide  parfait,  notdes  (l)  ,  et  en  un  systdme  d'dquations 
ddficitaires  visqueuses  notdes  (2)  .  Les  dquations  dynamiques  stationnaires  deviennent  ainsi  : 


<>e“  _  o 

Dx  Dy 

Dpu1  i Spur  Oft 

Dx  *  dy  Dx 

Ppm  Dpu1  _  _  Dfi 

Dx  Dtj  Dy 


Dpu -pi  Dpu -pi  o 
Dx  *  Dy 

Dpu1-  pu.L  ppju.0.  puv 

Ox  +  Du 

dputr.pun  Dptr*.pir 
Dx  *  Dy 


<Z  t  CC  i  reprdsentant  les  composantes  du  tenseur  des  contraintes.  Cette  formulation  ddficitaire 

du  probldme  visqueux  conduit  4  une  rdsolution  sensiblement  du  mgmetype  que  dans  l'approche  de  couplage  par 
domaines,  en  raison  du  couplage  fort  qui  doit  6tre  rdalisd  entre  (T)  et  les  conditions  aux  limites  (jJ 
pour  que  : 

Om  H*  [ f-f  ]  fs{*> 

On  note  toutefois  que  1* importance  du  choix,  relativement  arbitraire  dans  l'approche  de  couplage  par 
raccordement  de  domaines,  de  la  frontidre  externe  des  couches  visqueuses  s  $ (X)  ,  est  dliminde. 

Un  avantage  de  la  formulation  ddficitaire  (2.2)  apparr.it  clairement  en  cas  d' approximation  par  des  hypotheses 
intermddiaires  entre  celles  de  Prandtl  et  celles  des  dquations  de  Navier-Stokes  en  couches  minces.  II 
vient  alors  : 


Dpu  _  pi 


Dpu1-  pi* 


Dpr-px  q 
*1  ' 
Dpuir-  piv 

i 

. 
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Ce  qui,  d'aprds  (2.3),  fournit  ft  (  X  ,y)  *  ft  (x  .y) ,  Cette  approximation  sur  la  pression  est  beaucoup  moins 
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restrictive  que  celle  qui  serait  ddduite  des  Equations  de  Prandtl  dans  un  couplage  par  raccordeoent  de 
domaines  : 

s0  f.  (X,y)  (xj ) 

aiorsque  la  resolution  du  systdme  parabolique  (2.4)  avec  x.  ,  v  ,  jl  ,  p  donnds  par  (2.1)  est  d’une 
complexity  equivalence  4  la  resolution  des  simples  equations  de  Prandtl. 

En  cas  de  simplifications  moins  importances  que  (2.4),  ou  d'application  des  equations  de  Navier-Stokes 
(2.2),  le  choix  de  la  formulation  ddficitaire  (2.1)  (2.2)  devient  intimement  lie  au  choix  et  au  condition- 
nement  des  techniques  numdriques  appliqudes  a  (2.1)  et  (2.2),  ainsi  qu'4  leur  couplage.  Nous  noterons 
enfin  qu'au  niveau  d'approximation  II  de  la  figure  1,  la  dissociation  effectude  en  systdme  d'dquations 
visqueuses  et  non-visqueuses  suppose  une  analyse  de  couplage  en  forte  interaction,  qui  correspond  4  la 
resolution  stricte  de  (2.1)  (2.2)  (2.3),  et  qui  prend  en  compte  l'influence  exercde  par  l'aval  de 
l'dcoulement  sur  l'auont.  Des  approches  de  ce  type,  bien  que  plus  ou  moins  simplifies,  ont  dtd 
rdcemment  expdrimentdes  [16,  17,  18].  D'autres  approches  maintiennent  en  revanche  des  approximations  de 
systdmes  d'dquations  paraboliques,  rdsolus  directement  d'anont  en  aval,  ce  qui  les  rapproche  des  mdthodes 
de  couche  limite  en  faible  interaction  du  niveau  IV  [19,  20]. 


2.5.  Mfithodes  de  couplage  faible 

Les  niveaux  d' approximations  I  et  II  correspondent  4  une  moddlisation  du  fluide  visqueux  capable  de  ddcrire 
au  moins  qualitativement  les  regimes  de  forte  interaction  visqueuse,  soit  en  raison  des  equations 
visqueuses  rdsolues,  soit  grSce  4  un  effet  de  couplage  fort  au  fluide  parfait,  dans  le  cas  des  equations 
visqueuses  les  plus  simples.  II  est  toutefois  important  de  considdrer  que  cette  capacity  de  traiter  les 
zones  de  forte  interaction  suppose  l'utilisation  de  maillages  fins  approprids  pour  Stre  effective,  quelles 
que  soient  les  equations  rdsolues.  En  regime  turbulent,  mSme  pour  les  systdmes  d'dquations  les  plus  simples, 
les  dchelles  de  resolution  ne  sauraient  en  particulier  Stre  plus  grossidres  que  l'dpaisseur  locale  des 
couches  visqueuses  mises  en  jeu. 

Les  niveaux  III  et  IV  correspondent  4  des  analyses  simplifides  dont  la  gdndralitd  d'application  est  moins 
grande,  mais  qui  restent  le  support  de  la  plupart  des  applications  actuelles.  Les  plus  rdpandues  sont 
les  ndthodes  de  couches  limites  du  niveau  IV,  en  utilisation  conjointe  avec  des  calculs  en  fluide  parfait 
traditionnels,  rdsolus  de  manidre  ddcouplde.  L' absence  de  resolution  couplde  provient  du  concept  d'interac- 
tion  ou  de  couplage  faible,  qui  s'associe  4  la  thdorie  asymptotique  du  second  ordre  de  la  couche  limite 
dans  le  cas  laminaire  [21],  et  4  des  theories  de  mSme  nature  dans  le  cas  turbulent  [22,  23]. 

La  figure  5  schematise  la  simplification  apportde  au  niveau  du  couplage.  En  premidre  approximation,  le 
champ  de  fluide  parfait  est  obtenue  inddpendomment  de  toute  couche  limite.  II  determine  pour  celle-ci 
un  champ  de  pression  simplifid  qui  permet  le  calcul  d'une  premidre  approximation  de  la  couche  limite  et 
de  eon  dpaisseur  de  ddplacement.  Celle-ci  suffit  4  determiner  1' approximation  finale  du  fluide  parfait, 
ainsi  que  celle  du  champ  de  pression  de  la  couche  limite.  Une  approximation  de  second  ordre  peut  alors 
Stre  calculde  pour  la  couche  limite,  qui  alors  possdde  toujours  un  gradient  de  pression  normal  predetermine 
mais  non  nul  en  cas  de  courbure  de  la  paroi.  Le  couplage  est  "faible”  dans  la  mesure  oh  la  couche  visqueuse 
est  entidrement  conditionnde,  4  un  ordre  d'apnroximation  donnd,  par  un  dcoulement  de  fluide  parfait  sur 
lequel  ne  s'exerce  aucune  influence  rdciprpquq. 

Dans  cette  analyse,  l'idde  d'itdration  sur  l'dpaisseur  de  ddplacement  visqueuse  est  absente  et  se  trouve 
remplacde  par  une  correction  directe  et  unique.  L'insuffisance  dventuelle  d'une  telle  correction  unique 
marque  prdcisdment  l'apparition  de  phdnomdnes  de  forte  interaction  visqueuse,  lids  aux  ddcollements,  ondes 
de  choc,  bord  de  fuite,  ainsi  que  la  ndccssitd  de  moddles  4  couches  multiples  si  l'on  veut  maintenir 
l'emploi  de  theories  asymptotiques  [23  4  31],  sans  toutefois  pouvoir  dliminer  l'apparition  d'un  probldme 
de  couplage  fort. 

Une  propriety  caractdristique  du  couplage  faible  asymptotique  est  de  conduire,  pour  le  probldme  visqueux, 

4  la  resolution  d'un  systdme  parabolique  dans  lequel  on  ignore  l'influence  que  peut  exercer  l'aval  de 
l'dcoulement  sur  l'amont.  Une  telle  influence  ne  peut  done  Stre  retrouvde  que  par  les  conditions  aux 
limites  impoades  par  le  fluide  parfait,  et  se  trouve  de  ce  fait  totalement  supprimde  pour  un  dcoulement 
externe  supersonique,  ou  encore  dans  l'apprcximation  d'un  dcoulement  de  fluide  parfait  subsonique 
raonodimensionnel . 

La  simplification  correspondante  apportde  4  la  resolution,  qui  peut  alors  proedder  en  merchant  de  l'amont 
vers  l!aval,  a  fait  l'objet  de  transpositions  dans  des  mdthodes  abandonnant  les  equations  simples  de 
Prandtl  au  profit  d'dquations  moins  restrictives,  qualifides  au  niveau  IV  de  la  figure  1  d’ approximations 
paraboliques  des  equations  de  Navier-Stokes.  Dans  ce  cas,  les  equations  de  Navier-Stokes  sout  d'abord 
assuietties  4  des  approximations  de  couches  minces,  qui  consistent  4  dliminer  leu  termes  visqueux  de 
diffusion  suivant  Ox  ,  si  Ox  reprdsente  la  direction  de  l'dcoulement  principal.  Cette  simplification 
des  niveaux  I  ou  II  ne  suffit  pas  cependant  4  elle  seule,  dans  le  cas  gdndral,  pour  paraboliser  totale¬ 
ment  le  systdme  d'dquations  dans  la  direction  des  X  positifs,  notamment  en  presence  de  regions 
d'dcoulement  subsonique  [32,  33].  On  peut  alors  parler  de  systdmes  d'dquations  elliptiques  4  cause  du 
champ  de  pression,  dans  la  mesure  oft  les  systdmes  redeviennent  paraboliques  soit  lorsque  la  pression  est 
figde,  soit  lorsque  son  evolution  longitudinale  moyenne  selon  x  est  figde  mais  que  sa  variation  secondaire 
dans  le  plan  j/Oi  est  calculde  [34],  soit  enfin  lorsque  l'dvolution  longitudinale  de  la  pression  est 
elle  auusi  calculde  d'amont  en  aval  mais  au  prix  d’une  approximation  quasi-monodimensionnelle  et  d'une 
alteration  de  la  pression  dans  l'dquation  de  quantity  de  mouvement  selon  Ox  [35]. 

Dans  toua  les  cas,  le  passage  d'un  tel  probldme  parabolisd  de  couplage  faible  4  un  probldme  elliptique 
de  couplage  fort  du  niveau  I  ou  II  suppose  l'addition  d'une  iteration  sur  la  pression,  capable  d'dliminer 
4  convergence  les  diverses  approximations  mises  en  jcu  4  chaque  iteration  parabolisde  [16,  17,  34,  36]. 
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La  figure  1 ,  au  niveau  III,  fournit  dea  exemplcs  dc  ce  type  d'analyse.  Le  premier  peut  btre  fourni  par 
1 'extension  progressive  des  mdthodes  de  calcul  de  profils  d’ailes.  Partant  de  Vinsuffisance  dvidente 
d'une  approche  de  couplage  faible,  une  extension  allant  dans  Je  sens  de  la  recher.  ne  d'un  couplage  fort 
n  dtd  progress ivement  ddveloppde,  par  le  biais  d'itdrations  sur  l'effet  de  ddplacement  visqueux.  Bien 
que  lea  niveaux  d' approximation  obttnus  different  sensiblement  entre  les  diffdrentes  mdthodes,  par 
exetnple  [15,  29,  37  a  40], soit  en  raison  du  recours  &  des  lissages  ou  b  des  moddlisations  relativement 
arbitraires  de  l'dpaisseur  de  dd;  .-cement,  soit  en  raison  de  techniques  de  couplage  incomplbtes,  numdri- 
quement  ey  unalytiquement,  a*i  n:veau  das  ddcollements,  des  bords  de  fuite,  des  interactions  couches 
limites  -  endes  de  choc  ou  ,es  "rillages  os  calcul,  il  est  clair  que  l'dvolution  d'cnsemble  devrait 
ddboueber  b  terme  sur  de.,  ndtlioden  csuplage  fort  du  niveau  II. 

Une  seconde  c  tdgorie  de  mdthodej  infcrmddiaites  entre  couplage  faible  et  fort  est  .'nurnie  par  la 
moddli.nts.on  des  ddcjllements  er  (luii-  oarfait.  Un  premier  exemple  est  donnd  ici  pa  le  ealeu?  d'dcoulements 
de  fluide  parfait  comportcnt  oes  ns'-cs  tourbillonnaires  issues  de  lignes  de  ddcollenent  prdddtermindes 
[9i  rr  1,1,1  second  exemple  act  cclui  des  tu.  Obligations  de  grands  ddcollements  par  calcul  de  frontibres  libres 
isobare.i  dans  un  dcoulement  de  ui-Je  psrciiw.  Misbes  notaran: ->t  dans  les  problbmes  de  ddcrochage  [42], 

3 .  CONDITIOi.3  LUX  LIMITES  Dl  FL1,  ;  UFA  IT  ••  DBPLA.  JMENT 

Les  cathodes  Je  calcul  en  fluid?  parfait  « ' eppuie.it  d'une  part  aur  la  condition  de  gliisement,  qui  traduit 
l'iwrermdabiiit  „  paroic,  et  d'atitre  part  sur  is  condition  dc  Joukowski  qui,  lorsqu'elle  est  mise  en 
jeu,  parait  seule  rappeler  qu°  "'objectif  est  la  raodd) ieation  d'un  fluide  visqueux.  Le  calcul  fait  en 
outre  epoc  ai'tre,  au  titve  dec  <d...ions  faibles,  di  s  nappes  de  glissement  au  travers  desquelles  la 
vitease  normal.;  t  la  pressior  sont  continues, 

5i  \e  probl.V  physiqu  est  abordd  par  l'analyse  d'uu  fl .  dc  y\s-,oc.tx,  b  l'dchelle  d'un  milieu  continu, 
ua  Leilas  <: '.iditions  dt  glii-emei.t  devien  ent  impt.i  ible»  quel  que  soit  le  nombre  de  Reynolds,  et 
e ' e3 1  u  t' <  orie  asvraptot..-ie  u..  la  couche  limite  qu  near  ir.dique  que  l'bcoulement  externe  non-visqueux 
'>  cu.isidd' er  ert  a  cujetti.  >  p  pre.-ib’-e  approx  .jiatio1.,  a  r  conditions  de  glissement  prdeddentes,  Celles-ci 
i'cquibre.  .  de  Fait  une  ori  '.ie  .id  1  la  V’jccaicv.  Au  --erond  ordre  d'approximatici.,  une  vitesse  normale 
"On  nolle  a.*  Its  parois ,  ai  qu'  in,  i-  or.tinuite  oe  vitesse  normale  et  de  pression  sur  les  nappes 
de  g)  is  .eineit,  trauuisent  l1'  .tet  ■  .  .’--ement  vi  iqut'ix  sur  le  domaine  de  fluide  parfait  rbsiduel.  Si  les 
'ndiecs  1  ct  ,  dial;  at  les  -  rdres  d*  ;pproi. .  ...ion  succeasifs,  on  a  par  exemple  : 


*  <*'f/ 


(t  *  Cfeyna/Jt 


t'f*)  [e,  ‘  $  [  file, ‘••l’*.  «!■[?,  x  L*.ji  j  f 


l.  transposition  de  ces  conditions  aux  problbmes  de  couplage  b  nombre  de  Reynolds  fini  a  dtd  initide  par 
.'•or.o  et  Lees  [43]  pour  le  celcul  des  d'  el’ements  supersoniques,  dans  une  approche  de  couplage  fort  par 
rm  cordement  de  domaines,  figure  6,  utilisunt  des  equations  de  Prandtl  pour  0  <  y  <  5(x)  ,  S  dtant 
v  bpaisseur  physique  de  la  couche  limite.  Dans  le  cas  le  plus  habituel  ou  une  seule  condition  aux  limites 
d'origine  visqueuse  en  y c  & (x)  suffit  b  determiner  le  fluide  parfait,  la  relation  appliqube  par  Crocco 
et  Lees  est  gdndrale,  puisqu'elle  s'appuie  seulement  sur  l'intbgration  en  j/  de  la  seule  equation  de 
continuity.  Si  K  (z)  est  la  courbure  de  la  paroi  : 


l-irk'nhrlg-C-Vl-k&L,,} 

“'<*![(*](*,>) « J [fa](x.t)  ) d! 


Cct-e  formulation  du  ddplacement  esi  exempte  d'approximation  autre  que  celle  attachbe  au  calcul 

D'autres  fajors  d'introduire  la  condition  de  couplage  (3,2)  dons  le  calcul  du  fluide  parfait  sons  frbquem- 
ment  utilisdes.  II  peut  par  exemple  paraltre  plus  comnode  de  considbrer,  soit  qu'il  n’y  ait  aucun  ddbit  i 
travers  la  frontibre  du  fluide  parfait,  et  l'on  parle  alors  de  concept  de  ddplacement,  soit  que  cette 
frontibre  s'appuie  simplement  sur  la  paroi.  Dans  les  deux  cas  une  certaine  equivalence  avec  (3.2)  peut 
6tre  obtenue  en  considdrant  un  report  analytique  approchd  de  (3.2)  de  Vm  S(x)en  UxY(x)  >  L'dquation 
de  continuity  non  visqueuse  donne  :  '  ’ 


l  U  Jfz.Y)  l  u  }(x,i)  7/  ftt  dx  J (Z, ) 


jsm *m  »  - 
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ce  qui  conduit  4  une  condition  de  glissement  si  Y *  6*  ,  d'injection  si  0  ,  et  4  des  expressions 
correspondantes  pour  S*(x)  : 


(3A) 

(.3.5) 

(3.6) 


Les  formulations  du  emplacement  (3.4)  (3.5)  (3.6)  sont  toutefois  approchdes,  de  mSme  que  1* Equivalence  avec 
(3.2).  La  validity  asymptotique  de  cette  Equivalence  lorsque  if  _» m  n'est  pas  automatique  dans  la  mesure  oil 
l'ordre  du  ddveloppement  (3.3)  dEpend  par  exemple  de  l'ordre  de  ^f^/dx  >  quantity  souvent  non  bornEe 
lorsque  if— *a>  dans  les  thdories  asymptotiques  &  couches  multiples.  Les  formulations  (3,4)  (3.5)  peuvent 
toutefois  @tre  ddgagdes  de  toute  approximation  par  le  choix  de  nouvelles  ddfinitions  pour  5*(x)  . 


3.2.  Couplage  fort  avec  dcmaines  en  reoouvrenent 


Un  tel  changement  de  ddfinition  de  S (x)  apparait  aisdment  par  introduction,  figure  7,  de  domaines  de 
calcul  en  recouvrement,  sur  lesquels  sont  diasocids  les  dquations  visqueuses  comme  indiqud  au  paragraphe 
2.4,  Dans  ce  cas,  la  simple  intdgration  en  tj  de  l'dquation  de  continuitd  (2.2)  fournit,  puisque 

Om  tim  [fit  -  fir  ]  : 

fe»](x.o)  [?“**] I*-0) 


*  f*  r 

*(*)[{*][ (x.O)  *  J  ([?“■](*,})  •[?*  J(x,y) }  d$ 


(3.7) 


Cette  gdndralisation  de  la  ddfinition  de  $  (t)  tient  compte  en  particulier  des  gradients  de  pression 
normaux  internes  4  la  couche  visqueuse,  4  travers  les  variations  en  U  du  terme  visqueux  fM.  et  du 
terme  non  visqueux  fu.  ,  celles-ci  pouvant  dventuellement  8tre  rapides,  voire  discontinues,  4  la  diffdrence 
de8_analyses  de  couche  limite.  Une  illustration  schdmatique  en  est  donnde  figure  8,  dans  le  cas  oil 
(“■/u. )  z.  f(*.y)  est  supposde  etre  une  fonction  continue. 

Une  formulation  de  d  (x)  adaptde  au  concept  de  ddplacement  peut  de  raSme  Stre  ddfinie  : 


[irhx/)  «  TP 


dS" 
KS"  dx 


i  M(x.y)  dy  -  J  leR  dn 


(3.6) 


Au  total  il  importe  de  considdrer  que  1 'utilisation  d'une  dpaisseur  de  ddplacement  pour  formuler  un 
probldme  de  couplage  n'est  nullement  synonyrae  du  recours  &  des  approximations  de  couche  limite. 


4.  APPROXIMATIONS  SIMPLES  DU  FLU IDE  VISQUEUX  -  INFLUENCE  DU  COUPLAGE  FORT 

Tant  pour  des  raisons  historiques  que  pratiques,  les  mdthodes  de  couplage  actuelles  ont  surtout  dtd 
ddveloppdes  en  s'appuyant  sur  des  hypotheses  de  type  couche  limite.  Nous  nous  limiterons  dans  la  suite 
&  cette  classe  de  mdthodes,  utilisant  soit  les  dquations  de  Prandtl,  soit  1 'extension  voisine  des  dqua¬ 
tions  de  couche  mince,  indiqude  au  paragraphe  2,4,  dans  laquelle  la  pression  it  est  identifide 

k  celle  du  calcul  non  visqueux  Ji  (x,u) .  * 


4.1.  Ddoollgnent  at  zones  A  courants  de  retour 

Le  probldme  de  couche  limite,  assujetti  aux  dquations  de  Prandtl  et  ddcoupld  du  fluide  parfait,  doit  fitre 
fermd  par  une  condition  aux  limites  externe,  pour  laquelle  on  a  longtemps  utilisd  la  pression  f,(x,S) 
de  la  mdme  faQon  que  dans  les  thdories  asymptotiques  de  faible  interactior..  On  connait  alors  le  comportement 
singulier  de  Goldstein  [44],  en  'tacine  carrde",  que  prdsentent  les  solutions  au  voisinage  du  point  de 
frottement  nul  en  dcoulement  bidimensionnel  stationnaire,  comportement  reproduit  dgalement  par  les 
mdthodes  intdgrales  de  couche  limite  [12].  En  dcoulement  instationnaire  [45]  ou  tridimensionnel  [46],  les 
mdthodes  intdgrales  font  apparaitre  des  singularitds  d'un  type  diffdrent,  exactitudes  des  discontinuitds 
d'dpaisseurs  intdgrales  assocides  aux  solutions  faibles  des  systdmes  d'dquations,  dont  la  localisation 
ne  s'attache  plus  A  l'origine  des  zones  &  courant  de  retour,  et  qui  pourraient.  expliquer  certaines 
anomalies  numdriques,  rencontrdes  dans  la  rdsolution  des  dquations  de  Prandtl  instationnaires  avec  courants 
de  retour  et  champ  de  pression  imposd. 


On  a  pu  raontrer  cepcndant  que  ces  comportements  singuliers  irrdalistea  ne  doivont  pas  St re  confondus  avec 
une  Unite  de  validity  des  Squations  de  Prandtl,  ou  encore  avec  une  separation  brutale  de  la  couche 
visqueuae  et  de  la  parol,  mais  qu'ils  rdsultent  du  choix  de  la  pression  pour  condition  aux  limites 
externe  .  Loraque  la  pression  devient  une  inconnue  du  calcul,  soit  en  formulant  un  probldme  inverse 
assujetti  d  une  autre  condition  externe,  soit  par  couplage  au  fluide  parfait,  des  solutions  rSgulidres 
et  rdalistes  vis  &  vis  des  petits  dScolleraents  ont  StS  obtenues  [12,  47  &  55].  Le  nSme  comportement 
est  observd  en  instationnaire  [45].  II  est  clair  toutefois  que  le  probldme  de  Prandtl  en  couplage  fort 
avec  le  fluide  parfait  externe  ne  constitue  plus  un  systdme  parabolique  exempt  d'influence  de  l'aval, 
mSme  en  l'absence  de  courants  de  retour,  en  raison  de  la  condition  aux  limites  inconnue  a  priori  que 
constitue  la  distribution  de  pression  extern,  avec  effet  de  couplage,  figure  6. 


4.2.  Influence  de  l'aval  sur  l'anont  en 


ique  et  en  transsoni 


z. 


Une  question  essentielle  soulevde  par  le  calcul  raccordd  d'Squations  de  Prandtl  et  d'Euler  est  toutefois 
la  suivante  :  la  nature  elliptique  des  Squations  de  Navier-Stokes  stationnaires  est-elle  aussi  retrouvSe 
par  le  mod&le  de  couplage  lorsque  l'Scoulement  de  fluide  parfait  est  localement  supersonique  et  que 
l'influence  de  l'aval  sur  l'amont  ne  peut  plus  avoir  une  origine  exclusivement  non  visqueuse?  Depuis  le 
travail  initial  de  Crocco-Lees,  une  longue  investigation  a  6t£  mende  [12,  14,  56  k  59}  la  rdponse  dtant 
positive  pour  une  couche  visqueuse  dite  "subcritique",  negative  pour  une  "couche  supercritique". 

Dans  le  cas  subcritique,  le  couplage  d'Squations  non-visqueuses  hyperboliques  avec  des  Squations  visqueuses 
paraboliqucs  conduit  &  un  probldme  de  conditions  initiales  qui  est  mal  posd,  dans  la  mesure  oh  une  amplifi¬ 
cation  exponentielle  des  perturbations  initiales  Sventuelles  se  produit  sur  une  Schelle  courte,  de  l'ordre 
de  l'Spaisseur  de  la  couche  liraite,  selon  un  processus  de  solutions  de  branchement  .  Le  caractdre  de 
probldme  mal  posd  est  Slimind  si  l'une  des  conditions  aux  limites  est  transfdrde  de  l'amont  vers  l'aval, 
ce  qui  rdvdle  la  nature  elliptique  du  module,  En  plus,  le  processus  de  branchement  permet  en  gdndral 
d'introduire  une  telle  condition  aux  limites  d  l'aval  comme  une  contrainte  purement  excddentaire  qui  est 
le  reliquat  dans  le  module  de  couplage  des  conditions  aux  limites  couramment  imposSes  &  l'aval  des  calculs 
de  type  Navier-Stokes.  L'apparition  d'une  influence  de  l'aval  sur  l'amont  par  effet  de  couplage  trouve  en 
outre  un  support  thSorique  dans  les  theories  asymptotiques  de  forte  interaction,  telle  que  par  exemple 
le  moddle  laminaire  en  triple  couche.  On  a  pu  d'ailleurs  verifier  numdriquement  que  les  solutions  super- 
soniques  des  dquations  de  triple  couche  sont  dgalement  solutions  asymptotiques  du  moddle  de  couplage, 
lorsque  le  nombre  de  Reynolds  tend  vers  l'infini  [27],  figure  9. 

Dans  le  cas  supercritique,  la  nature  elliptique  des  Squations  visqueuses  n'est  que  partiellement  retrouvde 
dans  le  moddle  de  couplage  de  Crocco-Lees,  par  le  biais  de  solutions  faibles  dont  les  sauts  de  pression 
transforment  soudainement  les  couches  supercritiques  en  couches  subcritiques,  toutes  les  fois  qu'une 
influence  de  l'aval  sur  l'amont  est  localement  indispensable.  Le  comportement  supercritique  est  alors 
retrouvd  vers  l'aval  aprds  franchissement  d'un  "point  critique",  oil  la  rdgularitd  ndcessaire  de  la  solution 
joue  le  r81e  de  condition  aval  excddeutaire  pour  la  rone  subcritique  [59].  Une  interpretation  simple  des 
comportements  du  moddle  au  voisinage  des  sauts  et  des  points  critiques  peut  6tre  directement  ddduite  des 
comportements  locaux  des  solutions  de  branchement,  ainsi  que  des  conditions  aux  limites  stabilisatrices 
ndeessaires,  voir  figures  10,  11. 

Les  lacunes  prdeddentes  du  moddle  de  Crocco-Lees  ne  sont  pas  lides,  comme  il  a  parfois  dtd  imagind,  aux 
approximations  utilisdes  pour  rdsoudre  les  equations  de  Prandtl  par  une  mdthode  intdgrale,  mais  en  fait 
au  champ  de  pression  simplifid  jt  (x)  =  /t  (x,i)  de  la  couche  visqueuse.  Dans  une  mdthode  intdgrale,  la 
relation  (3.2)  conduit  &  une  relation  quasi-lindaire  entre  la  ddflexion  visqueuse  8  m  (%.)  et  le 
gradient  de  pression  en  tj  *  d(x)  : 

D,  e  ,  Di  2*±.  ,  Os  (4-1) 

dx 

Di  s'annule  aux  ddcollenents  ou  recollements,  oh  le  gradient  de  pression  ne  peut  8tre  quelconque,  mais 
tel  que  S*  (^/dx  )  «  -  ( ®3/Di  )  ,  pour  assurer  la  rdgularitd  des  solutions.  Dz  s'annule  aux  points 
critiques,  oh  la  rdgularitd  impose  8  «  ( ®*/Di)  .  On  peut  noter,  pour  le  moddle  de  couplage  par 

raccordement,  la  symdtrie  des  singularitds  de  Goldstein  et  de  Crocco-Lees.  La  relation  (4,1)  ou 
simplement  : 

e  *  B  t  C  8.  A  S*  fat) 

dx  Di 

est  ddterminante  pour  les  solutions  de  branchement,  stables  selon  X  si  B<  0  ,  instables  si  B>  0  • 

Pour  une  couche  attachde,  le  cas  instable  correspond  au  comportement  subcritique  et  &  un  probldme  de 
type  elliptique.  Notons  cependant  qu'en  cas  de  ddeellement,  D)  change  de  signe,  done  &  ,  ce  qui  conduit 
4  des  solutions  de  branchement  stables  dans  la  cone  ddcollde,  l'influence  de  l'aval  sur  l'amont  rdsultant 
alors  de  la  seule  sdlection  deB  solutions  rdgulidres  au  point  de  recollement,  figure  12,  En  cas  de 
rdsolution  locale  des  dquations  de  Prardtl,  une  relation  analogue  &  (4,2)  subsiste  [57],  ddmontrant 
1’ importance  du  nombre  de  Mach  local  7  dans  les  comportements  supercritiques  : 

8,  Urn  [S .  t-SL.  du  (4.3) 

£-~0  J£  X  f  V  * 

La  limite  <f  _  0  dtant  aouvent  singulidre,  le  comportement  des  solutions  de  branchement  ne  se  ddduit 
gdndralement  pas  de  fagon  directe  de  (4.3),  voir  [J,  12,  15].  II  ressort  toutefois  de  (4.3)  que  les 
comportements  supercritiques  (3<0)  ne  peuvent  rdsulter  que  de  la  prdsence  de  regions  visqueuses  super- 
soniques,  et  qu’elles  dependent  fortement  du  choix  de  la  frontidre  S  dans  le  moddle  de  raccordement. 

Tout  couplage  subcritique  peut  ainsi  6tre  transforms  en  un  couplage  supercritique,  par  sdlection  d'une 
frontidre  y  *  S (x)  plus  dloignde  de  la  paroi  [3], 

Le  caractdre  subcritique  ou  supercritique  de  Crocco-Lees  ne  constitue  pas  de  ce  fait  une  propridtd 
intrinsdque  de  la  couche  visqueuse,  mais  plut8t  du  moddle  de  couplage  par  raccordement  [3,  15].  Son 


<■**«*# pra*.. 
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interpretation  physique  doit  done  faire  appel  au  fluide  parfait  externe.  On  peut  ainsi  noter  que  le 
comportement  supercritique  d'un  ddcollement  supersonique  &  norabre  de  Mach  croissant  n'apparalt  que  lorsque 
l'onde  de  choc  de  focalisation  s'est  rapprochde  jusqu'i  l'atteindre  de  la  frontifere  externe  de  la  couche 
visqueuse,  toute  pdndtration  4  l'intdrieur  de  la  couche  visqueuse  dtant  exclue  par  le  modfele  de  calcul, 
et  devant  6tre  simulde  par  un  saut  de  pression,  figure  13. 


4.3.  Traltanent  approchg  du  gradient  de  pression  normal.  Formulation  d6f  lclt-M  re 

Les  insuffisances  prdeddentes  du  module  simple  de  Crocco-Lees  pour  le  traitement  des  dcoulements  1  forte 
interaction  visqueuse  en  supersonique,  ainsi  qu'en  transsonique  (M  =.  1,20),  provient  du  champ  de  pression 
exagdrdment  simplifid  £(*)*.  f(x,S)  .  Nous  avons  toutefois  trouvd  [3/ *12/  13,  15)  que  ces  insuffisances 
sont  dlimindes  de  manidre  relativement  simple,  si  l'on  dtablit  une  formulation  ddficitaire  du  calcul 
visqueux,  correspondant  &  des  domaines  de  calcul  visqueux  et  non  visqueux  en  recouvrement,  figure  7, 
comme  indiqud  au  paragraphe  2.4,  et  si  J 'approximation  sur  la  pression  devient  ji(x,y)a  ft  (x.y) 

Ne  gardant  dans  le  systdme  (2.2)  que  le  terme  visqueux  de  Prandtl,  on  obtient  par  integration  en  y 
de  1* equation  de  mouvement  selon  X  et  de  son  premier  moment  par  rapport  &  u  :  f 

*  *<*.<»  -  4-  jj?  ~ *hx.9)  i  (u) 

"  eu,<p-zl  ^ 

tandis  que  1' equation  de  mouvement  en  [ X  ,  S( x) J  fournit  1 ' equation  d'entrainement 


(‘<■5) 


jL-f-SLl,  ,,  a  £ 

dx  l  pu.  ](*.  &) 


(4.6  ) 
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(^](x,0) 


j: 


z*L* 
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£* 


f 


I  e*  [*(“-“) /ty]  }(x,s) 


L'approximation  ji(x,y)a  fl(z,y)  eiimine  en  outre  le  dernier  terme  dans  (4.4)  et  dans  (4.5).  Si  l'on 
definit  des  dpaisseurs  intdgrales  de  mouvement  et  d'dnergie  cindtique  gdndralisdes,  d'une  manidre  analogue 
&  celle  adoptde  pour  l'dpaisseur  de  ddplacement  dans  (3.7)  : 


[?(*)  *  *(*>]  fe“*](x,o)  *  l dy 

[  S%)  i  9*(x )]  [ o)  ■  y  [pu3.  p 3*] (X  y)  dy 
&l(x)  iLfao)  *  !  [m.E](x^  dy 


(4-7) 


On  obtient  des  equations  integrales  trds  voisines  de  celles  issues  des  equations  de  Prandtl  : 


i%29  du.  f  9  dp  j 


dx  f  e  dx  1(*,  0) 


cl 

z 


[d$_ 
l  dx 


[dff*  6 "  dpu>  z  J".  j*  it/  =  <h  ,  <p. 

I  dx  pu3  dx  x  dx  }(*. 6) 


(‘t.e) 


(<■9) 


On  note  cependant  que  l'dquation  d'dnergie  cindtique  (4.9)  demande  la  moddlisation  d.'un  terme  de  gradient 
de  pression  normal  0j 1  ,  lie  dans  (4,5)  h  la  variation  en  y  de  ty/fc  ,  tandis  que  l'dquation  d'entraine¬ 

ment  (4.6)  permet  de  s'en  dispenser.  Une  certaine  approximation  est  toutefois  prdsente  si  l'dquation 
d'entrainement  (4.6)  est  transformde  pour  ne  faire  intervenir  que  (>(x,0)  ,  u.  (x,  0 )  ,  >r(x,0)  : 


[  dS  _  d£_  +  5.1*  dpu 
L  dx  dx  pu  dx 


°) 


(4 -tO) 


Outre  l'avantage  de  prendre  en  compte  un  gradient  de  pression  normal  approchd,  la  formula  ion  ddficitaire 
(3,7)  (4.7  &  4.10)  nous  a  conduit,  ^pour  l'analyse  des  comportements  supercritiques  &  subslituer  &  1'intd- 
grale  B  de  (4.3)  une  intdgrale  B  [12]  : 


d  a  lim  /  _  _ 

t-0  J  y  ft  Ml  M1 


fl(y)  m  non.  dstjt/tux 
M  (y)  a  viftjvetut 


(4.11) 


Un  premier  progr^s,  commun  4  (3.7)  (4,7  &  4,11)  est  d'dliminer  totalement  le.  r31e  relativement  arbitraire 
de  la  frontigre  de  raccordement  y*S(x)  .  En  second  lieu,  le  terme  (  1-t 7s)  de  (4.3',  gdndrateur  des 
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comportements  8upercritiques  lorsque  t1>1  ,  est  remplacd  par  (  Ml -  M*  ) ,  terme  vraiaemblablement  toujours 
positif.  Nous  avons  ainsi  pu  conclure  [12]  que  le  couplage  par  recouvrement  de  domaine  conduit  toujours  & 
des  comportements  subcritiques,  oQ  l'influence  de  l'aval  aur  l'amont  est  pleinement  respectde,  et  ob  les 
distributions  de  pression  sur  les  parois  f.  (x,0)  sont  toujours  continues.  En  consequence,  les  ondes  de 
choc  dventuelleo  prennent  toujours  naissance  par  totalisation  interne  au  domaine  de  calcul  non  visqueux 
celle-ci  pouvant  toutefois  se  produire  b  l'intdrieur  mfirae  des  couches  visqueuses,  figure  14.  Dans  ces  cas 
de  gradient  de  pression  normaux  intenses,  une  correction  de  second  ordre  peut  fitre  appliqude  a  posteriori 
&  1' approximation  f.  (x,y )  ,  sous  la  forme  : 


K  (x)  est  une  courbure  moyenne  des  lignes  de  courant,  qui  ne  peut  fitre  confondue  avec  celle  des  parois 
ou  des  lignes  moyennes  des  sillages  que  dans  les  rones  de  faible  interaction.  A  la  paroi  ou  au  centre 
d'un  sillage,  on  obtient  : 


ft  (x,  0)  _  f.  (x,0)  ,  K(x)  [ S"(x)  t  &(x)  ] 


(4.13) 


On  doit  enfin  remarquer  que  les  comportements  supercritiques,  dliminds  dans  le  couplage  par  recouvrement 
Prdcddent,  seraient  encore  possibles  dans  le  couplage  par  addition  d'une  dpaisseur  de  ddplacement,  la 
relation  (4.11)  devenant  :  . 

.  r  t* 

s  ■  .  _ii 

. »  ‘  4  n 

intdgrale  dans  ’<■  ft’ ' e  .e  premier  terme  peut  toujours  fitre  ndgatif,  le  seuil  de  passage  au  comportement 
supercritique  At-  mors  sensiblement  M  »  2  pour  une  couche  turbulente  de  plaque  plane. 


ju  ] ,  r  m1.  y  4 
^  f  J  Js»  t yww  “ 


(4.n) 


5.  METHODES  NOMERIQUEP  DE  COUPLAGE  FORT 

Les  simplifications  apportdes  b  la  rdsolution  du  fluide  visqueux,  au  niveau  II  de  la  figure  1,  au  moyen 
d'une  dissociation  appliqude  soit  aux  domaines  de  calcul,  soit  aux  Aquations  mises  en  jeu,  ont  pour 
contrepartie  la  gdndration  artificielle  d'un  pr obi feme  numdrique  de  couplage  fort.  Dans  le  cas  du  couplage 
par  raccordement  de  domaines,  il  s'agit  d' assurer  la  compatibilitd  rigoureuse  des  conditions  aux  limites 
des  divers  sous-probl&nes  sur  leura  frontidres  communes.  On  peut  admettre,  puisqu'en  pratique  la  non- 
lindaritd  des  Aquations  visqueuses  rend  indluctable  une  rdsolution  itdrative,  que  le  probldme  reste  sensi¬ 
blement  de  m?me  nature  dans  le  couplage  par  dissociation  d'dquations,  avec  domaines  de  calcul  en  recouvrement. 


5.1.  Nature  du  probl&ne 

Ce  couplage  fort  des  conditions  aux  limites  sur  les  interfaces  des  divers  calculs  constitutes  exige 
une  rigueur  de  rdsolution  numdrique  au  moins  comparable  b  celle  utilisde  dans  chaque  sous-problfeme,  sous 
peine  de  faire  ddgdndrer  le  traitement  du  couplage  fort  en  une  approximation  de  couplage  faible.  Cet 
impdratif  se  trouve  renforcd  par  la  grande  sensibilitd  des  calculs  en  fluide  parfait  b  la  prdcision  du 
traitement  numdrique  des  conditions  aux  limites.  II  l'est  encore  davantage  si  l'on  considbre  que,  dans 
les  problbmes  visqueux  de  couches  minces,  l'effet  de  couplage  peut  b  lui  seul  changer  la  nature  mathdma- 
tique  du  comportement  des  divers  sous-problbmes,  par  l’intermddiaire  des  solutions  de  branchement  rappeldes 
au  paragraphe  4.2  et  conduire  b  des  diffdrences  d'ordre  unitd  entre  les  solutions  assujetties  b  un 
couplage  rigoureux  et  celles  issues  d'un  couplage  approchd, 

En  cas  d'emploi  de  mdthodes  aux  diffdrences  finies,  par  exemple,  le  couplage  doit  fitre  rdalisd  en  chaque 
r.oeud  de  diserdtisat’on  de  1' interface  avec  des  schdmas  numdriques  consistants,  comparables  b  ceux 
utilisds  dans  chaq..  domaine.  L'interpolation  sur  1' interface  est  concevable  en  cas  de  maillages  disconti¬ 
nue,  b  condition  qu  alle  soit  cohdrente  avec  1' ordre  des  schdmas  numdriques,  ainsi  qu'avec  les  domaines 
d'influence  mathdmatique  .  L'application  de  lissages  ou  filtrages  est  en  revanche  b  rejeter,  exceptd  si 
la  technique  peut  se  rdduire  b  1' implantation  d'une  dissipation  numdrique,  bvanescente  lorsque  le  pas 
de  diserdtisation  tend  vers  zdro. 

Si  l'on  envisage  la  rdsolution  de  problbmes  devolutions,  la  mfime  difficultd  du  couplage  fort  doit  fitre 
surmontde  b  chaque  pas  de  temps  sous  peine  de  proedder  b  une  rdsolution  visqueuse  inconsistante  en  temps  ou 
bien  b  une  approche  de  faible  interaction.  Dans  le  cas  de  mdthodes  itdratives  de  relaxation  ou  pseudo¬ 
ins  tationnaires,  dans  lesquelles  seule  la  solution  finale  importe,  la  consistence  en  temps  peut  fitre 
ndgligde.  En  revanche,  les  erreurs  de  couplage  b  chaque  itdration  ne  doivent  pas  s' amplifier  et  une  dtude 
de  stabilitd  particulibre  doit  fitre  envisagde.  La  spdcificitd  et  la  difficultd  de  celle-ci  provient  du 
fait  que,  bien  qu'il  faille  analyser  des  grandeurs  confindes  sur  1' interface  de  couplage,  1' amplification 
des  erreurs  est  gdrde  par  un  opdrateur  faisant  appel  b  la  rdsolution  des  sous-problbmes  adjacents  b  cette 
interface,  ce  qui  ddfinit  un  problbme  mathdmatique  sur  un  espace  ayant  une  dimension  de  plus  que  celui  de 
1' interface  ob  les  erreurs  de  couplage  sont  dtudides. 

II  est  clair  toutefois  que,  sauf  circonstances  exceptionnelles ,  la  ddfinition  d'une  mdthode  de  couplage 
itdrative  ne  peut  se  rdduire,  en  cas  de  couplage  fort,  b  la  simple  ddfinition  d'un  organigramme  de 
calcul.  En  premier  lieu,  il  est  ndeessaire  pour  le  couplage  de  choisir  des  schdmas  numdriques  consistants, 
au  moins  en  espace,  reBpectsnt  non  seulement  les  domaines  de  ddpendances  des  Aquations  de  chaque  sous- 
domaine  prises  isoldment,  mais  encore  le  domaine  de  ddpendance  rdel  du  problbme  mathdmatique  coupld, 
compte  tenu  notamment  d'dventuelles  solutions  de  branchement.  A  titre  d'exemple,  la  consistance  ne  sera 
pas  obtenue  pour  le  couplage  des  Aquations  d'Euler  et  de  Frandtl  le  long  d'une  frontibre  localement 
supersonique,  avec  une  couche  limite  attachde  subcritique,  si  des  schdmas  aux  diffdrences  totalement 
ddcentrds  vers  l'amont  sont  utilisds  et  si,  au  moins  pour  diserdtiser  les  relations  de  couplage,  l'un 
d'entre  eux  n'dchappe  pas  b  ce  choix.  Nous  avons  montrd  au  contraire,  dans  ce  cas,  l'intdrfit  d'un 
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ddcentrement  vers  l'aval  [13]. 

En  second  lieu,  la  gdndralitd  d'une  mdthode  de  coupla  -td rative  suppose  la  maitrise  du  probldme  complexe 
de  stability,  dans  le.  but  d'adapter  des  techniques  de  relaxations,  c'est-4-dire  de  moduler  les  coefficients 
de  relaxation  stabilisateurs  en  fonction  des  pas  de  temps  et  d'espaces  locaux,  ainsi  que  des  grandeurs 
adrodyna.’i’..1ue8 .  Cette  contrainte  esc  voisine,  par  exemple,  de  la  ndcessitd  de  calculer,  dans  une  mdthode 
numdrique  instationnaire  explicite,  le  pas  de  temps  local  maximum  compatible  avec  la  stability  du  calcul, 
en  fonction  du  pas  d'espace  local, 

Le  rejet  de  cette  contrainte  a  longtemps  conduit  &  des  iterations  instables  pour  les  calculs  de  couches 
limites  sur  profils  d'ailes  et  au  recours  relativement  arbitraire  &  des  techniques  de  lissage.  Ces  instabi¬ 
lity,  purement  numdriques,  sont  influencdus  par  le  caractdre  de  faible  ou  de  forte  interaction  du  couplage 
visqueux  local,  mais  eiles  lie  sont  jamais  absentee  si  le  pas  de  diacrdtisation  est  suffisamment  petit.  Elies 
apparaissent  en  particulier  pour  des  couches  limites  de  plaque  plane  [60],  La  figure  15  en  donne  une 
illustration  relative  au  couplag“  fluide  parfait  -  couche  limite  en  instationnaire  [61]  au  voisinage  d'un 
dcoulement  uniforme  sur  plaque  plane  ;  elle  montre  que,  toutes  choses  dgales  par  ailleurs,  une  ldgdre 
rdduction  du  pas  d'espace  ou  augmentation  du  pas  de  temps  suffit  &  passer  d'une  itdration  de  couplage 
stable  4  une  itdration  instable. 

Bien  dvidemment  enfin  la  rdduction  des  instabilitds  numdriques  des  techniques  itdratives  simples  de  couplage, 
a  caractdre  explicite,  peut  fitre  recherchde  dans  le  ddveloppement  de  mdthodes  traitant  a  chaque  itdration 
le  couplage  de  manidre  plus  implicite,  ou  bien  s'appuyant  sur  des  techniques  numdriques  non-lindaires  plus 
gdndrales. 


5.2.  Lol  de 


ortarent  de  la  coilr*hG  limite  sfcationnaire  — 


La  plupart  des  mdthodes  numdriques  de  couplage  visqueux  -  non  visqueux  ddveloppdes  ont  un  caractdre  faible- 
ment  implicite,  pour  des  raisons  dvidentes  de  simplicitd,  de  gdndralitd  d'application  et  d'interchangeabilitd 
de  modules  visqueux  et  non  visqueux.  Le  recours  a  des  modules  visqueux  utilisant  des  dquations  de  Navier- 
Stokes,  completes  ou  dans  1' approximation  de  couche  mince,  reste  rare  dans  les  mdthodes  de  couplage 
[8  S  11,  32  a  34],  les  techniques  numdriques  correspondantes  semblant  Stre  encore  relativement  heuristiques 
pour  la  partie  propre  au  couplage.  Des  mdthodes  plus  prdcises  se  ddgagent  au  contraire  dans  le  cas  des 
approximations  visqueuses  simples  du  paragraphe  4, 


Dans  le  cas  des  mdthodes  intdgrales  de  couche  limite,  le  probldme  a  rdsoudre  est  essentiellement  celui 
d'un  dcoulement  de  fluide  parfait  dont  les  conditions  aux  limites  ne  sont  plus  connues  a  l'avance.  Celles-ci 
deviennent  au  contraire  les  solutions  d'un  systdme  d'dquations  diffdrentielles  ordinaires  sur  la  frontifere, 
conme  par  exemple  (3.7)  (4.8)  (4.9),  liant  la  pression  ft,  (x ,o),  la  direction  angulaire  de  l'dcoulement 
®(x,oJ  >  ainsi  que  les  dpaisseurs  visqueuses.  Aprds  quelque  dlimination,  on  peut  en  extraire  la  relation 
entre  S>(x,o)  et  fi  (z,o)  effectivement  appliqude  au  fluide  parfait  : 

A,  0  -  ft,  i*  +  A,  (s.i) 

dx 

X  est  mesurd  le  long  de  la  fronti&re  du  fluide  parfait  -  At  ,  fit  ,  As  ,  S  ddpendent  des  autres 
dquations  diffdrentielles,  des  valeurs  initiales  des  dpaisseurs  visqueuses  ainsi  que  des  dvolutions  non 
visqueuses  &(x)  et  fl(x)  .  L'dquation  (5.1)  conduit  a  des  comportement  fortement  non-lindaires  ; 

fij  s'annule  aux  ddcollements  ou  recollements,  At  s'annule  aux  points  critiques  lorsque  ceux-ci  n'ont 
pas  dtd  dliminda,  Le  terme  de  petite  dchelle  o  conduit  aux  phdnomfenes  de  solutions  de  branchement,  dont 
l'importance  a  dtd  rappelde  et  qui  conduisent  &  l'addition  de  conditions  aux  limites  excddentaires  4  l'aval. 


Dans  le  cas  ou  les  mdthodes  intdgrales  de  couche  limite  sont  remplacdes  par  les  dquations  visqueuses  locales 
de  Prandtl,  le  comportement  de  la  couche  visqueuse,  en  tant  que  condition  aux  limites  du  fluide  parfait, 
reste  sensiblement  de  mSme  nature  que  (5.1),  au  moins  si  l'on  se  limite  4  une  analyse  de  perturbation 
autour  d'une  solution  [  (x,°)  ,  (*,>)]  ■ 

A,  [a  -  &e]  .  At  .  A  J  (s.r) 

relation  4  rapprocher  de  (4.2)  (4,3)  (4,11)  (4,14).  L'utilisation  de  la  relation  fondamentale  (5.1)  comme 
condition  aux  limites  de  fermeture  d'un  calcul  en  fluide  parfait  reprdsente  done  sous  forme  schdmatique 
le  probldme  de  couplage  4  rdsoudre,  dans  le  cas  de  couches  visqueuses  minces.  On  note  que  la  relation 
visqueuse  (5.1)  n'accorde  pas  un  r81e  symdtrique  aux  variables  0  (x,o)  et  ,  la  pression  seule 

y  intervenant  sous  forme  de  ddrivde,  cette  diffdrence  majeure  avec  le  probldme  non  visqueux  rdsultant 
sans  doute  plus  du  caractdre  de  couche  mince  que  des  approximations  visqueuses  utilisdes. 


5.3.  Mdthodes  de  conditions  Initiales  en  su 


Le  caractdre  local  de  la  relation  (5.1)  avait  initialement  conduit  4  la  recherche  de  solutions  superso- 
niques  au  probldme  de  couplage  fort.  Dans  ce  cas,  la  simplification  apparent^  des  mdthodes  de  conditions 
initiales,  proeddant  de  l'amont  vers  l'aval  avec  rdsolution  simultande  de  (5.1)  a  dtd  largement  utilisde 
par  Crocco-Lees  et  de  nombreuses  successeurs  [32,  33,  43,  59,  62  4  66]  notamment  en  cas  d'onde  simple. 

On  sait  cependant  que  les  solutions  de  branchement  instables  donnent  naissance  4  un  probldme  mal  posd,  qui 
exige  une  technique  de  rdsolution  par  tfttonnements  successifs  sur  une  perturbation  initiale,  de  fa;on  4 
sdiectionner  4  convergence  une  solution  ayant  un  comportement  ou  une  rdgularitd  appropride  4  l'aval. 

Comme  le  schdmatise  la  figure  16,  la  perturbation  initiale  £  dtait  classiquement  apportde  4  la  pression 
dans  les  cas  subcritiques,  tandis  qu'elle  portait  sur  la  position  initiale  du  saut  de  pression  permettant 
4  la  solution,  dans  les  cas  supercritiques,  de  franchir  sans  singularitd  un  point  critique  situd  plus  en 
aval. 


En  pratique,  une  telle  rdsolution  est  extrtmement  difficile  et  manque  de  gdndralitd.  Ellt  est  4  peu  prds 
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irrdalisable  dds  que  la  tone  de  ddbut  d'interaction  forte,  c'est-d-dire  de  la  tone  de  perturbation,  n'est 
pas  connues  &  l'avance,  ou  d&s  que  des  interactions  fortes  successives  sont  prdsentes,  a  fortiori  si  elles 
interfdrent  entre  elles, 


5.4.  Mdthodes  pseuSo-lnstatlonnalres 

line  premifere  amelioration  importante  a  dtd  suggdrde  par  Werle-Vatsa  [67  a  69]  pour  les  dcoulements  externes 
supersoniques  du  type  onde  simple,  dans  lesquels  le  calcul  non-visqueux  se  rdduit  a  une  simple  relation 
algdbrique  locale  entre  pression  et  direction  de  l'dcoulement.  Moyennant  un  couplage  par  glissement  sur  la 
surface  de  ddplacement,  on  obtient  : 


-fit- 


xz 


(s.z) 


probldme  d'dvolu- 
dtat  asymptotique 


L'idde  de  base  de  Werle-Vatsa  consist^  simplepent  &  substituer  au  probldme  de  couplage  un 
tion  fictif,  obtenu  en  remplaqant  le  terme  itt  par  [ _  S’  ]  ,  et  &  calculer  l'di  ,  , 

lorsque  t  —•eo  au  moyen  d'une  mdthode  numdrique  de  directions  alterndes  a  deux  pas,  le  premier  dtant 
implicite  en  )  ,  le  second  en  (x,t  )  .  Si  nous  considdrons  par  exemple  l'dquation  de  mouvement  en 

X  qui  contient  le  seul  terme  instationnaire  : 

fJi  itx  *  fir  Uy  >  {3  [ S”  -  it  ]  *  [d  u?  ]y 
on  obtient  schdmatiquement  pour  passer  du  temps  n.  au  temps  (ntl)  : 

[e*‘*  *e  flfCT-  *  (!•'■>.  n]>hp 


(1.3) 


h** '  r‘,rl  ■/>  Kcr'-  -l.  t  r".  !■'•>)]  .fa] 


01 


(5  A) 


Le  premier  demi-pas  de  temps  se  rdduit  a  un  calcul  classique  de  couche  limite  ou  ,  done  jl z  ,  est 

imposd.  II  est  rdsolu  d'amont  en  aval,  une  lindarisation  des  dquations  faisant  appel  au  pas  de  temps 
prdeddent  dtant  introduite  pour  dviter  les  comportements  singuliers  aux  ddcollements.  Le  second  demi-pas 
de  temps  se  rdduit  a  : 


z  ! 


x*  * 


] 


(S.S) 


r*  ntl 


ficr  ±  [I-'. 

ce  qui  conduit,  aprds  diserdtisation,  a  la  simple  rdsolution  de  matrices  tridiagonales  pour  5 * 

La  mdthode  a  dtd  dtendue  aux  dcoulements  externes  incompressibles  semi-illimitds  par  Napolitano,  Werle, 
Davis  [69]  dans  le  cadre  des  dquations  de  triple  couche  laminaire,  Dans  ce  cas,  la  relation  algdbrique 
(5.2)  doit  @tre  remplacde  par  une  intdgrale  de  Cauchy  (5.6)  qui  rend  plus  complexe  le  second  demi-pas 
de  temps  (5.7)  s 
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Aprils  diserdtisation  (5.7)conduit  pour  5  a  un  systdme  algdbrique  prdsentant  une  matrice  pleine, 

mais  a  dominance  diagonale.  Une  itdration  de  relaxation  est  done  ndeessaire,  en  incompressible,  pour 
rdsoudre  le  second  demi-pas  de  temps  par  inversions  successives  de  simples  matrices  tridiagonales. 

Une  mdthode  pseudo-instationnaire  toute  diffdrerte  a  dtd  proposde  par  Briley,  Me  Donald  [70]  et  utilisde 
par  Gleyzes,  Cousteix,  Bonnet  [71]  pour  calculer  les  bulbes  courts  de  ddcollement  transitionnels  des  bords 
d'attaque,  en  incompressible,  par  une  approche  simplifide  de  couplage  fort  local.  L'idde  de  base  est 
d'utiliser  les  dquations  instationnaires  vdritables  de  la  couche  limite,  tout  en  conservant  des  dquations 
de  fluide  parfait  stationnaires.  La  rdsolution  est  elle  aussi  pseudo-instationnaire,  dans  la  mesure  ou 
la  couche  limite  est  calculde  h  partir  du  champ  de  pression  non  visqueux  de  l'instant  antdrieur,  le 
fluide  parfait  dtant  ajustd  a  posteriori  comme  un  dcoulement  stationnaire  subissant  l'effet  de  ddplacement 
le  plus  rdeemment  calculd.  Cette  technique  simple  n'a  dtd  encore  justifide  que  par  l'obtention  effective 
de  solutions  stationnaires  asymptotiques  lorsque  t  — •  m  . 

5.5.  Mdthodes  de  relaxation  directes  ou  inverses 

Le  principe  de  cette  classe  de  mdthodes  repose  sur  une  formulation  plus  rigoureuse  et  une  extension  des 
mdthodes  itdratives  traditionnelles,  utilisdes  pour  amdliorer  les  techniques  de  couplage  faible  au  prix 
de  quelques  approximations  successives  sur  l'dpaisseur  de  ddplacement. 

Le  couplage  fort  est  ici  obtenu  A  convergence  rigoureuse  de  rdsolutions  successives  ddcoupldes  des 
probldmes  de  fluide  parfait  et  de  couches  limites  stationnaires,  toute  technique  de  lissage  arbitrairc 
dtant  exclue.  La  stabilitd  do  l'itdration  est  gdrde  par  sous-relaxation  [3/  13/  15/  39/  72,  73]. 
L’enchatnement  de  calculs  visqueux  et  non  visqueux  dissocids  conduit  A  une  grande  commoditd  et  une 
grande  gdndralitd  d'emploi,  en  subsonique,  transsonique  ou  supersonique.  L'influence  de  l'aval  sur 


M2 


l'amont  en  supersonique  peut  .  8tre  obtenue  de  faqon  automatique  [3,  13/  151,  comme  dans  les  techniques 
pseudo-instationnaires,  par  imposition  directs  des  conditions  aux  limites  approprides  k  l1 aval,  que  soient 
mis  en  jeu  des  interactions  fortes  successive!)  interfdrant  entre  elles,  ou  ties  dcoulements  ne  se  rdduisant 
pas  a  une  onde  simple.  La  contrepartie  de  cette  gdndralitd  apparait,  pour  certains  cas,  dans  la  lourdeur 
des  calculs  a  priori  ndcessaires  a  l'itdration  de  couplage,  Ndanmoins,  l'expdrience  a  montrd  [3,  13,  15 
39,  77]  que  cette  iteration  de  couplage  pouvait  8tre  aisdment  mende  de  front  avec  celles  ndcessaires  au 
calcul  du  fluide  parfait,  dans  le  cas  des  mdthodes  de  relaxation  subsoniques  ou  transsoniques .  Dans  ce 
cas,  l'itdration  de  couplage  apparait  comme  une  technique  de  relaxation  explicite  de  la  condition  aux 
limites  visqueuse  (5.1)  appliqude  au  fluide  parfait,  et  1' augmentation  du  coflt  des  calculs  lide  k  la 
viscositd  est  limitde. 

Considdrant  que  la  relation  (5.1)  s'identifie  k  une  rdsolution  de  la  couche  limite,  l'itdration  de  couplage 
est  dite  directe  ou  inverse  selon  que  l'on  rdsout  au  cycle  (  n  *  1  )  un  probldme  non  visqueux  de  type 
direct  ou  inverse  : 


Direct  : 

e**1 ,  A  s*  [Al 

1\  A 

(s.e) 

/h  t  dx  J 

Inverse  : 

l  dx  J  t'4 

As 

(S3) 

Pour  la  mdthode  directe,  si  l'on  admet  que  le  fluide  parfait  est  un  opdrateur  qui  associe  une  pression 
fln  (x)  &  une  distribution  angulaire  9*(x)  donnde,  l'addition  de  (5,'8)  conduit  k  l'opdrateur  F 
associd  k  l'itdration  de  point  fixe  globale  : 

9%t1(x)  r  F [ 6' (X)]  (5.10) 

De  m8me,  lorsque  di  peut  s'annuler  en  raison  d'un  ddcollement,  la  rdsolution  (5.8)  doit  8tre  dvitde  et, 
admettant  qu'un  opdrateur  de  fluide  parfait  inverse  associe  8*(x)  k  la  donnde  de  ,  on  obtient 

en  ajoutant  la  relation  (5.9),  intdgrde  en  X  ,  une  itdration  de  point  fixe  dite  inverse  : 

y"(*)  -  &  [?(*)]  (*■’>) 


L'adoption  de  l'une  des  deux  techniques  (5.10)  (5.11),  ou  m£me  leur  emploi  conjoint  dans  une  mdthode  mixte 
alternant  (5.10)  ou  (5.11)  en  fonction  de  domaines  prdddfinis  sur  la  frontidre  Ox  ,  ont  dtd  utilisds  par 
Lock  [39],  Klineberg,  Steger  [74],  Le  Balleur  [61,  72],  Carter  [73],  Melnik,  Chow,  Mead  [26,  29],parmi  de 
nombreux  autres  auteurs.  Dans  tous  ces  cas,  la  mdthode  dtait  stabilisde  par  une  sous-relaxation  importante 
fil  ,  inddpendante  de  X  ,  ddterminde  sans  critdre  autre  que  l'expdrience  numdrique  prdalable  : 

@’%) .  e*(x)  *  <o  {f[e'(x)j.  e\x)  J  (5.12) 

Le  manque  de  gdndralitd  de  l'approche  prdcddente  a  toutefois  pu  8tre  dliminde  par  le  prdsent  auteur  gr8ce 
h  une  dtude  de  stabilitd  approchde  [13]  permettant  un  calcul  local  de  (O  (x)  .  L'dtude  montre  que  l'opdra¬ 
teur  F  de  (5.10),  lindarisd  autour  de  &m(x )  ,  admet  sensiblement  des  distributions  harmoniques  de 

perturbation  [ & (X)  -  @"{x )  J  comme  fonctions  propres  et  que  ('approximation  correspondante  des 
valeurs  propres  complexes  de  F  est  ,  celle  de  C  dtant  Al  ,  avec  : 

ddsigne  le  nombre  de  Mach  local  de  l'dcoulement  non  visqueux,  la  frdquence  de  l'harmonique,  3 

est  un  paramdtre  de  forme  visqueux  en  relation  avec  O'  dans  (4,11),  ou  encore  (4t/jt)  dans  (5.1),  La 
plus  grande  valeur  propre  /Lo  (x)  ou  Al  (x)  permet  de  ddterminer  <o( x),  fortement  ddpendant  de  x 
comme  Ao  ou  A1  (voir  [13]), une  surrelaxation  locale  n'dtant  pas  &  exclure. 

Si  R  (<)  et  1  (<< )  ddsignent  les  parties  rdelles  et  iraaginaires  de  Ao  Par  exemple,  la  stabilitd  de 
(5.12)  sera  obtenue  si  : 

UM**  (*«*)  *  —FT.v  *  ft  (sn) 

Dans  le  cas  direct  (5.10),  un  pas  de  diBcrdtisation  /)x  petit  accroit  la  plus  grande  frdquence  ci  des 
perturbations  posa.MLes  et  rdduit  la  valeur  de  CO  (x)  ,  l'dchelle  de  rdfdrence  dtant  l*(x)  .  Les  rdgions 
transsoniques  et  cellus  de  ddcollement  conduisent  aussi  d  rdduire  CO  (x )  dans  le  probldme  direct  (5.10), 

CO  devant  8tre  nul  aux  points  de  ddcollement  ou  de  recollement  oO  ,  0  ,  % _ _  a>  ,  Ae  _ *■  co  . 

Dans  le  mode  inverse  (5.11)  au  contraire,  l'annulation  de  Al  conduit  en  ces  points  &  u> •  1  • 

Numdriquement  le  calcul  local  de  < 'O(x)  montre  que  la  relaxation  en  mode  direct  (5.10)  est  bien  condi- 
tionnde  pour  les  couches  limites  attachdes,  la  relaxation  inverse  sur  la  pression  (5.11)  l'dtant  k  son 
tour  au  voisinage  des  couches  ddcolldes  ou  proche  de  l'Stre, 


5.6.  Mdthode  llndarlsde  lnpllclte 

Outre  la  dualitd  de  comportement  prdcddente,  relide  physiquement  k  une  influence  dominante  du  fluide 
parfait  ou  de  la  couche  limite  sur  la  ddtermi nation  de  la  pression,  selon  que  la  couche  limite  est  plutSt 
attachde  ou  plutdt  ddcollde,  le  recours  8  une  soua-relaxation  (5.12)  d'autant  plus  forte  que  Ox  est 
plus  petit  traduit  le  caract&re  explicite  de  la  mdthode  (5.10)  ainsi  que  1'intdrSt  probable  d'une  mdthode 
plus  implicite.  L'idde  d'une  mdthode  de  Newton  pour  rdsoudre  l'dquation  (5.10)  diserdtisde  a  dtd  suggdrde 
par  Brune,  Rubbert,  Nark  [60],  On  doit  alors  k  chaque  itdration  ddterminer  les  matrices  d' influence  du 
fluide  parfait  et  de  la  couche  limite  .  Elles  s'dcrivent,  si  l'on  choisit  pou£  variables 

$■(*)  et  f(x)  ,  diserdtisdes  en  ft  et  f*  dans  le  fluide  parfait,  en  ft  et  ft  dans  la 
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couche  limite  : 


H-fi- 


(S.1S) 


On  peut  alors  adopter,  &  1'itEration 
forme  matricielle  : 


r-  5* 

(n  +  1 ) 


(  f/  -  h )  J 

la  solution  du  problEme  couplE  * inEarisE  qui  s'Ecrit,  sous 


f-.  /•" ,  f .  (i.pw)-'[p'(r\  rts‘(,'.f‘)] 

f",  f",  B'[(r-r)>(r"-r) ] 


1 

S'  (s.16) 


Si  les  effets  non  linEaires  sur  PL:  et  5c:  sont  faibles,  la  convergence  doit  Stre  rapide.  Chaque 
iteration  est  cependant  complexe,  demandant  l' inversion  d'une  matrice  pleine  [J.  Pn  BP  ]  et  surtout 
l'estimation  des  matrices  d'influence  P n  et  BP  ,  Evaluation  a  priori  coQteuse  dans  le  cadre  deB 
mEthodes  de  differences  finies,  notamment  en  transsonique.  Peu  d' informations  sur  cette  approche,  dont 
l'utilisation  est  cependant  indiquEe  par  Thiede  [59],  sont  actuellement  disponibles.  Une  technique  asset 
proche  est  indiquEe  par  Arieli,  Murphy  [76]  pour  des  calculs  pseudo-directs  de  la  couche  limite. 


5.7.  MEthodes  de  relaxation  semi-inverses 


La  ccmplexitE,  d'un  point  de  vue  pratique,  de  l'approche  prEcEdente  ainsi  que  des  mEthodes  itEratives  de 
relaxation  de  type  mixte,  directes  ou  inverses  par  rEgions,  nous  a  conduit  A  proposer  [3,  13  A  15,  75] 
une  iteration  de  relaxation  nouvelle  pour  les  regions  de  couche  limite  ddcollde  ou  proche  de  l'Stre,  Ce  :te 
mEthode  peut  8tre  qualifide  de  semi-inverse  dans  la  mesure  oh  seul  le  problEme  de  couche  limite  est  traitE 
de  manihre  inverse,  la  donnEe  Etant  soit  la  direction  de  l'Ecoulement  externe  &%(x)  ,  soit  l'Epaisseur  de 
dEplacement  $*7x)  .  Comrne  l'indique  la  figure  17,  &%(x)  fournit  &  chaque  iteration  un  double^prEdicteur 

de  la  pression,  l'un  donnE  par  le  fluide  parfait  fP(x)  ,  l'autre  fourni  par  la  couche  limite^  p-(x) 
le  problEme  Etant  de  corriger  itErativement  0l(x)  de  faqon  A  ce  que  fi*(x)  converge  vers  ji(x)  . 


L' analyse  de  stabilitE  approchEe  des  iterations  de  couplage  directes  ou  inverses  que  nous  avons  EvoquEe  au 
paragraphe  5.4  nous  a  permis  de  fournir  une  solution  A  rt  problAme.  On  peut  en  effet  remarquer  que,  si  la 
correction  choisie  [S"fx)-  ®n(z)J  est  telle  que  la  perturbation,  [  fP*'(x)  -  ^(x)JianB  le  fluide  parfait 
soit  prEcisEment  ii(x)-  .  la  nouvelle  distribution  fc)  e'identifie  au  rEsultat  d'un 

calcul  inverse  de  fluide  parfait  assujetti  a  jt(x)  .  L'enchainement  d'un  tel  calcul  inverse  simulE  pour  le 
fluide  parfait,  et  d'un  calcul  inverse  vEritable  pour  la  couche  limite,  reproduit  done  1'itEration  (5.11) 
et  peut  8tre  stabilisEe  comme  celle-ci,  par  le  calcul  local  d'un  coefficient  de  relaxation  d)(x)  ,  d'aprAs 

(5.13)  (5.14).  L1 analyse  doit  toutefois  8tre  complEtEe  par  une  technique  appropriEe  pour  rEsoudre  le  problAme 

de  petites  perturbations  inverses,  de  type  Prandtl-Glauert,  permettant  de  calculer  &’(x)l 

a  partir  de  [  jtfx)  .  jt*(x)J  .  Nous  avons  montrE  [13]  qu’une  analyse  harmonique  permet  de  se  ramener,  pour 
chaque  mode  de  frEquence  «  ,  a  une  relation  algEbrique  locale  dont  la  combinaison  avec  la  relaxation  (5.13) 

(5.14)  conduit,  si  UK(x)  et  U(x)  dEsignent  les  vitesses  associEes  aux  pressions  fx(x)  et  p.  (x)  , 
aux  corrections  : 


Points  subsoniques  : 
Points  supersoniques  : 


to"'  a*  f&ffPn1  f  i  dd  i  du*  ] 

-  '  ce  T  !T~lP~dZ  J 

&"< _  .  P'l'fiPi  [  1  dlu  1  d‘U *  7 

•c'fo*  (M‘‘  O  T  dz‘  ul  dil  J 


is. if) 


la  dEpendance  par  rapport  a  <<  des  corrections  locales  prEcEdentes  sur  S  Etant  enfin  EliminEe,  sans 
altErer  leur  stabilitE,  en  adoptant  ‘(^/Az)  •  On  remarque  qu'entre  autres  avantages,  1'itEration 

semi-inverse  (5.17)  exige  seulement  la  dEtection  des  erreurs  de  couplage  sur  le  gradient  de  pression.  Elle 
permet  de  ce  fait  d'alterner  aisEment  son  utilisation  avec  celle  de  1'itEration  directe  (5.12),  en  fonction 
du  param&tre  de  forme  local  dc  la  couche  visqueuse,  sans  jamais  conduire  a  des  distributions  de  pression 
discontinues  au  cours  de  la  convergence,  quel  que  soit  le  nombre  des  rones  rEsolues  au  mode  inverse,  ou  leur 
modification  au  cours  des  itErations. 


Cette  mEthode  mixte  a  par  exemple  EtE  utilisEe  pour  calculer  le  dEcollement  supersonique  sur  une  rampe  de 
compression,  en  laminaire  ou  turbulent,  dans  1'hypothSse  d'onde  simple,  en  rEsolvant  directement  un 
problAme  bien  posE  avec  un  gradient  de  pression  nul  au  dernier  point  de  calcul,  figures  18et  19.  Elle  a 
EtE  Egalement  appliquEe  au  calcul  de  profils  transsoniques  symEtriques  en  thEories  des  petites  perturbations 
avec  dEcollement  de  choc  ou  de  bord  de  fuite,  et  capture  numErique  sur  maillage  fin  de  1'interaction  forte 
au  pied  du  choc,  figures  20  a  22. 


Une  mEthode  de  correction  semi-inverse  lEgAreraent  diffErente  a  EtE  plus  rEcemment  proposEe  par  Carter  [78]. 

A  chaque  itEration,  la  correction  porte  sur  l'Epaisseur  de  dEplacement  J* (x)  et  non  sur  la  direction  angu- 
laire  de  l'Ecoulement  &*(*■)  •  Dan*  le  cas  incompressible,  par  exemple,  la  correction  est  Ecrite  sous  la 
forme  algEbrique  locale  : 


is.  IS) 


dans  laquelle  PI  est  un  coefficient  de  relaxation,  voire  de  surrelaxation  (1  <  fl  <  2).  Cette  mEthode 
a  EtE  rEcenment  utilisEe  par  Kwon,  Pletcher  [79],  Whitfield  et  al.  [80]. 


*<-  so»r-. ,  '-«•  •'***  . 


>*  *  ^<3V&8)8SPSfffi«iSs»». 
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II  esc  intdressant  de  remarquer  qu'une  analogie  existe  entre  (5.18)  et  (5.17)  dans  le  cas  subsonique.  Si 
nous  supposons  par  exemple  que  le  couplage  est  obtenu  par  addition  de  l'dpaisseur  de  ddplacement,  soic 
<S>  -  (d^/dz  )  ,  la  derivation  de  (5.18)  donne  directement  : 

dT^_j£l  ,  ns*  JL  1  (s.») 

dz  dx  L  U  dz  V*  dx  J 

L'identitd  rigoureuse  des  formulations  (5.17  (5.18)  serait  done  obtenue,  en  incompressible,  dans  le  cas  oil 
z  [  BAx./(Tl5*B  -  £>*)]  .  L'analogie  (5.17)  (5,19)  montre  dgalement  l'ambiguitd  de  la  notion  de 

surrelaxation  ou  de  sous  relaxation  dans  (5.17)  (5.18),  la  sous  relaxation  indiqude  figure  17  intervenant 
dans  (5,17)  seulement  au  niveau  des  concepts,  la  surrelaxation  fl  de  (5.18)  dtant  ponddrde  par  le  facteur 
multiplicatif  $*  . 

Rappelons  enfin  que  l'emploi  de  techniques  non-automatisdes  du  type  semi-inverse  a  dtd  mentioned  initiale- 
raent  par  Kuhn  (81,  82], 


5.0.  Mdthodes  semi-lmplicites 

Des  tentatives  rdeentes  ont  enfin  dtd  effectudes  pour  ddvelopper  des  mdthodes  partiellement  affranchies 
du  caractdre  explicite  des  techniques  de  relaxation  des  paragraphes  5.5  et  5.7,  mais  conduisant  &  des 
rdsolutions  plus  simples  que  la  mdthode  de  Kewton  au  paragraphe  5.6, 


Une  premi&re  analyse  a  dtd  suggdrde  par  Veldman  [83]  dans  le  cas  des  dcoulements  incompressibles  illimitds 
pour  lesquels,  si  le  couplage  est  obtenu  par  distribution  de  sources  d  la  paroi,  la  vitesse  de  perturbation 
induite  par  la  couche  visqueuse  est  donnde  par  une  intdgrale  de  Cauahy  homologue  de  (5.6)  : 


U.  -  U.0 


r  . 


Aprds  diserdtisation,  la  distribution  de  vitesse  JU.I  ou  de  pression  y  se  trouve 
d  la  distribution  d'dpaisseur  de  ddplacement  S'L  par  une  forme  lindaire  dont  les 
dominance  diagonale,  sont  directement  calculables.  On  peut  dcrire  : 


(S  to) 


relide  en  vertu  de  (5.20) 
coefficients  flij  ,  d 


fluide  parfait  i 


fi’1-  4 


mti 


+  r. 

ri 


4 


M* 


(5.21) 


Schdmatiquement,  la  couche  limite  apparalt  sous  forme  discrete  comme  un  opdrateur  de  matrice 
blement  triangulaire  infdrieure  : 

firntl  a*tl  t,i  c 


Bii 


sens ible- 


couche  limite 


i -itittl  axt>  til  c  a"'  c-  a* 

h  -Bu  A  “t  n  Nti 


(5.22) 


II  est  clair  que  les  indices  d'itdrations  t  et  (nt1 )  ont  dtd  choisis  dans  (5.21)  (5.22)  de  fa;on  telle 
qu'une  rdsolution  proeddant  de  l'amont  vers  l'aval  puisse  rdsoudre  implicitement  les  premiers  membres  d  la 
station  i  ,  les  seconds  membres  dtant  connus,  selon  une  technique  de  type  Gausc-Seidel.  Comme  cette 
demi&re,  la  mdthode  (5.21)  (5.22)  peut  en  outre  8tre  surrelaxde. 


Une  seconde  analyse  semi-implicite  a  dtd  ddveloppde  par  Wai,  Yoa’uihara  [84]  oour  le  calcul  des  profils 
transsoniques  dans  1' approximation  des  petites  perturbations.  Le  probldme  potentiel  S 

(*  -  V  -  )?x  )  Vet  *  fyy  •  0 

f}  (*,0)  «  f(x)  *  *(x)  (5.2*) 

est  rdsolu,  en  fluide  parfait  ob  6>(x)z  0  ,  par  la  mdthode  de  relaxation  de  Murman-Cole,  implicite 

par  colonnes  selon  ^  ,  semi  implicite  ou  implicite  en  x  selon  le  ddeentrement  appliqud  d  fx 
et  .  En  fluide  visqueux,  la  relation  de  comportement  de  la  couche  limite  (5.1)  fournit  : 

(x>°)  =  f  (*)  4  ?**  +  c(x)  {5Z5'> 

relation  dans  laquelle  f(x)  et  c(x)  doivent  Stre  calculds  par  les  autres  dquations  de  couche  limite. 

Si  ce  calcul  est  effectud  d'amont  en  aval  en  m8me  temps  que  le  balayage  par  colonnes  pour  (p  ,  il  est 
clair  que  (5.25)  (5.23)  peuvent  Stre  rdsolus  simultandment  de  mani&re  semi-implicite,  exactement  comme  en 
fluide  parfait,  avec  la  mSme  diserdtisation  pour  %  et  (pxt  .  Le  principal  avantage  est  que  le 
traitement  interactif  (5.25),  mSme  diserdtisd  de  manidre  semi-implicite  pour  <pxx  en  subsonique,  dlimine 
toute  singular! td  au  ddcollement.  La  convergence  du  couplage  visqueux  (5.25)  en  subsonique  reste  apparentde 
d  celle  d'uue  technique  de  relaxation  en  raison  des  schdmas  centrds  appliquds  d  pxx  ,  le  progrds  dtant 
celui  d’une  technique  de  Gauss-Seidel,  en  analogie  avec  (5.21)  (5.22), 


La  relaxatioA  simultande  des  dquations  intdgrales  de  couche  limite  et  de  la  fonction  de  courant,  au  cours 
de  balayages  successifs  implicites  par  colonnes,  avaif  dtd  dgalement  indiqude  par  Moses,  Jones,  O'Brien 
[85]  d3ns  le  cas  d'dcoulements  subsoniques  ddcollds.  Elle  est  utilisde  par  Ghose,  Kline  [86]  dans  le  calcul 
des  diffuseurs. 


6.  EXEMPLE  DE  SYNTHESE  -  CALCUL  DES  PROFILS  D'AILES 

Parmi  les  mdthodes  de  calcul  des  dcoulements  compressibles  de  fluide  visqueux  autour  de  profils  d'ailes,  au 
raoyen  d'approches  de  couplage  correspondent  aux  approximations  des  paragraphes  4  et  5,  on  peut  citer  celles 
de  Bavitz  [37],  Bauer,  Korn  [38],  Lock,  Collyer,  Firmin,  Jones  [39],  Melnik,  Chow,  Mead  [29-],  Wai, 
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Yos'nihara  [84],  Nandanam,  Stanewsky,  Inger  [40],  Le  Balleur  [15],  une  telle  liste  n'dtant  toutefois  pas 
limitative.  Nous  ne  nous  intdressons  pas  ici  aux  performances  compardes  des  mdthodes  d’un  point  de  vue 
pratique,  la  plupart  faisant  encore  l'objet  de  ddveloppements  en  cours  et  fournissant  en  gdndral  des 
rdsultats  plus  prdcis  que  les  solveurs  Navier-Stokes  actuellement  utilisables  [87].  Nous  recherchons  ici 
seulement  un  exeraple  de  calcul  de  synthdse,  directement  utilisable  dans  les  applications,  rdunissant 
diverses  interactions  visqueuses  s'influenqant  mutuellement  (bord  de  fuite,  interaction  choc-couche  limite 
ddcollement),  et  rdvdlant  l'dvolution  des  mdthodes  d'une  part  vers  un  traitement  effectif  des  couplages 
forts,  et  d’autre  part  vers  une  mdthodologie  suff isamment  complfete  pour  ddcrire  en  totalitd  le  fluide 
visqueux  a  grand  nombre  de  Reynolds,  en  extension  directe  des  techniques  numdriques  ddveloppdes  pour  le 
fluide  parfait. 


6.1.  Mdthodes  de  Bavltz,  de  Bauer,  Korn  et  al. 

Dans  ces  premieres  mdthodes  de  calcul  des  profils  en  fluide  visqueux,  les  approximations  utilisdes  pour  le 
couplage  sont  encore  proches  des  mdthodes  de  couplage  faible.  Le  sillcge  n'est  pas  pris  en  compte.  L'effet 
de  ddplacement  des  couches  limites  est  obtenu  par  modification  de  la  gdomdtrie  du  profil,  apr&s  addition 
de  l'dpaisseur  de  ddplacement.  La  stabilisation  et  la  convergence  des  itdrations  de  couplage  sont  relative- 
ment  incertaines  et  incorporent  des  lissages  ou  extrapolations  de  /  (x)  ,  un  traitement  empirique  de 

la  rdgion  de  bord  de  fuite  dtant  utilisd  en  compensation  dans  la  mdthode  de  Bavitz.  Le  fluide  parfait  est 
calculd  par  la  mdthode  potentielle  de  Garabedian,  Korn.  La  forme  non  conservative  est  le  plus  souvent 
prdfdrde  en  raison  d'une  certaine  compensation  d'erreur  avec  l'absence  de  prise  en  compte  des  effets 
visqueux  au  pied  du  choc,  le  maillage  dtant  prdcisdment  sdlectionnd  de  fa;on  a  dtaler  suffisamment  la 
compression  sous  le  choc  pour  dviter  tout  ddcollement  dans  le  calcul  de  couche  limite  [37]. 


6.2.  Mgthodes  de  Collyer,  Lock  et  al. 

Inddpendamment  des  performances  pratiques  de  ces  analyses,  la  recherche  de  mdthodes  plus  compl&tes  vis  a 
vis  des  phdnomSnes  de  forte  interaction  a  dtd  initide  par  Lock  et  ses  collaborateurs  en  rdsolvant  le  fluide 
parfait  d'abord  par  des  techniques  de  petites  perturbations  transsoniques,  figure  23,  puis  par  la  mdthode 
p'otentielle  de  Garabedian  et  Korn.  La  figure  23  rappelle  que  les  effets  de  siliage  ont  dtd  introduits,  sous 
forme  d'un  saut  de  vitesse  normale,  correspondent  a  l'effet  de  ddplacement  (3.5)  et  d'un  saut  de  vitesse 
tangentielle  ou  de  pression,  associd  a  un  effet  de  courbure  du  siliage  du  type  (4.13).  La  courbure  des 
lignes  de  courant  considdrde  est  toutefois  une  courbure  moyenne.  De  plus,  dans  le  cas  de  l'dquation  du 
potentiel  complete,  les  conditions  de  siliage  sont  appliqudes  sur  une  ligne  de  maillage  et  non  sur  le 
siliage  visqueux  lui-mSme.  Les  ddcollements  ne  sont  pas  traitds. 

Par  rapport  aux  mdthodes  prdcddentes,  outre  le  traitement  du  siliage,  les  progr&s  essentiels  sont  le  recours 
a  une  vitesse  normale  sur  la  paroi  du  profil  pour  traduire  l'effet  do  ddplacement  sans  modification  de 
gdomdtrie,  l'itdration  simultande  sur  les  effets  visqueux  et  sur  le  calcul  potentiel,  l'abandon  des 
techniques  de  lissage  sur  S  au  profit  d'une  sous-relaxation  visqueuse  uniforoe,  ddterminde  empiriquement 
mais  n'altdrant  pas  la  solution  4  convergence.  Le  dernier  progrds  a  consistd  &  simuler  au  mieux  les  sauts 
de  pression  des  ondes  de  choc  ddlivrds  par  le  calcul  potentiel,  au  moyen  d'une  ponddration  des  techniques 
numdriques  conservatives  et  non  conservatives  .  Aucun  traitement  visqueux  spdcial  n'est  toutefois  introduit 
pour  1' interaction  choc-couche  limite. 


6.3.  Mgthode  de  Melnik,  Chav,  Mead, 

Comme  la  mdthode  prdeddente,  cette  analyse  s'applique  aux  profils  exempts  de  ddcollements,  s'appuie  sur  la 
mdthode  intdgrale  de  Green  pour  les  calculs  de  couche  limite  et  de  siliage,  et  n’ introduit  aucun  traitement 
particulier  pour  l'interaction  forte  au  pied  des  ondes  de  choc.  La  figure  24  rappelle  que,  hormis  la  rdgion 
de  bord  de  fuite,  les  conditions  aux  limites  visqueuses  appliqudes  au  fluide  parfait  sont  semblables  4  la 
mdthode  de  Lock  et  al.,  les  conditions  sur  le  siliage  dtant  tou jours  appliqudes  sur  une  ligne  ldgArement 
diffdrente  du  siliage  rdel. 

Les  progrds  apportds  par  la  mdthode  consistent  d'une  part  en  I'utilisation  du  calcul  potentiel  de  Jameson 
sous  forme  conservative,  et  d'autre  part  d'un  traitement  dlabord  de  l'interaction  forte  turbulente  au  bord 
de  fuite  :  celle-ci  s'appuie  sur  une  analyse  asymptotique  multi-couche,  figure  25,  et  garantit  un  comporte- 
ment  rationnel  du  moddle  4  la  limite  infinie  du  nombre  de  Reynolds.  D'un  point  de  vue  pratique,  on  doit 
remarquer  sur  la  figure  25  que  le  moddle  de  calcul  visqueux  incorpore,  dans  la  couche  externe,  la  prise 
en  compte  d'un  gradient  de  pression  normal  non-irrutationnel.  Celui-ci  est  traduit  dans  le  calcul  potentiel 
par  une  modulation  locale  au  bord  de  fuite  des  conditions  aux  limites  de  couplage  traditionnelles,  figure 
24.  II  conduit  en  gdndral  4  des  sauts  de  pression  majords  sur  le  siliage  au  voisinage  immddiat  du  bord 
de  fuite. 


6.4.  Mdthode  de  Nandaman,  Stanewsky,  Inger. 

Cette  mdthode  eat  plus  simple  que  les  deux  prdcddentes,  4  l'exception  du  traitement  de  l'interaction  choc- 
couche  limite.  Elle  utilise  la  mdthode  potentielle  de  Jameson,  sous  forme  conservative  ou  non  conservative, 
ainsi  qu'une  mdthode  intdgrale  pour  la  couche  limite.  Le  siliage  n'est  pas  calculd.  Les  ddcollements  ne  sont 
pas  traitds.  Le  couplage  est  obtenu  en  modifiant  la  gdomdtrie  du  profil  par  addition  d'une  dpaisseur 
ddplacement  assujettie  4  un  lissage  important,  notamment  dans  la  rdgion  du  choc. 

La  mdthode  serait  done  4  rapprocher  de  celles  du  paragraphe  6.1.  Si  un  traitement  plus  dlabord  de  l'ihterac- 
tion  choc-couche  limite  n'dtait  incorpord.  Celui-ci  apparatt  comme  un  module  sdpard,  qui  a  pour  rdle  d'une 
part  de  ddterminer  avec  une  meilleure  prdcision  l'dtat  de  la  couche  limite  aprds  choc,  et  d'autre  part  de 
fournir  une  estimation  plus  rdaliste  de  la  pression  4  la  paroi  dans  la  rdgion  du  choc.  Ce  module  s’appuie 
sur  1 'analyse  non-asymptotique  multi-couche  de  Inger  [88].  Les  rdsultats  sont  amdliords  si  la  compression 
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appliqude  au  module  de  Inger,  thdoriquement  celle  d'un  choc  droit,  est  celle  du  choc  oblique  de  deflection 
maximale. 


6.5.  Mdthode  de  Wai,  Yoshlhara. 

La  rndthode,  d'un  ddveloppement  rdcent,  utilise  pour  l'dcoulement  potentiel  un  simple  calcul  de  petites 
perturbations  transsoniques.  La  couche  limite  et  le  sillage  sont  calculds  par  une  rndthode  integrate,  ddcolle- 
ments  inclus.  La  premiere  particularity  consiste  en  une  resolution  simultande  des  equations  de  petites 
perturbations  potentielles  et  de  la  condition  aux  limites  visqueuses  (5.1),  au  cours  de  la  relaxation  par 
colonne  associde  4  la  technique  de  Murman-Cole.  Ce  procddd,  dvoqud  au  paragraphe  5.8,  est  semi-implicite 
dans  la  mesure  o£i  les  balayages  par  colonnes  doivent  Stre  rdpdtds  pour  assurer  la  convergence.  En  revanche, 
le  traitement  interactif  du  calcul  visqueux  dlimine  les  probldmes  de  singularity  au  ddcollement. 

La  seconde  particularity  de  la  rndthode,  est  de  substituer  une  moddlisation,  dite  de  ramps  visqueuse,  au 
calcul  integral  de  couche  limite  dans  la  rdgion  de  choc,  en  cas  de  decollement,  faute  de  rdsoudre  le  couplage 
fort  avec  un  maillage  suffisamment  fin.  La  moddlisation  consiste  scheoatiquement  4  imposer  pour  surface  de 
deplacement  une  rampe,  dont  l'angle  correspond  sur  la  polaire  de  choc  a  un  niveau  de  recompression  prede¬ 
termine,  l'empirisme  conduisant  a  sdlectionner  une  valeur  intermediaire  entre  la  deviation  Sonique  et  la 
deviation  maximale  [89].  Cette  moddlisation  de  5  est  ndcessaire  non  seulement  prur  amdliorer  la  comparai- 
son  a  l'expdrience,  mais  encore  pour  assurer  la  convergence  du  calcul. 


6.6.  M6thode  de  Le  Balleur. 

La  rndthode  utilise  pour  le  fluide  parfait  le  calcul  potentiel  de  Chattot,  Coulombeix,  Tome  [90]  qui  rdsrut 
l'equation  sous  une  forme  conservative,  avec  la  viscosity  artificielle  de  Jameson.  La  couche  limite,  lami- 
naire  ou  turbulente,  ainsi  que  le  sillage  sont  calculds  par  une  rndthode  integrate  incluant  les  ecoulements 
de  retour,  le  sillage  pouvant  fitre  calcuie  avec  ou  sans  l'effet  de  dissymetrie.  La  formulation  deficitaire 
du  paragraphe  4.3  conduit  pour  le  fluide  parfait  4  des  conditions  aux  limites  sur  la  paroi  et  sur  le  sillage 
analogues  4  celles  de  Lock  et  al.  ou  de  Melnik  et  al..  Toutefois  la  geometrie  de  la  ligne  de  sillage  est  ici 
adaptde  periodiquement  au  cours  du  calcul  pour  coincider  avec  la  ligne  moyenne  du  sillage  visqueux.  La 
rndthode  ne  comporte  pas  de  traitement  special  au  bord  de  fuite,  mais  y  respecte  strictement  le  couplage  fort 
associd  a  la  formulation  deficitaire  ;  l'effet  de  courbure  applique  (4.13)  incorpore  enfin  des  estimations 
moyennees  de  K (x)  ,  distinctes  pour  les  demi-sillages  supdrieur  et  infdrieur. 

Le  couplage  est  realise  par  une  iteration  de  relaxation,  directe  ou  semi-inverse,  en  fonction  du  paramdtre 
de  forme  local  instantand  de  la  couche  visqueuse.  Cette  iteration,  exposde  aux  paragraphes  5.5  et  5.7,  est 
mende  de  front  avec  celle  utilisde  pour  le  calcul  du  fluide  parfait,  figure  26.  Le  gradient  de  pression  le 
long  de  la  paroi  est  estimd  dans  le  fluide  parfait  par  des  schemas  centres  en  subsonique,  ddcentrds  vers 
l'aval  en  supersonique.  Le  passage  de  la  couche  limite  au  sillage  est  assimild  4  un  processus  continu  pour  ^ 
le  fluide  parfait  ainsi  que  pour  ,  mais  discontinu  pour  le  calcul  visqueux.  La  rndthode  capture  * 

automatiquement  la  modification  apportde  aux  distributions  de  pression  par  la  viscosity  dans  le  voisinage 
immddiat  du  bord  de  fuite,  pourvu  que  les  mailles  soient  de  l'ordre  de  l'dpaisseur  locale  de  la  couche 
visqueuse,  qu'il  y  ait  ddcollement  ou  non. 

Les  figures  27  4  32  montrent  l'utilisation  de  la  rndthode  aux  basses  vitesses  et  aux  grc.ides  incidences,  pour 
le  profil  NACA  0012.  Sur  ce  profil,  le  calcul  approche  l'incidence  de  ddcrochage,  avec  un  ddcollement  1 

d'extrados  4  70  X  de  la  corde  et  un  recollement  dans  le  sillage.  Dans  l'dtat  actuel  de  ddveloppement  de  j 

la  rndthode,  ce  calcul  4  l'incidence  de  16°  n'est  possible  qu'en  respectant  la  dissymdtrie  du  sillage,  les  * 

figures  27  et  31  montrant  le  changement  d'aspect  associd  de  sa  ligne  moyenne.  Les  figures  39  4  41  montrent  1 

enfin,  par  le  tracd  de  lignes  de  courant  et  de  lignes  iso-Mach  que  la  rndthode  de  calcul  restitue  non  f 

seulement  l'dcoulement  de  fluide  parfait  lointain,  mais  encore  l'dcoulement  moyen  de  fluide  visqueux  dans 
son  detail. 

Les  figures  33  et  34  montrent  l'utilisation  de  la  rndthode  dans  les  cas  transsoniques  subcritiques  sur  le 
profil  RAE  2822,  expdriraentd  par  Cook,  Me  Donald,  Firrain  [91].  Dans  les  cas  transsoniques  supercritiques, 
contrairement  aux  calculs  effectuds  dans  1 'approximation  des  petites  perturbations,  figures  20-21,  il 
demeure  actuellement  impossible  de  capturer  numdriquement  1* interaction  forte  au  pied  des  ondes  de  choc 
aur  un  maillage  fin  approprid  aux  dpaisseurs  locales  des  couches  limites,  en  raison  de  difficultds  numdriques 
dans  la  resolution  de  l'dquation  du  potentiel  sur  de  tels  maillages.  Faute  de  cette  resolution  complete 
du  couplage  visqueux  local,  la  compression  sous  le  choc  est  surestimde  par  la  rndthode  conservative  appliqude 
au  fluide  parfait. 

Pour  pallier  cette  difficult!,  une  rndthode  approchde  a  dtd  ddfinie  pour  1'interaction  choc-couche  limite. 

Comme  le  schematise  la  figure  36,  cette  rndthode  consiste  simplement  4  rdsoudre  une  interaction  locale  fictive 
4  l'dchelle  agrandie  £t  ,  compatible  avec  le  maillage.  Celle-ci  est  une  image  homothdtique  de  1'interaction 
rdelle  d'dchelle  <5/  ,  obtenue  par  simple  dilatation  de  l'dpaisseur  locale  o  de  la  couchc  visqueuse  dans 

le  rapport  (  <fi  /<ff  )  sans  toutefois  altdrer  le  nombre  de  Reynolds  .  Le  couplage  fort  rdalisd  sur  la 

rdgion  d'interaction  fictive  Ct  conduit  d'unc  part  4  une  estimation  interactive  plus  rdsliste  de 
l'dpaississcment  de  la  couche  limite,  et  d'autre  part  4  la  reduction  attendue  du  niveau  de  recompression, 
comme  le  montre  la  figure  37.  En  revanche,  le  traitement  est  essentiellement  une  approximation  dans  la 
mesure  o&  l'altdration  subie  par  le  fluide  parfait  dans  le  domaine  £t  est  incohdrente  avec  l'dci.clle  C 
du  calcul  global.  Pour  celui-ci,  une  resolution  numdrique  de  quality  ne  sera  done  maintenue  que  si 
<f2  <<  C  ,  et  m6me  £j«.L  ,  L  ddsignant  l'dtendue  de  la  poche  supersonique.  On  peut  observer  sur  la 

figure  38  que  le  calcul  prdvoit,  grScc  nu  seul  effet  de  couplage  visqueux  un  nombre  de  Mach  apr6s  choc 
faiblement  infdrieur  4  l'unitd,  plus  proche  de  l'expdrience.  On  constate  en  outre  que  la  structure  numdrique 
du  choc  du  calcul  potentiel  est  remplacde  par  une  compression  visqueuse  continue,  relativement  dtalde  en 
raison  du  maillage  utilise,  figure  37.  Les  figures  42  4  44  montrent  enfin  l'aspcct  des  lignes  iso-Mach  et 
des  lignes  de  courant  dans  l'dcoulement  de  fluide  visqueux  caltuld. 
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7.  CONCLUSIONS 


Un  effort  spectaculaire  a  dtd  consenti  ces  dernidres  anndes  dans  le  domaine  du  fluide  parfait  en  vue  de 
renforcer  l'efficacitd  et  la  gdndralitd  des  techniques  de  calcul,  II  est  important  de  souligner  en  premier 
lieu  la  valorisation  majeure  que  peut  en  pratique  apporter  le  couplage  de  ces  techniques  4  des  calculs 
visqueux  eompldmentaires,  &  condition  toutefois  de  se  ddgager  des  approximations  trop  restrictives  du 
couplage  faible.  L'dvolution  des  mdthodes  de  provision  des  caractdristiques  locales  et  globales  des  profils 
et  des  ailes  est  rdvdlatrice  le  cette  tendance, 

Dans  cette  optique,  on  doit  noter  la  conjugaison  de  progrds  d'ordre  analytique  effectuds  sur  le  calcul 
visqueux  interactif  des  phdnora4nes  fondamentaux  tels  que  dcoulements  de  bords  de  fuite,  ddcollement  en 
couche  mince,  interaction  couche  limite  —  onde  de  choc,  et  de  progr&s  d'ordre  numdrique, ayant  consistd 
essentiellement  4  ddvelopper  des  techniques  nouvelles  originales  de  couplage  fort.  Ces  progrds  ont  permis 
de  ddpasser  le  stade  du  traitement  des  phdnomdnes  ponctuels  ou  locaux,  et  de  synthdtiser  des  moyens  de 
de  calculs  approprids  aux  dcoulements  complexes  rencontrds  dans  les  applications  industrielles,  en  corapdti- 
tion  avec  les  mdthodes  globales  de  rdsolution  directe  du  fluide  visqueux, 

11  est  clair  cependant  que  les  deux  approches  des  phdnom&nes  d' interaction  visqueuse,  l'approche  glorale  et 
l'approche  par  couplage  fort,  sont  en  fait  plus  eompldmentaires  que  compdtitives.  Le  choix  actuel  d'approxi- 
mations  visqueuses  relativement  simples  dans  les  mdthodes  de  couplage  n'est  en  effet  guidd  cue  par  le  souci 
d'utiliser  des  maillages  de  discrdtisation  moins  fins  que  ceux  indispensables  dans  l'approche  globale  pour 
rdsoudre  numdriquement  les  couches  et  sous-couches  visqueuses.  Les  mdthodes  de  couplage  4  equations 
visqueuses  simples,  et  notamment  celles  mettant  en  jeu  des  dquations  intdgrales  de  type  couche  limite, 
matdrialisent  en  pratique  les  densitds  de  maillage  minimales  compatibles  avec  la  rdsolution  numdrique  des 
phdnom&nes  de  couplage  fort,  "e  telles  densitds,  intermddiaires  entre  celles  utilisdes  en  fluide  parfait  et 
celles  des  calculs  de  type  Navier-Stokes,  conduisent  4  une  dconomie  qui  peut  Stre  mise  4  profit  pour  calculer 
des  dcoulements  plus  complexes,  incorporant  par  exeraple  des  interactions  visqueuses  multiples  ou  des  phdno- 
mfenes  tridimensionnels. 

Sur  des  maillages  moins  restrictifs,  les  progrds  effectuds  dans  l'approche  globale  possddent  des  rdptreus- 
sior.s  dvidentes  sur  le  calcul  des  rdgions  visqueuses  dans  l'approche  de  couplage  par  domaines.  II  est  enfin 
concevable  dgalement  d’utiliser  des  sclveurs  Navier-Stokes  dans  des  mdthodes  de  couplage  en  substitution 
des  calculs  de  fluide  parfait  actuels  et  sur  des  maillages  analogues.  Une  telle  technique  permettrait,  en 
tridimensionnel  par  exemple,  de  capturer  les  phdnomdnes  visqueux  macroscopiques  par  une  rdsolution  locale 
des  dquations  de  Navier-Stoles  avec  mod&le  de  turbulence,  tandis  que  les  phdnom&nes  concentrds  de  couche 
mince  prSs  des  parois,  leur  interaction  avec  l'dcoulement  externe  ainsi  que  leur  impact  sur  la  gdndration 
de  nappes  tourbillonnaires  continueraient  4  bdndficier  de  traitements  moins  coQteux,  en  extensions  des 
mdthodes  intdgrales  de  couche  limite  interactives  actuellenent  ddveloppdes  pour  les  profils  d’aile  et  les 
voi lures  de  grand  allongement. 

D'un  point  de  vue  plus  ponctuel  enfin,  quelques  iddes  marquantes  ou  besoins  nous  paraissent  se  ddgager  des 
mdthodes  de  couplage  actuelles  : 

(i)  la  realisation  de  calculs  couplds  de  forte  interaction  prdsente  deux  voies  relativement  diffdrencides.  La 
premidre  utilise  un  concept  de  domaines  raccordds  par  leurs  conditions  aux  limites,  avec  la  possibilitd 
d'incorporer  directement  des  modules  cxistants  de  type  Navier-Stokes,  La  seconde  s’appuie  sur  l’idde  d'un 
recouvrement  des  domaines  de  calcul  visqueux  et  non-visqueux,  avec  la  possibilitd  de  ddvelopper  des  mdthodes 
numdriques  originales  pour  rdsoudre  les  dquations  de  Navier-Stokes  par  une  technique  d'dclatement 

d' dquations. 

(ii)  L'abandon  ndeessaire  des  approximations  de  couplage  faible  au  profit  d’un  couplage  fort  tigoureux 
conduit  au  besoin  impdratif  de  ddvelopper  des  mdthodes  numdriques  spdcialisdcs,  soulevant  des  probldmes  au 
moins  aussi  complexes  que  ceux  assoclds  aux  techniques  numdriques  constitutives  de  fluide  parfait  et  de 
fluide  visqueux.  Ce  besoin  est  apparu  claireinent  pour  les  probldmcs  de  hord  de  fuite,  de  ddcollement  et 
d'interaction  choc-couche  limite.  L'analyse  est  particulidrement  peu  ddveloppde  pour  le  couplage  entre 
dquations  d'Euler  et  de  Navier-Stokes. 

(iii)  Le  traitement  des  interactions  couches  limites  -  ondes  de  choc  apparalt  comme  l'un  des  probldmes  les 
plus  ddlicats  des  techniques  de  calcul,  non  seulcment  en  raison  de  1'incertitude  attachde  aux  moddlisations 
de  la  turbulence,  mais  encore  4  cause  des  dchelles  rdduites  qui  devraient  Stre  mises  en  jeu  localement, 

mSme  pour  le  calcul  du  fluide  parfait  dans  lc  cas  d'une  mdthode  de  couplage  4  maillage  minimal.  Des  difficul- 
tds  analogues  d'dchollcs  multiples  de  rdsolution  sont  prdsentes  dans  les  ddcollements  de  couches  visqueuses 
au  voisinage  des  bords  d'attaque. 

(iv)  Parmi  les  amdliorations  relatives  au  calcul  des  profils  d'ailes,  la  substitution  des  dquations  d'Euler 
4  l'dquation  du  potentiel  devra  Stre  examinde,  notamment  aux  rdgimes  transsoniques  supdrieurs,  en  cas  de 

i  ddcollement  naissant  sous  le  choc,  avec  le  bdndfice  ultdrieur  d'une  application  directe  aux  dcoulements 

j  internes.  La  rdalisation  de  comparaisons  calcul-expdrience  ddgagdes  des  incertitudes  de  corrections  parois 

I  des  souffleries,  serait  dgalement  fort  souhaitable  pour  l'affinement  des  mdthodes  de  ealeui  existantes. 


(v)  Les  calculs  de  profils  dans  les  rdgimes  extremes,  proches  du  ddcrochage  ou  du  ddcollement  sous  lc 
choc  par  exemple,  rdvfelent  la  trio  grande  sensibilitd  de  1 'dcoulement  global  4  la  prdcisiou  du  calcul 
des  couches  visqueuses  depuis  l'origine  de  celle-ci.  Lc  ddveloppement  de  moddles  de  turbulence  est  done 
important,  mSme  sous  les  formes  simplifidcs  rencontrdes  dans  les  mdthodes  intdgrales. 
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A  REVIEW  OF  METHODS  FOR  PREDICTING  VISCOUS  EFFECTS 
ON  AEROFOILS  AND  WINGS  AT  TRANSONIC  SPEEDS 

R.  C.  Lock 

Aerodynamics  Department 
Royal  Aircraft  Establishment 
Farnborough,  Hampshire,  UK 


SUMMARY 

Methods  are  reviewed  in  which  the  problem  of  viscous-inviscid  interaction  is 
treated  by  assuming  that  the  effects  of  viscosity  are  confined  to  thin  boundary  layers 
and  wakes.  With  this  assumption,  an  iterative  procedure  may  be  set  up  in  which  the 
inviscid  flow  is  calculated  first  and  the  result  used  to  specify  the  pressure  distribu¬ 
tion  from  which  the  development  of  the  viscous  layers  can  be  determined.  The  inner 
boundary  condition  for  the  equivalent  inviscid  flow  is  then  modified  to  allow  for  the 
displacement  effect  of  the  viscous  layers;  and  the  procedure  is  repeated  until  conver¬ 
gence  is  obtained. 

In  the  first  section  of  the  paper  two  alternative  mathematical  models  for  the 
displacement  effect  are  derived,  valid  to  second-order  accuracy.  After  a  brief  histori¬ 
cal  review  of  the  subject,  an  account  is  then  given  of  the  principal  methods  that  are 
currently  available  for  the  two-dimensional  problem  (single  aerofoils)  at  transonic 
speeds.  Next,  some  of  the  corresponding  methods  for  three-dimensional  wings  or  wing-body 
combinations  are  briefly  reviewed;  and  finally  some  general  conclusions  are  drawn,  with 
suggestions  for  future  needs  and  possibilities. 
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1  INTRODUCTION 

At  a  Conference  having  the  present  title,  there  is  no  need  to  stress  the  importance 
of  viscous  effects  on  the  flow  about  aerofoils  and  wings,  or  the  necessity  of  being  able 
to  predict  these  effects  theoretically  if  results  of  practical  usefulness  are  to  be 
achieved.  The  aspect  of  the  subject  reviewed  here  is  the  development  of  methods  which 
involve  separate  calculations  of  the  viscous  shear  layers  -  laminar  or  turbulent  -  over 
the  wing  and  in  its  wake,  and  of  the  inviscid  flow  external  to  these  layers,  together 
with  a  matching  process  which  enables  the  mutual  interaction  of  these  flows  to  be  deter¬ 
mined.  This  approach  has  proved  extremely  successful  for  a  wide  variety  of  cases, 
provided  that  the  boundary  layers  remain  attached  until  close  to  the  trailing  edge  and 
that  any  shock  waves  that  are  present  are  not  so  strong  as  to  cause  separation.  We  shall 
concentrate  on  methods  applicable  to  problems  of  transonic  (high  subsonic)  flow,  since 
these  are  in  many  ways  the  most  difficult  to  solve  and  involve  viscous  effects  which  are 
frequently  large  and  hence  of  major  practical  importance. 

The  considerable  effort  that  is  currently  being  devoted  to  the  alternative  approach 
of  solving  the  full  Navier-Stokes  eciuations,  with  appropriate  turbulence  modelling,  is  of 
course  of  great  importance;  but  nevertheless  it  seems  certain  that  methods  of  the  present 
type  will  continue  to  hold  a  practical  advantage,  in  both  speed  and  accuracy  of  computa¬ 
tion,  for  solving  the  problems  to  which  they  are  best  suited.  These  could  also  include 
cases  with  restricted  regions  of  separated  flow,  provided  that  suitable  modifications  are 
made  to  the  viscous  matching  technique.  Thus  it  is  only  when  gross  flow  separations  are 
present  that  it  will  become  essential  to  make  use  of  numerical  solutions  to  the  Navier- 
Stokes  equations. 

In  the  present  paper,  we  derive  in  section  2  the  basic  concepts  required  for  the 
matching  process  referred  to  above.  A  brief  historical  survey  of  the  subject  is  given  in 
section  3,  and  section  4  then  describes  the  principal  methods  that  are  currently  in  use 
for  calculations  on  two-dimensional  aerofoils  in  transonic  flow.  The  application  of 
similar  principles  to  general  three-dimensional  wir.gs  and  wing-body  combinations  is 
reviewed  in  section  5.  Finally,  in  section  6,  some  remarks  are  made  about  the  future 
prospects  for  methods  of  the  present  type  -  involving  the  ’thin  shear-layer*  assumptions - 
about  various  aspects  in  which  they  are  currently  deficient  and  ways  in  which  it  might  be 
possible  to  improve  them. 

2  BASIC  PRINCIPLES 

Before  describing  any  of  the  particular  methods  that  have  been  developed  for 
solving  problems  of  this  class,  we  shall  first  show  how  two  alternative  mathematical 
models  of  the  'displacement  effect',  that  are  needed  in  the  process  of  solution,  may  be 
derived. 

We  suppose  that  methods  are  available  for  calculating  (a)  the  development  of  the 
viscous  layers  -  the  boundary  layers  over  the  wing  and  the  wake  behind  it  -  for  given 
external  boundary  conditions;  and  (b)  the  inviscid  flow  external  to  these  viscous  layers, 
for  given  internal  boundary  conditions.  Of  course,  it  would  be  possible  in  principle 
(and  is  being  tried  in  practice  by  Bradshaw  and  his  colleagues4)  to  determine  the 
direction  of  flow  at  the  edge  of  the  boundary  layer  from  (a) ,  and  to  use  this  information 
as  the  required  inner  boundary  condition  for  (b) .  But  it  is  much  more  convenient  - 
because  it  leads  to  boundary  conditions  of  a  simpler  type  -  to  consider  an  analytic 
continuation  of  the  Inviscid  flow  into  the  regions  where  viscous  effects  are  important; 
we  shall  call  this  (where  it  differs  from  the  real  viscous  flow)  the  'equivalent  inviscid 
flow' . 

2.1  Conditions  on  the  wing 

These  simple  boundary  conditions  can  be  derived  by  integrating  the  equation  of 
continuity  across  the  boundary  layer  for  both  the  real  flow  and  the  equivalent  inviscid 
flow,  and  matching  the  two  flows  at  the  edge  of  the  boundary  layer.  In  doing  this  there 
is  no  need  to  make  the  usual  assumption  of  first-order  boundary  layer  theory,  that  the 
pressure  is  constant  along  a  normal  to  the  surface. 

In  the  following  higher-order  treatment,  it  is  necessary  to  use  curvilinear 
coordinates  as  defined  in  the  sketch  below. 


Sketch  (a) 
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The  coordinates  (s,  n) ,  parallel  and  normal  to  the  surface  respectively,  have  metric 
coefficients  (1  -  <n,l),  where  k  is  the  curvature  of  the  surface  (positive  when  this  is 
concave) .  The  equation  of  continuity  for  the  real  viscous  flow  is  then 

(pu)  +  {(1  -  icn)ow|  =0  (1), 

where  p  is  the  density.  Integrating  Eq.(l)  across  the  boundary  layer,  we  obtain 


(1  -  K«)pewe 


75  (pu)dn 


where  suffix  e  denotes  values  at  the  edge  of  the  boundary  layer,  defined  by  n  =  £(s)  . 
Denoting  by  (u.,  w^,)  and  pj^  the  corresponding  values  for  the  equivalent  inviscid  flow, 

and  integrating  the  equcition  of  continuity  from  n  to  6  ,  we  obtain 

£ 

(1  -  «n)pLvL  =  (1  -  **>Piewie  +  j  Jg  (p^u^)dn  (3) 

n 

(p.u^  need  not  be  assumed  to  be  constant  across  the  region  occupied  by  the  boundary 
layer).  Now  the  matching  condition  gives  Piew^e  =  pewe  '  so  that  from  Eq. (2)  we  obtain 


£  £ 
(1  -  Knjp^  =  j  jg  (P^dn  -  J 


7i  (pu)dn 


We  are  now  in  a  position  to  derive  the  two  types  of  boundary  condition  that  we 
require  for  the  equivalent  inviscid  flow. 

(A)  'Surface  transpiration'  model 

Putting  n  =  0  into  Eq.  (4)  ,  we  get  (since  pjU^  =  pu  when  n  *  £  ) 


pi0wi0  =  ds 


O 

J  <piui 


-  pu)dn 


where  suffix  0  denotes  values  on  the  wall. 

If  we  now  define  a  displacement  thickness  £*  by 


£ 

ouio  J  <<>iUi 


-  pu)dn 


then  Eq. (5)  can  be  written 


wi0  =  piQ  ds  (pi0Ui06A) 


This  fundamental  result,  analogous  to  one  due  to  Lighthill1,  was  first  obtained  by 
Gersten^.  it  states  that  the  mass  flow  normal  to  the  wall  in  the  equivalent  inviscid 
flow  is  equal  to  the  streamwise  rate  of  change  of  the  'mass  flow  deficit'  in  the  boundary 
layer . 

(B)  'Solid  displacement  surface'  model 

We  want  to  find  a  surface,  n  =  6 * (s)  ,  which  is  a  streamline  of  the  equivalent 
inviscid  flow.  For  this  we  need 


1  -  k££  ds 


Using  Eq. (4) ,  we  obtain 


(piui)n=6i  4i  =  J  Ji  <pi\>dn  -  J  7E  (pu,dn  ; 


surface  transpiration 
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5*  =  5*  -  ^k(l  -  M?)5(5  -  25*) 


solid  displacement  surface 


5*  =  5*  -  %k(l  -  Mq)  (5  -  5*)‘ 


(14) 


(15). 


Here  5*  has  the  standard  first-order  definition,  Eq.  (9) ,  while  from  Eqs. (7)  and  (12), 

(16). 


k  =  *  +  u|0  ds  p^0  ds  (pi0ui06*)| 


If  piQ,  uiQ  can  be  considered  as  'slowly  varying'  functions  of  s  ,  then 


=  K  + 


d25* 

ds2 


(16a), 


which  is  the  curvature  of  the  displacement  surface. 

For  a  typical  aerofoil  at  high  Reynolds  number,  the  parameter  k  will  be  small 
except  in  two  regions:  near  the  leading  edge  (where  x  is  large);  and  towards  the 

trailing  edge  (where  ^  -%■  ■  may  become  relatively  large)  .  In  the  leading-edge  region, 

'  ds“  ' 

however,  the  boundary  layer  is  so  thin  that  the  second-order  terms  in  the  expressions 
(14)  and  (15)  for  6*  and  5*  may  nevertheless  be  neglected;  but  they  may  become  just 

appreciable  near  the  trailing  edge  where  the  boundary  layer  is  thickest  and  increasing 
most  rapidly.  Note  that  the  difference  between  the  two  second-order  displacement 
thicknesses  is 


6*  -  5*  =  %k(l  -  M2)4*2 


(17), 


?  2 

and  since  5*  /5  is  numerically  small  (less  than  about  0.1,  say),  even  for  boundary 
layers  approaching  separation,  this  means  that  the  alternative  second-order  definitions 
differ  less  from  each  other  than  they  do  from  the  first-order  definition  5*  . 


The  arguments  given  above  provide  two  alternative  inner  boundary  conditions  which 
can  be  used  in  the  calculation  of  the  equivalent  inviscid  flow  over  the  aerofoil  surface: 

(A)  a  'transpiration'  condition  for  non-zero  normal  velocity,  specified  by  Eq.(7);  or 

(B)  the  condition  that  the  displacement  surface  is  a  streamline.  Which  of  these  mathe¬ 
matical  models  is  chosen  in  any  particular  application  depends  on  the  convenience  or 
preference  of  the  user;  either  of  them  is  an  equally  valid  representation  of.  the  displace¬ 
ment  effect  of  the  boundary  layers  on  the  external  flow.  Normally,  only  the  first-order 
forms  of  the  boundary  conditions  will  be  used,  namely 


and 


(7) 


(?) 


2.2  Conditions  on  the  wake 

The  displacement  effect  of  the  wake  is  precisely  analogous  to  that  of  the  boundary 
layer  over  the  solid  surface  of  the  wing.  Thus  it  can  be  represented  either  (A)  by  a 
source  distribution  over  an  infinitesimally  thin  surface,  leading  to  a  discontinuity  in 
velocity  normal  to  this  surface  given  by 


where  the  suffix  W  refers  to  conditions  on  the  wake  surface;  or  alternatively  (B)  as  a 
streamtube  of  thickness  5*  .  In  either  case  the  normal  first-order  definition  of  <S* 

will  suffice,  since  the  effect  of  the  wake  on  the  pressure  distribution  of  the  wing  is 
small  (though  by  no  means  negligible). 

A  further  condition  is  required  to  fix  the  position  of  the  wake;  this  can  be 
considered  at  two  levels  of  approximation.  As  a  first  approximation,  in  which  the 
curvature  of  the  wake  is  neglected,  we  have  simply  the  condition  that  the  pressure  change 
across  the  wake  is  zero  -  whether  it  is  considered  as  a  thick  flexible  streamtube  or  a 
thin  source  sheet.  But  because  the  curvature  of  the  wake  close  behind  the  trailing  edge 


YA»-<V, 


2-6 


tends  to  be  relatively  large,  it  is  desirable  to  use  a  higher  approximation  which  takes 
into  account  the  pressure  change  across  the  wake  in  the  real  flow,  and  matches  this  change 
in  the  equivalent  inviscid  flow. 


Sketch  (b) 


Sketch  (c) 


We  make  use  of  the  fact  that  in  inviscid  flow,  and  approximately  in  viscous  flow 
(neglecting  normal  stress  terms) 


IE 

3n 


tcpu 


(19) 


where  k  is  the  streamline  curvature. 


Integrating  this  across  the  wake  (see  sketch  (b) ) ,  we  have  in  the  real  viscous  flow 


?6  -  Pi 


2 

-  /  cpu  an 

"  Kpwuwtiw  ■  (9w  +  W 


(20) 


where  0.,  is  the  momentum  thickness,  )  — (1  -  ~  ]  dn  ,  and  we  may  take  p.,,  u,.  to  be 
w  J  PWUW  \  UW  /  w  " 

the  means  of  the  values  of  p  and  u  on  either  side  of  the  wake  (or  the  mean  values  of 
u^  for  the  equivalent  inviscid  flow). 

The  corresponding  variation  of  pressure  across  the  wake  is  shown  in  sketch  (c) .  In 
the  inviscid  flow  models  we  find  that  for 

Model  (A) :  a  jump  in  pressure  across  the  surface  representing  the  wake  must  be  introduced, 
given  by 

ap(=  Pi4  -  Pi3>  =  (p6  -  Pi)  +  •'pwuJ4w  c 

and  using  Eq. (20)  this  becomes 

pp  =  rpwuj(6*  +  e„)  (21). 


Since  Pp  is  small,  this  is  equivalent  to  a  jump  in  tangential  velocity 


Pu  =  (ui4  -  ui3)  »  -  «iw(«*  +  ew)  (22). 

For  Model  (B) ,  the  corresponding  pressure  difference  is 

fip  =  Pi5  -  Pi2  =  KpwUWeW  (23)  • 

The  effect  described  abc  is  similar  to  that  of  a  ’jet  flap’,  but  of  opposite  sign, 
with  the  jet  momentum  coefficient  replaced  by  (&£  +  9W) .  Now  the  curvature  of  the  wake 

of  a  lifting  wing  in  inviscid  flow  has  in  general  an  inverse  square  root  singularity  at 
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the  trailing  edge.  The  viscous  interaction  will  remove  this  singularity  and  reduce  the 
curvature  to  a  finite  value,  but  in  the  near  wake  this  may  remain  large;  so  that  although 

(6*  +  8.,)  is  generally  small,  the  overall  effect  of  the  wake  curvature  on  the  lift  and 
w  w 

pressure  distribution  is  often  appreciable,  and  should  if  possible  be  taken  into  account 
when  calculating  the  interaction. 

2.3  Calculation  of  surface  pressure 

When  the  equivalent  inviscid  flow  has  been  calculated,  using  boundary  conditions 
given  by  either  Model  (A)  or  Model  (B)  described  above,  the  pressure  will  then  be  known 
(for  this  flow)  either  (a)  on  the  wing  surface  or  (b)  on  the  displacement  surface.  We 
now  need  to  consider  how  to  adjust  these  calculated  pressures  in  order  to  obtain  the 
pressure  on  the  wing  in  the  real  viscous  flow  (see  sketch  (d)). 


Sketch  (d) 


The  effect  of  the  curvature  of  the  wall  on  the  normal  pressure  gradient  is 
precisely  analogous  to  that  of  the  wake,  discussed  in  section  2.2.  The  same  argument 
leads  to  the  following  expressions  for  the  wall  pressure  pQ  : 

Model  (A);  pQ  =  piQ  -  Kpi0u^0(8  +  5*)  (24), 

Model  (B);  pQ  =  p1(5*  -  KPi{*u^6*0  (25). 

[For  a  convex  wing  surface,  <  is  negative  -  this  is  the  situation  shown  in  the  sketch.  ) 
Now  for  a  typical  wing  tr  will  be  large  only  near  the  leading  edge,  where  the  boundary 
layer  is  extremely  thin;  so  that  the  corrections  to  the  pressure  given  above  can  usually 
be  neglected  (fiC^  <  0.01,  say). 

However,  Eqs. (24)  and  (25)  are  correct  only  to  first  order  in  6*  ,  and  potentially 
important  second-order  effects  are  present  because  (a)  the  full  equation  for  3p/3n 
contains  terms,  other  than  kpu2,  of  order  (8*),  (b)  the  curvature  of  the  equivalent 
inviscid  flow  near  the  wall  differs  from  that  of  the  real  flow  by  an  amount  of  order 


The  magnitude  of  these  effects  may  become  appreciable  towards  the  trailing  edge  on 
the  upper  surface  (or  on  the  lower  surface  of  a  rear-loaded  aerofoil) ,  where  the  boundary 
layer  is  relatively  thick  and  highly  curved.  A  full  second-order  theory  for  turbulent 
flow  has  been  derived  recently  by  East5.  His  full  expression  for  the  pressure  correction 
is  complicated  but  by  making  simplifying  approximations  likely  to  be  valid  for  boundary 
layers  approaching  separation,  it  can  be  shown  that  Eq.  (24)  may  be  replaced,  to  .1 
reasonable  approximation,  by 


PQ 


■  iO 


K*piOuiO(6*  +  0) 


(26) 


dZ6* 

where  x*  =  k  +  — 5—  is  the  curvature  of  the  displacement  surface  -  as  might  perhaps  have 
dx 

been  expected  intuitively.  There  is  an  obvious  analogy  here  with  the  corresponding  treat¬ 
ment  of  the  second-order  displacement  effect,  given  in  section  2,1  ( of  Eqs.  (16)  and  (16a)); 


neither  effect  is  appreciable  unless 
2.4  The  Kutta  condition 


c*  is  relatively  large. 


The  condition  that  has  to  be  applied  at  the  trailing  edge,  to  fix  the  circulation 
and  hence  the  lift,  depends  on  the  degree  of  approximation  used  to  calculate  the  surface 
presence.  If  only  a  first-order  theory  is  used,  so  that  pressure  variations  across  the 
boundary  layer  are  neglected,  then  the  pressures  on  the  upper  and  lower  surfaces  must 
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approach  the  same  value  at  the  trailing  edge  for  the  equivalent  inviscid  flow,  just  as 
they  do  for  the  real  viscous  flow.  Thus  the  form  of  the  Kutta  condition  is  unaltered. 

But  if  second-order  effects  are  taken  into  account,  as  described  in  the  previous  section, 
then  the  pressure  correction  at  the  surface  will  be  different  for  the  upper  and  lower 
parts  of  the  boundary  layer  at  the  trailing  edge,-  because  of  the  differences  in  the 
thickness  parameters  0  and  6*  and  in  the  effective  curvature  of  the  flow.  This 
implies  that  the  equivalent  inviscid  flow  should  have  a  non-zero  pressure  difference  at 
the  trailing  edges,  which  must  be  chosen  so  that  the  corrected  pressures  in  the  real 
viscous  flow  are  in  fact  equal. 

Because  the  standard  first-order  theory  -  both  for  the  viscous-inviscid  matching 
process  and  for  the  calculation  of  the  turbulent  boundary  layers  and  wake  -  may  no  longer 
be  sufficiently  accurate  in  the  trailing-edge  region,  an  alternative  approach  has  been 
proposed  recently  by  Melnik  et  al°>  '•  In  this  an  asymptotic  solution  of  the  Navier-Stokes 
equation  for  high  Reynolds  number,  with  appropriate  turbulence  modelling,  is  obtained  for 
the  immediate  vicinity  of  the  trailing  edge,  and  is  then  matched  with  a  standard  first- 
order  treatment  upstream  on  the  wing  and  downstream  in  the  wake;  a  suitable  form  of 
the  Kutta  condition  is  included.  An  account  of  this  method  will  be  given  in  section  4. 

3  HISTORICAL  SURVEY:  METHODS  FOR  SUBCRITICAL  FLOW 

The  general  principles  by  which  the  displacement  effect  of  the  boundary  layers  on 
an  aerofoil  affects  the  pressure  near  the  trailing  edge  and  reduces  the  lift,  compared 

with  their  values  for  inviscid  flow,  were  first  established  by  Preston8  in  the  1940s  (see 

Ref  9,  Ch.  V).  His  mathematical  treatment  involved  the  use  of  a  conformal  mapping  of  the 

aerofoil  shape  onto  a  flat  plate  to  solve  the  inviscid  part  of  the  problem  (for 

incompressible  flow) ,  together  with  a  matching  process  based  on  the  transpiration  Model 
(A)  described  in  section  2.  Measured  boundary  layer  thicknesses  were  used  to  provide  the 
necessary  information  about  the  viscous  part. 

Preston's  work  was  simplified  and  extended  by  Spence10  in  the  early  1950s,  who 
incorporated  a  method  for  calculating  the  development  of  the  turbulent  boundary  layers. 

He  was  able  to  determine  theoretically  the  scale  effect  on  the  reduction  in  lift  due  to 
viscosity  for  a  typical  symmetrical  aerofoil  (12%  thick  Joukowski) ,  showing  that  this 
varied  from  about  15%  at  a  Reynolds  number  of  5  *  106  to  5%  at  50  x  106. 

None  of  the  work  mentioned  above  made  it  possible  to  calculate  the  effect  of 
viscosity  on  the  complete  pressure  distribution  of  an  arbitrary  cambered  aerofoil,  even 
for  incompressible  flow;  this  would  have  been  impracticable  in  the  era  of  hand  calcula¬ 
ting  machines.  Further  progress  had  to  wait  for  the  advent  of  the  modern  electronic 
computer.  An  advance  in  this  direction  was  made  in  about  1965  by  Powell11.  His  method 
put  into  practice  for  the  first  time  the  idea  of  organising  the  computation  as  an 
iterative  process,  involving  successive  calculations  of 

(a)  the  inviscid  pressure  distribution  over  the  displacement  surface  of  the  aerofoil 
(and  wake)  and 

(b)  the  boundary  layer  development  for  a  given  external  pressure  distribution. 

1 2 

For  stage  (a) ,  the  small-perturbation  method  of  Weber  ,  with  empirical  compressibility 
corrections  suggested  by  Wilby13,  was  used,  and  for  stage  (b)  a  simple  integral  method 
for  turbulent  boundary  layers  due  to  Nash1’.  Since  the  latter  method  did  not  permit  the 
calculation  of  the  wake,  an  empirical  extrapolation  procedure  had  to  be  used  to  estimate 
its  displacement  effect;  the  wake  curvature  effect  was  neglected.  In  spite  of  these 
crudities,  good  agreement  with  experiment  was  generally  obtained  up  to  the  critical  Mach 
number,  as  can  be  seen  from  the  example  shown  in  Fig  1  (taken  from  Ref  15).  The  14% 
thick  cambered  aerofoil  NPL  3111  combines  a  'roof-top'  type  of  upper-surface  distribution 
with  some  rear  loading;  it  was  tested  at  a  Reynolds  number  of  15  x  10°  in  the  8  ft  x  8  ft 
wind  tunnel  at  RAE  Bedford.  Note  particularly  the  standard  of  agreement  on  both  surfaces 
as  the  trailing  edge  is  approached,  which  rivals  that  achieved  by  even  the  best  modern 
methods  (of  section  4).  It  should  however  be  pointed  out  that  these  calculations  have 
been  made  for  the  same  values  of  the  lift  coefficient  as  in  the  experiment;  there  is  a 
small  discrepancy  in  the  angles  of  incidence  which  suggests  that  the  method  slightly 
underestimates  the  magnitude  of  the  viscous  effects. 

Further  progress  was  made  a  few  years  later  by  Firmin10.  He  used  a  similar  method 
for  the  inviscid  part  of  the  calculations,  but  incorporated  the  entrainment  method  of 
Green17  for  compressible  turbulent  boundary  layers  and  wakes;  it  was  therefore  possible  to 
calculate  proi-rly  the  displacement  effect  of  the  wake,  thus  removing  the  empiricism 
present  in  Powell's  method.  He  also  introduced  an  allowance  for  the  curvature  of  the 
wake,  approximating  it  by  a  vortex  sheet  lying  on  the  continuation  of  the  chord  line  of 
the  aerofoil.  This  wa-.  found  to  produce  a  further  contribution  to  the  reduction  of  lift 

due  to  viscous  effects,  which  could  be  appreciable  particularly  in  the  case  of  rear 

loaded  aerofoils.  A  typica)  example  is  shown  in  Fig  2;  the  aerofoil,  RAE  2822,  is  12% 
thick  and  the  calculations  were  made  at  Ma  =  0.67,  Re  =  6  x  10°.  The  reduction  in  lift 

coefficient,  compared  with  the  value  for  inviscid  flow,  is  20%  if  wake  curvature  effects 

are  neglected,  and  23%  if  they  are  included.  A  comparison  with  experimental  results  from 
the  RAE  8  ft  x  6  ft  wind  tunnel  for  a  similar,  but  just  supercritical,  example  is  given  in 
Fig  3.  The  standard  of  agreement  is  very  good;  the  only  appreciable  discrepancy,  on  the 
upper  surface  near  mid-chord,  is  probably  due  to  approximations  made  in  the  inviscid  part 
of  the  method.  In  this  case  the  comparison  has  been  made  at  an  effective  angle  of 
incidence,  a  ,  obtained  from  the  nominal  value  set  up  in  the  wind  tunnel  by  applying  a 


i* 


i 


! 


2-9 


correction  for  wall  interference  based  on  measurements  on  models  of  different  sizes.  A 
critical  assessment  of  the  method,  made  recently  by  Engineering  Sciences  Data  Unit1®, 
concluded  that  it  could  predict  lift  and  lift-curve  slope  (for  subcritical  flow)  with  an 
accuracy  better  than  5*  in  most  cases,  though  there  were  some  exceptions  probably  caused 
by  anomalies  in  the  wind-tunnel  measurements. 

An  illustration  of  the  use  of  the  method  in  the  prediction  of  scale  and  compressi¬ 
bility  effects  on  the  lift  of  a  standard  symmetrical  aerofoil,  NACA  0012,  is  given  in 
Fiq  4.  This  shows  the  variation  with  Reynolds  number  and  Mach  number  of  the  ratio  of  the 
dC 

gjj-  for  viscous  flow  to  the  corresponding  inviscid  value;  transition  is  assumed  to  be 

fixed  at  5%  chord  in  all  cases.  It  can  be  seen  that  the  reduction  in  lift  due  to  viscous 
effects,  though  small  (about  5%)  at  low  speeds  and  full-scale  Reynolds  number  (40  x  10®), 
can  increase  to  15-20%  at  a  Mach  number  of  0.7  and  Reynolds  numbers  typical  of  many  wind 
tunnels  (1  to  5  *  10®). 

In  drawing  an  arbitrary  line  between  historical  and  ontemporary  matters,  we  can 
also  make  the  more  fundamental  distinction  between  the  field  of  subcritical  flow  -  to 
which  all  the  methods  considered  so  far  have  been  restricted  -  and  that  of  supercritical, 
transonic  flow,  which  is  the  main  subject  of  this  review. 

4  METHODS  FOR  TRANSONIC  FLOW  OVER  AEROFOILS 


The  restriction  to  subcritical  flow  of  the  methods  mentioned  in  the  previous  section 
was  almost  entirely  due  to  limitations  on  the  methods  that  were  then  available  for  calcu¬ 
lating  the  inviscid  part  of  the  flow.  It  was  the  development  of  modern  finite  difference 

methods  for  computing  the  complete  compressible  flow  field  past  an  aerofoil,  inspired  in 
particular  by  the  solution  of  the  transonic  problem  by  Murman  and  Cole1®,  just  over  10 
years  ago,  that  provided  the  tools  necessary  for  extending  our  techniques  for  the  predic¬ 
tion  of  viscous  effects  into  the  true  transonic  regime.  In  1972  Jones  and  Firmin21  made 
use  of  certain  improvements  to  Murman  and  Cole's  basic  transonic  small  perturbation  (TSP) 

method  suggest.  oy  Krupp20  and  Albone  et  al2^ ,  and  incorporated  an  approximate  allowance 

for  the  displacement  effect  of  the  viscous  layers  and  the  curvature  of  the  wake.  Two 
examples  of  the  application  of  their  method  (with  some  improvements  described  in  Ref  22) 
to  the  RAE  2822  aerofoil  are  given  in  Fig  5;  the  Reynolds  number  of  the  experiments  is 
6  x  10®.  For  subcritical  flow  (Fig  5a)  the  standard  of  agreement  between  theory  and 
experiment  is  slightly  poorer  than  for  the  earlier  method  of  Ref  16  (of  Fig  3);  but  the 
important  point  is  that  for  a  supercritical  case  (Fig  5b)  the  position  and  strength  of  a 
marked  shock  wave  are  predicted  with  reasonable  accuracy. 

The  approximations,  both  to  the  flow  equation  and  to  the  boundary  conditions,  that 
are  inherent  in  the  TSP  methods  make  them  unreliable  for  applications  to  general  aerofoil 
shapes  at  arbitrary  free  stream  Mach  numbers.  Fortunately,  efficient  methods  for  solving 
the  full  potential  (FP)  flow  equations  with  exact  boundary  conditions  are  now  readily 
available.  The  earliest  (1971)  of  these,  probably  still  the  best  and  certainly  the  most 
widely  used,  is  that  of  Garabedian  et  al,  described  with  various  developments  in 
Refs  24  to  26;  it  will  be  referred  to  hereafter  by  the  initials  'G  &  K'.  The  G  &  K 
method  is  too  well  known  to  need  detailed  description  here.  It  will  suffice  to  mention 
that  the  coordinate  system  is  derived  from  a  conformal  mapping  of  the  region  exterior  to 
the  aerofoil  onto  the  interior  of  a  circle,  in  which  a  uniform  grid  in  r  and  6  is 
set  up;  and  that  the  full  equation  for  the  velocity  potential  4  is  then  solved  by  a 
relaxation  technique  analogous  to  that  used  by  Murman  and  others  for  the  TSP  equation;  the 
novel  feature  of  which  is  the  replacement  of  a  standard  central  difference  scheme  for  sub¬ 
sonic  flow  by  'retarded'  (upstream)  differencing  when  the  flow  is  supersonic.  Because  the 
mapping  is  singular  at  a  sharp  trailing  edge,  the  only  condition  required  to  fix  the 
circulation  is  that  the  transformed  velocity  in  the  circle  plane  shall  be  zero  at  the 
image  of  the  trailing-edge  point,  leading  to  a  finite  velocity  there  in  the  physical 
plane.  This  condition  is  usually  carried  over  without  alteration  when  viscous  effects  are 
included. 


The  G  *  K  method  is  nominally  exact  for  subcritical  flows,  or  for  shock-free  super¬ 
critical  flows.  When  shock  waves  are  present,  however,  there  are  two  potential  sources  of 
error  and  uncertainty; 


(a)  the  assumption  is  made,  in  using  the  .potential  flow  equations,  that  the  flow  is 
everywhere  irrotational  and  isentropic.  As  a  result,  the  correct  jump  conditions  across 
a  shock  wave  cannot  be  satisfied;  mass  and  total  energy  can  be  conserved,  but  not 
momentum.  The  effect  of  this  on  the  pressure  ratio  (Pj/Pj)  across  a  normal  shock  wave  is 

shown  in  Fig  6.  We  see  that  the  pressure  rise  for  an  'isentropic  shock'  is  always 
greater  than  that  for  a  true  (Rankine-Hugoniot)  shock,  by  an  amount  which  becomes  appre¬ 
ciable  when  the  upstream  Mach  number  M1  exceeds  about  1.2  -  a  value  well  below  that  at 

which  shock-induced  boundary-layer  separation  would  be  expected  (Mj  =  1.3  to  1.4): 

(b)  the  numerical  solution  of  the  equations  will  depend  on  the  finite  difference  scheme 
used  to  solve  them,  in  particular  on  the  way  in  which  the  switch,  from  retarded  differen¬ 
cing  in  the  supersonic  flow  upstream  of  the  shock  to  central  differencing  in  the  subsonic 
flow  downstream,  is  introduced. 

In  the  original  version  of  the  G  4  K  method^* no  attempt  was  made  to  conserve  mass 
across  shock  waves,  and  this  so-called  'non-conservative'  (N-C)  scheme  leads  to  solutions 
in  which  the  shock  pressure  rises  are  much  less  than  the  'correct'  values  (for  isentropic 
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flow).  Subsequently  Jameson26 / 27 <  developing  an  idea  of  Murman2®,  introduced  a  special 
form  of  the  difference  scheme  at  the  'shock  point'  (the  first  subsonic  point  downstream 
of  the  shock),  which  gives  'quasi-conservative'  (Q-C)  solutions  in  which  mass  is  conser¬ 
ved  with  adequate  accuracy  and  a  good  approximation  to  the  'correct'  pressure  rite  is 
predicted. 

It  is  found  that  these  two  alternative  options,  N-C  and  Q-C,  lead  to  results  in 
which  the  position,  as  well  as  the  strength,  of  the  shock  waves  can  differ  appreciably. 
Very  recently,  accurate  solutions  of  the  full  Euler  equations  have  been  obtained29,  which 
suggest  that  the  truth  lies  somewhere  between  these  two  extremes,  generally  closer  to  the 
first  (N-C)  than  to  the  second.  The  implications  of  this  situation  on  the  calculation  of 
viscous  effects  will  be  discussed  further  when  the  individual  methods  are  described  below 


Before  we  proceed  to  do  this,  one  further  point  should  be  mentioned.  The  inter¬ 
action  between  a  normal  shock  wave  in  transonic  flow  over  the  surface  of  an  aerofoil  and 
the  boundary  layer  at  its  foot  is  a  complicated  subject  which  has  received  considerable 
theoretical  attention  (see  Ref  30  for  a  critical  review).  Jn  the  methods  which  are  the 
subject  of  the  present  review,  however,  no  attempt  has  been  made  to  treat  this  inter¬ 
action  in  any  special  way,  but  merely  to  regard  it  as  a  region  in  which  an  ordinary 
turbulent  boundary  layer  is  subject  to  a  local  raoid  pressure  rise,  followed  by  a  milder 
(but  usually  still  adverse)  pressure  gradient.  This  approach  is  due  originally  to 
Green31,  who  suggested  that,  provided  that  the  pressure  jump  through  the  shock  wave  is 
spread  (if  necessary  artificialiy)  over  a  few  boundary-layer  thicknesses,  then  any 
reliable  method  for  calculating  turbulent  boundary  layers  (particularly  one  which  takes 
the  'lag'  effect  into  account)  might  be  expected  to  predict  the  main  effects  of  the 
interaction  on  the  subsequent  development  of  the  boundary  layer  downstream,  at  least  when 
the  flow  remains  attached.  The  relative  success  of  this  procedure  can  b;  judged  from  the 
examples  which  follow. 

We  have  selected  four  methods  for  description  in  some  detail,  all  of  which  are 
currently  in  use  for  the  solution  of  practical  aerofoil  problems  in  transonic  flow. 

4.1  Bauer,  Garabedian,  Korn  and  Jameson  (BGKJ) 

32 

Appropriately  enough,  the  originators  of  the  inviscid  G  &  K  method  were  the  first 
to  incorporate  into  it  ar.  allowance  for  viscous  effects.  The  resulting  computer  program 
has  been  published  in  Ref  26,  and  we  shall  therefore  refer  to  it  by  the  initials  of  the 
authors  of  that  book,  BGKJ.  The  procedure  adopted  is  basically  very  simple,  and  makes 
use  of  the  solid  displacement  surface  model  of  the  viscous-inviscid  interaction;  the 
effects  of  the  wake  are  neglected  completely.  The  development  of  the  turbulent  boundary 
layer  is  calculated  by  the  integral  method  of  Na3h  and  Macdonald14;  this  is  based  on  the 
assumption  of  local  equilibrium  conditions,  and  may  therefore  lose  accuracy  if  departures 
from  equilibrium  are  large,  as  is  likely  to  occur  at  the  foot  of  a  shock  wave  or  in  the 
adverse  pressure  gradient  on  the  lotfer  surface  of  a  strongly  rear- loaded  aerofoil. 

The  calculations  start  with  a  few  iterations  of  the  basic  inviscid  method, 
sufficient  to  establish  a  reasonable  approximation  to  the  pressure  distribution.  This  is 
used  to  calculate  the  displacement  thickness,  6*  ,  of  the  turbulent  boundary  layer, 
starting  from  specified  transition  positions.  A  suitable  proportion  of  6*  is  then 
added  to  the  aerofoil  ordinates  to  define  a  new  effective  shape,  which  will  now  have  a 
trailing  edge  of  non-zero  thickness.  At  this  stage  it  .is  necessary  to  perform  a  new 
mapping  onto  the  inside  of  the  circle  -  a  feature  which  sounds  inefficient  but  can  in 
fact  be  done  very  rapidly  with  the  aid  of  fast  Fourier  transforms.  Next,  a  few  further 
iterations  of  the  inviscid  flow  calculations  are  performed;  and  the  whole  procedure  is 
repeated  until  convergence  is  obtained. 


As  in  most  methods  of  this  type,  difficulties  are  generally  encountered  at  an  early 
stage  in  the  iterative  process  near  the  trailing;  edge,  where  the  adverse  velocity  gradient 

/  dui\ 

I-  gj-  1  predicted  by  the  inviscid  part  of  the  program  is  much  higher  than  it  will  be  in 

the  final  converged  state  -  theoretically  infinite  in  fact  for  the  purely  inviscid  flow, 
as  has  been  pointed  out  by  Melnik6.  As  a  result  the  boundary-layer  method  will  predict 
the  onset  of  separation  before  the  trailing  edge  is  reached  c.  .d  it  may  be  impossible  to 
continue  the  calculations.  It  is  therefore  necessary  td  incorporate  seme  artificial 
'safety  valve'  which  will  inhibit  the  breakdown  of  the  method  past  separation.  In  the 

du. 


BGKO  method  this  is  done  by  examining  the  parameter 
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and  restricting  its  value 


to  the  maximum  0.004  that  indicates  separation;  thus  if  -  du^/dx  becomes  too  great  the 

growth  of  the  boundary  layer  is  automatically  reduced.  This  device  is  also  advantageous 
in  passing  through  a  shock  wave.  In  addition,  some  smeothing  of  the  displacement  thick¬ 
ness  S*  is  introduced,  and  an  extrapolation  procedure  is  used  to  determine  the  variation 
of  C  very  close  to  the  trailing  edge.1 


Some  applications  of  the  method  to  extrnpJ.es  where  experimental  results  are  available 
for  comparison  are  shown  in  Figs  7  to  9.  The  two  'supercritical'  aerofoils  were  designed 
by  the  hodoc.aph  method  of  Garabedian  and  Korn26'26  to  give  shock-free  flow  at  a  Mach 
number  of  0,75  and  lift  coefficients  of  0.6  and  0.7;  they  were  respectively  11.5%  and 
14.5%  thick  end  are  designated  by  the  codes  75-06-12  and  75-07-15.  Models  of  12  inch 
chord  were  tested33/34  in  the  60  inch  *  15  inch  wind  tunnel  at  NAE  Ottawa,  which  has 
perforated  top  and  bottom  walls  with  open  area  ratio  20%.  The  Reynolds  number  of  the 
tests  was  20  x  106;  transition  was  not  fixed  but  probably  occurred  close  to  the  leading 


i. 


edge.  For  the  first  aerofoil  we  have  chosen  an  off-design  case,  M^  =  0.727,  CL  =  0.787, 
where  there  is  a  shock  wave  of  moderate  strength  (Mj  «  1.25)  on  the  upper  surface  .it 

about  50%  chord.  The  calculations  have  been  made  in  this  and  other  cases  for  the  same 
value  of  C.  as  in  the  experiment;  the  discrepancies  in  a  may  be  ascribed  partly  to 

Jj 

the  effects  of  wall  interference  (for  which  no  correction  has  been  made),  partly  to  short¬ 
comings  in  the  viscous  modelling.  In  Fig  7a  the  experimental  pressure  distribution  is 
compared  with  the  result  of  a  calculation  by  the  N-C  version  of  the  method.  The  agreement 
is  fair  over  most  of  the  aerofoil,  and  the  position  of  the  shock  wave  is  estimated  quite 
well;  but  the  pressure  level  behind  it  is  much  too  low  and  a  slightly  supersonic  plateau 
is  indicated  where  in  fact  the  flow  ie  well  subsonic.  The  Q-C  version  (Fig  7b)  does 
better  in  this  respect,  but  the  pressure  distribution  ahead  of  the  shock  is  now  in  poor 
agreement;  this  may  explain  the  considerable  underestimation  of  the  drag,  which  was  pre¬ 
dicted  well  -  possibly  coincidentally  -  by  the  N-C  version.  The  variation  of  CQ  with 

M  at  x  lower  value,  0.6,  of  Cr  is  shown  in  Fig  8.  *.n  this  case  the  method  (N-C) 

predicts  the  drag  creep  quite  well,  but  underestimates  the  Mach  number  at  which  the  rapid 
drag  rise  occurs  by  about  0.02;  part  of  this  discrepancy  could  be  due  to  a  negative 
blockage  effect  in  the  wind  tunnel. 

Results  for  the  thicker  aerofoil,  75-07-15,  are  compared  in  Fig  9.  Fig  9a  shows  a 
subcriticnl  case;  here  the  agreement  is  excellent  everywhere  except  near  the  trailing 
edge  where  the  pressure  is  considerably  overestimated,  no  doubt  mainly  because  of  the 
omission  of  wake  effects  in  the  BGKJ  method  -  though  a  similar,  but  less  marked,  trend 
has  been  found  with  methods  which  do  take  the  wake  into  account,  for  thick  heavily  rear- 
loaded  aerofoils  like  the  present  one  -  see  section  4.3.  We  have  chosen  an  interesting 
(though  difficult)  supercritical  example  (Fig9btc)  in  which  the  experiment  shows  a  shock 
wave  at  about  60%  chord  followed  by  a  marked  expansion  before  the  final  compression  to 
the  trailing  edge.  This  feature  is  predicted  qualitatively  by  the  N-C  version  (Fig  9b) , 
although  the  suction  level  is  slightly  too  low  ahead  of  the  shock  and  too  high  behind  it. 
With  the  Q-C  version  (Fig  9c)  it  was  found  necessary  to  reduce  by  0.008  -  a 

plausible  blockage  correction  for  this  wind  tunnel  -  in  order  to  get  reasonable  agreement 
on  shock  position;  but  then  the  shock  upstream  Mach  number  is  underestimated  and  a 
spurious  adverse  pressure  gradient  is  predicted  over  the  forward  part  of  the  upper 
surface.  In  view  of  this  the  good  agreement  found  with  regard  to  drag  may  be  misleading. 

4.2  Bavitz 

A  method  that  is  in  many  ways  analogous  to  the  previous  one  is  due  to  Bavitz;  this 
is  described  in  Ref  35  which  contains  a  listing  of  the  computer  program.  The  main  point 
of  difference  concerns  the  calculation  of  the  boundary  layers;  here  the  method  is  that  of 
Bradshaw  et  al36.  The  turbulent  energy  equation  is  turned  into  a  partial  differential 
equation  tor  the  turbulent  shear  stress  using  empirical  relations  derived  from  measure¬ 
ments  in  incompressible  flow,  and  this  is  solved  along  with  the  mean  continuity  and 
momentum  equations  by  the  method  of  characteristics.  The  additional  assumption  is  made 
tnat  the  turbulent  structure  is  essentially  unaltered  by  compresoibility,  and  for  the 
moderate  Mach  numbers  encountered  in  transonic  flow  calculations  this  should  be  entirely 
adequate.  The  method  should  be  accurate  for  all  types  of  pressure  distribution,  provided 
only  that  separation  is  not  appro,  •-hed  too  closely.  However,  a  calculation  of  the  wake 
development  is  :ot  included,  and  this  omission  will  limit  the  overall  accuracy  of  Bavitz' s 
method . 

As  with  the  BGKJ  method,  the  solid  displacement  surface  model  is  used  to  provide  the 
matching  between  the  inviscid  and  viscous  parts  of  the  calculation.  Inevitably,  some 
empirical  features  have  to  be  introduced  to  deal  with  the  trailing  edge  region.  In  this 
case  they  include  (a)  strong  smoothing  of  the  shape  of  the  displacement  surface  before  the 
inviscid  flow  calculations  are  performed;  (b)  modifications  to  the  predicted  inviscid 
pressure  distribution  (for  rear-loaded  aerofoils)  when  calculating  the  boundary  layers,  as 
shown  in  the  sketch  below;  (c)  linear  extrapolation  of  the  shape  of  the  displacement 
surface  from  a  predicted  separation  point,  rearward  to  the  trailing  edge. 
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Although  (b)  could  be  held  to  provide  an  empirical  allowance  for  likely  pressure 
changes  across  the  boundary  layer  on  the  upper  surface,  it  does  appear  to  some  extent 
incompatible  with  (c! ,  since  the  latter  removes  the  curvature  of  the  displacement  surface 
that  is  the  cause  of  these  pressure  changes;  while  (b)  will  also  surely  exaggerate  the 
tendency  of  the  boundary  layer  to  separate  before  the  trailing  edge  is  reached  and  hence 
bring  (c)  into  operation  earlier  than  would  otherwise  have  been  the  case. 

To  illustrate  the  use  of  the  method  we  have  chosen  the  second  (thinner)  of  the  two 
supercritical  aerofoils  described  in  section  4.1,  designated  75-06-12.  Comparisons  with 
the  same  experiments,  made  at  NAE  Ottawa,  are  shown  in  Fig  10.  In  the  first  example 
(Fig  10a),  for  well  subcritical  flow,  the  agreement  is  excellent  everywhere  except  just 
ahead  of  the  trailing  edge  on  the  upper  surface  -  probably  a  symptom  of  the  neglect  of 
the  wake  effects  in  the  calculation.  In  the  second  example  (Fig  10b)  there  is  a  shock 
wave  at  35%  chord  on  the  upper  surface,  behind  which  the  suction  level  is  overestimated  - 
no  doubt  because  the  N-C  version  of  the  inviscid  flow  program  has  been  used.  The  next 
case  (Fig  10c)  shows  a  double-shock  pattern  on  the  upper  surface;  this  type  of  flow  is 
always  difficult  to  predict,  but  the  agreement  between  theory  and  experiment  is  good. 
Finally,  Fig  lOd  shows  that  when  the  shock  wave  is  further  aft  (about  60%  chord)  both  its 
position  and  the  pressure  level  behind  it  are  reasonably  well  predicted.  This  indicates 
a  trend  which  is  consistent  with  experience  with  the  BGKJ  program:  that  a  N-C  version 
gives  satisfactory  results  for  shocks  aft  of  (say)  50%  chord  hut  a  conservative  version 
may  be  preferable  for  shocks  on  the  forward  part  of  the  aerofoil. 

Comparisons  of  Fig  lOa-d  show  inconsistencies  in  the  shape  of  the  predicted  pressure 
distribution  just  ahead  of  the  trailing  edge  on  the  upper  surface;  sometimes  there  is  a 
'flat'  (Fig  10a&d)f  sometimes  a  nearly  uniform  gradient  (Fig  lOb&c) .  In  all  four  cases 
the  real  flow  would  be  expected  to  be  well  clear  of  trailing  edge  separation,  so  that  the 
prediction  of  a  pressure  plateau  is  doubtless  a  vagary  of  the  empiricism  involved  in 
treating  the  trailing-edge  region. 

The  general  standard  reached  by  this  method  appears  to  be  similar  to  that  of  the 
previous  one.  In  view  of  this  it  scarcely  seems  justified  to  have  introduced  a  much  more 
sophisticated  method  for  the  viscous  part  of  the  calculations;  but  on  the  other  hand  the 
typical  computation  times  quoted  remain  satisfactorily  short  -  about  5  to  10  minutes  on 
a  CDC  6600  computer. 

4.3  Collyer  and  Lock  (VGK) 

As  a  natural  extension  of  previous  work  on  the  subject  at  NPL  and  RAE  (of  section  3) 
it  was  decided  to  develop  a  new  version  of  the  G  &  K  method  in  which  viscous  effects  were 
taken  into  account.  The  resulting  method,  known  as  ’VGK',  of  which  a  full  account  is 
given  in  Refs  37  to  39,  differs  from  its  predecessors  in  sections  4.1  and  4.2  in  a  number 
of  ways,  the  most  important  of  which  are  briefly  described  below. 

(i)  The  turbulent  boundary  layers  and  wake  are  calculated  by  a  development  of  the 
entrainment  technique,  the  'lag'  entrainment  method  of  Green  et  aZ40.  In  this  an 
empirical  relation  for  the  entrainment  is  replaced  by  a  further  ordinary  differential 
equation,  derived  from  the  turbulence  energy  equation  along  the  locus  of  maximum  shear 
stress  in  the  boundary  layer.  As  a  result,  improvements  in  accuracy  are  achieved  for 
'relaxing'  pressure  gradients,  typica)  examples  of  which  are  the  flow  through  a  shock  wave 
or  on  the  lower  surface  of  a  rear-loaded  aerofoil. 

(ii)  The  surface  transpiration  model  ((B)  of  section  2.1)  is  used  to  represent  the  dis¬ 
placement  effect  of  the  boundary  layers  and  wake  on  the  equivalent  inviscid  flow.  This 
was  chosen  in  preference  to  the  solid  displacement  surface  model  normally  employed 
because  the  boundary  condition  is  applied  on  the  actual  surface  of  the  aerofoil;  so  the 
numerical  mapping  of  the  contour  onto  the  circle  need  be  performed  only  once  and  does  not 
have  to  be  repeated  after  each  new  calculation  of  the  boundary  layer. 

(iii)  Both  the  thickness  and  curvature  effects  of  the  wake  are  taken  into  account,  as 
specified  in  section  2.2.  Here  the  simplification  is  made  of  applying  the  appropriate 
boundary  conditions,  not  on  the  true  line  of  the  wake  but  on  the  transform  in  the 
physical  plane  of  the  line  6=0  in  the  circle  plane;  this  should  not  introduce 
significant  errors  since  the  wake  effects  are  in  any  case  relatively  small. 

The  boundary  conditions  implied  by  (ii)  and  (iii)  are  summarised  in  the  sketch 

below. 
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(iv)  An  empirical  modification  is  introduced  into  the  G  *  K  method  with  the  aim  of 
improving  the  prediction  of  shock  waves  in  the  inviscid  flow.  The  need  for  this  stems 
from  the  discrepancy  between  results  obtained  respectively  by  the  N-C  and  Q-C  (or  fully 
conservative)  versions,  in  cases  where  the  shock  wave  is  relatively  strong  (M,  >  1.2, 
say)  -  as  remarked  at  the  beginning  of  section  4.  When  the  VGK  method  was  being  developed 
similar  (though  less  marked)  discrepancies  were  observed  in  predictions  of  viscous  flows: 
that  is,  with  the  N-C  version  the  pressure  level  downstream  of  the  shock  is  too  low  while 
with  the  Q-C  version  it  is  too  high.  A  similar  trend  has  been  found  with  the  BGKJ  method 
(of  section  4.1).  Clearly  an  intermediate  scheme  would  be  desirable.  Such  a  scheme  can 
be  produced  very  simply  by  modifying  the  difference  operator  used  at  the  shock  point  to 
represent  the  lead-.ng  term  in  the  partial  differential  equation  cor  the  velocity  potential. 
In  the  N-C  version  a  central  difference  expression  is  used,  while  in  the  Q-C  version  this 
is  replaced  by  the  sum  of  central  and  upwind  expressions.  The  modification  consists  of 
taking  instead  the  sum  'central'  +  X  x  'upwind',  where  X  is  an  arbitrary  parameter 
between  0  and  1?  thus  X  =  0  gives  the  N-C  version  and  X  =  1  the  Q-C  version,  while 
values  of  \  between  0  and  1  naturally  give  intermediate  solutions,  as  required.  This 
scheme  has  been  envied  'partially  conservative'  (P-C)  ,*  full  details  are  given  in  Refs  38 
and  39.  It  has  been  found  that,  for  a  number  of  cases  in  inviscid  flow,  values  of  X 
between  0.25  and  0.5  give  a  reasonable  approximation  to  the  true  (Rankine-Kugoniot)  shock 
pressure  rise.  A  typical  example  is  shown  in  Fig  11  for  the  RAE  2822  aerofoil;  this 
illustrates  both  the  large  difference  between  the  N-C  and  Q-C  solutions,  and  also  the 
apparently  satisfactory  result  obtained  with  X  =  0.5  .  Further  confirmation  of  the 
effic.acy  of  this  device  has  been  obtained  recently  by  comparison  with  numerical  solutions 
of  the  full  Euler  equations  due  to  Sells^1.  Fig  12  gives  results  for  the  NACA  0012  aero¬ 
foil  {at  =  0.85,  a  =  0  .  In  this  case  the  value  X  =  0.3  has  been  found  to  simulate 
the  true  solution  as  regards  both  the  position  and  strength  of  the  shock,  while  the  drag 
is  also  well  predicted;  on  the  other  hand  both  the  N-C  and  conservative  solutions  of  the 
potential  flow  equations  (particularly  the  latter)  have  significant  errors  in  all  respects. 
Both  these  examples  are  admittedly  somewhat  extreme  (M1  is  between  1.3  and  1.35),  and  in 

any  case  one  would  not  always  expect  such  good  results  from  the  P-C  scheme;  but  neverthe¬ 
less  it  does  seem  likely  to  provide  a  sounder  basis  for  calcinations  of  viscous  flow  than 
either  of  the  extremes  used  previously. 

Applications  of  the  VGK  method  to  the  calculation  of  transonic  flows  with  shock 
waves  are  given  here  for  two  aerofoils,  both  tested  in  the  RAE  8  ft  *  6  ft  wind  tunnel  at 

a  Reynolds  number  of  6  x  10°.  The  first  of  these,  the  12%  thick  RAE  2822,  has  been 

referred  to  previously  in  section  3  (of  Figs  2,  3,  5);  a  selection  of  experimental  results 
has  been  published  in  Ref  42.  Theoretical  and  experimental  pressure  distributions  are 
compared  in  Fig  13  for  Cases  7  and  8  of  Ref  42;  a  small  positive  blockage  correction 
(AM^  =  0.004)  has  been  applied  to  the  experimental  results  to  match  the  calculated 

pressure  at  x/c  =  0.4  on  the  lower  surface.  In  the  first  case  (Fig  13a)  the  agreement  is 

good  in  most  respects,  particularly  as  regards  the  position  of  the  shock  wave  and  the 
pressure  at  its  foot;  the  wiggle  near  the  leading  edge  is  probably  the  effect  of  the 
roughness  band  used  to  fix  transition  (at  x/c  =  0.03).  In  the  second  case  (Fig  13b)  the 
shock  is  stronger  (M.  *  1.30)  and  the  pressure  is  slightly  overestimated  at  its  foot, 
possibly  because  thenoundary  layer  is  close  to  separation.  There  is  also  a  similar  dis¬ 
crepancy,  in  both  cases,  just  ahead  of  the  trailing  edge  (x/c  >  0.95)  on  the  upper  sur¬ 
face;  this  feature  will  be  further  discussed  below.  The  predicted  variation  of  CD  with 

CT  at  M  =  0.73  is  in  good  agreement  with  the  experimental  measurements  (Fig  14). 

For  the  second  aerofoil,  the  14%  thick  RAE  5217,  a  selection  of  pressure  distribu¬ 
tions  is  presented  in  Fig  15.  The  general  standard  of  agreement  between  theory  and 
experiment  is  good,  particularly  as  regards  the  position  and  strength  of  the  shock  wa'.  _  s. 
There  is  however  a  tendency  to  overestimate  the  pressure  towards  the  end  of  a  long 
adverse  pressure  gradient;  this  is  most  marked  on  the  lower  surface  near  60%  chord. 
Discrepancies  of  this  type  are  usually  found  with  the  present  method,  whenever  the 
boundary  layer  shape  parameter  H  exceeds  about  1.8;  predicted  values  of  H  are  marked 
at  appropriate  points  on  Fig  15  and  it  can  be  seen  that  the  same  conclusion  is  valid  here. 
This  is  now  believed  to  be  due  to  underestimation  of  the  displacement  thickness  under  such 
circumstances  by  the  form  of  the  lag  entrainment  method  that  has  been  used  in  the  calcula¬ 
tions.  Possible  modifications  which  should  improve  the  situation  in  this  respect  (see  for 
example  Ref  43)  are  currently  being  investigated.  No  doubt  for  similar  reasons,  the  drag 
of  this  aerofoil  is  somewhat  underestimated  (see  Fig  16).  However,  the  general  nature  of 
the  drag  'creep*  is  well  predicted,  and  so  is  the  Mach  number  for  rapid  drag  rise, 
particularly  if  a  plausible  blockage  correction  (AM^  =  0.005)  is  applied.  The  figure  also 
shows  the  calculated  variation  of  drag  coefficient  with  Mach  number  for  a  typical  full- 
scale  Reynolds  number  (50  x  106);  an  appreciable  reduction  in  drag  creep  is  predicted. 

4.4  Melnik 

The  most  recent,  and  certainly  the  most  sophisticated,  published  method  for  the 
solution  of  the  viscous  transonic  problem  for  aerofoils  has  been  developed  over  the  past 
few  years  by  Melnik  and  his  colleagues  (see  Refs  6,  7,  44,  amongst  others).  A  full 
account  of  this  work  will  be  given  by  Melnik  later  in  the  Conference,  so  that  we  shall 
concentrate  here  on  pointing  out  the  principal  features  in  which  the  method  differs  from 
and  improves  on  its  predecessors. 

In  many  respects  there  is  a  close  resemblance  to  the  VGK  method  (section  4.3).  The 
same  method  (lag-entrainment)  is  used  to  calculate  the  boundary  layers  and  wake,  while  the 
basic  matching  between  the  viscous  and  inviscid  parts  is  again  effected  by  the  transpira¬ 
tion  model  (A)  on  both  the  aerofoil  surface  and  the  wake  (the  position  of  the  latter  is 
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approximated  in  an  identical  way) .  Two  options  are  available  for  solving  the  inviscid 
flow  equations:  a  JJ-C  scheme  equivalent  to  that  of  Garabedian  ei  al2$i 26,  and  a  fully 
conservative  scheme  following  the  suggestions  of  Jameson2',  in  which  the  equation  of 
continuity  is  written  explicitly  in  conservation  form  (for  Cartesian  coordinates) 


where  u  =  $x  ,  w  ♦  and 


H  (pU>  +  <PW>  =  ° 


-r1  *1  <«2  + 


This  differs  from  the  Q-C  scheme  given  in  Ref  26  (and  used  in  the  VGK  method) ,  where  the 
corresponding  equations  take  the  so-called  1 qua3i-linear 1  form 

(a2  -  u2)$xx  +  (a2  -  w2)*2Z  -  2uv*xz  •-=  0  (29) 

with 

a2  =  m"2  +  %  <y  -  1)(1  -  u2  -  w2)  (30). 

In  both  cases  the  switching  from  central  to  retarded  differencing  in  going  from  subsonic 
to  supersonic  points  is  achieved  by  using  Jameson's  concept  of  adding  artificial 
viscosity  in  conservation  form;  and  it  has  beer,  found  that  in  most  examples  almost 
identical  numerical  results  are  obtained.  Although  the  fully  conservative  approach  is 
perhaps  more  satisfactory  from  a  mathematical  point  of  view,  there  is  a  time  penalty  due 
to  the  recurrent  need  to  evaluate  a  r.on-integer  exponent  (compare  the  auxiliary  equations 
(28)  and  (30));  and  it  would  also  be  difficult  to  modify  it  to  obtain  a  'partially- 
conservative '  scheme  along  the  lines  adopted  in  the  VGK  method,  if  that  were  thought 
desirable. 

The  most  fundamental  point  of  difference  lies  in  the  way  in  which  the  neighbourhood 
of  the  trailing  edge  is  treated.  In  the  VGK  method  there  is  no  special  treatment,  apart 
from  a  rough  allowance  for  the  change  in  pressure  across  the  boundary  layer  ( cf  section  2, 
Eg. (26));  and  as  a  result  it  has  been  found  necessary  to  incorporate  some  smoothing  of 
the  inviscid  pressure  distribution  before  the  viscous  layers  are  calculated.  The  partic¬ 
ular  feature  of  Melnik's  method  is  a  new  solution  for  the  trailing  edge  region,  based  on 
asymptotic  theory  of  turbulent  shear  flows  in  the  limit  Re  •+  “  .  The  normal  assumptions 
of  first-order  boundary-layer  theory  no  longer  apply  in  this  region,  and  in  Darticular 
the  transverse  variation  of  the  pressure  must  be  properly  taken  into  account.  A  full 
derivation  of  the  theory  is  given  in  Refs  6  and  7;  it  turns  out  that  a  'multi -deck'  model 
is  required,  as  indicated  in  Sketch  (g)  below. 
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Sketch  (g) 

Two  length  scales  are  involved,  the  thickness  of  the  approaching  boundary  layer,  6  , 
which  is  0(c)  with  e  =  /%c”f  =  o(lQg^  ^e)  ,  and  the  thickness  of  the  wall  layer,  which  is 


a  fraction 


flog  Re\ 


The  length  of  the  special  trailing- 


edge  region  is  also  taken  to  be  0(c)  ,  so  that  it  is  assumed  to  extend  about  one 
boundary-layer  thickness  upstream  and  downstream  of  the  trailing  edge.  The  particular 
feature  of  the  solution,  which  makes  it  feasible  to  use  in  practice,  is  that  the  flow  in 
the  outer  layer  is  governed  to  a  consistent  approximation  by  a  linearised  Poisson  equation 
for  inviscid,  but  rotational,  flow  whose  vorticity  is  identical  to  that  in  the  outer  part 
of  the  oncoming  boundary  layer.  It  is  this  outer  layer  wnich  determines  the  disp1 acement 
effect  of  the  viscous  flow  on  the  outer  inviscid  flow,  and  in  which  most  of  the  transverse 
variation  of  pressure  takes  place;  so  that  it  is  unnecessary  to  obtain  a  solution  for  the 
inner  layers  (which  would  involve  the  assumption  of  some  particular  turbulence  model) 
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unless  the  local  variation  of  skin  friction  is  required.  By  using  complex  variable  theory 
for  a  transformed  incompressible  flow,  Melnik  et  al 7  were  able  to  obtain  an  explicit 
analytical  solution  to  the*  Poisson  equation,  and  to  derive  from  it  matching  conditions  for 
the  equivalent  inviscid  flow  precisely  analagous  to  those  used  over  the  rest  of  the  aero¬ 
foil  and  wake.  The  solution  ensures  that  the  corrected  pressure  reaches  identical  values 
as  the  trailing  edge  is  approached  either  from  upstream  on  the  upper  or  lower  surfaces,  or 
from  downstream  in  the  wake;  thus  the  Kutta  condition  is  automatically  satisfied. 

This  analysis  represents  an  entirely  self-consistent  model  of  the  flow,  without  the 
need  to  introduce  any  arbitrary  treatment  near  the  trailing  edge.  The  only  feature  that 
might  be  questioned  is  the  accuracy  to  which  the  basic  assumption,  that  the  vorticity  in 
the  outer  part  of  the  viscous  layers  may  be  regarded  as  'frozen'  as  the  flow  traverses  the 
trailing-edge  region,  is  actually  satisfied  at  the  moderate  Reynolds  numbers  encountered 
in  practice.  Unfortunately,  it  would  be  extremely  difficult  to  verify  this  directly  by 
experimental  means.  Thus,  as  with  other  methods,  the  main  justification  must  be  by 
comparison  of  results  with  measured  pressure  distributions  and  overall  forces. 

The  aerofoil  for  which  the  most  extensive  calculations  have  been  published  is  again 
the  G  &  K  75-06-12  referred  to  previously  in  sections  2.1  and  2.2.  Comparisons  for  a 
selection  of  typical  pressure  distributions  are  given  in  Fig  17;  the  calculations  were 
ail  made  at  the  same  values  of  Cj  as  in  the  experiments,  using  the  conservative  version 

of  the  method.  In  the  first  example  (Fig  17a)  the  flow  is  subcritical,  and  as  expected 
the  agreement  is  very  good  except  for  a  slight  tendency  to  underestimate  the  pressure  over 
the  central  part  of  the  upper  surface.  In  the  second  case  (Fig  17b),  for  =  0.75  at  a 
low  value  (0.1)  of  CT  ,  there  is  a  shock  wave  at  about  30%  chord  on  the  lower  surface, 

which  is  well  predicted  provided  that  a  small  negative  blockage  correction  (AM^  =  0.004) 
is  applied;  the  overall  agreement  is  then  excellent.  In  the  final  example  (Fig  17c) ,  with 
M  -  0.7,  Cr  =  0.82  ,  there  is  a  fairly  strong  shock  wave  (M,  -  1.28)  on  the  upper  surface 

at  aoout  35t  chord.  The  position  of  this  is  well  predicted  (with  the  same  blockage 
correction) ,  but  the  pressure  level  behind  it  is  slightly  underestimated  -  somewhat 
surprising  in  view  of  the  fact  that  a  conservative  difference  scheme  is  being  used. 

The  estimation  of  the  influence  of  wind-tunnel  interference  on  the  effective  angle 
of  incidence  is  a  notoriously  difficult  and  controversial  subject,  particularly  for 
ventilated  walls  under  supercritical  conditions.  Nevertheless,  Melnik  et  al' ,  have  made  a 
thorough  investigation  of  the  subject  for  the  NAE  transonic  facility  in  which  the  75-06-12 
aerofoil  was  tested,  and  deduced  a  correction  to  the  angle  of  incidence  which  is 
extremely  plausible.  A  comparison  between  the  measured  and  calculated  lift  curves,  for 
*  0.75,  is  shown  in  Fig  18.  The  agreement  between  theory  and  experiment  is  remarkably 
good,  even  as  regards  the  fall-off  in  lift  which  occurs  for  >  0.8  (due  no  doubt  to 

the  rapid  growth  of  the  boundary  layer  near  the  trailing  edge  under  conditions  approaching 
separation) . 

The  variation  of  drag  with  lift  for  the  same  Mach  number  is  illustrated  in  Fig  19. 
The  general  shape  of  the  drag  polar  is  well  predicted  (by  the  conservative  version  of  the 
method),  particularly  as  regards  the  increase  in  wave  drag  which  occurs  for  C.  >  0.6 
of  <  0.1  .  The  drag  is  however  appreciably  underestimated  (by  nearly  15%) 
for  intermediate  values  of  C.  ,  and  this  is  difficult  to  explain  since  the  flow  is  only 

Li 

just  supercritical,  the  pressure  gradients  are  relatively  mild  and  the  Reynolds  number  is 
high  -  conditions  under  which  all  aspects  of  the  method  would  be  expected  to  be  reliable. 
There  could  perhaps  be  an  undetected  source  of  error  in  the  drag  measurements,  but  if  so 
it  must  be  a  consistent  one  since  there  is  little  scatter  in  a  large  number  of  experimen¬ 
tal  points. 

The  last  two  figures  also  show  the  results  of  calculations  by  a  numerical  solution 
of  the  Navier-Stokes  equations,  due  to  Deiwert45.  The  agreement  with  both  the  corrected 
wind-tunnel  data  and  the  present  theory  is  generally  poor;  this  may  be  due  to  the  use  of 
an  insufficiently  refined  computational  grid,  but  it  is  a  point  which  should  be  checked 
before  much  reliance  can  be  placed  on  such  methods  for  practical  purposes. 

Returning  finally  to  the  present  method,  the  evidence  that  has  been  presented  for 
its  verification  (here  and  elsewhere)  is  generally  satisfactory.  There  is  however  a 
dearth  of  published  results  for  cases  in  which  the  shock  wave  lies  well  back  along  the 
chord  (x/c  >  0.6,  say),  where  the  use  of  a  fully  conservative  difference  scheme  might  be 
expected  to  cause,  appreciable  errors  in  the  inviscid  part  of  the  calculation  [of  Figs  11 
and  12,  also  Ref  29).  It  is  in  such  cases  that  the  VGK  method,  with  its  option  of  using 
a  'partially  conservative’  scheme,  would  be  expected  to  have  an  advantage.  It  is  also 
probable  that  the  accuracy  will  deteriorate  (for  the  same  reason  as  with  the  VGK  method  - 
of  Fig  16)  for  aerofoils  with  long  adverse  pressure  gradients  under  which  the  boundary 
layer  is  approaching  separation;  to  remedy  this  deficiency  improvements  in  the  boundary- 
layer  method  will  be  needed. 

5  PREDICTION  OF  VISCOUS  TRANSONIC  FLOWS  OVER  WINGS 

Strictly  speaking,  all  the  work  on  two-dimensional  problems  reviewed  in  the 
previous  sections  should  be  regarded  as  a  preparation  for  an  attack  on  the  most  important 
practical  aspect  of  our  subject,  namely  the  prediction  of  viscous  effects  in  transonic 
flow  on  three-dimensional  wings,  and  eventually  on  wing-body  combinations  and  complete 
aircraft  configurations.  Fortunately,  most  of  the  concepts  that  have  been  established 
from  two-dimensional  considerations  can  be  carried  over  into  three  dimensions  without 
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much  alteration,  though  some  new  ideas  are  of  course  required.  In  particular,  it  is 
obvious  that  any  satisfactory  overall  method  must  continue  to  depend  on  the  availability 
of  methods  of  adequate  accuracy  for  predicting  separately: 

(a)  the  inviscid  flow  about  the  configuration  in  question; 

(b)  the  development  of  the  boundary  layer,  and  preferably  also  the  wake,  on  at  least 
the  wings;  together  with 

(c)  a  matching  condition  whereby  appropriate  boundary  conditions  for  (a)  and  (b)  can  be 
supplied,  and 

(d)  a  global  iterative  procedure  in  which  the  linked  viscous  and  inviscid  calculations 
are  successively  repeated  so  that  their  mutual  interaction  can  be  gradually  built  up. 

With  regard  to  (a) ,  we  are  limited  at  present  to  the  assumptions  of  potential  flow, 
so  that  the  experience  that  has  been  gained  in  two  dimensions  about  the  relative  merits  of 
non-conservative  and  conservative  formulations  of  the  difference  equations  (when  shock 
waves  of  appreciable  strength  are  present)  should  be  taken  into  account;  although  this 
will  not  be  of  much  help  for  some  of  the  complex  shock  patterns  (eg  a  triple  shock  system) 
that  can  occur  on  swept  wings.  It  may  also  be  convenient,  at  least  as  an  interim  measure, 
to  make  the  additional  assumptions  involved  in  transonic  small  perturbations  (TSP) 
theory,  since  this  will  enable  complicated  configurations  to  be  treated  more  easily  and 
without  excessive  increases  in  requirements  for  computer  storage  and  run  time,  while  still 
retaining  reasonable  accuracy  for  a  variety  of  wing  or  body  shapes. 

Turning  now  to  (b) ,  the  calculation  of  the  viscous  layers,  an  even  greater  variety 
of  choice  is  available  than  in  two  dimensions,  ranging  from  the  use  of  a  quasi  two- 
dimensional  'strip  theory'  approach,  through  the  so-called  'integral'  methods  to  the  more 
sophisticated  (and  time-consuming)  'differential'  methods  -  which  still  of  course  involve 
the  assumption  of  a  suitable  turbulence  model.  Additional  problems,  that  are  not  present 
in  two  dimensions,  will  occur  in  corner  regions  (such  as  wing  fuselage  junction)  and  near 
the  wing  tips,  where  the  normal  assumptions  of  boundary-layer  theory  are  no  longer  valid, 
while  the  cross  flow  in  the  wake  and  its  eventual  rolling  up  also  present  extra  complica¬ 
tions.  Up  to  the  present,  such  problems  have  either  been  ignored  or  overcome  by 
arbitrary  means. 

With  regard  to  (c) ,  the  matching  between  the  viscous  and  inviscid  parts  of  the  flow 
can  be  effected  by  means  of  the  same  two  alternative  mathematical  models  that  have  been 
described  in  section  2.  For  three-dimensional  problems  there  is  even  more  justification 
for  preferring  the  'surface  transpiration'  model  (A),  since  it  is  the  one  which  derives 
most  directly  and  naturally  from  the  equation  of  continuity.  This  can  be  seen  as  follows: 

Neglecting  surface  curvature  and  using  for  simplicity  rectangular  coordinates 
(x,  y,  n) ,  with  n  normal  to  the  surface,  the  equation  of  continuity  is 
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Integrating  with  respect  to  n  from  0  to  6  ,  and  subtracting  the  corresponding  equa¬ 
tions  for  the  viscous  and  equivalent  inviscid  flows,  we  obtain  (with  the  suffix  notation 
of  section  2) 
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which  may  be  written 
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and  the  components  of  the  mass-deficit  integral. 

In  order  to  obtain  the  displacement  thickness,  6*  ,  however,  it  can  be  shown ^  that 
it  is  necessary  to  solve  the  partial  differentia]  equation 
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There  are  additional  advantages  in  being  able  to  use  a  boundary  condition  on  the 
body  shape  itself;  this  applies  particularly  if  the  method  of  solution  of  the  inviscid 
flow  problem  involves  a  mapping  process  (or  if  a  'panel'  method  is  used).  Nevertheless, 
the  solid  displacement  surface  model  seems  to  remain  the  favourite! 


After  this  preamble,  we  can  now  proceed  to  review  what  appears  to  be  the  most  impor¬ 
tant  of  the  (relatively  few)  published  methods  for  the  three-dimensional  wing  problem. 
Three  of  these  will  be  described  in  a  little  detail,  while  others  will  be  mentioned 
briefly  at  the  end  of  the  section.  Unlike  the  two-dimensional  case,  there  does  not  seem 
to  be  a  natural  order  of  presentation  -  on  either  chronological  or  technological  grounds  - 
so  that  our  choice  in  this  respect  has  been  largely  arbitrary. 


5.1 


Mason  et  al 
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The  inviscid  part  of  this  well- integrated  computational  procedure  is  provided  by  a 
development  of  TSP  theory  due  to  Ballhaus  et  alt 7  Special  features  include  the  addition 
of  extra  nonlinear  terms  to  the  basic  partial  differential  equation  to  improve  its 
accuracy  for  swept  wings,  coupled  with  a  coordinate  system  which  is  'tailored'  to  the 
wing  planform  over  most  of  the  span.  The  boundary  condition  for  the  wing  are  applied  on 
the  wing  reference  plane  z  =  0  ,  using  a  standard  linearised  approximation.  The  normal 
first-order  expression  is  also  used  for  the  pressure  coefficient.  In  order  to  take  into 
account  the  important  effects  of  the  fuselage  on  the  flow  field  over  the  wing,  approximate 
boundary  conditions  (based  on  the  ideas  of  slender-body  theory)  are  satisfied  on  a 
rectangular  box  of  streamwise-oonstant  cross  section  over  which  the  appropriate  flow 
inclination  can  be  specified. 

The  characteristics  of  the  turbulent  boundary  layer  (on  the  wing  only)  are  calcula¬ 
ted  by  means  of  a  'strip-theory'  technique  using  the  two-dimensional  turbulent  energy 
method  of  Bradshaw35,  modified  to  simulate  the  flow  on  an  infinite  swept  wing  with  the 
appropriate  local  chordwise  pressure  distribution  and  sweep  angle.  Such  an  approximation 
may  be  reasonably  satisfactory  (at  least  in  the  present  context  of  modelling  the  gross 
effects  of  the  viscous-inviscid  iteration) ,  provided  that  the  flow  in  the  boundary  layer 
is  not  dominated  by  strongly  three-dimensional  effects  emanating  from  the  regions  near 
the  root,  the  tip  or  a  crank  in  the  planform.  With  this  simplification  there  is  no 
difficulty  in  calculating  6*  ,  and  the  boundary  condition  on  the  plane  z  =  0  can  then 
be  modified  by  adding  the  streamwise  slope  of  the  displacement  surface  to  that  of  the 
wing. 


In  any  practical  method  for  calculating  viscous  effects  on  wings  there  is  an  urgent 
need  -  even  greater  than  in  the  two-dimensional  problem  -  to  incorporate  some  suitable 
device  for  inhibiting  any  catastrophic  effects  on  the  overall  computational  process  that 
may  be  caused  by  the  predicted  onset  of  boundary-layer  separation,  whether  this  is  a 
spurious  symptom  occurring  only  in  the  early  stages  of  the  iterations  or  a  genuine 
feature  of  the  converged  solution.  In  the  present  method,  a  scheme  similar  to  that 
suggested  by  Bavitz35  (c/  section  4.2)  is  adopted,  in  which  the  shape  of  the  displacement 
surface  is  extrapolated  linearly  from  a  predicted  point  of  separation  to  the  trailing 
edge.  This  device  has  proved  extremely  effective  and  could  be  quite  acceptable  provided 
that  only  small  craces  of  it  remain  in  the  final  converged  solution. 

As  an  example  of  the  application  of  the  method  to  a  practical  configuration,  a 
comparison  is  given  in  Fig  20  with  pressure  distributions  measured  on  a  model  gf  an 
'advanced  technology'  fighter.  This  has  a  wing  of  aspect  ratio  5.5,  with  42.5°  basic 
leading-edge  sweep  and  extensions  to  both  the  leading  and  trailing  edges  at  the  root;  the 
design  involves  the  use  of  'supercritical'  aerofoil  sections.  The  Reynolds  number  of  the 
tests  is  not  stated.  A  reasonably  good  prediction  is  achieved  (over  the  outer  part  of 
the  wing)  of  the  general  shape  of  the  pressure  distribution  on  the  upper  surface  and  of 
the  position  of  the  shock  wave,  except  at  the  innermost  station.  Over  the  lower  surface 
the  agreement  is  poor;  this  could  be  partly  due  to  a  failure  to  model  properly  the  shape 
of  the  bottom  part  of  the  fuselage.  It  is  naturally  impossible  to  tell  whether  the 
deficiencies  revealed  by  this  example  (and  by  others  in  the  same  paper)  are  mainly  due  to 
the  approximations  involved  in  the  inviscid  part  of  the  program  or  to  faults  in  the 
modelling  of  viscous  effects. 

5.2  Kordulla48'49 

For  the  inviscid  part  of  the  calculations,  the  modified  TSP  formulation  of  Bailey 
and  Ballhaus,  referred  to  in  the  previous  section,  is  again  used.  In  this  case  an 
allowance  for  the  effects  of  a  fuselage  is  not  included;  when  one  is  present  a  vertical 
reflection  plane  through  the  wing-fuselage  junction  is  assumed.  The  principal  feature  of 
the  method  1s  the  use  of  a  new  finite-difference  scheme  for  solving  the  fully  three- 
dimensional  boundary  layer  equations,  for  either  laminar  or  turbulent  flow.  For  the 
latter  case,  the  scalar  eddy  viscosity  model  of  Cebeci50  for  the  Reynolds  stresses  As 
used  to  provide  the  necessary  turbulence  closure  conditions.  As  in  all  numerical  methods 
for  solving  the  three-dimensional  boundary-layer  equation,  care  has  to  be  taken  to 
satisfy  the  domain  of  dependence  principle;  if  this  is  not  done  instability  will  usually 
result.  In  the  present  case  an  implicit  scheme  due  to  Krause51  is  used,  which  provides 
the  ability  to  march  outwards  along  the  span,  even  when  the  cross-flow  is  in  the  negative 
(inwards)  direction,  and  yet  retain  (conditional)  stability.  The  Krause  scheme  is 
second-order  accurate  for  constant  step  lengths,  although  a  variable  computational  grid, 
growing  with  the  boundary  layer,  is  normally  used  for  increased  efficiency. 
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It  is  consistent  with  the  approximations  made  in  the  TSP  method  to  assume  that  the 
boundary  layer  develops  on  a  plane  coincident  with  the  wing  planform  (z  =  0) .  in  this 
plane,  the  natural  (non-orthogonal)  coordinate  system  is  formed  by  lines  of  constant  y 

x  "  xLE(y) 

and  constant  5  =  - cTy) -  (where  c  is  the  local  chord  and  xLE  the  coordinate  of 

the  leading  edge).  With  any  three-dLmensional  boundary-layer  method  it  is  necessary  to 
provide  input  from  the  inviscid  flow  solution  of  both  the  magnitude  and  direction  of  the 
velocity  vector  over  the  whole  wing  plane.  Special  starting  solutions  are  also  required 
along  the  wing  root,  y  =  0  ,  where  symmetry  conditions  are  assumed  to  apply,  and  along 
the  leading  edge,  5=0,  which  is  taken  to  be  the  attachment  line;  along  both  these 
lines  quasi-two-dimensional  forms  of  the  equations  result. 

The  matching  between  the  viscous  and  inviscid  parts  of  the  program  is  achieved  by 
first  calculating  the  displacement  thickness,  6*  ,  of  the  boundary  layer  (by  integrating 
a  partial  differential  equation  analagous  to  Eq.(33)),  and  then  adding  its  streamwise 

g  5  * 

derivative,  -rz—  ,  to  the  slope  of  the  wing  surface  to  form  a  new  input  for  a  further 

o  £ 

inviscid  solution.  A  fully  iterative  procedure  has  been  set  up,  the  convergence  of  which 
is  judged  by  examining  the  variation  in  Cp  between  successive  iterations.  In  order  to 

avoid  breakdown  of  the  method  in  cases  where  boundary- layer  separation  is  predicted  - 
either  in  the  early  stages  of  uhe  iterations  or  as  a  feature  of  the  final  solution  - 
drastic  measures  have  to  be  taken.  As  soon  as  the  chordwise  wall  shear  stress  becomes 
negative,  the  velocity  at  the  edge  of  the  boundary  layer  is  gradually  increased  until  the 
separation  is  suppressed  and  the  solution  can  continue.  In  addition  to  this,  it  is  some¬ 
times  necessary  to  make  further  modifications  to  the  shape  of  the  displacement  thickness 
towards  the  trailing  edge  in  order  to  avoid  unrealistic  predictions  of  the  pressure 
distribution  in  that  region.  As  remarked  in  section  5.1,  the  plausibility  of  such 
devices  has  to  be  judged  according  to  the  degree  to  which  their  effects  still  remain  in 
the  final  solution. 

Two  examples  have  been  chosen  to  illustrate  the  use  of  the  method.  The  first  of 
these  (Fig  21,  taken  from  Ref  48)  concerns  the  ONERA  M6  wing,  a  half-model  of  which  was 
tested  in  the  S2  wind  tunnel  at  Modane  at  a  Reynolds  number  (based  on  root  chord)  of 
about  3  x  10°  (see  Ref  42,  Paper  Bl).  The  wing  has  a  leading-edge  sweep  angle  of  30°, 
aspect  ratio  3.8  and  taper  ratio  0.56;  the  streamwise  section  (ONERA  ’D’)  is  uncambered 
and  about  10%  thick.  This  particular  example  (M^  =  0.92,  a  «  3°)  presents  a  difficult 
problem,  since  relatively  strong,  almost  unswept"shock  waves  are  observed  towards  the 
rear  on  both  surfaces,  while  there  is  also  a  highly  swept  forward  shock  on  the  upper 
surface.  Preliminary  ihviscid  calculations  using  the  two  options,  non-conservative  (NCR) 
and  fully  conservative  (FCR) ,  available  in  the  program,  showed  that  the  latter  produced  a 
shock  wave  very  close  to  the  trailing  edge  on  the  upper  surface,  and  so  strong  as  to 
render  any  boundary-layer  calculations  impossible.  Even  with  the  N-C  option  it  was  found 
necessary  to  bring  into  play  the  inhibiting  devices  mentioned  in  the  previous  paragraph. 
As  can  be  seen  from  Fig  21,  the  inclusion  of  viscous  effects  does  improve  the  prediction 
of  the  position  of  the  main  shock  wave  on  the  upper  surface.  On  the  lower  surface  there 
is  little  difference  between  the  viscous  and  inviscid  solutions,  and  both  of  them 
indicate  a  shock  that  is  too  far  forward  towards  the  wing  tip.  The  pressure  is  consider¬ 
ably  overestimated  towards  the  trailing  edge  on  both  surfaces;  this  may  be  due  partly  to 
the  'damping'  of  the  viscous  effects  mentioned  previously,  partly  to  the  omission  of  the 
effects  of  the  wake. 

The  second  example  (Fig  22)  refers  to  a  transport  aircraft  wing,  of  fairly  conven¬ 
tional  design,  tested  by  the  Lockheed  Georgia  Company  at  a  Reynolds  number  (based  on  root 
chord)  of  11  *  106  and  a  Mach  number  of  0.8.  The  wing  has  a  net  aspect  ratio  of  about  7, 
27.5°  leading-edge  sweep,  a  taper  ratio  of  0.34  and  is  11%  thick.  It  was  mounted  in  high 
position  on  a  fuselage  and  had  nacelles  suspended  from  the  lower  surface.  Neither  the 
fuselage  nor  the  nacelles  could  be  allowed  for  in  the  calculations,  and  this  may  be 
partly  responsible  for  the  poor  agreement  between  theory  and  experiment  for  the  pressure 
distribution  on  the  lower  surface  of  the  wing.  On  the  upper  surface,  there  is  a 
considerable  difference  between  the  Inviscid  solutions  obtained  with  the  two  alternative 
options  (NCR  and  FCR).  In  this  case,  it  was  found  possible  to  obtain  a  converged  viscous 
solution  witn  the  FCR  option,  in  which  the  position  of  the  shock  wave  is  well  predicted; 
but  to  achieve  this  it  was  again  necessary  to  introduce  an  artificial  modification  to  the 
predicted  shape  of  the  displacement  surface,  in  this  case  over  about  the  last  20%  chord. 

5.3  Lynch5 ^ 

This  method,  developed  at  the  Douglas  Aircraft  Company,  appears  to  have  been  the 
first  to  incorporate  a  solution  of  the  full  equations  of  potential  flow,  with  exact 
boundary  conditions,  in  preference  to  the  more  approximate  TSP  approach.  The  program 
selected  was  that  of  Jameson  and  Caughey52,  known  as  'FLO-22'.  A  non-orthogonal 
coordinate  system  is  used,  combining  a  sheared  grid  in  plan  view  having  a  coordinate  line 
following  the  leading  edge,  with  a  parabolic  'unwrapping'  transformation  applied  to  the 
wing  sections  in  chordwise  planes  y  =  constant  .  In  this  particular  system  spanwise 
coordinate  lines  are  parallel  to  the  leading  edge,  so  that  for  a  tapered  wing  the  trail¬ 
ing  edge  is  not  a  coordinate  line;  and  as  a  result  the  number  of  chordwise  points  on  a 
wing  section  diminishes  towards  the  wing  tips,  leading  in  some  cases  to  poor  flow 
definition  in  the  tip  region.  Because  of  the  parabolic  transformation,  the  grid  spacing 
in  the  chordwise  direction  becomes  progressively  coarser  as  the  trailing  edge  is 
approached;  thus  shock  waves  lying  on  the  aft  part  of  the  wing  tend  to  be  severely 
'smeared',  while  the  flow  in  the  trailing-edge  region  is  poorly  defined  leading  to 
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uncertainties  in  the  representation  of  the  Kutta  condition.  However,  all  these  features  - 
though  inherently  unsatisfactory  in  themselves  -  do  combine  to  alleviate  the  problems 
(mentioned  in  the  previous  section)  that  beset  three-dimensional  boundary-layer  methods 
behind  strong  shock  waves  and  in  the  neighbourhood  of  the  trailing  edge  and  the  wing  tips. 

For  a  similar  reason,  a  'non-conservative*  formulation  of  the  finite-difference  scheme 
was  adopted;  and  this  certainly  seems  preferable  to  a  ' fully-conservative*  system  if  no 
other  option  is  available. 

At  the  time  when  the  paper  was  written,  it  was  not  possible  to  take  account 
explicitly  of  the  effects  of  the  fuselage  on  the  flow.  Instead,  a  vertical  reflection 
plane  is  assumed  at  the  side  of  the  fuselage  -  particularly  suitable  for  a  low-wing 
configuration;  while  a  correction  to  the  mean  Mach  number,  based  on  calculations  by  a 
panel  method  of  the  flow  field  due  to  the  isolated  fuselage,  is  applied  to  the  oncoming 
flow  over  the  wing  to  allow  approximately  for  the  gross  effects  of  the  fuselage. 

For  the  calculations  of  the  three-dimensional  boundary  layers  on  the  wings,  a 
development  of  the  'differential*  method  of  Cebeci  et  ai^4  used.  The  basic  equations 
are  essentially  the  same  as  those  considered  by  Kordulla  (section  5.2).  They  are  solved 
numerically  by  the  well-known  Keller  'box'  finite-difference  technique,  incorporating  a 
modification  suggested  by  Stewartson  to  take  into  account  the  domain  of  dependence 
principle,  which  is  essential  to  avoid  the  instability  that  would  otherwise  occur  when 
marching  spanwise  in  a  region  where  the  cross  flow  is  in  the  opposing  direction.  As  in 
the  similar  method  of  Kordulla,  edge  conditions  are  required  along  the  leading  edge 
(strictly,  the  attachment  line)  and  the  root,  but  not  at  the  tip.  The  displacement 
thickness  is  again  calculated  by  solving  the  appropriate  partial  differential  equation, 
and  is  then  added  to  the  wing  surface  ordinates  to  provide  the  equivalent  shape  for  a  new 
inviscid  calculation. 

All  the  ingredients  are  thus  available  for  the  development  of  a  fully-integrated 
method  for  solving  the  viscous  interaction  problem.  However,  at  the  time  of  writing 
(1978)  it  appears  that  this  had  not  actually  been  implemented.  Instead,  the  calculations 
shown  in  the  following  example  (Fig  23)  were  made  with  only  a  single  iteration  of  the 
overall  process.  The  wing  is  of  high  aspect  ratio  (10.8),  with  a  30°  sweep  of  the 
quarter-chord  line,  and  the  average  thickness/chord  ratio  is  12%;  wind-tunnel  tests  were 
made  at  a  Reynolds  number  (based  on  mean  aerodynamic  chord)  of  2  x  106.  There  is 
considerable  rear  loading,  and  the  experiments  also  show  a  reasonably  satisfactory 
supercritical  flow  development  over  the  forward  part  of  the  wing,  with  a  shock  wave  lying 
between  30%  and  40%  chord  over  the  central  portion  of  the  semi-span,  strongest  in  the 
neighbourhood  of  the  trailing  edge  crank.  The  calculations  (unlike  some  of  those  shown 
previously)  show  good  agreement  with  experiment  over  most  of  the  lower  surface.  On  the 
upper  surface,  the  suction  levels  near  the  leading  edge  are  well  predicted  except  close 
to  the  tip;  but  the  shock  wave  is  so  severely  'smeared'  that  it  bears  little  resemblance  j 

to  what  is  actually  observed.  Towards  the  trailing  edge  the  agreement  is  remarkably  good,  j 

considering  -  or  more  likely  because  of  -  the  crudity  of  the  treatment  of  that  region.  It  < 

is  claimed  that  the  boundary-layer  method  provided  a  satisfactory  guide  to  the  onset  of  < 

separation,  and  it  was  in  fact  used  in  developing  this  wing  to  give  an  improvement  in 
performance  over  an  inferior  predecessor. 

5 . 4  Other  methods 

Other  work  in  this  area,  no  less  worthy  of  mention  than  that  described  above, 
includes  the  following: 

(a)  A  collaborative  research  programme  between  FFA  (Stockholm)  and  Dorniers,  described 
by  Hedman55.  This  involves  a  coupling  between  a  version  of  the  TSP  technique  due  to 
Schmidt66  with  the  entrainment  'integral'  method  for  three-dimensional  turbulent  boundary 
layers  of  P.D.  Smith6?. 

(b)  A  method  developed  at  the  Boeing  Company,  described  briefly  in  Ref  58,  whose 
principal  components  are:  the  Jameson-Caughey  'FLO  27'  program66  for  the  full  potential 
flow  equations,  using  a  finite-volume  technique;  and  the  differential  method  of  McLean66 
for  three-dimensional  turbulent  boundary  layers. 

(c)  Research  at  RAE  led  by  Firmin,  combining  a  recent  TSP  method  for  wing-body 
combinations61  with  Smith's  integral  boundary-layer  method6?,  modified  to  include  'lag' 
effects.  This  work,  which  includes  for  the  first  time  an  allowance  for  the  thickness 
effects  of  the  wake,  has  not  been  reported  previously  but  will  be  described  in  a  later 
paper  at  this  Conference. 

6  CONCLUDING  REMARKS  j 

In  this  final  section,  we  conclude  with  some  remarks  on  the  'state  of  the  art'  of  j 

the  subject,  and  make  some  suggestions  about  the  needs  and  potentialities  of  future  work 
along  the  same  lines.  } 

(i)  The  general  principles  are  now  well  established  of  determining  viscous  effects  (at  I 

least  for  basically  'attached'  flows)  by  a  procedure  involving  separate  calculations  for  { 

(a)  an  equivalent  inviscid  flow  and  (b)  the  viscous  flow  in  thin  shear  layers  over  the  - 

wetted  surfaces  and  in  the  wake,  and  combining  them  through  a  matching  process,  derived 
from  the  equation  of  continuity,  which  can  be  extended  (if  necessary)  to  include  higher- 
order  effects.  There  is  reason  to  expect  that  many  of  the  inadequacies  that  still  exist 
in  current  methods  could  be  remedied  by  further  attention  to  the  component  parts  ((a) 
and  (b) ) . 
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(ii)  Therefore,  much  of  the  need  for  the  future  is  for  improvements  -  1  '-.h  in  accuracy 
and  efficiency  -  to  methods  for  calculating  inviscid  transonic  flows  about  increasingly 
complicated  configurations,  and  viscous  flows  -  laminar  and  turbulent  -  both  of  the 
relatively  simple  ’boundary  sheet*  type  and  of  the  more  complicated  variety  occurring  in 
corners,  near  edges  (trailing  and  tip)  and  in  wakes.  For  the  inviscid  methods,  provision 
should  be  built  in  to  the  program  for  a  specified,  non-zero  value  of  the  velocity  normal 
to  the  surface,  so  as  to  allow  the  1 trt.  spiration’  boundary  condition  (Eg. (32))  for  the 
viscous  matching  to  be  implemented. 

(iii)  Special  treatment  may  be  needed  of  the  shock-wave/boundary-layer  interaction 
phenomenon;  this  must  involve  both  the  inviscid  flow  calculations  (so  that  a  ’realistic* 
shock  wave  is  produced  at  the  correct  position  in  the  external  flow)  and  the  local  inter¬ 
action  region.  However,  it  has  been  shown  in  two  dimensions  that  reasonably  satisfactory 
results  can  often  be  obtained  without  such  special  treatment;  and  this  is  fortunate  since 
to  provide  it  in  three  dimensions  would  cause  considerable  complications.  The  same  also 
applies  to  the  trailing-edge  region,  though  here  a  'quasi-two-dimensional *  extension  of 
Melnik's  ideas  to  three  dimensions  might  be  both  feasible  and  adequate. 

(iv)  In  two  dimensions,  the  standard  of  achievement  for  the  best  methods  currently 
available  is  generally  satisfactory.  The  chief  shortcomings  appear  to  be  in  the  predic¬ 
tion  of  pressures  and  drag  in  cases  where  the  adverse  pressure  gradients  bring  the 
boundary  layer  close  to  separation.  The  causes  probably  lie  mainly  in  inadequacies  in 
the  boundary- layer  methods,  which  should  be  possible  to  rectify  provided  that  some  second- 
order  effects  are  taken  into  account. 

(v)  The  situation  in  three  dimensions  is  at  present  less  satisfactory,  largely  due  to 
the  sheer  complexity  of  organising  the  operations  involved  in  the  full  iterative  process, 
relatively  simple  though  the  basic  concepts  may  be.  There  are  additional  difficulties, 
peculiar  to  three-dimensional  boundary  layers,  associated  with  high  cross-flow  angles 
occurring  near  the  wing  tips  (particularly  if  no  attempt  is  made  to  model  the  tip 
vortices)  or  towrrds  a  swept  trailing  edge.  Future  work  should  also  consider  the  effects 
of  the  boundary  layer  on  the  fuselage  and  its  interaction  with  that  on  the  wing. 

(vi)  Although  the  prediction  of  flows  with  gross  boundary-layer  separations  may  even¬ 
tually  require  the  solution  of  the  Navier-Stokes  equations,  there  is  some  potentiality  in 
extending  the  'classical'  methods  of  the  present  paper  to  deal  with  mildly  separated 
flows,  and  thus  usefully  increase  their  range  of  applicability.  In  order  to  do  this  some 
modifications  will  be  needed  to  the  viscous  part  of  the  calculations,  so  as  to  operate  in 
an  inverse  mode  (of  Ref  43)  -  and  hence  also  to  the  inviscid  part;  while  second-order 
effects  in  the  matching  process  should  be  taken  into  account. 

(vii)  In  order  to  provide  adequate  means  of  verification  of  this  (or  any  other)  theoreti¬ 
cal  approach  to  the  problem  of  predicting  viscous-inviscid  interactions,  it  is  important 
that  additional  careful  experiments  should  be  made,  involving  at  the  least  measurements 
of  the  mean  flow  in  the  viscous  shear  layers  as  well  as  the  surface  static  pressures; 
this  applies  particularly  to  three-dimensional  configurations62,  although  any  such 
experiment  is  of  course  bound  to  be  both  time-consuming  and  expensive. 
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INVISCID-VISCOUS  INTERACTIONS  IN  THE 
NEARLY  DIRECT  DESIGN  OF  SHOCK-FREE  SUPERCRITICAL  AIRFOILS 

by 

H.  E.  Nebeck  and  A.  R.  Seebass 
University  of  Arizona 
Tucson,  Arizona  85721 
and 

H.  Sobieczky 
DFVLR 

Gottingen,  West  Germany 


SUMMARY 

An  especially  simple  procedure  for  finding  airfoil  shapes  that  have  desirable  aero¬ 
dynamic  characteristics  and  that  will  be  shock  free  at  Mach  numbers  close  to  the  highest 
values  possible  is  described.  The  procedure  accounts  for  overall  inviscid-viscous 
interactions  that  are  weak  and  includes  the  locally  strong  interaction  at  the  trailing 
edge  as  incorporated  in  the  Grumfoil  algorithm. 

INTRODUCTION 

In  the  last  decade  substantial  progress  has  been  made  in  the  computation  of  aerody¬ 
namic  flow  fields  in  which  the  global  inviscid-viscous  interaction  is  weak.  For  two- 
dimensional  transonic  flows  the  fundamental  interactions,  carefully  delineated  nearly  a 
decade  ago  by  Green  (1),  are  now  adequately  modeled  by  computational  analysis,  provided 
that  the  global  interaction  is  weak  and  that  the  boundary  layer  suffers  at  most  mild 
separations.  This  is  accomplished  by  coupling  a  numerical  analysis  of  the  inviscid  flow, 
which  assumes  the  main  body  of  the  flow  is  irrotational ,  hence  derivable  from  a  single 
scalar  potential,  with  a  numerical  solution  of  an  integral  formulation  of  the  boundary 
layer  equations.  Much  more  sophisticated  computational  tools,  such  as  large  eddy  simula¬ 
tion,  are  becoming  available  but  they  are  not  yet  efficient  enough  for  their  application 
to  design  problems. 

The  application  of  these  analysis  tools  in  design  can  take  many  forms.  Perhaps  the 
most  basic  is  that  of  prescribing  a  pressure  distribution  and  determining  the  airfoil 
that  will  generate  this  pressure  field.  This  inverse  problem  is  not  well-posed  and 
extensive  computations  are  usually  required  in  order  to  obtain  useful  results.  A  variant 
of  this  procedure  is  to  prescribe  desired  changes  to  an  already  existing  pressure  field 
that  is  generated  by  a  given  airfoil.  Here  the  inverse  problem  may  be  linearized  about 
an  existing  flow  and  the  resulting  problem  is  more  amenable  to  analysis.  Another  proce¬ 
dure  is  to  use  numerical  optimization  tc  find  which  of  a  family  of  possible  airfoils  will 
provide  the  best  airfoil  performance.  Here  the  main  limitations  are  the  family  of  air¬ 
foils  considered  and  the  computational  expense  of  exploring  incremental  changes  for 
improvements  in  performance  that  are  only  marginally  larger  than  the  errors  in  the  compu¬ 
ted  performance  parameters.  A  third,  but  more  limited,  possibility  also  exists,  namely, 
determining  the  changes  required  in  a  baseline  airfoil  to  make  the  flow  past  it  shock 
free  at  a  prescribed  lift  coefficient  and  Mach  number.  This  presumes  that  an  airfoil 
baseline  which  meats  performance  goals  for  subcritical  Mach  numbers  is  known.  One  then 
invokes  the  "fictitious  gas"  procedure  of  Sobieczky  (2)  to  find  a  new  shape  for  the  upper 
surface  of  the  airfoil  that  will  produce  shock-free  flow  at  the  prescribed  conditions. 
This  shape  is  not  unique,  nor  is  it  possible  to  find  such  shapes  for  all  flow  conditions. 
For  a  prescribed  lift  coefficient  and  airfoil  thickness,  there  is  a  freestream  Mach  number 
above  which  a  shock-free  shape  is  pot  possible.  While  the  feasibility  of  this  procedure 
has  been  amply  demonstrated  for  inviscid  flows,  indeed,  even  for  three-dimensional  flows 
(3,4),  its  success  for  flows  with  inviscid-viscous  interaction  has  not  previously  been 
documented. 

The  goal  of  this  paper  is  to  demonstrate  the  ability  of  the  fictitious  gas  procedure 
to  design  advanced  shock-free  airfoils  at  little  computational  expense  even  when  inviscid- 
viscous  interactions  are  taken  into  account. 

ANALYSIS  ALGORITHMS 


A  number  of  numerical  algorithms  have  been  developed  to  calculate  the  transonic  flow 
past  an  airfoil  in  the  presence  of  weak  inviscid-viscous  interactions.  One  of  the  early 
successes  was  the  algorithm  of  Bauer  et  al,  (5),  which  we  will  call  BGKJ.  It  employs  a 
nonconservative  formulation  of  the  potential  equation,  coupled  with  t  e  integral  boundary 
layer  code  of  Nash  and  MacDonald  (6)  and  a  constant  thickness  wake  model.  The  nonconser¬ 
vative  difference  scheme  fails  ,  conserve  mass  and  underpredicts  the  irrotational  shock 
strength.  As  a  consequence,  the  inviscid  version  of  this  algorithm  gave  results  that 
agreed  well  with  experimental  results  for  the  pressure  coefficient  when  compared  at  the 
same  Mach  number  and  lift  coefficient.  Collyer  and  Lock  (7)  modified  the  inviscid 
analysis  portion  of  this  program  to  include  a  combination  of  conservative  and  nonconser¬ 
vative  differencing  in  order  to  better  capture  the  correct  shock  pressure  rise,  and 
coupled  it  with  Greens  lag-entrainment  method  (8)  for  computing  the  turbulent  boundary 
layer.  They  included  the  modification  of  the  inviscid  flow  due  to  wake  curvature  but  did 
not  model  the  strong  interaction  that  occurs  at  the  trailing  edge.  Nandanan,  Stanewsky, 
and  Inger  (9)  have  used  Jameson's  conservative  version  (10)  of  the  BGKJ  algorithm  toge¬ 
ther  with  Rotta's  integral  dissipation  method  (11)  and  Inger 's  model  of  shock-boundary 
layer  interaction  (12)  to  compute  flows  with  weak  embedded  shock  waves.  Perhaps  the  most 


•**!**' ✓*. 


3-2 


advanced  algorithm  of  this  type  in  the  U.S.  is  that  due  to  Melnik,  Chow,  and  Mead  (13). 
They  coupled  Jameson's  inviscid  algorithm  with  Green's  lag-entrainment  method  for  the 
boundary  layer.  The  effects  of  the  strong  interaction  near  the  trailing  edge  are  also 
included  in  the  algorithm.  This  is  accomplished  by  incorporating  the  results  of  Melnik 
and  Chow  (14)  for  the  multi-layered  turbulent  boundary  layer  at  a  cusped  trailing  edge. 
This  coupled  calculation  provides  a  self-consistent  result  for  the  inviscid  flow,  the 
boundary  layer,  and  the  wake.  It  also  removes  the  singularity  in  the  inviscid  pressure 
associated  with  the  trailing  edge  of  the  airfoil.  Wake  curvature  effects  are  included 
and  are  found  to  have  a  significant  effect  on  the  results.  This  algorithm  has  beer, 
called  "Grumfoil"  by  its  authors,  and  we  will  use  the  same  appellation  here.  While  no 
shock- boundary  layer  interaction  model  is  included,  the  algorithm  seems  to  be  accurate 
for  shock  strengths  for  which  the  irrotational  approximation  is  itself  satisfactory. 

SHOCK- FREE  DESIGN 

Inviscid  analysis  algorithms  such  as  those  discussed  above  have  amply  demonstrated 
the  generality  of  Morawetz's  (15)  result  of  the  mid-1950s,  namely,  that  shock-free  flows 
are  mathematically  isolated  one  from  another.  Despite  this  isolation  they  have  played 
an  important  role  in  providing  moderate  increments  in  aircraft  performance.  Wind  tunnel 
research  by  Pearcey  at  the  National  Physical  Laboratory  (16)  and  Whitcomb  (17)  at  NASA 
Langley  Research  Center  first  demonstrated  that  such  flows  could  be  realized  and  would 
have  important  applications.  Subsequently,  Garabedian  and  Korn  (18),  Nieuwland  (19), 
Boerstoel  (20),  and  Sobieczky  (21)  developed  analytical  tools  for  the  prescription  of 
shock-free  airfoil  shapes.  These  tools  relied  on  the  hodograph  transformation,  and 
viscous  effects  could  only  be  accounted  for  to  the  extent  that  the  boundary  layer  could 
be  computed  independently  of  the  inviscid  flow.  The  extension  of  this  capability  to  the 
physical  plane  by  the  introduction  of  a  fictitious  gas  for  a  preliminary  calculation  of 
the  supersonic  portion  of  the  flow  field  makes  it  possible  to  design  shock-free  airfoils 
with  a  proper  accounting  of  the  coupled  nature  of  the  inviscid  and  viscous  flow  fields. 
This  capability  requires  one  crucial  approximation  that  has  now  been  justified  by 
numerical  experiment,  namely,  that  the  boundary  layer  displacement  thickness  is  not 
altered  in  any  consequential  way  by  the  difference  between  the  pressure  field  of  the 
fictitious  gas  and  that  of  the  real  gas.  Given  no  essential  differences  in  the  boundary 
layer  displacement  thickness  in  the  supersonic  domain  due  to  the  difference  between  the 
real  and  fictitious  pressures  there,  nor  any  due  to  the  minor  change  in  airfoil  thickness, 
then  the  inviscid  and  viscous  flow  fields  must  be  correct  and  correctly  coupled. 

We  begin  the  design  process  with  the  selection  of  a  baseline  airfoil.  Normally,  this 
would  be  an  airfoil  that  meets  subcritical  design  goals  and  that  has  a  reasonable  amount 
of  upper  surface  curvature.  Here  we  have  used  a  supercritical  section,  both  for  conve¬ 
nience  and  to  see  if  we  can  improve  its  performance  somewhat.  Our  goal  here,  however,  is 
not  advanced  airfoil  design,  but  rather,  to  show  that  the  fictitious  gas  design  procedure 
is  feasible  in  the  presence  of  coupled  inviscid-viscous  interactions.  We  then  modify 
the  Grumfoil  algorithm  to  incorporate  a  fictitious  density-flow  speed  relation  when  the 
Mach  number  exceeds  one.  Both  the  baseline  airfoil  and  the  fictitious  density  relation¬ 
ship  are  at  the  investigator's  disposal  and  they  interact  in  a  way  that  allows  the 
generation  of  a  1 imited  family  of  candidate  airfoils.  Because  our  concern  is  with  demon¬ 
strating  the  feasibility  of  the  proposed  procedure  we  limit  our  attention  to  the  simple 
relation 


p/p*  =  (a*/q)P,  (1) 

where  p  and  q  are  the  fictitious  density  and  real  flow  speed  and  p*  and  q*  are  their  real 
sonic  values.  The  exponent  P  is  a  parameter  that  varies  the  gas  law  (1).  For  values  of 
P  less  than  one  relation  (1)  insures  that  the  governing  equation,  namely, 

div(p^)  =  0,  (2) 

where  j  =  v$,  and  *  is  the  velocity  potential,  remains  elliptic.  For  such  relations  the 
fictitious  mass  flow  in  the  supersonic  domain  is  greater  than  it  would  be  for  a  real  gas. 
The  solution  to  this  fictitious  flow  problem  is  used  to  provide  values  for  the  flow 
deflection  on  the  embedded  sonic  line.  To  insure  the  accuracy  of  this  data  we  generally 
insist  on  convergence  to  a  maximum  residual  of  10"&  on  a  160  by  32  grid.  This  data  on 
the  sonic  line  is  used  to  compute  the  velocity  potential  and  stream  function  there.  A 
simple  characteristics  routine  is  then  used  to  march  down  from  the  sonic  line  to  find 
the  streamline  consistent  with  stream  function  values  at  the  sonic  line  airfoil  juncture. 
(This  must  be  done  in  a  way  that  is  consistent  with  the  mass  flow  added  to  the  flow  by 
the  boundary  layer  displacement  effect.)  This  defines  the  new  body  streamline  if  the 
characteristics  calculation  succeeds.  It  may  not,  but  may  rather  signal  the  intervention 
of  a  limit  line  and  indicate  the  failure  of  the  sonic  line  data  to  be  consistent  with 
shock-free  flow.  In  this  event  the  baseline  airfoil  and  fictitious  density  law  can  be 
modified  in  an  attempt  to  circumvent  the  failure.  The  new  airfoil  surface  will  be 
thinner  than  the  baseline  airfoil  because  the  real  density  is  less  than  the  fictitious 
density  and,  hence,  for  the  fixed  mass  flow  entering  the  sonic  line,  the  real  gas  requires 
more  area.  The  amount  that  the  airfoil's  vertical  coordinate  is  thereby  reduced  can  be 
added  to  the  baseline  airfoil  and  the  process  repeated  until  the  baseline  airfoil  thick¬ 
ness  is  retained  in  the  shock-free  design.  Changes  in  the  choice  of  the  gas  law,  here 
simply  limited  to  changes  in  P,  also  have  an  effect  on  airfoil  thickness,  albeit  a  small 
one.  Further  progress  in  airfoil  design  requires  an  understanding  of  the  relationship 
between  the  baseline  airfoil  and  the  fictitious  gas  law  chosen.  We  do  not  explore  that 
question  further  here. 
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The  designed  airfoil  must  now  be  analyzed  by  the  original  algorithm  to  see  how  well 
it  performs.  The  boundary  layer  calculation  used  in  the  design  process  was  based  upon 
the  pressure  gradient  of  the  fictitious  gas  calculation.  The  designed  airfoil  will  have 
a  somewhat  different  pressure  gradient.  If  the  displacement  thickness  were  correct,  then 
only  the  pressure  field  in  the  supersonic  domain  is  altered.  However,  this  change  in 
the  pressure  field  alters  the  boundary  layer  displacement  thickness  and,  to  some  degree, 
the  extent  of  the  supersonic  domain.  We  find  in  practice,  however,  that  the  error  in 
the  displacement  thickness  is  so  small  that  we  need  not  correct  for  it. 

RESULTS 


We  selected  the  VFW  airfoil  Va2  for  our  baseline  as  characteristic  of  the  wing 
sections  that  will  be  used  on  future  commercial  transport  aircraft!  This  airfoil,  which 
is  12.57.  thick,  has  a  design  Mach  number,  M»,  of  0.73  and  a  design  -lift  coefficient,  C* 
of  0.525.  Our  coordinates  are  slightly  different  from  those  for  the  Va2  and  we  have 
used  our  own  designation,  47070M,  for  this  baseline  airfoil.  As  this  airfoil  is  already 
an  advanced  design  we  only  examined  a  modest  increment  in  design  conditions,  namely,  Me » 

0.75  and  C.  «  0.550  at  a  flight  Reynolds  number  of  35  million.  Figure  1  depicts  the 
pressure  distribution  and  sonic  line  -  shock  wave  shape  for  the  baseline  airfoil  at  the 
new  flight  conditions.  It  has  a  drag  of  67  counts.  When  we  repeat  this  calculation 
using  the  fictitious  density  law  (1)  with  P  -  0.9,  we  find  results  like  those  depicted 
in  Figure  2.  Because  we  are  solving  an  elliptic  equation  we  obtain  a  smooth  pressure 
distribution  and  well  behaved  sonic  line.  Although  it  has  no  physical  meaning  we  note 
the  drag  is  now  61  counts.  None  of  this  can  be  wave  drag  because  we  solved  an  elliptic 
equation  and  we  must  attribute  it  to  viscous  effects.  The  undulations  in  the  upper 
surface  pressure  near  the  leading  edge  are  due  to  irregularities  in  the  airfoil  shape 
and  the  boundary  layer's  transition  to  turbulent  flow. 

We  now  use  the  flow  speed  and  deflection  angle  on  the  sonic  line  to  calculate  the 
flow  in  the  supersonic  domain  ir.  the  manner  described  above.  This  defines  the  new  body 
surface.  Since  it  is  thinner  than  the  original  body,  we  choose  to  repeat  the  process 
with  a  baseline  airfoil  shape  that  is  the  original  airfoil  plus  a  multiple  of  the  differ¬ 
ence  between  the  original  and  the  shape  calculated  using  the  design  procedure  outlined 
above.  The  pressure  distribution  and  sonic  line  for  the  fictitious  flow  pact  this  air¬ 
foil  are  depicted  in  Figure  2.  Performing  the  design  process  on  this  new  baseline 
results  in  an  airfoil  that  has  essentially  the  same  thickness  as  the  original  baseline 
airfoil.  We  now  compute  the  flow  past  this  new  airfoil  (47073)  to  see  if  we  have  indeed 
found  improved  performance. 

The  results  of  this  final  calculation  are  shown  iu  Figure  3.  Shock-free  flow  has 
been  achieved.  The  calculation  was  done  with  the  lift  coefficient  set  to  0.550.  The 
drag  coefficient,  not  too  surprisingly,  is  the  same  as  that  calculated  using  the  | 

fictitious  gas.  Figure  4  compares  the  redesigned  airfoil  and  the  original  baseline  air¬ 
foil  with  the  vertical  scale  magnilied  five  times  so  that  the  small  differences  between  < 

the  two  airfoils  can  be  observed.  The  improvement  in  lift  to  drag  ratio  over  the  base¬ 
line  at  M„.  -  0.75  is  107..  The  entire  design  process  tequired  about  500  CPU  seconds  on  a 
CDC  7600.  It  could  be  repeated  to  recover  the  very  small  loss  in  airfoil  thickness. 


The  success  of  the  design  procedure  depend  :  on  the  boundary  layer  displacement 
thickness  for  the  fictitious  gas  analysis  being  essentially  the  same  as  th«t  for  the 
real  gas  analysis  of  the  new  airfoil,  i-ljure  5  compares  the  displacement  thickness  for 
Che  original  airfoil,  47070M,  that  for  the  fictitious  gas  flow  past  a  thickened  airfoil 
i7070B,  and  that  of  the  final  design,  47073.  There  are  very  minor  differences 
between  the  displacement  thickness  for  the  47070B  and  the  47073  airfoils  at  about  627.  of 

the  chord  This  is  more  readily  noticed  in  Figure  6,  which  compares  the  skin  friction 

coefficients  for  the  three  airfoils.  This  small  difference  in  the  displacement  thickness 
manifests  itself  in  a  small  difference  in  the  subsonic  portion  of  the  pressure  distribu¬ 
tions  of  Figures  2  and  3  ju3t  downstream  of  the  sonic  line  airfoil  juncture.  The  differ¬ 
ence  is  so  small  that  it  can  really  only  be  discerned  when  the  two  pressure  distributions 

are  overlayed.  The  supersonic  pressure  is,  of  course,  always  different. 


If  we  compare  the  off-dosign  perforuian'.-  of  the  two  airfoils  we  discover  that  the 
improvement  in  the  drag  divergence  Mach  numoer  is  not  even  0.01.  Figures  7  and  8  compare 
the  pressure  distributions  and  the  sonic  line  shapes  for  the  two  airfoils  at  M»  =  0.74 
and  0.76.  From  these  results  it  is  easy  to  see  how  the  new  design  achieves  the  modest 
Improvement  in  Jnag  at  M„  =  0.75.  The  variation  in  the  drag  coefficient  with  Mach 
number  at  the  design  lift  coefficient  and  t  \th  the  lift  coefficient  at  the  design  Mach 
number  for  the  two  airfoils  is  depicted  in  Figures  9  and  10.  If  we  repeat  the  design 
process  'fa  higher  Mach  number,  and  with  a  somewhat  thicker  baseline  airfoil,  we  find 
another  new  airfoil,  47081,  which  achieves  a  0.015  increment  in  the  drag  rise  Mach 
number.  The  drag  coefficient  as  a  function  of  Mach  number  for  the  47081  is  also  shown 

i  11  d1eJ3icts  the  pressure,  distribution  and  sonic  line  shape  for  the 

47081  airfoil  and  Figure  12  compares  this  airfoil  with  the  47070M  baseline  airfoil. 

WniXe  the  improvement  in  drag  rise  Mach  number  is  very  small,  there  can  be  no  doubt  that, 


line  this  would  seem  to  be  about  M*  =  0. 77  for  C*  =  0.550  and  12. 57.  thickness. 
COLLUSION 

Ke  have  described  a  computationally  efficient  method  for  r  .nding  airfoil  shapes 
with  desirable  aerodynamic  properties  that  are  also  shock-free  at  supercritical  Mach 
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numbers.  The  process  of  making  them  shock  free  can  be  successfully  carried  out  even  in 
the  presence  of  coupled  inviscid-viscous  interactions.  The  shock-free  design  process  is 
as  reliable  as  the  analysis  algorithm  used  to  compute  the  flow  field.  A  wide  range  of 
airfoil  shapes  can  be  found,  depending  on  modifications  to  a  selected  baseline  and  on 
the  choice  of  the  gas  law.  There  is  a  limit  to  the  maximum  drag  divergence  Mach  number 
that  can  be  achieved  for  a  prescribed  airfoil  thickness  and  lift  coefficient.  Our  expe¬ 
rience  with  this  process  in  inviscid  flow  gives  us  confidence  that  these  limits  can  be 
achieved  with  an  artful  selection  of  baseline  airfoils  and  fictitious  gas  laws. 
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9.  Drag  coefficient  as  a  function  of  Mach  number  for  the 
47070M,  47073,  and  47081  airfoils  at  C«  =  0.55, 

Re  =  35-106. 


Lift  coefficient  as  a  function  of  drag  coefficient  of  the 
47070M,  47073,  47081  airfoils  at  K,  =0.75,  Re  =  35- 10°. 
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SUMMARY 


In  the  present  approach  to  transonic  airfoil  flow  analysis,  limited  to  non-separating 
turbulent  flow,  an  analytical  solution  for  near-normal  shock  boundary  layer  Interaction 
is  coupled  with  a  state-of-the-art  viscous-inviscid  computation  code.  This  paper  gives  a 
brief  description  of  the  present  method  and  its  components  and  compares  results  obtained 
with  (1^  the  combined  boundary  layer/shock  boundary  layer  interaction  code  and  (2)  the 
complete  viscous-inviscid  method  with  corresponding  data  from  boundary  layer  andsurface 
pressure  distribution  measurements,  with  emphasis,  however,  placed  on  (2).  Present  results 
are,  in  addition,  compared  with  data  obtained  by  other  methods.  From  the  results  discussed 
in  this  paper  one  may  conclude  that  in  transonic  airfoil  flow  analysis  it  is  generally 
necessary  to  incorporate  a  physically  correct  treai  nent  of  the  interaction  of  a  shock 
with  the  boundary  layer. 


LIST  OF  SYMBOLS 

c  airfoil  chord 

cD  dissipation  coefficient 

cf  -kin  friction  coefficient 

CL  lift  coefficient 

Cm  pitching  moment  coefficient 

0^  pressure  coefficient,  (p-p»)/q» 

H  shape  factor,  5*/ 9 

H  6*/0 

Mw  free  stream  Mach  number 

M^  corrected  free  stream  Mach  number 

M  local  Mach  number 

p  static  pressure 

q  dynamic  pressure 

Re  Reynolds  number  based  on  free 

stream  conditions  and  chord 

Re^  local  Reynolds  number  based  on  6^* 

Ue  velocity  at  the  edge  of  the  boundary 
layer 

x,  y  rectangular  coordinates 


x/c  non-dimensional  chord 

a, a  corrected  and  geometric  angle  of  attack 

y  respectively 

6  boundary  layer  thickness 

6*  displacement  thickness 

0  momentum  thickness 

0*  energy  thickness 

P  iensity 

Subscripts 

B  boundary  layer 

e  edge  of  boundary  layer 

1  immediately  upstream  of  the  shock 

»  free  stream  conditions 
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I.  INTRODUCTION 


Computational  Fluid  Dynamics  (CFD)  plays  an  ever  increasing  role  in  the  design  and 
analysis  of  aerodynamic  shapes  for  transonic  application.  Appreciable  progress  has  been 
made  in  this  field;  however,  one  major  obstacle  to  complete  CFD  success  remains:  Viscous 
effects.  Unfortunately,  transonic  airfoil  (or  wing)  flow  is  largely  influenced  by  these 
effects  and  here  two  of  the  more  crucial  flow  phenomena  are  the  interaction  of  the  shock 
wave  and  the  interaction  of  the  sustained  rear  adverse  pressure  gradients  with  the  bounda¬ 
ry  layer  on  the  upper  surface  of  an  airfoil. 


To  demonstrate  this,  the  experimentally  determined  displacement  thickness  6*  (the  expe¬ 
riments  will  be  discussed  in  Section  III)  is  plotted  in  Figure  1  for  various  prominent 
positions  on  the  airfoil,  l.e.,  upstream  and  downstream  of  the  shock  and  at  the  trailing 
edge,  as  a  function  of  the  shock  upstream  Mach  number,  M1 ,  for  two  different  initial  boun¬ 
dary  layer  (displacement)  thicknesses.  The  initial  difference  in  5*  was  obtained  by  placing 
transition  strips  at  7%  and  30%  of  the  chord,  respectively.  The  initial  difference  -  lower 
left  hand  side  diagram  of  Fig.  1  -  is  relatively  small,  amounting  to  0.05%  of  the  air¬ 
foil  chord.  Considering  a  shock  upstream  Mach  number  of  Mi  =  1.30,  for  instance,  this 
difference  is  amplified  by  the  shock  -  upper  left  hand  side  diagram  -  to  about  0.25%c  and 
subsequently  by  the  sustained  rear  adverse  pressure  gradients  -  diagram  on  the  right  hand 
side  -  to  1.4%c.  The  amplification  factors  for  the  shock  and  the  rear  adverse  pressure 
gradients  are  here  5  and  5.6,  respectively,  resulting  in  a  total  amplification  of  an  ini¬ 
tially  small  difference  by  a  factor  of  28.  (Note  that  the  amplification  factor  is  one 
-  but  not  the  only  -  indicator  for  the  sensitivity  of  an  airfoil  to  viscous  effects.) 

These  results  have  a  strong  bearing  on  CFD.  They  suggest  that  because  of  the  amplifi¬ 
cation  of  small  errors  the  boundary  layer  properties  upstream  of  the  shock  and  the  change 
in  boundary  layer  properties  across  the  shock  must  be  predicted  with  a  high  degree  of 
accuracy.  The  former  can  certainly  be  accomplished  by  a  state-of-the-art  boundary  layer 
method;  however,  considering  shock  boundary  layer  interaction,  the  physics  of  the  flow  are 
not  well  represented  by  boundary  layer  theory  and  it  is  doubtful  whether  such  a  theory  can 
predict  the  change  in  boundary  layer  properties  due  to  the  shock  with  the  accuracy  required 
for  transonic  airfoil  flow  analysis,  even  if  artificial  means  such  as  smearing  of  the 
pressure  rise  due  to  t^e  shock  are  introduced. 


In  the  presen.  app-oach  to  transonic  airfoil  flow  analysis,  limited  to  r ' n-separating 
turbulent  flow,  we  have  adopted  a  special  solution  for  normal  shock  wave  boundary  layer 
interaction  and  incorporated  it  as  a  module  within  a  state-of-the-art  viscons-inviscid 
computation  code.  In  this  paper  the  present  method  will  be  briefly  described  -  more  details 
having  been  given  in  Ref.  1 -and  theoretical  results  will  be  compared  with  corresponding 
data  from  boundary  layer  and  surface  pressure  distribution  measurements  on  three  transonic 
airfoils  with  emphasis,  however,  placed  on  the  latter.  Present  results  will,  in  addition, 
be  compared  to  results  from  two  other  computational  methods.  It  will  be  shown  that  in 
transonic  airfoil  flow  analysis  it  seems  generally  necessary  to  incorporate  a  physically 
correct  treatment  of  the  interaction  of  a  shock  with  the  boundary  layer. 
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Figure  1.  Amplification  of  an  Initial  Difference  in  Displacement 
Thickness.  Airfoil  CAST  10-2/DOA2.  M„  =  0.765, 

Re  =  1.95  x  10G 


II.  THEORY 

In  discussing  the  present  method,  we  would  like  to  start  out  with  a  short  description 
of  the  computational  procedure,  identifying  the  individual  components  of  the  method  as  we 
go  along  and  give,  subsequently,  a  brief  account  of  these  components  and  their  coupling. 

Computational  Procedure 

The  viscous  flow  analysis  is  based  on  the  displacement  surface  concept.  The  computa¬ 
tional  procedure  starts,  Figure  2,  with  an  initial  guess  for  the  displacement  thickness 
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1 ) 

Inviscid  theory:  Jameson's  fully  conservative  or  non-conservative 
scheme  ( 2] 

2) 

BSBI-code:  Rotta's  integral  dissipation  method  1 4l  plus  Inger's 
triple  deck  solution  for  shock  boundary  layer  interaction  (5} 

Figure  2.  Components  and  Computational  Procedure  of  Present  Viscous-Inviscid 
Method 

distribution  generally  represented  by  the  analytical  relation 

=E  ck  <*/<=> Ek  (D 

with  the  proper  choice  of  C.  and  E.  .  The  displacement  surface  is  added  to  the  geometric 
airfoil  contour  and  the  effective  airfoil  shape  submitted  to  the  inviscid  computation  code. 

Here,  we  utilize  Jameson's  version2  of  the  relaxation  method  of  Bauer  et  al.  (BGKJ-method3) 
either  in  fully  conservative  or  non-conservative  form.  The  non-conservative  scheme  is  usual¬ 
ly  employed  in  low-lift  cases  thus  eliminating  the  need  for  a  more  careful  modelling  of  the 
"bump"  in  the  displacement  thickness  distribution  due  to  the  interaction  of  the  boundary 
layer  witn  the  shock. 

The  pressure  distribution  calculated  after  a  certain  prescribed  number  of  iterations  by 
the  inviscid  code  la  uf>d  as  input  to  the  Boundary  Layer/Shock  Boundary  Layer  Interaction 
code  (BSBI-code)  which  uetermines  a  new  displacement  surface.  TKe  BSBI-code  consists  of 
Rotta's  integral  dissipation  method1*  and  Inger's  triple  deck  solution  for  transonic  shock 
wave  boundary  layer  interaction5.  The  displacement  surface  thus  obtained  will  be  approxi¬ 
mated  analytically  by  Eq.  (1),  smoothing  over  the  more  rapid  change  in  displacement  thick-  ' 

ness  due  to  the  shock  (see  Fig.  2)  ,  then  added  to  the  geometric  contour  of  the  airfoil  and  , 

the  inviscid  computation  repeated.  This  procedure  continues  until  the  required  convergence  5 

is  achieved . 

Components  and  Coupling 

Inviscid  code:  There  is  no  need  to  give  here  details  of  the  well  known  relaxation 
method  of  Jameson2  employed  for  the  computation  of  the  outer  inviscid  flow  field.  The  code 
provides  solutions  to  the  quasi-] inear  equation  for  the  velocity  potential  (non-conservative 
scheme)  and  the  equation  for  the  conservation  of  mass  (fully  conservative  scheme) .  The 
inviscid  calculations  are  carried  out  in  a  computational  plane  obtained  by  conformally 
mapping  the  effective  airfoil  contour  into  a  unit-circle.  The  solution  is  established  by 
employ.-  g  a  sequence  of  meshes  using  Jameson's  accelerated  iterative  scheme2  to  speed  up 
convergence.  The  viscous  wake  is  represented,  although  very  crudely,  by  a  semi-infinite 
parallel  displacement  body  extending  downstream  of  the  trailing  edge3. 

4 

Boundary  layer  code:  Here  Rotta's  integral  dissipation  method  is  employed.  This 
method  determines  the boundary  layer  properties  by  simultaneously  integrating  the  von 
K&rmcin  momentum  equation 
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These  equations  are  solved  by  utilizing  additional  relations  for  (ft  the  shape  factor 
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are  obtained  from  (i)  a  certain  group  of  power  law  profiles,  (2)  the  Ludwieg-Tillmann  formu¬ 
lation**  and  (3)  an  extended  form  of  the  dissipation  law  based  on  Nash’s  equilibrium  bounda¬ 
ry  layer  relation  which  accounts  for  upstream  history  effects7. 

Interaction  code:  To  handle  the  transonic  shock  boundary  layer  interaction  problem, 
Inger's  analytical  triple  deck  solution  for  non-separating  turbulent  boundary  layers  is 
used.  The  method  and  some  of  its  applications  have  been  thoroughly  described  in  the  lite¬ 
ratures,  8, 9,  so  here  only  a  brief  look  at  the  flow  model  on  which  the  solution  is  based 
shall  suffice. 


The  model,  Figure  3,  consists  of  a  mixed  flow  layer  outside  the  boundary  layer  comprised 
of  an  incoming  uniform  supersonic  flow  in  Region  Q)  and  a  subsonic  potential  flow  in 
Region  (3)  separated  by  a  shock  discontinuity  whose  strength  is  given  by  the  shock  upstream 
Mach  number,  M. .  Situated  below  Regions  (j)  and  (5)  is  the  nor.-uniform  boundary  layer  (Re¬ 
gion  (2))  that'contains  a  highly  rotational  mixea  transonic  disturbance  flow.  Near  the  wall 
exists  a  viscous  disturbance  sublayer  that  contains  the  upstream  influence  and  the  skin 
friction  perturbation. 
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Figure  3 .  Model  of  Shock  Boundary  Layer  Interaction 

A  solution  is  obtained  by  assuming  linearized  disturbances  ahead  of  and  behind  the  shock 
with  the  shock  being  considered  as  a  simple  discontinuity  across  which  the  Hugoniot  shock 
jump  relations  are  satisfied.  To  simplify  the  problem  the  shock  jump  conditions  are  only 
imposed  at  the  boundary  layer  edge  neglecting  the  details  of  the  shock  penetration  into 
the  underlying  non-uniform  flow  region.  The  resulting  equations  are  solved  by  operational 
methods.  Note  that  in  the  present  version  of  the  code,  we  have  replaced  the  normal  shock 
jump  relation  by  the  jump  condition  for  maximum  stream  deflection  which  gives,  as  is  shown 
in  Ref.  1,  better  agreement  with  experiment.  The  input  necessary  to  initiate  the  inter¬ 
action  code  and  the  quantities  computed  by  the  code  are  given  below. 

Coupling  of  boundary  layer  and  shock  boundary  layer  interaction  codes:  The  domains  of 
application  of  the  BSBI-code  (boundary  layer/shock  boundary  layer  interaction  code)  are 
sketched  in  Figure  4.  For  a  given  pressure  distribution,  obtained  either  by  experiment  or 
by  inviscid  theory,  the  boundary  layer  code  computes  the  boundary  layer  properties  in 
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Region  (S)  (5)  : 

Boundary  layer  theory 

Region  (5) :  Shock  boundary 
layer  interaction  theory 


Figure  4.  Domains  of  Application  of  BSBI-ccde 


Region  ^),  providing  at  the  upstream  interface  of  the  interaction  region  (  on  <2>  )  the 
input  necessary  to  start  the  interaction  module,  viz.,  the  local  Reynolds  -mber  based  on 
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the  displacement  thickness,  Refi*i,  and  the  shape  factor  H. .  The  required  shock  upstream 
Mach  number,  M.,  and  the  shock  location  are  obtained  from  the  given  pressure  distribution. 
Within  Region  (B)  the  interaction  code  determines  the  displacement  thickness  growth,  the 
shape  factor  (hence  the  momentum  thickness  0  )  and  the  skin  friction  together  with  the 
interacting  surface  pressure  distribution. To  reinitiate  the  boundary  layer  code  in  Re¬ 
gion  (5),  the  momentum  thickness,  0,  and  the  energy  thickness,  0*,  are  required.  With  0 
and  5*  given  by  the  interaction  code,  the  energy  thickness  is  determinedl  by  a  semi -empi¬ 
rical  relation  for  the  shape  factors  H  =  5*/0  and  H  1  0*/e,  viz., 


H  =  1.26  H  /  (H  -  0.39)  +  0.26/H  (4) 

which  is  based  on  a  relation  for  a  certain  group  of  power  law  profiles10  and  results  from 
the  boundary  layer  measurements  described  below.  The  boundary  layer  computation  in  Re¬ 
gion  ©  is  carried  out  down  to  the  trailing  edge  with  no  special  trailing  edge  solution 
being  Included. 


III.  EXPERIMENT  1 

The  theoretical  results  to  be  discussed  are  compared  to  experimental  data  from  boundary 
layer  and  surface  pressure  measurements  on  three  "supercritical"  airfoils  conducted  in  the 
DFVLR  wind  tunnels  1  x  1  Meter  Transonic  Wind  Tunnel  GBttingen  (TKG)  and  Transonic  Wind 
Tunnel  Braunschweig  (TWB)  and  for  DFVLR  in  the  Lockheed-Georgia  Comp.  Compressible  Flow 
Wind  Tunnel  (CFWT) .  In  the  following  we  will  briefly  outline  characteristic  features  of 
the  experimental  investigation,  beginning  with  the  airfoils  tested. 


Airfoils  and  Test  Program 


Airfoils:  The  transonic  airfoil  sections  considered  here.  Figure  5,  are  the  DORNIER 
designs  CAST  7/DOA1  and  CAST  10-2/DOA211  and  the  VFW  design  VA2i2.  The  thickness  ratios  of 
these  airfoils  are  11.8,  12.1  and  13  percent,  respectively.  Other  distinguishing  features 
are  the  large  trailing  edge  angle  of  CAST  10-2/DOA2,  the  latter  being  about  14°,  and  the 
increased  upper  surface  curvature  over  the  last  30%  of  the  chord  cf  this  airfoil .  Both 
features  are  likely  to  make  the  airfoil  more  sensitive  to  errors  in  the  viscous  computation. 
The  airfoil  VA2  is  characterised  by  a  relatively  large  rear  loading. 


Figure  5  .  Transonic  Airfoils  Investigated 


Test  program:  Extensive  boundary  layer  and  flow  field  measurements  were  carried  out  on 
the  upper  surface  of  the  airfoils  CAST  7/D0A1  and  CAST  10-2/DOA2.  Here,  the  free  stream 
conditions  were  such  that  the  shock  upstream  Mach  number,  representative  of  the  shock 
strength,  varied  between  M.  =  1.23  and  M.  =  1.40  centered  about  the  vaguely  known  Mach 
number  for  the  onset  of  shock  induced  separation,  i.e.,  M.  =  1.30.  Boundary  layer  and 
wake  measurements  were  also  conducted  on  the  airfoil  Va2  starting,  however,  with  the 
boundary  layer  surveys  only  at  x/c  =  0.60,  i.e.,  downstream  of  the  shock.  Surface  pressure 
and  wake  rake  measurements  were  carried  out  on  all  three  airfoils  testing  one,  viz., 

CAST  10-2/DOA2,  at  Reynolds  numbers  up  to  Re  *  31  x  10°.  The  complete  test  program  is 
given  in  Table  1 . 
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Table  1 .  Test  Program 
Wind  Tunnels,  Test  Set-up  and  Data  Reduction 

Wind  tunnels  and  test  set-up;  The  boundary  layer  measurements  on  CAST  7/DOA1  and 
CAST  1 0-2/DOA2  and  the  boundary  layer  and  surface  pressure  measurements  on  the  Va2  quoted 
In  this  paper  were  made  in  the  1  x  1  Meter  Transonic  Wind  Tunnel  (TKG) .  This  tunnel '3  is 
equipped  with  a  fixed  porosity,  6%-oper.  perforated  test  section  with  a  cross  section  of 
1  meter  x  1  meter.  The  holes  of  the  perforation  are  slanted  30°  to  the  flow  direction.  The 
models  generally  have  a  chord  of  200  to  250  mm  and  span  the  entire  width  of  the  test  section, 
Figure  6.  The  boundary  layer  probe  plus  drive  mechanism,  Fig.  6,  was  mounted  for  these 
tests  on  a  sting  usually  employed  to  hold  complete  aircraft  models.  This  allowed  to  change 
the  inclination  of  the  probe  so  that  it  could  always  be  set  tangential  to  the  model  sur¬ 
face  and  traversed  normal  to  it.  The  probe  itself  consisted  of  a  0.15  mm  flattened  pitot 
piote,  a  cone-cylinder  static  probe  and  a  directional  probe  made  of  two  tubes  cut-off 
under  45°.  More  details  concerning  the  boundary  layer  measurements  are  given  in  Ref.  14. 


Front  view.  Probe  positioned  for  Side  view.  Probe  positioned  for 

measurements  on  the  lower  surface  measurements  on  the  upper  surface 

1  Drive  unit  encasement;  2  Airfoil  model;  3  Probe  support;  4  Probe; 

5  Strut;  6  Sting;  7  Turn-table;  8  Schlieren  window;  9  Steel  insert 
to  carry  model  loads;  10  Perforated  test  section  walls;  11  Pressure 
leads 


Figure  6.  Model  and  Boundary  Layer  Probe  Installation  (1x1  Meter  Transonic  Wind 
Tunnel  Gdttingen) 

The  experimental  surface  pressure  distributions  for  CAST  7/DOA1  to  be  presented  for 
comparison  were  obtained  in  the  Transonic  Wind  Tunnel  Braunschweig  (TWB) .  This  tunnel15  has 
a  slotted,  2.35%-open  test  section  (slots  are  only  in  the  top  and  bottom  walls)  optimized 
for  zero  blockage  effects  at  =  0.  Tests  with  different  size  models  of  the  same  transo¬ 
nic  airfoil  have  also  indicated  that  at  the  Mach  numbers  of  interest  here  (M„  x  0.76) 
only  minor  corrections  to  the  angle  of  attack  seem  to  be  required.  The  cross  section  area 
of  the  tunnel  is  0.34  meter  x  0.60  meter.  The  model  chord  in  the  present  tests  was 
c  =  200  mm. 
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The  high  Reynolds  number  measurements , on  CAST  10-2/DOA2  were  conducted  in  the  Lockheed 
Compressible  Flow  Wind  Tunnel  (CFWT) .  The  tunnel16  is  equipped  with  a  variable  porosity 
perforated  test  section  with  a  cross  section  area  of  0.51  meter  x  0.71  meter.  The  holes 
of  the  perforation  are,  as  in  the  case  of  the  TKG,  slanted  30°  to  the  flow  direction.  In 
the  present  investigation,  the  model  chord  was  c  =  177  mm  and  the  wall  open  area  ratio 
4%.  The  model  installations  in  the  TWB  and  the  CFWT  were  similar  to  the  one  shown  in  Fig. 
6,  however,  with  the  boundary  layer  probe  and  probe  support  replaced  by  a  wake  rake. 

Data  reduction  procedure:  Here  only  two  remarks  concerning  the  boundary  layer  measure¬ 
ments  are  deemed  necessary:  Q)  To  obtain  velocity  and  density  distributions  in  the  boun¬ 
dary  layer  from  the  measured  pitot  and  static  pressures  it  was  assumed  that  the  total 
temperature  is  constant  across  the  viscous  layer.  @  The  boundary  layer  integral  para¬ 
meters  were  determined  by  integration  after  having  added  to  the  measured  data  points, 
where  applicable,  i.e.,  generally  in  the  thin  boundary  layer  upstream  of  the  shock,  the 
laminar  sublayer.  Details  of  the  data  reduction  procedure  are  given  in  Ref.  14. 


IV.  RESULTS 

In  the  following  discussion  we  will  mainly  concentrate  on  results  obtained  with  the 
complete  viscous-inviscid  method.  However,  we  will  begin  with  considering  two  representa¬ 
tive  test  cases  computed  with  the  boundary  layer/shock  boundary  layer  interaction  code 
(BSBI-code)  using  the  experimental  pressure  distribution  as  input.  A  more  extensive  cover¬ 
age  of  test  cases  concerning  the  theoretical  and  experimental  boundary  layer  development 
was  given  in  Ref .  1 . 

Comparison  of  the  Boundary  Layer  Development 

It  was  shown  in  the  Introduction  that  the  boundary  layer  development  can  be  severely 
affected  by  the  upper  surface  shock  and  the  subsequent  sustained  adverse  pressure  gradients. 
The  question  of  main  concern  here  is  whether  conventional  boundary  layer  theory  can  pre¬ 
dict  this  development. 

Shown  in  Figure  7  is  the  displacement  thickness  distribution  over  the  upper  surface  of 
the  airfoil  CAST  7/DOA1  for  a  relatively  thick  initial  boundary  layer,  the  displacement 


®  Foe  Moils  sm  Figurt  8  a  Experimeit  — Surfoos  pmssure  dueto  interaction  msthod 
- Boindciy  lay* /shock  hlintefoction  method - Boundary  layer  method  used  throughout 

Figure  7.  Comparison  of  6 ‘-distributions  Obtained  by  Boundary  Layer 
Code,  BSBI-code  and  Experiment.  Airfoil  CAST  7/DOA1 

thickness  upstream  of  the  shook  being  about  0.1%  of  the  chord.  Applying  the  boundary  layer 
code,  with  the  experimental  pressure  distribution  as  input,  throughout,  i.e.,  also  in  the 
interaction  region,  results  in  an  overprediction  of  the  experimentally  determined  jump  in 
displacement  thickness  due  to  the  shock,  a  subsequent  underprediction  of  the  decrease  in 
6*  in  the  area  of  the  relaxed  pressure  gradient  downstream  of  the  shock  and  a  considerable 
underestimation  of  the  experimental  value  at  the  trailing  edge.  Refering  back  to  the  first 
figure  with  its  experimental  demonstration  of  the  amplification  phenomenon,  one  may  con¬ 
clude  that  the  large  discrepancy  at  the  trailing  edge  is  a  direct  consequence  of  the  small 
difference  in  {*  at  the  beginning  of  the  plateau  region  downstream  of  the  shock. 

Applying  the  BSBI-code  results  in  a  considerable  improvement  in  the  agreement  between 
the  experimental  and  the  theoretical  {‘-distribution. 

A  closer  look  at  details  in  the  interaction  region,  Figure  8,  shows  that  the  interaction 
code,  initiated  at  x/c  =  0.38,  quite  accurately  predicts  the  jump  in  displacement  thickness 
due  to  shock  impingement  with  good  agreement  between  experiment  and  theory  occuring  not 
only  in  the  magnitude  of  the  {‘-jump  but  also  in  the  gradient.  The  same  holds  -for  the 
interacting  surface  pressure  distribution.  The  overprediction  of  5*  in  the  interaction 
region  and  the  underestimation  in  the  plateau  region  when  applying  the  boundary  layer 
code  are  clearly  indicated. 
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figure  8.  Details  in  the  Interaction  Region.  Test  Case  of  Figure  7 

Figure  9  presents  the  experimental  and  theoretical  displacement  thickness  distributions 
for  the  airfoil  CAST  10-2/DOA2,  which  exhibits  more  severe  rear  adverse  pressure  gradients 
than  CAST  7/DOA1,  under  conditions  similar  to  the  preceding  test  case.  Using  the  boundary 
layer  code  throughout  again  results  in  an  underprediction  of  the  experimental  displacement 
thickness  distribution  downstream  of  the  shock.  Note  that  the  discrepancy  in  the  trailing 
edge  region  is  here  much  more  pronounced  than  in  the  CAST  7/DOA1  case,  Fig.  7,  which  can 
mainly  be  attributed  to  the  afore-mentioned  more  severe  rear  adverse  pressure  gradients. 
(For  the  two  test  cases  considered,  the  factors  by  which  the  errors  downstream  of  the 
shock  are  amplified  are  11  and  20,  respectively.)  Treating  the  interaction  in  a  physically 
correct  way  by  applying  the  interaction  code  leads  to  excellent  agreement  with  experiment 
in  the  interaction  region  and,  reinitiating  the  boundary  layer  computation  with  the  correct 
values,  down  to  the  trailing  edge. 


a  Exponmont  — * —  Surfoc*  pnsurt  dut  to  interaction  mathod 
- Boundary  lay»r/*hockb.l. interaction  mathod Boundary  toyar  mathod  uaad  throughout 

Figure  9.  Comparison  of  ^-distributions  Obtained  by  Boundary  Layer 
Code,  BSBI-code  and  Experiment.  Airfoil  CAST  10-2/DOA2 

Comparison  of  Surface  Pressure  Distributions 

It  was  shown  in  the  preceding  subsection  that  treating  shock  boundary  layer  interaction 
by  conventional  boundary  layer  theory  results  in  an  underpredtction  of  the  experimental 
displacement  thickness  development  between  shock  and  trailing  edge.  In  this  section  we 
wUl  compare  experimental  and  theoretical  pressure  distributions,  the  latter  obtained  by 
CD  the  present  method,  treating  the  interaction  by  the  interaction  code  and  by  the 
boundary  layer  code,  respectively,  and  (2)  the  methods  of  Bousquet17,  and  Collyer  and 
Lock18. 
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As  in  the  case  of  the  boundary  layer  comparisons,  we  start  out  with  the  generally  less 
demanding  airfoil  CAST  7/DOA1.  In  Figure  10  surface  pressure  distributions  computed  by 
the  present  method  and  by  the  method  of  Bousquet17,19  are  compared  with  experimental  re- 
sults20  at  a  free  stream  Mach  number  of  M„  =  0.760  and  a  lift  coefficient  ofCi,«  0.650. 
The  Reynolds  number  is  Re  =  5.9  x  10?  and  transition  fixed  at  7%  chord.  The  agreement 
between  the  present  method  (non-conservative  version)  and  experiment  is  very  good,  in¬ 
cluding  the  agreement  in  shock  location,  and  minor  differences  occur  on?y  near  the  trail¬ 
ing  edge.  Bousquet  also  predicts  the  shock  location  accurately?  however,  there  is  a  noti¬ 
ceable  overprediction  of  the  pressure  over  the  forward  part  of  the  upper  surface  and  the 
rear  part  of  the  lower  surface.  The  discrepancy  in  pressure  near  the  trailing  edge  on  the 
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Figure  10.  Comparison  of  Present  Method  with  Experiment  and  the  Method 
of  Bousquet.  Airfoil  CAST  7/DOA1 


upper  surface  is,  in  comparison  with  the  present  method,  confined  to  an  area  closer  to 
the  trailing  edge.  Both  methods  give  approximately  the  same  lift;  however,  there  is  a 
marked  difference  in  angle  of  attack,  the  latter  being  0.5°  for  the  present  and  0.15° 
for  Bousquet's  method.  The  experimental  value  is  a  =  1.0°. 

It  should  be  remembered  (see  Section  III)  that  the  wind  tunnel  TWB15  utilized  for  the 
present  experiments  has  a  slotted  wall  test  section  optimized  for  zero  blockage  at 
cj,  =  0  and  that  tests  with  different  size  models  of  the  same  airfoil  have  indicated  that 
at  the  present  Mach  number  only  minor  corrections  to  the  angle  of  attack  seem  to  be  re¬ 
quired  (also  see  Ref.  20) . 

Bousquet's  method17  is  similar  to  the  present  approach  in  its  use  of  the  displacement 
surface  concept.  It  employs  for  the  inviscid  computation  the  method  of  Garabedian  and  Korn 
(non-conservative)  and  for  the  boundary  layer  computation  the  integral  method  of  Michel 
et  al.21. 

In  Figure  11  the  test  case  of  Fig,  10  is  compared  to  results  obtained  by  the  method 
of  Collyer  and  Lock  (VGK-method) 18»T“.  The  most  pronounced  disagreement  with  experiment 
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Figure  1 1 .  Comparison  of  Present  Method  with  Experiment  and 
VGK-method.  Airfoil  CAST  7/DOA1 
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-  and  as  a  matter  of  fact  with  the  present  method  -  occurs  on  both  the  upper  and  the  lower 
surface  over  the  forward  part  of  the  airfoil  and  in  the  shock  location.  The  angle  of  attack 
used  for  the  computation  is  even  lower  than  the  one  used  by  Bousquet 1 s  method ,  viz . , 

0.05°,  probably  causing  the  discrepancies  over  the  first  30  %  of  the  chord.  Note,  however, 
that  here  the  experimental  lift  coefficient  is  matched.  The  VGK-method  shows  better  agree¬ 
ment  than  the  other  two  methods  considered  in  the  trailing  edge  region,  which  may  be  due 
to  the  wake  treatment  incorporated  in  the  former. 

1 8 

Basic  ingredients  of  the  VGK-method  are:  The  Garabedian  and  Korn  method  for  the  in- 
viscid  and  the  lag-entrainment  method  of  Green  et  al.22  for  the  boundary  layer  and  wake 
computation.  Unique  to  this  method  is  the  treatment  of  the  shock  in  the  inviscid  computa¬ 
tion  involving  an  arbitrary  parameter  X  which  allows  one  to  proceed  smoothly  from  a  non- 
conservative  version  (  X =  o)  to  a  quasi-conservative  version  (  X=  i.o).  The  method  applies 
the  transpiration  concept. 


Staying  at  the  same  Mach  number  of  Mtt  =  0.76  but  going  to  a  lower  lift  coefficient,  we 
reach  in  the  case  of  CAST  7/DOA1  conditions  where  a  double  shock  appears  on  the  upper  sur¬ 
face  of  the  airfoil.  Figure  12  shows  that  the  experimentally  observed  double  shock  system 
is  well  predicted  by  the  present  method  (non-conservative  form).  Both,  Bousquet' s  method 
and  the  VGK-method,  only  predict  a  single  shock.  The  discrepances  between  these  methods 
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Figure  12.  Comparison  of  Present  Method  with  Experiment  and  other 

Methods  Under  Double  Shock  Conditions,  Airfoil  CAST  7/D0A1 


and  experiment  in  the  pressure  distribution  over  the  forward  part  of  the  airfoil  are 
similar  to  the  ones  in  the  preceding  test  case  (Fig.  10  and  11),  an  overprediction  of 
the  pressure  on  the  upper  and  an  underprediction  of  the  pressure  on  the  lower  surface.  The 
angles  of  attack  also  differ  similarly:  a  =  0.1°  for  the  present  and  a  =  -0.4°  for  the 
other  two  methods  considered;  the  experimental  value  is  o  =  0.5°. 

The  test  case  of  Fig.  12  was  rerun  at  the  same  free  stream  conditions,  however,  with 
the  boundary  layer  code  used  throughout,  i.e.,  also  in  the  shock  boundary  layer  inter¬ 
action  region.  As  a  consequence,  Figure  13,  the  double  shock  system  merged  into  a  single 
shock  and  the  lift  increased  from  CL  =  0.521  to  CL  =  0.573. 

It  was  shown  earlier  that  treating  the  interaction  by  boundary  layer  theory  leads  to 
an  underprediction  of  the  displacement  thickness  between  shock  and  trailing  edge.  The 
present  analysis  has  indicated  that  the  same  occurred. here  causing  the  changes  in 
pressure  distribution  as  a  result  of  a  combination  of  local  and  global  effects,  the  latter 
due  to  changes  in  the  flow  conditions  at  the  trailing  edge.  Reducing  the  angle  of  attack 
to  reduce  the  lift  coefficient  to  the  experimental  value  did  not  restore  the  double  shock 
pattern. 

Reconsidering  now  the  previous  comparisons  between  experiment  and  the  method  of  Bousquet 
and  the  VGK-method,  it  seems  that  the  discrepancies  observed  -  and  the  low  angles  of  attack 
used  in  the  computations  -were  mainly  due  to  an  underprediction  of  the  displacement  thick¬ 
ness  between  the  shock  and  the  trailing  edge. 
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Figure  13.  Comparison  of  Results  Obtained  by  Applying  BSBI-code  and 
BL-code  Under  Double  Shock  Conditions.  Airfoil  CAST  7/DOA1 


The  pitching  moment  is  one  of  the  more  sensitive  aerodynamic  parameters  one  may  use 
when  comparing  results  from  experiment  and/or  theory.  To  conclude  the  CAST  7/DOA1  compari¬ 
sons,  we  have  plotted  this  parameter  in  Figure  14  for  the  preceding  test  cases  as  function 
of  the  lift  coefficient.  The  trend  in  the  experimentally  determined  pitching  moment  coeffi¬ 
cient  (C  )  with  increasing  lift  coefficient  is,  in  the  range  investigated,  well  predicted 
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Figure  14.  Comparison  of  Pitching  Moments  from  Experiment  and  Various 
Theoretical  Methods.  Airfoil  CAST  7/DOA1 

by  the  three  methods  considered;  however,  quantitative  agreement  is  only  obtained  by  the 
present  method  reflecting,  of  course,  the  good  agreement  in  the  pressure  distributions. 

It  was  already  demonstrated  in  comparing  the  experimental  and  theoretical  boundary  layer 
developments  that  CAST  10-2/DOA2  is  more  sensitive  to  small  errors  in  the  displacement 
thickness  immediately  downstream  of  the  shock  than  is  CAST  7/DOA1.  To  demonstrate  the 
effect  of  the  underprediction  of  6*  on  the  overall  pressure  distribution  for  this  airfoil, 
we  are  comparing  in  Figure  15  the  experimental  cp-dlstribution  at  a  Mach  number  of 
M»  =  0.765  and  moderate  lift (C^  =  0.574)  with  theoretical  distributions  obtained  by  (l) 
applying  the  BSBI-code  and  (2)  utilizing  the  boundary  layer  code  throughout.  (For  the  Yn- 
viscid  computation  the  nonrconservative  scheme  is  used.)  Here,  the  Reynolds  number  is 
Re  =  10  x  106  and  transition  fixed  at  7%  chord.  As  before,  there  is  quite  good  agreement 
when  properly  accounting  for  shock  boundary  layer  interaction;  however,  just  using  the 
boundary  layer  code,  keeping  the  free  stream  conditions  the  same,  completely  fails  to  pre¬ 
dict  the  experimental  pressure  distribution,  the  difference  clearly  reflecting  the  under¬ 
prediction  of  the  displacement  thickness  over  the  rear  of  the  airfoil.  The  resulting  in¬ 
crease  in  lift  is  here  almost  20%.  The  increase  in  the  CAST  7/DOA1-case  of  Fig.  13,  al¬ 
though  under  slightly  different  conditions,  is  about  10%. 
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Figure  15.  Comparison  of  Results  Obtained  by  Applying  BSBI-code  and 

BL-code  Throughout,  Respectively.  Airfoil  CAST  iO-2/DOA2 


at  a  Mach  number  of  =  0.734  under  high  lift  conditions  (Cl  =  0.780) 1,t  The  Reynolds 
number  here  is  rather  low,  viz.,  Re  =  2.4  x  10°;  however,  transition  was  fixed  at  40%  c 
on  the  upper  and  25%  c  on  the  lower  surface  resulting  in  a  relatively  thin  initial  bounda¬ 
ry  layer,  at  least  on  the  upper  surface.  The  theoretical  pressure  distribution  was  computed 
using  the  fully  conservative  version  of  the  inviscid  code.  The  agreement  between  experiment 
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Figure  16.  Theoretical  and  Experimental  Pressure  Distributions  for 
the  Airfoil  Va2 

and  theory  in  this  high  lift  case  is  quite  satisfactory.  The  slight  overprediction  of  the 
jump  in  pressure  due  to  the  shock  by  the  fully  conservative  scheme  is  a  consequence  of  the 
smoothing  of  the  displacement  bump  in  the  interaction  region.  This  overpredi  tion  can,  as 
shown  in  Ref.  1,  be  avoided  by  properly  modelling  the  displacement  thickness  in  this  region 

In  Figure  17  the  experimental  displacement  thickness  distribution  correspo  .ing  to 
the  test  case  of  Fig.  16  is  compared  to  the  6*-distribution  added  to  the  geometric 
airfoil  contour  for  the  computation  of  the  final  pressure  distribution  and  (2)  computed 
by  the  BSBI-code  with  the  final  distribution  as  input.  The  agreement  on  the  lower  surface 
is  excellent  reflecting  the  good  agreement  in  the  corresponding  pressure  distribution. 


4-13 


This  also  holds  for  the  upper  surface  except  in  the  region  very  close  to  the  trailing 
edge  where  the  computed  5 ‘-distribution  shows  a  slight  decrease  which  is,  of  course,  due 
to  the  "hook"  in  the  corresponding  input  pressure  distribution,  Fig.  16.  This  type  of 
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Figure  17.  Theoretical  and  Experimental  Displacement  Thickness 
Distribution  for  the  Airfoil  Va2 

behaviour  may  be  attributed  to  not  correctly  treating  the  trailing  edge  interaction.  Note, 
that  the  displacement  thickness  added  generally  ignores  such  irregularities  and  is  of  the 
form  shown  in  Fig.  17  by  the  solid  line. 


V.  CONCLUDING  REMARKS 

In  this  paper  a  brief  description  of  a  computational  method  for  transonic  airfoil  flow 
analysis  which  incorporates  an  analytical  solution  for  near-normal  shock  boundary  layer 
interaction  into  a  state-of-the-art  vtscous-inviscid  computation  code  was  given.  Theore¬ 
tical  results  obtained  with  the  present  method  were  compared  to  representative  data  from 
boundary  layer  and  surface  prersure  measurements  on  three  transonic  airfoils.  The  agree¬ 
ment  between  theory  and  experiment  in  both,  the  boundary  layer  properties  and  the  surface 
pressure  distributions,  was,  for  all  test  cases  considered,  quite  good. 

Treating  the  shock  boundary  layer  interaction  by  conventional  boundary  layer  theory 
generally  lead  to  a  slight  underprediction  of  the  displacement  thickness  immediately  down¬ 
stream  of  the  shock  and,  due  to  the  amplifying  effect  of  the  sustained  rear  adverse  pressu¬ 
re  gradients,  to  an  appreciable  underestimation  of  the  displacement  thickness  at  the  trail¬ 
ing  edge.  The  latter  was  also  clearly  reflected  in  the  pressure  distributions  and  aero¬ 
dynamic  coefficients  compared. 

Considering  these  results,  one  may  conclude  that  it  is  generally  necessary  to  include 
a  physically  correct  treatment  of  shock  wave  boundary  layer  interaction  in  the  analysis 
of  transonic  airfoil  flow. 
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RESUME 


ParallAlement  aux  Atudes  expAriraentales  entreprises  par  l'ONERA  danb  le  cadre  des  recherches  sur  les 
Acoulements  instationnaires,  une  raAthode  de  calculs  couplAs  fluide  visqueux  -  fluide  non  visqueux  en  Acoule- 
ment  bidimensionnel  instationnaire  a  AcA  dAvcloppAe. 

On  dAcrit  tout  d'abord  la  mAthode  de  calcul  qui  comprend  : 

-  pour  le  calcul  en  fluide  parfait,  soit  une  mAthode  de  singularitAs  en  regime  incompressible,  soit  une 
mAthode  rAsolvant  1 'Aquation  des  petites  perturbations  en  regime  transsonique  ; 

-  une  mAthode  integral e  pour  la  determination  des  caractAristiques  de  la  couche  limite  instationnaire  ; 

-  une  technique  de  couplage  du  type  couplage  A  la  paroi  ne  prenant  pas  en  compte  les  rAgions  dAcollAes. 

On  prAsente  ensuite  des  rAsultats  obtenus  par  cette  mAthode.  En  Acoulement  incompressible,  les  forces 
aArodynamiques  sont  calculAes  pour  un  profil  supercritique  muni  d'une  gouverne  de  bord  de  fuite  oscillante  ; 
des  rAsultats  concernant  un  profil  oscillant  en  tangage  sont  Agalement  prAsentAs.  En  Acoulement  transsonique 
on  determine  les  caractAristiques  aArodynamiques  d'un  profil  NACA  64  A  006  muni  d’une  gouverne  oscillante  ; 
de  plus,  quelques  cas  correspondent  A  un  profil  oscillant  en  tangage  et  A  une  section  de  pale  d’hAlicoptAre 
en  configuration  non  portante  sont  traitAs. 

Les  rAsultats  obtenus  mettent  en  evidence  l'influence  des  effets  visqueux  sur  les  repartitions  de 
pression  locale,  sur  les  coefficients  aArodynamiques,  sur  1'intensitA  et  sur  la  position  des  chocs.  Les 
rAsultats  de  calcul  sont  compares  A  divers  rAsultats  expArimentaux  disponibles. 


VISCOUS-INVISCID  COUPLED  CALCULATIONS  IN  UNSTEADY  TWO-DIMENSIONAL 
INCOMPRESSIBLE  AND  TRANSONIC  FLOW 


SUMMARY 


At  ONERA,  both  experimental  and  theoretical  works  are  performed  on  unsteady  aerodynamics,  A  calculation 
method  in  which  viscous  effects  have  beer,  taken  into  account  has  been  developped. 

We  first  describe  this  method  ;  it  uses  : 

-  for  the  inviscid  flow  calculation,  a  singularity  method  in  incompressible  flow  or  a  small  disturbances 
method  in  transonic  flow  ; 

-  an  integral  method  for  the  calculation  of  the  unsteady  boundary  layer  ; 

-  a  coupling  technique  called  "coupling  at  the  wall"  not  taking  into  account  the  problem  of  separation. 

Then,  some  results  obtained  by  this  method  are  presented  : 

-  in  incompressible  flow  for  a  supercritical  profile  with  an  oscillating  flap  and  for  a  profile  oscillating 
in  pitch  ; 

-  in  transonic  flow  for  a  NACA  64  A  006  profile  with  an  oscillating  flap  and  come  results  for  a  profile 
oscillating  in  pitch  and  for  a  helicopter  blade  section  in  a  nonlifting  case. 

These  results  show  the  influence  of  the  viscous  effects  on  the  unsteady  pressures,  on  the  total  force 
coefficients,  on  the  strength  and  on  the  location  of  the  shock  waves.  When  it  is  possible  the  results  are 
compared  with  the  experimental  ones. 


N  0  T  A  T  I  0  N  S 


a. 

:  vitesse  du  son  (m/s) 

* 

:  incidence  du  profil  (°) 

e 

3 

:  masse  volumique  (kg/m  ) 

:  braquage  moyen  du  volet  (°) 

\f 

:  vitesse  de  1' Acoulement  (m/s) 

II 

:  amplitude  des  oscillations  du  volet  (°) 

Moo 

C 

:  nombre  de  Mach  A  1' inf ini  amont 

:  corde  (m) 

t 

:  temps  (s) 

Etude  cffectuAe  avec  la  participation  financi&re  du  Service  Technique  des  Programmes  AAronautiques 
du  MinistAre  dc  la  DAfense. 
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INDICES  : 


pulsation  du  mouvemcnt  harntonique  (rad/s) 

frequence  des  oscillation#  (H*) 

frequence  rdduite 

pression  instantande  (Pa) 

press ion  moyenne  (Pa) 

fluctuation  de  pression  (Pa) 

coefficient  de  pression  instantande  (ou  stationnaire) 
coefficient  de  pression  instationnaire 

module  du  premier  harmonique  du  coefficient  de  pression 
valeur  de  Kp  lorsque  M|  “  1 

coefficient  de  portance  instantande 

coefficient  de  moment  de  tangage  instantand 

coefficient  de  portance  instationnaire 

coefficient  de  moment  de  tangage  instationnaire 

coefficient  de  moment  de  chami&re  instationnaire 

angle  de  phase  (°) 

angle  de  phase  du  premier  harmonique(°) 

noobre  de  Reynol  J.i 

dpaisseur  de  la  couche  limite  (m) 

composante  longitudinale  de  la  vitesae  dans  la  couche  limite  (en  m) 
dpaisseur  de  quantitd  de  mouvement  de  la  couche  limite  (en  m) 
dpaisseur  de  ddplacement  de  la  couche  limite  (en  m) 
facteur  de  forme  de  la  couche  limite 
coefficient  de  frottement  local. 


51  :  valeurs  locales  (a,  v*  M) 

•o  :  valeurs  A  l’infini  amont  (a,  V,  M) 


1  -  INTRODUCTION  - 

Au  cours  des  demieres  anndes  deux  motivations  principales  ont  conduit  A  un  ddvcloppemsnt  rapide  des 
recherche*  concernant  lea  dcoulements  instationnaires ,  tant  du  point  de  vue  expdrimental  que  thdorique, 
il  s'agit  : 

-  du  -ddveloppement  des  techniques  de  contrSle  actif  gdndralisd  qui  ndcessitc  l'eaiploi  de  gouvernes 
A  court  temps  de  rdponse. 

-  de  1* optimisation  des  performances  des  rotors  d'hdlicopt&re  qui  demands  une  meilleure  connaissance 
de  I'dcoulement  instationnaire  autour  des  pales. 

Dans  le  csdre  de  ces  recherche*,  l'ONERA  a  entrepris  l'dtude  expdtimentale  ddtaillde  d'un  profil 
supercritique  muni  d'une  gouveme  de  bord  de  fuite  oscillante  et  l'dtude  de  I'dcoulement  autour  d'une 
pale  de  rotor  d'hdlicopt&re. 

ParallAlement  A  ces  dtudes  expdrimentales ,  des  mdthode*  de  calculs  instationnsires  permettant  de 
rendre  comptc  des  phdnomdnes  observes  ont  dtd  dtudides.  Une  premia  re  mdthode  de  calculs  coupldo 
fluide  visqueux-fluide  non  visqueux  en  dcoulement  bidimensionnel  instationnaire  a  dtd  ddveloppde. 

On  ddcrit  tout  d*abord  la  mdthode  de  calcul  qui  comprend  : 

.  pour  le  calcul  en  fluids  parfait,  soit  une  mdthode  de  singularitds  en  regime  incompressible,  soit 
une  mdthode  rdsolvant  l'dquation  des  petites  perturbations  en  rdgine  transsonique  ; 

.  une  mdthode  intdgrale  pour  la  determination  des  caractdristiques  de  la  couche  limite  instationnaire. 


7 


5-3 


t 


.  une  tech  >ique  de  ccvplage  du  type  couplsge  &  la  paroi  ne  prenant  pas  en  compte  les  regions  ddcolldes. 

I  i  On  present!  ensuite  des  rdsultats  obtenus  p.,r  cette  mdthode  : 

111  -  en  dcoulement  incompressible  pour  lc  profil  supercritique  avec  gouveme  et  pour  un  profil  NACA  0012 

oscillant  en  tangage. 

I 

!  (  -  En  dcoulement  tranosonique  pour  les  experiences  du  NLR  sur  un  profil  NACA  64A006  muni  d'une  gouveme 

oscillante,  pour  un  profil  NACA  64  A  010  oscillant  en  tangage  et  pour  une  section  de  pale  d'hdlicop- 
tfere  en  configuration  non  portante. 

I  Les  rdsultats  obtenus  mettent  en  evidence  1' influence  des  effets  visqueux  sur  les  repartitions  de 

pression  locale,  sur  les  coefficients  intdgrds,  sur  l'intensite  et  sur  la  position  des  chocs.  Les 
rdsultats  de  calcul  sont  compares  aux  rdsultats  experimentaux  disponibles. 

2  -  METHODF.  Df.  CALCUL  - 

Comme  indiqud  prdeddemment  on  s'intdresse  aux  dcoulements  bidimensionnels  instationnaires. 

2.1  -  Hethedes  de  calcul  en  fluide  parfait  - 

Chacune  des  mdthodes  de  calcul  utilisdes  sera  briAveraent  presentee.  Pour  plus  de  details,  on  se 
reporters  aux  ouvrages  cites  en  reference. 

Pour  traitp-.  les  dcoulements  instationnaires  on  peut  utiliscr  la  theorie  lindarisde  de  la  plaque  plane, 
t  Une  methodi-  couramment  employee  pour  les  calculs  de  structures  A  l'ONERA  utilise  une  technique  de 

rdpartitioi  de  doublets  [1].  Le  profil  est  en  fait  assimild  A  une  ligne  sans  dpaisseur  ni  cambrure, 

'  seule  la  T-iponse  instationnaire  est  obtenue  et  l'influence  de  l>ecoulement  moyen  (effet  d'incidence 

)'  moyenne,  di  braquage  moyen  du  volet)  sur  l'instationnaire  n’est  pas  prise  en  compte. 

Cette  mdthode  est  done  insuffisante  pour  tenir  compte  des  phdnomAnes  d’dpaisseur  ou  d'interaction 
avec  l'dcoulement  moyen  en  incompressible  et  bicn  dvidemment  ne  fait  pas  apparaftre  d'onde  de  choc 
en  subsonique  dlevd  ;  on  s'est  done  plutot  intdressd  A  des  mdthodes  non-lindaires. 

-  dcoulement  incompressible 

>  Pour  reprdsenter  l'influence  de  l'dcoulement  moyen  sur  la  rdponoe  instationnaire  aux  basses  vitesses 

on  utilise  un  programme  de  calcul  en  dcoulement  instationnaire  incompressible  ddveloppd  par  la  Socidtd 
BERTIN  [2]  et  basd  sur  la  mdthode  de  GIESXNG  [3].  Le  profil  est  reprdsentd  par  des  sources  et  des 
puits  sur  son  contour  et  des  tourbillons  sur  la  ligne  moyenne.  Le  sillage  est  constitud  de  tourbil- 
lons  libres  dmis  A  chaque  pas  de  temps  pour  conserver  la  circulation  totale  de  l’dcoulement.  Cette 
mdthode  tient  compte  de  la  forme  et  du  mouvement  exacts  du  profil,  ainsi  que  de  la  ddformation  du 
sillage  tourbillonnaire. 

-  dcoulement  transsonique 

Les  mdthodes  de  calcul  non  lindaires  actuellement  utilisdes  en  rdgime  supercritique  instationnaire  sont 
basdes  soit  sur  la  rdsoiution  des  Aquations  d'EULER  [4]  A  [8],soit  sur  1’hypothAse  d'dcoulement  poten¬ 
tial  :  rdsoiution  de  l'dquation  du  potentiel  instationnaire  complete  [9]  ou  rdsoiution  de  l'dquation 
dans  1' approximation  des  petites  perturbations  transsoniques  [10],  [11]. 

Jusqu'A  maintenant,  seules les  mdthodes  basdes  sur  la  rdsoiution  de  l'dquation  du  potentiel  des  vitesses 
'  avec  1' approximation  des  petites  perturbations  transsoniques  sont  d'un  coQt  relativement  raisonnable. 

On  s'est  done  servi  d'un  prograome  initialement  ddveloppd  pour  l'dtude  des  dcoulements  sur  pales 
d'hdlicoptdre  par  F.X.  CARADONNA  [11]  et  qui  a  dtd  adsptd  au  css  du  profil  ou  du  v>let  oscillant  par 
J.J.THIBERT  de  l'ONERA.  Ce  prog  ranine  rdsout  l'dquation  du  potentiel  instationnaire  des  vitesses  dans 
les  hypotheses  de  petites  perturbations  transsoniques  et  de  faible  frdquence  rdduite. 

Les  Aquations  finalement  adoptdes  pour  la  configuration  hdlicoptAre  [11]  et  pour  la  configuration 
profil  ainsi  que  les  conditions  limites  sont  prdcisdes  ci-dessous. 

FORMULATION  HELICOPTERE  : 
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)  "-—  ) 
<*  *>  c 


y  =r"/3-v.  =  ^ 

C  0 1/a.c  f  /J 


FORMULATION  PROFIL  : 


Vis 


Avec  "C”  Apaisseur  relative  ^  K  =  ^p-  )  ^  =  -^—  ) 

..  T-  lK'r»t  .  J-I _ 

/  =  t  '  '  C~  '  *  ^»V*c 


CONDITIONS  AUX  LIMITES  : 


.  Sur  le  profit  la  condition  de  gliaaement  : 

f>.(X,0*)  =  T(„±«.±  4(a.j 

(  T  (X)  s  pente  du  profil  au  point  X) 

.  Sur  le  sillage  : 

zk  ZM  +  2ili*o 

IT  5  X 

(  w  :  aaut  de  potentiel  A  la  travertAe  du  sillage) 

.  A  l'infini  amont  :  Jr-. 0 

.  A  l’infini  aval  :  =  0 

.  Sur  les  frontiAres  latArales  :  J  y  =  0 

‘Wf 

pour  la  formulation  hAlicontAre  et 

par  K"p  =  -  2.T  {2-KjT  +€x^  pour  la  formulation  profil, 

Cette  mAthode  a  les  limitations  liAet  A  la  thAorie  des  petites  perturbations  :  profil  pen  Apsis,  faible 
incidence,  chocs  de  faible  intensity.  Sur  la  figure  1  les  rAsultats  obtenus  pour  un  profil  NACA  0012 
muni  d'un  volet  oscillant  sont  compass  A  ceux  foumis  par  la  resolution  des  Aquations  d' EULER  [61. 

L1 amplitude  de  la  variation  du  coefficient  de  portance  et  celle  du  dAplacement  de  l’onde  de  choc 
obtenues  par  la  mAthode  des  petites  perturbations  sont  plus  f sib les  mais  il  faut  remarquer  que  les  deux 
calcvls  font  apparattre  un  important  dAphaaage  entre  le  mouvement  du  choc  et  ceiui  du  volet  (de  l’ordre 
de  90°).  Four  un  cas  hAlicoptAre  la  comparaison  entre  les  deux  mAthodes  de  calcul  est  prAsentAe  sur  la 
figure  2  ;  Involution  da  la  preasion  dans  la  rAgion  d'Acoulements  transsoriques  en  pale  avanqante 
obtenue  par  l'une  ou  1' autre  des  mAthodes  est  tout  A  fait  comparable. 

Compce  tenu  de  ces  rAsultats  et  du  temps  de  calcul  nAcessaire  A  la  rAsolution  des  Aquations  d'EULER  la 
mAthode  petites  perturbations  est  utilisAe  tout  en  ayant  conscience  de  ses  limitations. 


Le  coefficient  de  pression  Atant  dAterminA  par  Kpc  _ 


W* 


li.  u»\x 


2.2  -  MAthode  de  calcul  de  la  couche  limite  : 

Let  premiAret  cooq>araiaons  calcul-expArience  en  Acoulement  incompressible  (fig.  5  et  6)  ont  montrA  que 

les  rAsultats  obtenus  par  la  mAthode  de  GIESING  Ataient  plus  AloignAs  des  rAsultats  expArimentaux 

que  ceux  obtenus  par  la  thAorie  de  la  plaque  plane.  Cette  demiAre  bAnAficie  d*une  heureuse  compensation 


entre  leg  effets  d'dpaisseur  et  dc  cgmbrure  d’une  part  et  ceux  de  la  vi<,eosite  d'autre  part,  effets 
qui  jouent  en  sens  contraire  ddjil  en  quasi-stationnaire  [12].  La  prise  en  compte  deg  effets  visqueux 
est  alors  apparue  nAcessaire. 
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Depuis  1974  le  Centre  d'Etudes  et  de  Rechercheg  de  Toulouse  poursuit  des  etudes  detainees  sur  les 
couches  Unites  turbulenteo  instationnaires  :  couche  linite  de  plaque  plane  [13],  [14]  ou  en  presence 
de  gradient  de  pression  de favorable  [15].  Les  etudes  experiment ales  entrcprises  portent  sur  la  struc¬ 
ture  de  la  turbulence  ot  les  rdsultats  obtenus  ont  pertnis  de  tester  diffdrentes  mdthodes  de  calcul. 
Des  mdthodes  bastes  cur  la  resolution  des  equations  locales  et  une  methode  integrale  ont  ainsi  ete 
wipes  au  point  [13  •,  10 J. 


-  Caltul  de  la  touch'  -te  turbulente : 


Pour  le  couplage  on  a  u  iiise  ’s  methode  integrale  de  calcul  des  couches  lir  Ites  turbulenteg  en  dcou- 
lament  compressible  sire.  II  s'agit  d'une  methode  integrale  basde  sur  la  resolution  de 

I'equation  globale  ae  quai,*-!  -  d*  mouvement  ou  equation  do  VON  KARMAN  (1)  et  de  l'dquation  globale 
ue  cc'itinuite  ou  dquati.’t  d'entc,  .'ne:  •  '*■  (2)  : 

a)  c»  _  ■>©  .bPU  .  6.  set1.  .  4  3(e.u.4^ 

1'  yx  :  iT  ~  •  Tt  ™J  +  I  JJ.  — - 


(2) 


k  * 


etu,  :x 


Ut  'at 


Les  r  <.ations  de  fermeture  ntcesf sires  a  Is  v-dsi  it’on  d.  ..e  systAme  d'dquations  sont  identiques  A 
cell. a  utilise  s  er  stall  nneire  M7].  ■?*•:  rappo-t  A  la  K.mulation  stationnaire  on  remarquera  la 
yv'.-ence  d'un  tc.  -e  i.-. .  .onnair..  dans  chai  -n-  d<*s  Equations. 

dt.m.  fojr-'i,"  pr.v  uit  <aliu>  dc  r  uide  parfait,  las  equations  (1)  at  (2)  sont  rdcolucs 
po-  '...o  "ithode  dif  .>ce.'  1  dr  ty^'  2x;lrci:e.  Les  conditions  initiates  sont  les  valeurs  de  H  . 

r t  de  v  on  fonci  ion  t  s  r  .  ,,gn<.  x  *  x_,  vsbccisse  initiale  du  calcul  fixAt arbitrairement  A  7Z  dii 

bord  -'’attrq"el  et  e-  for.i'ioi.  x  »ur  1-  ligne  t  “ t0  (instant  initial).  Les  .-ileurs  de  H  et  0  en  x=x0 
srni.  calclees  A  chnquc  i- atan1  A  uartir  des  relations  de  plaque  plane  en  util  <■  . jit  les  conditions  locales 
.e  vi'esse  et  de  Reynolds.  A  1*  nstaic  initial  les  equations  (1)  et  (2)sont  rdtolueo  de  faqon  quasi- 
stat lonnaire. 

Les  rdsultats  presented  sur  la  figure  2  concement  Involution  du  point  de  decollement  de  la  couche  limite 
turbulente  o)  pour  un  profil  oscillant  en  tangage  A  basse  vitesse.  Ils  montrent  l'importance  des 

effets  instationc-lires  pour  le  calcul  en  fluide  parfait  et  ptur  celui  de  la  couche  limite.  On  remarquera 
en  particulier  que  par  rapport  A  1' utilisation  d'une  methode  de  calcul  stationnaire  de  la  couche  limite 
celle  d'uue  method*  ae  calcul  instationnaire  donne  une  regioi  ddcollde  moins  importante  lorsque  l'inci- 
dc-nce  augmente,  un  retard  de  phase  du  point  de  decollement  maximum  et  un  decollement  plus  important 
lorsque  1' incidence  ddcroit.  Ces  phenomAnes  sont  A  rapprocher  de  ceux  observes  dans  les  configurations 
de  ddcrochagc  dynamique. 

-  Traitement  de  la  region  du  choc 

Lorsque  le  choc  est  de  faible  intensity  la  recompression  A  la  traversAe  du  choc  est  prise  en  compte 
danu  le  calcul  de  la  couche  limite  comme  un  gradient  de  vitesse.  Un  fcraitement  special  est  employe 
pour  les  chocs  d'intensite  pl.o  t; rtc  (M>  1,2)  afin  d'Aviter  les  difficultes  liAes  A  l'apparition 
d'un  decollement  en  pied  de  choc. 

En  amont  du  choc  (point  A)  on  fait 
un  calcul  class ique  de  couche 
limite  ;  dans  la  region  du  choc 
(region  AB)  on  suppose  que  l’Apais- 
sissement  de  la  couche  limite  est 
dgal  A  1' angle  de  la  deviation 
qui  pour  un  Mach  devant  choc  Mi 
donneuit  un  Scoulement  sonique 

inf.edia-.euii.-nt  en  aval  du  choc.  En  aval  du  choc  (point  B)  le  calcul  de  couche  limite  reprend  avec  des 
aleurs  Hg  et  0B  dAduites  des  valeurs  et  0^  par  les  relations  de  RESHOTKO  et  TUCKER  [18]. 

.3  -  Technique  oe  couplage 

La  methode  utilisAe  est  une  methode  de  couplage  faible,  les  effets  visqueux  sont  supposes  ne  concemer 
qu'une  region  trAs  limitAe  autour  du  profil,  seul  l'effet  des  couches  limites  qui  se  dAvloppent  sur  le 
profil  est  pris  en  compte  en  supposant  ces  couches  limites  non  dAcollAes  et  d'Apaisseur  A  faible  devant 
la  dimension  du  profil. 


couche 

limite 


Le  domaine  de  calcul  est  ainsi  divise  en  deux  :  la  region  des  couches  limites  entourant  le  profil  et 

la  region  exterieure  ou  l'on  fait  1'hypothAse  de  fluide  parfait.  Les  conditions  A  imposer  A  la  fron- 

tiAre  y  =  &  entre  les  deux  domaines  sont  :  et  (VJ)*-  V\ 

lies  grandeurs  indicAes  e  provenant  du  domaine  fluide  parfait  et  celles  non  indicAes  correspondant  A 

la  couche  limite).  Les  deux  premiAres  relations  sont  vArifiAes  puisque  les  repartitions  Oe 

et  ?e.[x,k)  obtenues  par  le  calcul  en  fluide  parfait  servent  de  conditions  aux  limites  dans  le 

calcul  de  la  couche  limite.  II  reste  done  A  imposer  la  condition  sur  la  vitesse  verticale  (V.)  -'Tc 

f£L\  -_(£-)  5 

lUcH  lu/5 


Par  integration  de  l’dquation  de  continuity 

1  ?  j.  ^  ^  4.  0  on  obtient 

-)fc  T  ?x  T  ^  " 

ou  8^  e8t  l'dpaisseur  de  ddplacement. 

La  relation  de  couplage  atricte  en  y  ■  S  : 
s'dcrit  done  : 


obtient  :  (|£)  1^+(iAd)A.  ?Ms  -  (  21  <M 

^eu/4  ( pU\t  ix  (pia4 


La  relation  de  couplage  atricte  en  y  ■  S  :  [  Vi  \  _  f  £.\ 

s'dcrit  done  :  »  Ut  ~  '  V  I  £ 

(— \  1 ,  A -  f$2f  du. 

\i/tis  -ax  (et^s  *ax  (eeu«.V«  ab  « 

En  fait  on  n'  utilise  paa  cette  relation  de  couplage  atricte  ir.aia  on  proefede  comme  en  atationnaire  [19] 
4  un  couplage  dit  couplage  &  la  paroi  en  utiliaant  une  relation  dcrite  A  la  paroi  (y«o)  : 

f^\  =  Ik  + +  jL_  f s  r  f  _  ( if.n  6y, 

>^'o  ^  (elL»fc')0  -ix  (ft^o  >0  Ll  ab  lj  l  ■Jklj  * 


Le  calcul  en  fluide  parfait  eat  done  effectud  jusqu'A  la  paroi  du  profil  (y  «  0)  et  la  condition 
de  glissement  fait  intervenir  lea  pentes  gdomdtriques  locales  du  profil  modifides  de  la  quantitd 

(  Vc/U'Oo  pour  tenir  compte  du  ddveloppement  de  la  couche  limite.  Concrdtement,  cela  ae  traduit 
par  un  ddbit  de  fluide  &  travers  la  paroi  caractdrisd  par  une  vitesae  normale  dans  le  programme  de 
singularitda  et  par  une  modification  dea  pentes  locales  du  profil  de  la  quantitd  (  V"/U)p  dans  le 
programme  de  petites  perturbations  transsoniques  Vi  et  l)L\  aont  donnda  par  : 

luip 

lu  V  e,w  ix'  *  $ 

Pour  l'ensemble  des  rdsultats  prdsentds  le  terme  inatationnaire  \ 0  a  dtd 

ndgligd,  mf me  en  compressible.  II  faut  remarquer  que  lea  cas  traitds  correspondent  A  des  valeura 
faibles  de  la  frdquence  rdduite  et  que  des  premiere  calculs  effectuds  en  tenant  compte  de  ce  terme 
n'ont  pas  muntrd  de  difference  notable. 

A  chaque  paa  de  temps  on  effectue  deux  ou  trois  iterations  fluide  parfait-couche  limite  avec 
dventuellement  l'utilisation  d'une  mdthode  de  relaxation.  ConcrAtement,  A  l'instant  t+dt,  le  calcul 
s' effectue  de  la  faqon  auivance  : 

1)  Calcul  du  fluide  parfait  avec  comme  paramdtre  intervenant  dans  la  condition  aux  limites  aur  le 
profil  :  la  pente  gdomdtrique  locale  du  profil  corrigde  de  la  couche  limite  calculde  d  l'instant  t 
s'il  s'agit  de  la  premidre  iteration  ou  de  celle  calculde  d  l'itdration  prdeddente  (cf.  dquation3). 

2)  Calcul  de  la  couche  limite  d  partir  des  caractdriatiquea  de  la  couche  limite  d  l'instant  prdeddent 
et  des  distributions  de  vitesae  et  de  masse  volumique  ddtermindes  par  le  calcul  du  fluide  parfait 
en  1  ;  puij  retour  en  1  pour  une  nouvelle  iteration. 

Lea  principaux  probldmes  rencontrds  dans  lea  calculs  aont  eaaentiellement  lids  d  1' apparition  de  ddcol- 
lements  au  bord  de  fuite  et  d  la  presence  de  chocs  d'intensitd  non  ndgligeable.  Dans  certaines  confi¬ 
gurations  un  ldger  ddcollement  apparaft  vers  le  bord  de  fuite  pendant  une  partie  du  mouvement  et  dans 
ce  cas  les  grandeurs  de  couche  limite  sont  simplement  extrapoldes  afin  de  poursuivre  le  calcul.  On  voit 
done  apparattre  deux  limitations  majeures  de  ces  calculs  :  le  traitement  de  fajon  simplifide  de  1' in¬ 
teraction  onde  de  choc-couche  limite  et  celui  des  regions  ddcolldes. 

-  RESULTATS  OBTENUS  -  INFLUENCE  DES  EFFETS  VISQUEUX  - 

3.1  -  Ecoulement  incompressible  - 

a)  Profil  aupercritique  RA  16  SC  1  : 

Dea  dtudes  expdrimentales  ddtailldes  ont  dtd  mendes  par  l'ONERA  aur  un  profil  supercritique  de  16  X 
d'dpaiaseur  relative  ddveloppd  par  la  Socidtd  Adrospatiale  (profil  RA  16  SC  1).  Le  profil  est  muni 
d'une  gouverne  de  bord  de  fuite  de  25X  de  profondeur  pouvant  oaciller;  un  schdma  du  montage  est 
prdsentd  sur  la  figure  4. 

Sur  la  figure  5,  tirde  de  la  rdf. [21]  les  pressions  instationnairea  (obtenues  expdrimentalcment 
(module  et  phase)  pour  une  configuration  faiblement  chargde  (  S  m  “  0)  aont  compards  aux  rdsultats 
foumia  par  la  thdorie  lindarisde.  On  remarquera  que  cette  thdorie  lindaire  donne  des  pressions  insta- 
tionnaires  infinies  au  bord  d'attaque  et  4  la  charni.Sre. 

-  Influence  de  la  viscosite  sur  les  repartitions  de  pression  inatationnaire  : 

Sur  la  figure  6,  les  rdsultats  experimental  prdsentds  sur  la  figure  6  sont  compares  aux  rdsultats  du 
programme  de  calcul  par  singularitda  en  fluide  parfait  incompressible  avec  et  sans  couplage.  Le  calcul 
en  fluide  parfait  prdvoit  des  modules  de  pression  inatationnaire  plus  forts  que  la  thdorie  lindarisde 
(voir  figure  5)  mais  il  diffdrencie  bien  l'extrados  de  l'intrados  et  donne  une  meilleure  representation 
qualitative  des  phdnomAnes  instationnaires  notanment  au  voisinage  du  bord  d'attaque  et  de  la  charniAre. 


/ 

[  " 
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La  prise  en  compte  de  la  couche  limite  se  traduit  par  une  diminution  des  modules  de  pression 
instationnaire ,  les  phases  sont  pratiquement  inch angles  sauf  au  voisinage  du  bord  de  fuite  ou  apparait 
un  trAs  ldger  ddcollement  durant  une  partie  de  la  pdriode. 


L' influence  du  couplage  apparait  encore  davantage  sur  la  figure  7  qui  reprdsente  un  cas  de  forte 
interaction  visqueuse,  avec  itn  braquage  moyen  du  volet  de  5°  :  en  effet,  lorsque  le  volet  eat 
braqud  de  5°  en  slationnaire ,  un  ddcollement  apparait  au  bord  de  fuite  extrados  ,  vers  iC/fc  “0,95. 

Le  calcul  en  fluide  parfait  donne  des  niveaux  de  pression  instationnaire  entre  le  bord  d'attaque  et  la 
chami&re  nettement  supdrieurs  A  ceux  observes  expdrimentalement.  Le  couplage  avec  prise  en  compte  de 
la  couche  limite  rdduit  de  prAs  de  70Z  l'dcart  sur  les  modules  des  pressions  instationnaires  et  fait 
dvoluer  les  phases  dans  le  sens  d'une  ldgfere  svance.  Le  calcul  coupld  reprdsente  asset  bien  Involution 
des  pressions  instationnaires  le  long  de  la  corde  jusqu'A  *4“  0,9  environ  :  on  observe  &  1 'extrados 
une  trAs  forte  avance  de  phase  derriAre  la  chamiAre  et  une  augmentation  des  modules  des  pressions 
instationnaires  vers  le  bord  de  fuite.  Cependant  les  dix  demiers  pour  cent  de  la  corde  ne  peuvent 
pas  dtre  calculds  de  faqon  rdaliste  en  raison  du  traitement  simplifid  de  la  zone  ddcollde  et  cela 
entraine  une  imprdcision  des  valeurs  des  modules  et  des  phases  des  pressions  instationnaires  sur 
1' ensemble  du  profil.  Le  programme  coupld  fonctionne  done  ici  &  la  limite  de  ses  possibilitds . 

-  Influence  de  la  viscositd  sur  les  coefficients  intdgrds  : 

Si  l'on  considAre  I'intenaitd  dee  pressions  instationnaires  entre  le  bord  d’attaque  et  la  chamiAre 
par  exemple  (fig.  5  et  6)  le  calcul  non  lindaire  coupld  peut  paraitre  ddoevant  en  regard  de  la  thdorie 
lindarisde.  Cependant,  en  supprimant  les  infinis  du  bord  d'attaque  et  de  la  chamiAre,  en  donnant  des 
rdsultats  bien  meilleurs  que  ceux  de  la  thdorie  lindarisde  sur  le  volet  et  en  rendant  compte  de 
l'influence  des  paramAtres  de  l'dcoulement  moyen,  le  calcul  non  lindaire  coupld  donne  des  rdsultats 
nettement  plus  intdressants  du  point  de  vue  des  coefficients  globaux.  e'est  ce  que  montrent  les 
figures  8  It  10  oO  sont  prdsentds  des  rdsultats  obtenua  par  le  programme  BERTIN  avec  et  sans  couche 
limite,  par  la  thdorie  lindarisde  et  des  rdsultats  expdrimentaux. 

L'dvolution  des  trois  coefficients  instationnaires  (portance,  moment  de  tangage  &  25X  et  moment  de 
chamiAre)  en  fonction  de  la  frdquence  rdduite  dans  des  configurations  oil  le  braquage  moyen  de  la 
gouveme  est  nul  est  prdsentde  sur  la  figure  8.  L'influence  de  la  riscositd  se  traduit  par  une  dimi¬ 
nution  de  l'amplitude  de  ces  coefficients,  les  phases  dtant  pratiquement  inchangdes.  A  l'exception 
de  le  phase  du  moment  de  chamiAre  le  programme  coupld  donne  de  meilleurs  rdsultats  que  la  thdorie 
lindarisde,  le  gain  dtant  particuliArement  important  sur  l'amplitude  du  moment  de  tangage  et  sur 
celle  du  moment  de  chamiAre.  Ce  rdsultat  n'est  pas  surprenant  dans  la  mesure  oil  les  couches  limites 
sont  les  plus  dpaisses  au  niveau  du  bord  de  fuite  et  interviennent  done  directement  sur  l'efficacitd 
instationnaire  de  la  gouveme. 

La  figure  9  montre  l'dvolution  des  trois  mdmes  coefficients  globaux  instationnaires  en  fonction  du 

braquage  moyen  de  la  gouveme  pour  une  frdquence  rdduite  k  »  0,167.  Les  coefficients  donnds  par  la 

thdorie  lindarisde  sont  constants  puisque  par  hypolhAse  l'dcoulement  instationnaire  ne  ddpend  pas  de 

l'dcoulement  moyen.  Les  coefficients  donnds  par  le  programme  de  singularitds  en  fluide  parfait  varient 

trAs  faiblcment  lorsque  le  braquage  moyen  de  la  gouveme  varie  de  -10°  A  +  10°.  Les  rdsultats  obtenus  i 

par  le  calcul  coupld  indiquent  A  nouveau  une  nette  diminution  de  l'amplitude  des  coefficients  par 

l'effet  des  couches  limites  et  les  coefficients  de  portance  et  de  moment  de  tangage  instationnaires 

sont  assez  proches  des  rdsultats  des  coefficients  expdrimentaux  et  dvoluent  de  la  m£me  fa;on  avec  le 

braquage  moyen  :  le  module  ddcrolt  de  plus  en  plus  vite  lorsque  la  charge  moyenne  de  1'aile  augmente 

et  la  phase  dvolue  dans  le  sens  d'une  avance  lorsqu'on  approche  des  configurations  oil  apparaissent  t 

des  ddcollements.  Le  calcul  coupld  n'a  pas  dtd  poursuivi  au-delA  de  6m"  5°  en  raison  de  l'importance  ! 

des  zones  ddcolldes.  On  peut  done  conclure  que  le  phdnomAne  non  lindaire  de  ddpendance  au  braquage  | 

moyen  qui  affecte  les  porformances  instationnaires  des  gouvemes  aux  basses  vitesses  est  essentiel-  •, 

lement  d'origine  visqueuse.  La  mdthode  non-lindaire  perroet  de  prdvoir  dgalement  les  valeurs  moyennes 

des  coefficients  intdgrds  comme  le  montre  la  figure  10  oA  l'on  a  tracd  les  valeurs  moyennes  du 

coefficient  de  portance  en  fonction  du  braquage  moyen  de  la  gouveme. 

En  ce  qui  conceme  le  moment  de  chamifere,  le  calcul  coupld  montre  une  dvolution  en  fonction  du 
braquage  moyen  plus  importante  que  le  calcul  en  fluide  parfait  raais  les  valeurs  thdoriques  s'dloignent 
de  plus  en  plus  dea  valeurs  expdrimentales  pour  les  grand;;  braqusges.  11  faut  toutefois  remarquer 
que  la  ddtermination  expdrimentale  du  moment  de  chamiAre  instationnaire  manque  de  prdcision  du  fait 
du  nombre  limitd  de  capteurs  de  pression  sur  le  volet  (10  au  total). 

La  mdthode  de  calculs  couplds  non-lindaire ,i  permet  done  de  ddterminer  A  la  fois  les  caractdristiques 

adrodynamiques  moyennes  et  instationnaires  Od  fa;on  correcte  et  de  prendre  en  compte  1' interaction 

du  stationnaire  sur  1' instationnaire.  Les  calculs  effectuds  pour  des  configurations  faib lement  chargdes 

ont  en  outre  fait  ressortir  que  les  effets  d'dpaisseur  et  de  cambrure  d'une  part  et  tes  effets 

visqueux  d'autre  part  jouent  en  sms  contraire  et  qu'il  est  done  indispensable  de  tenir  compte  des 

effets  de  couchc  limite  lorsqu'on  utilise  une  mdthode  non  lindaire.  i 

Des  rdsultats  expdrimentaux  et  thdoriques  plus  ddtaillds  encore  concemant  ce  profil  supercritique 
peuvent  dtre  trouvds  dans  les  rdfdrences  [2C]  et  [21], 

b)  Profil  NACA  012  oscillant  en  tangage  : 

Sur  la  figure  11  in  prdsente  les  cycles  de  portance  et  de  moment  de  tangage  A  25X  pour  un  profil 
NACA  0012  oscillant  en  tangage  A  une  frdquence  rdduite  k  “  0,1.  L'dvolution  de  la  portance  montre 
que  les  effets  visqueux  diminuent  la  valeur  moyenne  de  la  portance  et  son  amplitude  de  variation. 


k 
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Pour  cette  valeur  relativement  baaae  de  la  frequence  rdduite  (k  “  0,1)  le  calcul  en  fluide  parfait 
ne  fait  apparaitre  aucun  ddphasage  entre  Involution  du  Cz  et  la  variation  d'incidence,  la  courbe 
devolution  Cz  (  *  )  eat  done  parfaiteraent  lindaire  ;  la  priae  en  compte  de  la  couche  limite  introduit 
un  ldger  ddphasage  qui  ae  traduit  par  la  prdsence  de  deux  lobea  sur  la  courbe  devolution  Cz  (  i X  ). 
Cette  caraetdristique  encore  plus  marqude  pour  une  frdquence  rdduite  plus  dlevde  (figure  12)  correspond 
qualitativement  A  ce  qui  est  observd  expdrimentalement  [22).  I,1  influence  de  la  viscositd  est  particu- 
liArement  sensible  sur  la  boucle  devolution  du  coefficient  de  moment  de  tangage. 


Pour  la  configuration  prdsentde  sur  la  figure  12,  il  apparalt  un  ddcollement  de  la  couche  limite  au 
bord  de  fuite  et  les  rdsultats  obtenus  par  le  calcul  coupld  ne  convergent  pas  vers  une  solution  par- 
faitement  pdriodique.  Ces  rdsultats  sont  done  &  prendre  comne  une  tendance  qui  indique  que,  pour  le 
cas  considdrd,  le  ddphasage  introduit  par  la  couche  limite  est  la  principale  cause  de  la  largeur  de  la 
boucle  du  coefficient  de  portance.  Une  mdthode  de  calcul  incluant  des  ddcollements  limitds  devrait 
permettre  de  traiter  les  cas  &  la  limite  du  ddcrochage  dynamique  dans  leaquels  le  point  de  ddcollement 
oscille  entre  x/c  2*  0,7  et  le  bold  de  fuite. 

3.2  -  Ecoulement  transsonique  - 

a)  Prcfil  NACA  64  A  006  avec  volet  oscillant  - 

Des  dtudes  expdrimentales  ddtailldes  ont  dtd  mendes  au  NLR  sur  un  profil  NACA  64  A  006  muni  d'un  volet 
de  bord  de  fuite  oscillant  autour  d'un  axe  situd  A  7521  de  la  corde  [23],  Les  configurations  dtudides  et 
les  rdsultats  obtenus  ont  servi  de  base  de  comparaison  pour  les  calculs  effectuds  avec  la  mdthode  de 
rdso'.ution  de  l'dquation  des  petited  perturbations  du  potentiel  instationnaire  des  vitesses  avec  et 
sans  couche  limite  dans  le  domaine  transsonique. 

Pour  une  incidence  et  un  braquage  raoyen  du  volet  nuls,  un  nombre  de  Mach  A  l'infini  ■  0,875  un 
dcoulement  supersonique  se  ddveloppe  sur  le  profil  entre  le  bord  d'attaque  et  une  onde  de  choc  situde 
A  '=c/c.~016.  Les  pressions  instationnaires  sous  la  forme  du  module  et  de  la  phase  du  premier  harmonique 
du  (cp  extrados  -  Cp  intrados)  sont  prdsentdes  sur  la  figure  13  pour  une  oscillation  du  volet 

de  1°  d'amplitude  et  de  frequence  rdduite  K  »  0,234  (f  ■  120  Hz).  Les  rdsultats  expdrimentaux  font 
apparaitre  un  pic  sur  la  courbe  des  modules  correspondent  A  1 'oscillation  du  choc  ;  la  hauteur  dc  ce 
pic  caraetdrise  l'intensitd  du  choc  et  sa  largeur  I'amplitude  de  l'oscillation  de  l'onde  de  choc. Pour 
atteindre  la  rdgion  supersonique  les  perturbations  erddes  par  le  mouvement  du  volet  doivent  contoumer 
l'onde  de  choc  j  ceci  se  traduit  par  un  retard  de  phase  trSs  important  et  un  niveau  de  pression  insta¬ 
tionnaire  faible  en  amont  du  choc  et  un  saut  brutal  de  la  phase  A  sa  traversde. 

Les  rdsultats  obtenus  par  la  thdorie  lindarisde  ne  permettent  pas  de  rendre  compte  des  phdnomAnes 
locaux  observds,  en  particulier  ducaractAre  de  singularitd  trAs  marqude  caractdrisant  l'onde  de  choc 
et  son  ddplacement  .  Malgrd  cette  incapacitd  de  prdvoir  l'existence  des  chocB  les  coefficients 
intdgrde  obtenus  par  la  mdthode  lindaire  ne  sont  pourtant  pas  totalement  irrdalistes  . 

Influence  de  la  viscositd  sur  les  rdpartitions  de  pressidn  instationnaire 

Sur  la  figure  14,  les  rdsultats  expdrimentaux  prdsentds  mr  la  figure  13  sont  compards  avec  les 
rdsultats  du  programme  petites  perturbations  avec  et  sans  couplage.  Le  calcul  en  fluide  parfait 
permet  de  retrouver  la  singularitd  du  choc  :  un  pic  sur  la  courbe  des  modules,  un  ddphasage  important 
dans  la  rdgion  supersonique  et  un  saut  de  phase  A  la  traversde  du  choc.  On  observe  que  le  choc  est 
d'intensitd  plus  forte  et  positionnd  plus  en  aval  que  dans  l'expdrience  et  que  le  retard  de  phase 
dans  la  rdgion  supersonique  est  plus  important.  L'effet  de  la  couche  limite  est  de  diminuer  le  module 
des  pressions  instationnaires  en  aval  du  choc,  de  diminuer  l'intensitd  du  choc  et  de  le  positionner 
plus  en  amont.  La  couche  limite,  en  diminuant  la  taille  de  la  zone  supersonique,  source  de  retard, 
diminue  Id gA remen t  le  retard  de  phase  devant  le  choc. 

Dans  l'ensemble,  la  prise  en  compte  des  couches  limites  donne  done  des  rdsultats  plus  proches  des 
rdsultats  expdrimentaux,  particuliArement  en  aval  du  choc,  bien  que  l'on  observe  un  ddphasage  trop 
important  dans  la  rdgion  supersonique,  un  choc  un  peu  trop  fort  et  situd  plus  aval  que  dans  l'expd¬ 
rience. 

En  rdgime  supercritique  la  position  des  chocs  est  un  point  crucial  et  elle  est  fortement  influenede 
par  les  conditions  expdrimentales  et  par  les  effets  de  paroi  de  la  soufflerie.  L'dcart  thdorie-expd- 
rience  est  certainement  en  partie  du  A  ces  phdnomAnes,  aucune  correction  n'ayanu  dtd  apportde  au 
nombre  de  Mach  ni  A  l'incidence  pour  tenir  compte  des  effets  de  paroi. 

Influence  de  la  viscositd  sur  les  coefficients  intdgrds 

L'dvolution  des  coefficients  de  portance,  moment  de  tangage  A  252  et  moment  de  chamiAre  est  prdsentde 
sur  la  figure  15  pour  la  configuration  M ■  0,875  ;  <*>*»  o’,  k  ■  0,234.  On  peut  obse -ver  notamment  un 
retard  de  phase  de  la  portance  de  l'ordre  de  35°  par  rapport  A  une  dvolution  quasi-s  .ationnaire. 

Les  effets  visqueux  se  traduisent  par  une  diminution  de  I'amplitude  de  variation  de .  coefficients, 
les  phases  dtant  pratiquement  inchangdes.  Le  calcul  coupld  donne  des  amplitudes  de  variation  des 
coefficients  globaux  de  portance  et  de  moment  de  tangage  infdrieures  aux  rdsultats  expdrimentaux. Ceci 
est  certainement  db  aux  effets  de  paroi  et  A  la  sensibilitd  au  nombre  de  Mach  car  pour  cette  valeur  du 
nombre  de  Mach  (M.«  0,875)  les  coefficients  varient  trSs  rapidement  (fig. 19).  Les  ddphasages  des  trois 
coefficients  et  I'amplitude  du  moment  de  chamiAre  sont  bien  rendus  par  le  calcul. 
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Involution  des  trois  coefficients  instationnaires  en  fonction  de  la  frequence  rdduite  A  M,o  =  0,8  ; 

tl rr\  “-2°  ;  Sm  =  0°  portde  sur  la  figure  16  confirme  que  la  couche  limite  joue  peu  sur  les  phases 

et  entraine  une  diminution  de  leur  amplitude  de  variation.  Les  tr&s  basses  frequences  (K  ■<£  0.  05) 
sont  difficiles  A  calculer  car  il  faut  augmenter  fortement  le  nombre  de  pas  en  temps  par  pdriode  pour 
avoir  un  pas  suffisamment  petit  pour  bien  faire  converger  le  calcul, 

Le  programme  instationnaire  permet  de  calculer  dgalement  des  configurations  transitoires  et  A  conver¬ 
gence  une  configuration  stationnaire.  La  repartition  de  pression  moyenne  (fig. 17)  sur  le  profil 
ainsi  obtenue  indique  comme  en  stationnaire  une  diminution  de  l'intensitd  du  choc  et  une  avancde  du 
choc  vers  le  bord  d'attaque  avec  la  prise  en  compte  de  la  couche  limite. 

Effet  du  nombre  de  Mach 


La  position  du  choc  est  trig  sensible  au  nombre  de  Mach  comme  le  montre  les  pressions  instationnaires 
(fig. 18).  Pour  une  variation  de  1  point  sur  le  nombre  de  Mach  entre  Mw  «  0,875  et  M*, *  0,865 
les  rdsultats  de  calcul  indique  que  le  choc  avance  de  8  4  10X,  que  les  pressions  instationnaires 
voient  leur  amplitude  augmentde  et  leur  phase  diminude  de  35°  dans  la  rdgion  supersonique. 

L*dvolution  expdrimentale  des  coefficients  instationnaires  de  portance  et  de  moment  de  tangage 
tig. 19)  en  fonction  du  nombre  de  Mach  montre  un  caractAre  fortement  non  lindaire  avec  une  diminution 
brutale  de  css  ■  nts  \  |  artir  de  M»  «  0,85.  Les  rdsultats  obtenus  par  la  mdthode  des  petites 

perturbation:'  •.•••mt.cCenf  de  refrouver  ce  phdnoraAne  mdme  si  le  calcul  coup  Id  anticipe  quelque  peu  le 
point  de  cassure.  La  thdorie  indarisde  bdndficie  de  compensation  d'erreurs  jusqu'A  un  Mach  dlevd 
mais  elle  s'  ,i.' f  -jsolument  pas  apparaitre  de  phdnomAnes  non-lindaires ,  en  particulier  le  coefficient 
de  moment  v  -/.fage  continue  &  augmenter  au-delA  de  M«  *  0,85, 

Les  calculs  n'out  pas  dtd  effectuds  pour  un  nombre  de  Mach  >  0,9  car  ils  donnent  un  choc  positionnd 
sur  la  gouveme  et  d’intensitd  trAs  forte. 

Effet  du  braquage  moyen 

I,1  evolution  du  coefficient  de  portance  er.  fonction  du  temps  de  t  B  0  jusqu'A  convergence  pour  les 
valeurs  du  braquage  moyen  0°et  3°  (fig, 20)  montre  que  l'influence  de  la  couche  limite  est  comme  en 
stationnaire  de  diminuer  la  valeur  moyenne  de  la  portance.  La  variation  des  coefficients  Instationnaires 
globaux  avec  le  braquage  moyen  (fig. 21)  met  en  dvidence  l'influer.ce  de  l'dcoulement  moyen  sur  la 
rdponse  instationnaire.  La  thdorie  lindarisde  donne  dvidemment  des  valeurs  constantes  ;  les  rdsultats 
obtenus  par  la  thdorie  des  petites  perturbations  avec  prise  en  compte  de  la  couche  limite  indiquent  une 
dvolution  comparable  ft  celle  obtenue  expdrimentalement.  Les  calculs  n'ont  pas  dtd  pourauivispour  des 
braquages  moyens  infdrieurs  a  -  1°  car  le  choc  recule  alors  j usque  sur  la  gouveme  et  son  intensitd 
devient  trAs  forte. 

b)  Profil  NACA  64  A  010  oscillant  en  tangage 

Les  rdsultats  de  calcul  concemant  un  profil  NACA  64  A  010  oscillant  en  tangage  A  M«,  *  0,8  sont 
prdsentds  sur  les  figures  22  et  23.  La  rdpartition  de  pressions  instationnaires  (fig. 22)  obtenue  par  le 
calcul  en  fluide  parfait  fait  apparaitre  un  choc  situd  vers  le  milieu  du  profil  qui  se  caractdrise  par 
un  pic  sur  la  courbe  des  modules  et  par  un  saut  brusque  de  la  phase.  Comme  dans  Is  cas  du  profil  avec 
volet  oscillant,  la  prise  en  compte  de  la  couche  limite  a  pour  effet  de  diminuer  l'intensitd  du  choc 
et  dc  le  positionner  plus  prAs  du  bord  d'attaque.  L'influence  des  effets  visqueux  est  dgalement  de 
diminuer  1' amplitude  des  coefficients  intdgrds  (fig. 23)  ;  la  couche  limite  fait  de  plus  apparaitre 
un  ddphasage  du  coefficient  de  moment  de  tangage  par  rapport  A  la  solution  en  fluide  parfait. 

Dans  les  expdr: -aces  disponibles  rdalisdes  A  AMES  [24]  correspondent  A  ce  cas  la  transition  est 
libre  et  des  comparaisons  systdmatiques  calculs-  expdrience  seront  entreprises  avec  une  mdthode  de 
calcul  prenant  en  compte  la  partie  laminaire  de  la  couche  limite. 

c)  Section  de  pale  d'hdlicoptAre  en  configuration  non  portante 

La  mdthode  a  dtd  appliqude  dgalement  au  calcul  de  l'dcoulement  autour  d'une  pale  d'hdlicoptAre  dans 
une  configuration  non-portante.  Les  rdsultats  expdrimentaux  prdsentds  proviennent  d'expdriences 
rdalisdes  A  l'ONERA  A  l'aide  d'un  rotor  bipale  dont  les  extrdmitds  de  pales  sont  dquipdes  de  capteurs 
de  pression  absolue.  La  configuration  dtudide  correspond  A  une  vitesse  d'avancement  de  lOOm/s,  la 
vitesse  de  rotation  en  bout  de  pale  est  de  200  m/s.  Les  calculs  effectuds  correspondent  A  la 
section  n  M  ■  0,89  dans  la  rdgion  pale  avanjante  oi  apparaissent  les  phdnomAnes  transsoniques .  Pour 
cette  section  ,  le  profil  de  la  pale  est  un  NACA  00  12. 

La  figure  24  montre  Involution  du  coefficient  de  pression  en  fonction  de  l'azimut  pour  3  positions 
en  corde.  Le  passage  d'un  choc  A  une  position  donnde  se  traduit  par  une  brusque  dvolution  de  la 
pression,  correspondent  au  passage  d'un  dcoulement  supersonique  A  subsonique  ou  inversement.  De 
V  *  0*A  If*  «90°  le  nombre  de  Mach  incident  augmente  et  le  choc  lorsqu*il  existe,  recule,  alors  que, 
de  ^  ■  90°  A  ^  ■  180°,  le  nombre  de  Mach  incident  diminue  et  le  choc  avance  ;  ceci  est  tout  A  fait 
net  sur  les  courbes  devolution  du  coefficient  de  pression  AX"  0,32  et  X  *  0,4.  Les  rdsultats 
expdrimentaux  indiquent  en  particulier  que  le  choc  ne  recule  pas  jusqu'A  X  *  0,48.  Le  calcul  fluide 
parfait  donne  un  choc  plus  fort  que  les  rdsultats  expdrimentaux  et  un  recul  du  choc  plus  prononed  ; 
le  calcul  coupld  corrige  en  partie  ces  dcarts,  en  particulier  il  indique  que  le  choc  ne  recule  pas 
jusqu'A  X  “  0,48, 

Les  rdpartitions  de  pressions  instantandes  autour  du  profil  A  trois  azimuts  diffdrents  (fig.  25)  mettent 
en  dvidence  1' effet  principal  de  la  couche  limite  en  dcoulement  transsonique  qui  est  de  diminuer 
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l'intensitd  des  chocs  et  d'en  avancer  la  position.  Si  l'on  fait  l'hypothdse  que  les  conditions 
d'cttaque  en  flfeche  positive  avant  y  ■  90°  er  dgative  aprds  90°  ne  jouent  pas  un  r81e  fondamental 
pour  cette  section  *-/(?.■  0,89,  la  dissyradtri  j  rdponse  (  S'  “  60°  et  ^  •  120°)  ne  peut  dtre  at- 
tribude  qu'A  l'effet  d'une  vitesse  d’attaque  croissante  avant  90°  et  ddcroissante  aprds  90°.  En  effet 
IV*  60°  et  y  »  120°  le  nombre  de  Mach  incident  est  le  mdme,  le  caractdre  instationnaire  de 
l'dcoulement  se  traduit  par  la  presence  d‘un  choc  A  IV  “  120°  alors  qu'A  **  60°  il  y  a  une  recompres- 
sion  quasi-isentropique.  Les  calculs  effectuds,  en  particulier  avec  couplage,rendent  bien  compte  de 
ces  phdnomdnes  prdsentds  plus  en  ddtail  dans  la  rdfdrence  [25]. 

Le  calcul  d’dcoulenents  transsoniques  instationnaires  ndcessite  l’emploi  de  mdthodes  non-lindaires. 

La  mdthode  des  petites  perturbations  utilisde,  malgrd  les  limitations  lides  %  une  telle  technique, 
permet  de  rendre  compte  des  principaux  phdnomAnes  observds  expdrimentalement.  La  prise  en  compte  de  la 
couche  liraite  apparait  indispensable  piur  positionner  correctement  les  chocs. 

4  -  CONCLUSION  - 

Cette  dtude  montre  que  la  p.-d’-ision  ddtt.illde  des  phdnomAnes  en  adrodynamique  instationnaire  ndcessite 
l'emploi  de  thdories  non  lindaires  afin  de  rendre  compte  notamment  de  l'effet  de  l'dcoulement  moyen 
sur  la  rdponse  purement  instationnaire.  Cependant  ces  mdthodes  non  lindaires  qui  permettent  de  faire 
apparaitre  les  singularitds  dOes  au  choc  en  dcoulement  transsonique  doivent  dgalement  tenir  compte 
des  phdnomAnes  visqueux  afin  de  mieux  positionner  les  choc3  ou  de  rendre  compte  correctement  de 
1' interaction  dcoulement  moyen-  rdponse  instationnaire  en  incompressible, 

Les  rdsultats  obtenus  par  cettc  mdthode  de  calculs  couplds  fluide  parfait-fluide  visqueux  mettent  en 
dvidence  que  1' influence  des  effets  visqueux  est  de  diminuer  1* amplitude  de  variation  des  pressions 
instationnaires  et  de  celle  des  coefficients  globaux  en  dcoulement  incompressible,  de  donner  des  chocs 
d'intensitd  plus  faible  positionnds  plus  en  amont  et  dgalement  de  diminuer  1' amplitude  de  variation 
des  coefficients  globaux  en  dcoulement  transsonique.  II  reste  cependant  des  progrAs  a  faire  dans  la 
technique  de  couplage,  notamment  en  ce  qui  concerne  la  prise  en  compte  de  la  partie  laminaire  de  la 
couche  limite,  le  traitement  des  zones  ddcolldes  et  des  interactions  onde  de  choc  couche  limite.  Enfin 
pour  affiner  les  comparaisons  thdorie  expdtience  il  faudra  s’efforcer  de  tenir  compte  Boit  expdrimen¬ 
talement  soit  par  le  calcul  aes  effets  de  paroi  en  instationnaire. 
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Fig.  1  -  Prof/I  NACA  0012  avec  volet  oscillant.  Comparison 
calcul  Euler  ■  calcul  petites  perturbations. 


NACA  001 2  V„,  =  1 10  m/j  r/R  =  0,90 
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Fig.  2  -  Configuration  hillcoptkre.  Comparison  calcul  Euler  ■ 
calcul  petites  perturbations. 


NACA  0012  K -0,4  fl,  =  104 


Fig.  3  -  Comparison  calcul  quasl-stationnalre  calcul  instatlonnalre 
de  Involution  du  point  de  dicollement. 
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Fig.  4  -  Montage  d'un  aileron  oscillant  sur  profit  supercritique 
(pals. 
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Fig.  8  -  Profit  RA  16  SC  1.  Influence  de  la  frequence  rfduite  sur  les  coefficients  instationnaires  giobaux. 
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Fig.  9  -  Profit  RA  16  SC  1.  Influence  du  braquage  moyen  sur  les  coefficients  instationnaires  giobaux. 
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Fig.  10  -  Profit  RA  16  SC  1.  Influence  du  braquage  moyen 
sur  la  valeur  moyenne  de  la  portance. 

Fig.  14  -  Profit  NACA  64  A006  ovtc  volet  osclllont. 
Presslons  instationnairti. 


Fig.  IS  -  Prof!!  NACA  64  A006  avcc  volet  osclllont. 
Coefficients  globoux. 
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Fig.  18  -  Profll  NACA  64  A006.  Influence  du  nombre  de  Mach 
sur  les  presslons  Instatlornaires. 
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Fig.  19  -  Profll  NACA  64A006.  Influence  du  nombre  de  Mach  sur  les  coefficients  Instatlonnalres  globaux. 


Fig.  20  -  Profit  NACA  64  A006.  Influence  du  braquoge  moyen  du  wlet  sur  la  portance. 
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Fig.  21  -  Profll  NACA  64  A006.  Influence  du  braquoge  moyen  sur  les  coefficients  instatlonnaires  globaux. 
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Fig.  24  -  Configuration  hiUcoptire.  Evolution  de  ia  presslon 
en  fonctlon  de  I’azlmut. 


Fig.  25  -  Configuration  htlicoptire.  Repartition  de  presslon  d 
i  =  6Cf  ;  9<f  et  I2CF. 
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SUMMARY 

A  numerical  method  for  the  calculation  of  viscous  flow  over  multicomponent  airfoils  is  presented.  The  re¬ 
port  deals  with  some  theoretical  features  in  a  short  description  and  presents  many  of  computed  results 
and  comparisons  with  other  methods  and  experimental  data. 

The  part  of  the  code  containing  the  viscous  methods  is  decoupled  from  the  inviscid  one  in  order  to  be 
easily  combined  with  any  suitable  inviscid  method.  The  iterative  use  of  both  parts  leads  finally  to  a 
converged  solution. 

The  viscous  part  consists  of  a  one  parameter  integral  method  for  laminar  boundary  layers,  a  modified  Nash 
integral  method  or  the  lag-entrainment  method  of  Horton  for  turbulent  boundary  layers  and  a  special  inte¬ 
gral  procedure  (optional)  for  confluent  boundary  layers.  Laminar  short  and  long  separation  bubbles  as  well 
as  bubble  burst  are  calculated.  Transition  can  be  either  fixed  or  calculated  using  the  Reynolds  number 
criterion  of  Michel.  Turbulent  separation  of  bubble-type  as  well  as  common  trailing-edge  separation  are 
simulated  within  the  standard  boundary  layer  methods  by  means  of  semi -empirical  correlations.  The  numeri¬ 
cal  simulation  of  the  viscous  effects  is  made  using  either  the  displacement-thickness-concept  (transonic, 
subsonic)  or  the  equivalent  source  approach  (subsonic  only). 

For  transonic  speed  the  inviscid  flow  field  is  calculated  by  a  method,  which  solves  the  full  potential 
equation  by  means  of  a  relaxation  method  and  Jameson's  rotated  difference  scheme.  An  orthogonal  computer 
grid  is  derived  by  conformally  mapping  the  components  onto  two  concentric  circles.  An  initial  mapping  step 
takes  care  of  thick  trailing  edges,  modelling  a  wake  with  zero  pressure  jump  smoothly  leaving  the  airfoils 
and  extending  to  infinity. 

For  subcritical  cases  a  two  dimensional  panel  method  is  used  because  of  its  generality  and  ease  of  use.  In 
this  case  the  viscous  effects  can  be  simulated  by  either  thickening  the  original  airfoil  contour  by  the 
calculated  displacement  thickness  or  by  using  the  equivalent  source  concept.  The  latter  has  some  advantages 
in  treating  thick  trailing  edges. 

At  subsonic  and  transonic  speed  the  important  influence  of  viscous  effects  on  high  lift  maneuver-devices 
is  shown  by  comparison  with  wind  tunnel  data  and  other  methods.  Different  case  studies  are  shown  to 
illustrate  the  practical  use  of  such  a  method  for  flap/slat  analyses. 


NOTATIONS 
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Subscripts 

Superscripts 

e 

value  at  edge  of  boundary  v 

layer 

iteration  counter 

R 

reattachment 

sep 

separation 

ts 

transition 

oo 

free  stream  condition 

c 

1.  INTRODUCTION 

The  performance  of  mechanical  high-lift  devices  is  of  increasing  importance  for  the  overall  economy  and 
operational  efficiency  of  all  types  of  aircraft.  The  use  of  such  devices  for  combat  aircraft  at  transonic 
speed  offers  the  chance  of  greatly  enhancing  maneuvering  capabilities  without  effecting  cruise  performance. 

Modern  fighters  like  F4,  F16,  F17,  FIE  Mirage  and  F14  have  proven  this.  Their  climb  and  turn  rates  at  tran¬ 
sonic  speed  are  remarkably  improved  by  the  use  of  slats,  although  these  configurations  have  not  been  com¬ 

pletely  optimized. 

At  low  speed  such  devices  can  be  efficiently  designed  by  means  of  numerical  methods  [1],  [2]  and  the  ex¬ 
tensive  available  experimental  data.  At  transonic  speed,  however  we  are  lacking  experimental  data  for 
airfoils  with  slats  and  flaps  to  establish  a  data  base.  Extensive  wind  tunnel  testing  on  such  airfoil  sy¬ 
stems  is  highly  costly  due  to  the  large  number  of  parameters  and  at  transonic  speed  no  simple  interpolation 

in  a  data  base  is  possible.  Fig.  1  gives  an  impression  of  the  complex  viscous  flowfield  around  two  ele¬ 
ment  high-lift  systems.  Only  in  the  very  last  years  a  few  computational  methods  for  the  analysis  and  de-  * 

sign  of  inviscid  and  viscous  transonic  high  lift  device  flow  fields  have  been  published  [3]  -  [7].  All  i 

those  methods  solve  the  full  potential  equation  using  more  or  less  advanced  relaxation  methods,  but  diffe-  \ 

rent  contour  conformal  grid  systems.  The  viscous  parts  consists  of  quite  different  methods  only  partly  J 

allowing  for  separated  regions.  i 

Such  computational  methods  are  useful  tools  for  designers  looking  for  efficient  high  lift  and  maneuver 

devices.  The  design  time  as  well  as  cost  can  be  quite  reduced  by  using  numerical  results.  j 

The  present  paper  shows  results  for  subsonic  and  transonic  flow  conditions  as  well  as  for  airfoils  and  ! 

for  multicomponent  profile  systems.  Included  are  examples  with  weak  and  strong  boundary  layer  influence, 

with  separation  bubbles  and  trailing  edge  separation.  ! 


* 


2. 


VISCOUS  EFFECTS 


The  viscous  effects  in  the  present  approach  are  computed  by  boundary  layer  Integral  methods  and  semi-empi¬ 
rical  procedures  for  separated  flows.  The  following  chapters  will  sketch  the  basic  ideas  of  the  different 
components. 


2.1 


LAMINAR  BOUNDARY  LAYER 


A  two  dimensional  version  of  Stock's  compressible  laminar  boundary  layer  method  [8]  is  used.  This  integral 
method  uses  for  the  one-parameter  velocity  profiles  similar  solutions  according  to  Falkner  and  Skan  [9], 
the  momentum  and  the  moment  of  momentum  integral  equations,  and  the  Stewartson  transformation  to  account 
for  compressibility. 


With  the 

momentum  equation 
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and  the 

moment  of  momentum  equation 
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we  get  the  following  system  of  equations 
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With  (2.3)  we  finally  get 
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and  with 


e*  =  ^ 

a  3a 


e.  = 

e  31T 


where  a  is  the  single  parameter  describing  the  velocity  profiles 


2.2  TRANSITION,  LAMINAR  SEPARATION  AND  REATTACHMENT  CRITERIONS 

The  transition  from  laminar  to  turbulent  boundary- layer  is  a  very  complex  phenomenon  depending  on  pressure 
gradient,  wall  roughness,  free  steam  turbulence,  local  Mach  number,  Reynolds  number,  heat  transfer,  body 
forces  etc.  The  present  method  will  only  take  care  of  pressure  gradient,  local  Mach  number  and  Reynolds 
number. 

Since  Granville's  transition  curve  [10]  seems  to  be  somewhat  questionable  at  large  negative  pressure  gra¬ 
dients,  Michel's  empirical  correlation  [11]  modified  by  Smith-Gamberoni  [12]  and  Cebeci-Smith  [13]  is 
used.  Alternatively,  transition  can  be  specified  by  input. 


Ree,ts  =  1,174  *  Res!ts  •  2  *  1°S  <  Res,ts  <  2  *  107  <2-5) 

Using  Michel's  method  transition  occurs  somewhat  further  downstream  compared  with  Granville's  instability 
curve  [14]. 

Laminar  separation  is  assumed  if  cf  =  0  during  the  laminar  boundary  layer  computation.  The  criterion  of 
Goradia  and  Lyman  [15]  is  then  used  to  determine  if  either  laminar  stall  or  a  short  bubble  type  separation 
is  apparent. 

-0.002  •  Re0  -  1.  <  (2.6) 

For  short  and  long  bubbles  Horton's  [16]  correlation  is  used  for  the  separation  bubble  length  lsep. 

,  _  5  •  10"  •  fl — 


Inside  the  bubble  Ue3e  is  assumed  to  be  constant  leading  to  the  reattachment  momentum  thickness 
e  =  e  (2.8) 

Ue3R 

No  model  is  available  if  bubble  burst  is  indicated. 

After  reattachment  the  computation  starts  with  the  calculation  of  the  turbulent  boundary  layer  setting 
the  shape  parameter  H  to  a  value  of  1.55. 


2.3  TURBULENT  BOUNDARY  LAYER 

There  are  two  turbulent  boundary  layer  methods  available.  One  is  the  energy  integral  method  of  Nash  [19], 
the  other  is  the  lag-entrainment  integral  method  of  Horton  [18]. 


2.3.1  Energy  Method 

In  the  Nash  method  the  momentum  and  energy  equations  are  solved  simultaneously,  the  energy  equation  being 
used  to  provide  an  auxiliary  equation  to  calculate  the  local  value  of  H^  usrd  in  the  momentum  equation. 


fr4 


W  ,*  dUn 

Momentum:  ^  (PeUe2e)  =  Pe'Je2  icf/2  -  ^ 

h  2«4  dlL 

Energy:  (0^9*)=  PeUfi3  [cD  •  g- 

e 


(2.9) 


In  order  to  prevent  the  failure  of  the  code  due  to  the  inability  of  standard  boundary  layer  methods  to 
compute  boundary  layer  parameters  beyond  the  predicted  separation  point,  the  following  procedure  is  incor¬ 
porated. 


For  separated  flow  the  shape  parameter  H,.  is  frozen  at  a  constant  value  indicative  of  separation. 
For  =  2.5  Nash's  friction  law  gives  zero  skin  friction.  The  momentum  equation  then  reduces  to 
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for  incompressible  flow.  This  equation  integrates  to  give 
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•(-8*2®) 


Hi, 


sep 
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4.5 


(2.11) 


This  relation  is  similar  in  form  to  an  empirical  relation  obtained  by  Ross  and  Robertson  [IT]  based  on 
experimental  data  in  decelerated,  attached  boundary  layers: 


sep 


(-5*2*) 


4.8 


(2.12) 


The  exponent  in  (2.12)  implies  a  value  of  H,  «  2.8  in  equation  (2.10).  We  take  an  intermediate  value  of 

2-6  W  ,sep 


2.3.2  Lag-entrainment  Method 

For  attached  flow  the  entrainment  method  is  essentially  that  of  Horton  [18],  with  suitable  modifications 
for  compressibility.  The  energy  equation  from  (2.9)  is  replaced  by  the  following  entrainment  equation 

Entrainment:  ^  [peUfi  («-«*)]  =  PeUeCE  (2.13) 

This  equation  is  solved  simultaneously  with  the  momentum  equation  using  the  empirical  history  equation 
for  the  entrainment  rate 


dCE  .  0.014  rr  r  . 

3s - e  [CEon  CE] 

eq 


(2.14) 


The  empirical  shape  parameter  and  entrainment  relations  used  are  based  on  those  of  Horton  [18]  and  are 


and 


^  coi  0.4 

»i  =  0.88  +  (j^V)  for  Hi  -  U8 
Hi =  °-88  +  (Hpriw)1/l'85  for  Hi <  L68» 


(2.15) 


where  Hj  =  (6-6*)/©  Is  Head’s  shape  paraemter. 
(These  correspond  to  Horton's  relations  for  Re.  =  101*). 


0.057 

H^-3.0 


(c^j/c^^  ) 


(2.16) 


In  the  case  of  separation  a  constant  values  of  the  entrainment  coefficient  CE  that  corresponds  to  a  shape 
parameter  H^  sep  =  4  is  used.  From  equations  (2.15)  and  (2.16)  we  then  get  eq 
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C  =  0.16  (cf/cf.) 
eq 

which  is  in  fair  agreement  with  experiment  at  least  in  incompressible  flow. 

The  length  scale  e  in  Equation  (2.14)  is  set  equal  to  the  value  of  e  at  separation,  since  this  is  characte¬ 
ristic  of  the  separated  shear  layer  thickness.  The  momentum  equation  is  discarded,  and  e  and  6*  are  calcu¬ 
lated  from  the  computed  values  of  («-«»). 


2.3.3  Skin  friction  and  re-attachment 


In  both  methods  cf  is  calculated  from  a  compressible  form  of  the  Ludwieg-Tillmann  relation: 


r  -  0.246  -  Ir  /r  \  r 

cf  -  (i+0.i3  h,*)  Re00-268  10-°‘678Hi  '  fi 

Wh6re  ’eV  ,  -1 

Re0  =  -5-S-  .  cf/cf.  =  (1+0.130  Mg2)  1 


(2.17) 


Turbulent  "re-attachment"  is  simulated  by  evaluating  dH^/ds  at  each  step  in  the  separated  flow  from  the 

shape  parameter  equation,  and  allowing  Hj  to  become  less  than  H.  once  the  derivative  becomes  negative. 

i  1 ,sep 


2.4  CONFLUENT  BOUNOARY  LAYER 

Only  a  few  confluent  boundary  layer  methods  are  available.  We  use  Goradia's  method  [l],  [20]  except  for 
minor  changes.  It  represents  the  mixing  of  the  wake  with  the  boundary  layer  and  is  followed  by  an  ordinary 
turbulent  boundary  layer  up  to  the  trailing  edge  or  point  of  separation.  In  most  of  our  cases  the  confluent 
boundary  layer  extended  up  to  the  trailing  edge  of  the  profile,  however.  Since  the  method  has  no  suitable 
separation  criterion  ar.d  the  need  for  confluent  boundary  layer  modelling  is  configuration  dependent  the 
computation  is  optional  in  the  present  method. 


2.5  COMBINATION  WITH  POTENTIAL  FLOW  SOLUTIONS 

The  part  of  the  method  containing  the  viscous  methods  contains  special  input-  and  output  routines,  so 
that  it  can  be  easily  combined  with  any  potential  flow  method.  The  code  can  be  applied  not  only  to  single 
profiles  but  also  to  multicomponent-systems  up  to  four  components. 


3.  ITERATIVE  SIMULATION  PROCEDURE 

A  cyclic  iterative  procedure  between  the  potential  flow  methods  and  the  boundary  layer  parts  is  used  to 
finally  provide  the  converged  viscous  solution  (figure  2). 

-  an  inviscid  potential  flow  solution  is  provided  for  the  physical  airfoil  shape 

-  by  means  of  the  viscous  method  described  in  the  preceding  pages  the  displacement  thickness  ^-dis¬ 
tribution  is  computed  for  the  given  pressure  distribution 

-  the  relaxed  displacement  thickness 

-  «i  *  «Sew  +  (l-“>i)  «Sld 

is  either  added  to  the  physical  shape  and  for  this  shape  the  inviscid  flow  field  is  computed  by  means 
of  the  potential  flow  method  or  the  equivalent  source  concept  as  described  in  chapter  5.1  is  used. 

-  again,  the  viscous  quantities  are  computed  and  the  whole  cycle  between  viscous  and  inviscid  compu¬ 
tations  is  continued  until  either  convergence  criterions  are  reached  or  the  cycle  is  stopped  by  the 
user. 


4.  FORCE  AND  MOMENT  COMPUTATION 

Lift,  drag  and  moment  coefficients  are  computed  by  integration  of  surface  pressure  and  skin  friction.  Alter' 
natively,  drag  can  be  computed  using  the  approach  of  Squire  and  Young  [21]  which  is  only  valid  if  no  shock- 
losses  are  apparent. 


5.  HIGHT  LIFT  METHODS  AND  RESULTS 

As  mentioned  before  the  special  structure  of  the  viscous  part  makes  it  possible  to  combine  it  with  any 
suitable  potential  flow  method.  We  obtained  until  now  four  different  combinations  differing  in  the  poten- 
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tial  flow  solution  (for  different  Mach  number  ranges)  or  in  the  way  they  take  into  account  the  viscous 
effects. 


5.1  SUBSONIC  FLOW  PROCEDURE 
POP AN 1  D0PAN2 

Both  methods  are  identical  except  in  the  treatment  of  viscous  effects.  In  D0PAN1  the  original  contour  is 
thickened  by  the  calculated  ^-distribution.  The  program  D0PAN2  uses  the  equivalent  source  concept  all¬ 
ways  fullfilling  boundary  condition  on  the  original  airfoil  surface.  The  standard  solid  wall  condition 


34 

3nn=0 


=  0 


is  then  replaced  by  the  equation 


34 

’Vo 


■  3s  <  V> 
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inc. 


compr. 


It  can  be  shown  that  either  the  displacement  or  the  equivalent  source  concept  leads  to  similar  results 
[24].  However,  at  high  angle  of  attack  or  large  boundary  layer  thicknesses  the  equivalent  source 
concept  seems  to  be  superior  since  it  avoids  the  additional  modelling  of  thick  trailing  edges. 

The  basic  potential  flow  program  is  a  singularity  method  according  to  A.M.O.  Smith.  It  is  useable  either 
for  single  profiles  or  for  multicomponent  systems.  Each  component  is  approximated  by  a  closed  polygon 
where  corner  points  are  situated  on  the  original  surface.  Control  points  are  placed  at  the  mid-point 
of  each  panel  and  here  the  boundary  conditions  are  introduced. 

Experiments  indicate,  that  in  separated  regions  the  pressure  coefficient  is  nearly  constant.  This  phe¬ 
nomenon  is  implemented  as  an  additional  condition. 

Results 

Fig.  3  and  Fig.  4  show  results  for  the  NACA  4412  airfoil  at  M  =  0  and  a  =  6.4°  and  10.0°.  The  agree¬ 
ment  with  experiments  [22],  plotted  too,  and  an  otner  theory  [23]  is  good.  The  pressure  in  the  separa¬ 
ted  flow  region  is  a  little  bit  too  small,  while  the  separation  point  seems  to  be  predicted  quite  well. 
Fig.  5  shows  ci  versus  a  and  again  good  agreement  is  obtained.  The  theory  of  Grashof  [23],  which  is  taken 
as  a  reference,  simulates  the  near  wake  by  a  finite  afterbody,  whose  location  is  determined  iteratively 
by  the  condition  of  being  forceless  (mixed  free-boundary  value  problem). 

Fig.  6  is  a  comparison  between  the  present  method  00PAN1  and  the  Goradia  method  [1]  both  using  the  displa¬ 
cement  thicxness  concept.  Fig.  7  a,b,c  shows  pressure  distributions  at  higher  angles  of  attack,  which  de¬ 
monstrates  the  upstream  movement  of  the  separation  point  on  the  suction  surface  of  the  flap.  In  this  case 
the  cp  =  const,  condition  is  only  applied  to  the  flap.  Fig.  8  compares  the  c^/a  curves. 


5.2  TRANSONIC  AIRFOIL  PROCEDURE 


DOFOIL 


This  program  is  a  combination  of  the  viscous  part  with  Jamesons  FL06  [25].  As  well  known,  this  code  solves 
the  full  potential  equation  in  nonconservative  form  by  means  of  a  finite  difference  method  using  the 
Murman  difference  scheme  and  circle  plane  mapping.  It  can  be  applied  to  single  profiles  and  is  mainly 
used  for  transonic  flow  conditions  only.  The  viscous  effects  are  incorporated  by  adding  the  6*  distribution 
to  the  original  airfoil  shape.  The  thick  trailing  edge  is  simulated  by  a  constant  thicr.ness  uncurved  wake. 

A  second  version  of  DOFOIL  uses  a  fully  conservative  scheme. 

Results 

Fig.  9  shows  a  subsonic  result  on  the  NACA  4412  airfoil  compared  with  results  of  the  program  OOPAN2.  Al¬ 
though  both  methods  use  different  concepts  for  the  implementation  of  the  viscous  effects  they  give  nearly 
the  same  answer. 

The  following  figures  show  comparisons  for  transonic  flow  conditions  around  the  D0-A1  (CAST-7)  airfoil. 
D0-A1  is  a  12  %  thick  transonic  airfoil  designed  at  Dornier  in  the  past.  As  reference  there  are  taken  re¬ 
sults  from  Lock's  report  [26],  in  which  he  compares  several  theoretical  codes  with  two  different  experi¬ 
ments.  The  theories  taken  as  a  reference  are  two  variants  of  the  well  known  inviscid  method  of 
Garabedian  and  Korn  [27].  BGKI  is  the  code  of  Bauer  [28]  and  uses  the  conventional  displacement  thickness 
approach  for  introducing  the  viscous  effects.  No  account  is  taken  of  the  wake.  VGK  is  the  method  of 
Col  Iyer  and  Lock  [29]  and  simulates  the  viscid  flow  by  using  a  "transpiration"  model  with  a  wake  model 
included. 
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Fig.  10  to  Fig.  12  show  the  comparison  for  Mw  -  .76  at  different  angles  of  attack.  In  all  cases  the  angle 
of  attack  and  the  Mach  number  are  exactly  the  same  as  in  the  experiment,  while  the  results  of  the  refe¬ 
rence  theories  are  derived  at  lift  coefficients  equal  to  the  experimental  once.  Since  the  rssults  in 
Fig.  11a  for  a  =  -1°  showed  substantial  deviations  from  the  experiment,  a  second  computation  was  made  to 
match  lift.  Fig.  lib  now  shows  a  good  agreement  with  the  experiment  as  well  as  the  VGK  results  at  this 
angle  of  attack.  For  an  angle  of  attack  of  .5  degrees  the  double  shock  system  is  represented  quite  well, 
as  depicted  on  Fig.  12. 

Fig.  13  shows  a  comparison  for  the  higher  M^  =  .78  aitd  a  =  .5°.  Again  the  result  is  quite  satisfactory. 


The 


variation  of  drag  increase  (cQ  -  cD  )  drag  increase  versus  lift  for 

c.  =•* 


M  = 


For  a  constant  angle  of  attack  of  .5°  Fig.  15  shows  the  drag  rise  (cR  -  cD  ) 
the  predicted  drag  rise  curves  are  quite  good.  u  UM  '•*> 


.76  is  plotted  in  Fig.  14. 
versus  Mach  number.  Again 


Fig.  14  shows  that  drag  rise  is  mainly  contributed  by  the  pressure  losses  due  to  shocks  rather  than  by  the 
viscous  effects  as  represented  by  the  Squire  and  Young  formula. 


A  comparison  of  the  moment  coefficient  at  different  ci ‘s  at  =  .76  is  given  in  Fig.  16.  Our  result  is 
just  between  that  of  the  VGK  method  and  the  experiments. 


5.3  TRANSONICS  MANEUVER  DEVICE  PROCEDURE 

This  program  has  been  developed  as  a  joint  venture  between  SAAB  and  Dornier.  It  is  used  to  calculate  the 
flow  around  two  element  airfoil  systems  and  to  design  maneuver  devices  at  transonic  speed. 

The  inviscid  transonic  potential  flow  is  computed  using  Arlinger's  [4],  [7]  finite  difference  method.  This 
method  can  treat  arbitrarily  shaped  airfoil  sections  by  means  of  a  series  of  conformal  mappings.  As  shown 
on  figure  17  the  physical  domain  outside  the  two  sections  is  mapped  into  the  ring  domain  between  two 
concentric  circles,  the  interior  of  the  outer  circle  being  the  exterior  of  the  main  airfoil  and  the  exte¬ 
rior  of  the  inner  circle  being  the  exterior  of  the  secondary  airfoil .  A  special  transformation  takes  care 
of  thick  trailing  edges  as  shown  on  figure  18.  The  Kutta-Condition  is  fullfilled  by  prescribing  equal 
pressure  on  the  upper  and  lower  surface  trailing  edge.  The  discrepancies  between  the  pressure  distributions 
for  artifically  closed  and  blunt  profiles  are  shown  on  Fig.  19  and  20.  Within  the  ring  domain  the  flow 
field  is  computed  solving  the  nonconservative  transformed  full  potential  equation  by  means  of  Jameson's 
rotated  difference  scheme  [30]  and  successively  over-relaxation  (SLOR)  in  combination  with  nonlinear  ex¬ 
trapolation  similar  to  [31]  and  [32]  or  Brandt's  multigrid  technique.  Details  on  the  inviscid  method  can  be 
found  in  [4],  [7]  and  [33]. 

Results 


Fig.  21  shows  pressure  on  a  slat  profile  system  at  transonic  speed  with  extensive  separation  on  the  lower 
surfice  of  the  slat.  Although  the  angle  of  attack  was  diminished  about  1  degree  the  agreement  on  the  slat 
is  not  satisfactory.  Also  to  be  seen  is  the  result  of  an  inverse  calculation,  where  the  pressure  in  the 
separated  region  on  the  lower  surface  of  the  slat  was  prescribed  by  the  test  data,  and  the  good  agreement 
is  achieved  by  changing  the  angle  of  attack  to  a  value  of  3.3  degrees. 

Fig.  22  compares  the  calculated  displacement  surface  with  the  result  of  the  inverse  solution.  Although  the 
difference  in  the  contour  of  both  computations  is  small,  the  pressure  distribution  differs  a  lot.  The  com¬ 
parison  Indicates  that  the  separation  is  determined  too  far  downstream. 

Fig.  23  and  Fig.  24  show  results  for  the  same  main  airfoil,  but  now  connected  with  a  flap.  The  first  case 
(Fig.  23)  was  a  rather  tough  example  with  an  trailing  edge  shock  (inviscid  result)  and  leads  to  such  a  great 
separated  region  that  the  iteration  diverged.  Nevertheless  it  is  an  example  for  the  great  influence  of 
viscous  effects  at  transonic  speed.  Fig.  24  shows  a  result  of  the  same  configuration  at  a  lower  Mach  number 
and  angle  of  attack.  The  comparison  with  experiment  is  quite  satisfying. 


6.  CONCLUSION 

The  present  method  for  viscous  flow  simulation  has  proven  to  be  useful  for  evaluating  the  efficiency  of 
high  lift  devices.  For  subsonic  flow  conditions  multicomponent  airfoil  sections  up  to  four  elements  can 
be  studied.  The  present  state  of  application  at  subsonic  flow  conditions  is  shown  in  Fig.  25.  It  is  a 
result  for  a  four  component  high  lift  system  with  considerable  trailing  edge  separation.  At  transonic 
conditions  the  flow  around  two-element  airfoil  systems  can  be  calculated.  Even  for  large  separation 
bubbles  and  strong  trailing  edge  separation  fair  agreement  is  reached. 

For  transonic  cases  with  large  turbulent  separation  the  method  sometimes  fails  due  to  an  inadequate  shock 
induced  separation  and  thick  wake  modelling.  For  large  separated  regions  even  at  subsonic  speeds  the 
convergence  rate  can  become  very  poor.  However,  such  cases  can  be  seen  as  beyond  the  design  limits  of 
efficient  devices  and  in  general  lead  to  unsteady  flow  fields  for  which  other  numerical  methods  are 
appropriate. 

Further  studies  will  show  if  it  is  possible  to  correlate  windtunnel  results  at  fairly  low  Reynolds  numbers 
to  free  flight  conditions  by  means  of  the  method  presented  here. 
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FLOW  COMPUTATION  AROUND  MULTI-ELEMENT  AIRFOILS 
IN  VISCOUS  TRANSONIC  FLOW 

H.  Rosch  and  K.D.  Klevenhusen 

Vereinigte  Flugtechnische  Werke  GmbH 
D  2800  Bremen,  HUnefeldstraBe  1-5,  FRG 


ABSTRACT 

A  new  singularity  method  is  applied  to  multi-element  airfoils  in  the  physical  plane 
for  calculating  both,  the  incompressible  velocities  and  the  incompressible  potential-  and 
streamf unction  along  the  contur  of  each  element.  The  values  of  the  preceding  computation 
are  used  to  build  an  orthogonal  grid  in  which  the  airfoil  is  mapped  to  a  line  in  the 
streamline  plane.  The  computational  domain  is  this  streamline  plane  wherein  the  full  tran¬ 
sonic  potential  equation  is  solved  using  a  finite  difference  method.  The  great  inf luence 

of  viscous  effects  has  been  incorporated  using  the  so-called  surface  transpiration  concept. 

The  representation  of  the  displacement  effect  of  the  boundary  layer  and  wakes  is  based  on 
the  well-known  integral  method  and  a  trailing  edge  flow  concept  which  includes  normal 
pressure  gradients  and  wake  curvature  effects.  Comparisons  of  the  theory  with  high  Reynolds 

number  experiments  show  the  good  agreement  for  pressure  distribution  and  lift. 


NOMENCLATURE 

a  Local  Speed  of  Sound 

B  Square  of  the  compressible  velocities 

C  Chord  length 

Cp  Pressure  coefficient 

Moo  Mach  number  at  infinity 

n  Normal  direction 

q  Square  of  the  incompressible  velocities 

q  Flow  speed 

s  Arc  length  along  airfoil  and  wake  streamline 

t  Tangential  direction 

u,v  Velocity  components 

x,y  Cartesian  coordinates 

x',y'  "disturbance"  coordinates 

a  Angle  of  attack 

P  Prandtl-factor  V1 '  Ma> 

y  Specific  heats 

6**  Displacement  thickness 

0  Momentum  thickness 

x  Curvature  (1  f*) 

p  Density 

<J>  Compressible  potentialfunction 

Incompressible  potentialfunction 

i|)  Incompressible  streamfunction 

Aip  Potential  jump  at  the  trailing  edge 


SUBSCRIPTS 
A  Airfoil 

n  Direction  normal  to  airfoil  and  wake 

SEP  Separation  point 

TE  Trailing  edge 

t  Direction  tangent  to  wake 

w  Wake 

x  Derivative  in  x-direction 

y  Derivative  in  y-direction 

5  Denotes  boundary  layer  edge 


'S’.-K  " 
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(p  Derivative  in  ip  -direction 

(p  Derivative  in  (p  -direction 

v  Iteration  count 

oo  Free  Stream 

I .  INTRODUCTION 

Several  published  methods  are  known  for  the  solution  of  two-dimensional  viscous,  steady  transonic  flow  problems. 
These  methods  can  generally  bt  divided  into  two  types.  The  first  uses  the  small  disturbance  transonic  potential  equation 
(1 )  and  adds  a  boundary  layer  code  to  include  viscous  effects. 

The  second  method,  and  the  one  on  which  the  work  presented  here  is  based,  uses  the  full  transonic  potential 
equation  in  connection  with  various  boundary  layer  codes  (2, 3,  A,  5,  6,  7).  With  the  exception  of  (2),  which  uses  a 
Cartesian  system,  they  all  solve  the  equation  in  a  curvilinear  coordinate  system  provided  by  conformal  mapping  based  on 
an  early  work  of  Sells  (8). 


The  present  work  solves  the  transonic  potential  equation  by  a  finite  difference  method 
using  an  orthogonal  bodyfitted  streamline  coordinate  system.  This  provides  a  transonic 
computational  plane  where  one  set  of  mesh  lines  is  approximately  aligned  with  the  flow 
and  the  other  is  normal  to  the  boundaries  of  the  flow.  The  transformed  coordinates  used 
are  the  incompressible  stream  function  and  potential  function,  which  are  obtained  fro.;'  an 
incompressible  solution  of  the  flow  field  in  question. 

An  early  paper  of  Colehour  [9]  uses  a  similar  approach  but  unlike  the  present  paper 
he  solves  the  incompressible  stream  function  equation  =0  using  a  finite  difference 

method  to  get  the  desired  stream  function  and  potential  funktion.  The  present  method  uses 
a  new  singularity  distribution  which  is  applied  to  bodies  or  even  multi-element  airfoils 
in  the  physical  plane  calculating  both  the  incompressible  velocities  and  the  stream  func¬ 
tion  and  potential  function  along  the  surface  of  each  element. 

In  calculating  the  boundary  layer  development,  a  laminar  boundary  layer  is  assumed  to 
commence  from  the  stagnation  point  and  to  continue  to  some  specified  transition  position  is 
reached  where  a  turbulent  boundary  layer  is  initiated.  The  representation  of  the  displace¬ 
ment  effect  of  boundary  layer  and  wake  is  developed  by  Thiede  et  al  [10]  and  is  based 
on  an  integral  method  expanded  to  handle  the  wake  displacement  effects  too.  The  integral 
method  to  determine  the  boundary  layer  is  described  in  detail  by  Walz  [ll]. 

An  iterative  procedure  is  employed  to  obtain  consitent  solutions  for  the  inviscid 
flow  and  the  boundary  layer.  In  the  Interaction  procedure  the  concept  of  the  surface 
transpiration  model  presented  by  Lock  [12]  is  used  to  represent  the  effect  of  the  various 
viscous  layers  on  the  outer  potential  flow.  In  this  manner  the  repetition  of  the  airfoil 
transformation  after  every  boundary  layer  calculations  is  avoided.  An  allowance  for  curva¬ 
ture  effects  of  the  boundary  layer  and  the  wake  is  included  in  these  boundary  conditions. 

The  subsequent  paper  is  devided  into  four  parts.  The  first  describes  the  formulation 
of  the  compressible  flow  equations  with  viscous  effects,  the  second  the  representation  of 
the  boundary  layer  and  wake  the  third  the  inviscid-viscous  interaction  scheme  while  in 
the  fourth  part  some  of  the  results  are  presented. 


II.  THE  BASIC  INVISCID  METHOD 


The  governing  equation  chosen  for  this  analysis  is  the  full  inviscid  equation  for 
compressible  flow.  The  usual  from  of  this  equation  for  two-dimensional  flow  is: 


(a2  -  <^2 ) ^ _  2^0  0  *  (q2  -  *y2)*  *0 


xx  x  y  xy  \  y  /  ^yy 
The  local  speed  of  sound  can  be  determind  from  the  energy  equation 


i 


and  on  the  profile  the  solution  should  satisfy  the  Neumann  boundary  condition 


(1) 


(2) 


(3) 


Before  the  transonic  solution  is  started,  these  equations  are  transformed  to  the  in¬ 
compressible  -  \fr  -  plane. 

Consider  for  example  a  two-element  airfoil  given  in  cartesian  coordinates,  see  for 
example  Fig .  1 . 


7-3 


The  incompressible  flow  around  this  air¬ 
foil  can  be  determined  by  solving  a  Dirich- 
let-problem 

vV  =0  U) 


with 

yr  =  const  (5) 

at  the  boundaries  of  the  airfoil  and 

V  *  Vos  *6)  Ftg.  I  Airfoil  with  slot  m  cartesian  coordinates 

at  inflntity.  Differing  from  the  well-known 
panel  methods,  see  for  example  [l3,14j  and 

only  for  numerical  reasons  a  doublet  distribution  with  tangential  doublet  axes  along  the 
contour  is  used.  With  this  distribution  arbitrary  thick  and  infinite  thin  elements  can 
be  used  without  any  difficulty. 

The  singularity  model  leads  to  a  well  behaved  system  of  linear  equations  and  is  very 
appropriate  for  calculating  the  incompressible  flow  around  multi-element  airfoils.  Some 
details  of  the  singularity  model  is  presented  by  Klevenhusen  in  Ref.  [15]. 

The  streamline  coordinate  system  necessitates  the  velocity  potential  distribution 
along  the  contours  which  is  obtained  by  taking  the  same  doublet  strength  as  for  the 
streamf unction  but  positioning  the  doublet  axes  normal  to  tne  contour.  The  behavior  of 
the  velocity  potential  of  doublets  is  in  such  a  way  that  the  unavoidable  numerical  errors 
decreases  with  increasing  distance  from  the  locus  of  the  doublet.  Therefor  a  doublet 
model  is  more  suitable  than  a  source  or  vortex  model  for  determining  the  potential  func¬ 
tion  and  stream  function. 

Only  open  contours  and  non-constant  streamfunction  on  the  boundary  require  additional 
singularity  distributions  -  a  constant  soure  distribution  for  the  velocity  potential  and 
a  constant  vortex  distribution  for  the  stream  function.  Furthermore  it  is  possible  to 
seperate  the  part  of  the  potential  function  due  to  the  circulation.  The  velocities  along 
the  contours  are  obtained  by  differentiating  the  potential  function.  Both,  the  velocities 
and  the  seperated  potential  function  are  needed  for  the  finite  difference  calculation. 

The  transformed  transonic  potential  equation  requires  the  knowledge  of  the  squares 
of  the  incompressible  velocities  at  every  node  point  (y>,  VO  in  the  streamline  plane. 

The  velocities  are  considered  as  functions  of  </  and  yr  .  Furthermore  we  can  define  distur¬ 
bance  velocities 

u'  =  u  -  Ug,  cos  a  ( 7 ) 

v’  =  v  -  Uw  sin  a  (8) 


The  velocities  u’  and  v’  are  potential  functions  in  the  if-yr- plane  and  bounded  at 
infinity.  To  get  the  required  velocities  at  the  node  points  a  Laplace  equation  in  the 
flow  field 

Uyy  ♦  ^yry/  =  9  (91 

is  to  be  solved.  The  necessary  boundary  conditions  are  known  from  the  calculation  in  the 
physical  plane.  A  similar  Laplace  equation  can  be  formulated  for  v*  in  the  same  way. 

These  two  boundary  value  problems  can  be  solved  by  doublet  distributions  along  the 
slit  with  oblique  doublet  axes  in  the  streamline  plane  using  the  above  mentioned  panel 
method.  After  solving  the  boundary  value  problems  the  doublet  distributions  are  known 
and  the  velocities  u  and  v  can  be  calculated  at  every  given  point  in  the  streamline  plane. 

Finially  the  physical  coordinates  are  also  conjugate  functions  in  the  streamline 
plane.  Defining  "disturbance  coordinates" 


x'  *  x  -  ycosa  ♦  ysina  (10) 

y'  =  y  •  ysin  a  -  yr  cos  a  ( 11 ) 


the  x'  and  y'  are  bounded  at  infinity  so  we  can  handle  x'  and  y'  in  the  same  way  as 
u'  and  v'.  An  example  of  this  procedure  is  given  in  Fig.  2. 


2 
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The  computational  domain  is  the  stream¬ 
line  plane,  Pig.  3  wherein  che  full  tran¬ 
sonic  potential  equation  is  solved  using  a 
finite  difference  method.  The  transonic 
potential  equation  (1)  in  the  incompressible 
streamline  coordinate  system  is  given  by 

2o2  i&tpfi*  By  *  s0  (12) 

with 

B  *  (<*>2+(j,2).q  (13) 

which  denotes  the  square  of  the  local 
compressible  velocity  and 

0  =  v2  ♦  V2  (14) 

x  y 

which  denotes  the  square  of  the  local  in¬ 
compressible  velocity.  The  equation  of  the 
speed  of  sound  (2)  is  transformed  to 

°2 1  aa>  *  (e '  Ho  )  («> 

A  good  approximation  for  the  compressi¬ 
ble  streamlines  is  achieved  using  the  same 
angle  of  attack  for  the  determination  of 
the  grid  and  for  calculating  the  transonic 
flow.  Since  the  mesh  lines  are  approximate¬ 
ly  aligned  with  the  flow  the  use  of  a 
rotated  difference  scheme  is  eliminated  and 
the  transonic  potential  equation  (12)  can 
be  simplified  considerably,  as  all  first 
derivatives  normal  to  the  streamline  are 
incremental  and  terms  of  second  order  can 
be  neglected i 

2a2  ( 4>w*<Pym,) *  2<3*y  V  (CW<Vfy)  (,6) 

All  transonic  calculations  using  the 
present  method  are  based  upon  this  equation. 
The  boundary  condition  is  given  by 

<t>y  --  0  (17) 

at  the  contour  of  each  element. 


'oil  with  Slat  in  Strtamlm*  Coordinates 

— I — 1 — 


Lifting  airfoils  requires  a  technique  for  the  determination  of  airfoil  circulation 
as  part  of  the  solution.  The  transonic  solution  plane  presents  a  cut  in  this  plane.  Part 
of  this  cut  represents  the  airfoil  surface  and  part  represents  the  trailing  streamline. 
Along  the  trailing  streamline,  <P  values  above  and  below  are  discontinuous  but  static 
pressure  must  match.  The  jump  in  <p  across  the  trailing  streamline  is  the  circulation  for 
the  flow  field  and  is  controlled  by  satisfying  the  Kutta  condition  at  the  trailing  edge, 
i.e.  same  velocities  on  the  upper  and  lower  surface,  resp. 

Some  considerations  must  be  mentioned  about  the  the  stagnation  point. 

Equation  (16)  usually  implies  a  singular  behaviour  at  the  stagnation  point  of  the  coor¬ 
dinates.  This  point. is  treated  without  any  artifice  since  numerical  methods  are  used  and 
therefor  the  velocity  at  the  stagnation  point  will  be  only  close  to  zero.  But  it  is  not 
possible  to  determine  the  correct  position  of  the  compressible  stagnation  point.  While 
some  movement  of  the  stagnation  point  would  be  expected,  this  restriction  does  not 
appear  to  cause  numerical  problems.  It  is  believed  that  this  inaccuracy  has  only  a  local 
effect  and  in  most  cases  it  is  not  restricting  the  practical  use  of  the  present  method 
as  can  be  seen  later. 


III.  REPRESENTATION  OF  THE  BOUNDARY  LAYER 

In  the  interaction  procedure  the  concept  of  displacement  thickness  is  used  to  repre¬ 
sent  the  effect  of  the  various  viscous  layers  on  the  outer  potential  flow.  Instead  of 
adding  the  displacement  thickness  to  the  airfoil  geometry  a  distribution  of  sources 
along  the  airfoil  surfaces  and  along  the  wake  center  lines  is  utilized  for  the  simulation 
of  the  viscous  flow  displacement  effects.  In  this  case  we  may  rewrite  the  boundary 
condition,  eq  (17),  for  the  lnviscid  flow  as  follows: 

fyrsVn/VQ'  (18) 


where  vn  is  the  normal  outflow  the  airfoil  due  to  the  boundary  layer. 
The  viscous  boundary  conditions  are  as  follows: 

-  on  the  airfoil 


-  in  the  wake 


\  =  P6  ds  i96%6  ) 

(8) 

A  v"w  =  Tl  S'  (%  %  6  ) 

(20) 

Avtw  8  i5**Q) 

(21) 

The  boundary  layer  values  6  and  0  are  obtained  by  an  integral  method  described  by 
Walz  [ 1 1 ]  and  expanded  by  Thiede  [lo]  to  handle  wake  effects. 


A  further  change  to  the  inviscid  scheme  is  introduced  in  order  to  allow  for  the  effect 
of  the  curvature  of  the  airfoil  and  wake  on  the  pressure  change  across  the  viscous  layer 
and  is  given  by 


APAw  =  "*ffiq«M 


(22) 


which  must  be  added  to  the  inviscid  pressure  distribution.  The  required  curvature  used  in 
equations  (21)  and  (22)  is  given  by 


1  <3q 
*  =  q  dn 


(£) 


which  is  positive  in  the  wake,  it  is  shown  in  Kef.  [7]  that  equation  (22)  is  approximate¬ 
ly  equivalent  to  adjust  the  calculated  inviscid  velocity  q  to  q',  where 


q'  =  q  [l  +  x(5*+0}] 


(24) 


with  a  similar  correction  for  the  velocity  in  the  wake.  The  velocity  q’  is  used  to  calcu¬ 
late  the  boundary  lajer. 


IV.  THE  NUMERICAL  PROCEDURE 

The  mathematical  formulations  of  the  inviscid  and  viscous  flow  problems  are  coupled 
through  their  respective  boundary  conditions.  The  objective  of  the  solution,  procedure 
is  to  find  those  particular  distributions  of  surface  velocity  and  boundary  layer- 
thickness  which  simultaneously  satisfy  both  the  potential  flow  problem  ar.  the  boundary 
layer  problems. 

A  basic  feature  of  the  numerical  scheme  is  that  the  repetition  of  the  airfoil  trans¬ 
formation  after  every  boundary  layer  calculation  is  avoided.  The  numerical  solution  of 
the  transonic  boundary  value  problem  proceeds  in  a  manner  similar  to  that  of  Murman  and 
Cole  [16]  .A  successive  line  overrelaxation  method  is  used  where  the  flow  field  is  swept 
in  the  downstream  direction  only,  and  difference  formulas  are  switched  depending  on  wheth¬ 
er  the  flow  is  subsonic  or  supersonic. 

A  sulution  is  sought  for  the  same  angle  of  attack  in  both  calculations,  i.e.  calcula¬ 
tions  to  get  the  desired  streamline  plane  and  to  get  the  desired  transonic  results.  This 
assures  the  proper  alignment  of  the  incompressible  streamlines  with  the  compressible  ones 
in  the  converged  transonic  solution. 

During  the  iterative  procedure,  Fig.  4,  a  prescribed  Number,  NS1 ,  of  inviscid  inter- 
ations  are  performed  with  the  current  boundary  conditions.  The  velocity  is  then  calculated 
on  the  airfoil  surface  and  along  the  wake,  and  is  used  to  calculate  the  currenct  boundary 
layer.  The  boundary  layer  on  each  surface  is  calculated  seperately  and  is  extended  beyond 
the  trailing  edge  to  obtain  the  part  of  the  wake  on  either  side  of  the  trailing  edge 
streamline.  The  pressure  distribution  is  specified  at  node  points  along  the  dividing  stream 
line  in  the  streamline  plane,  but  is  specified  for  the  boundary  layer  analysis  as  values 
at  the  corresponding  x  and  v  coordinate  points,  starting  at  the  stagnation  point  rather 
than  the  leading  edge  and  proceding  downstream  towards  infinity  an  each  surface. 

As  results  the  boundary  layer  calculations  produces  the  displacement  thickness,  fi* 
and  the  momentum  thickness,  0  ,  at  the  various  meshpoints,  Unterrelaxation  is  employed 

in  order  to  determine  the  actual  values  of  the  displacement  thickness 

*RDEL(«;-  «*.,)  (25) 

and  the  momentum  thickness 

®v  =  ®vl  +f?^l  I26* 


■**■■***»*■*&&*-.  *  .«.-  :-*fc  .•?  S&fcWV**..*!  ^teaWBRSfe***^.  - 
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where  RDEL  is  an  underrelaxation  parameter. 
With  these  relaxed  values  equations  (19), 
(20),  (21)  and  (24)  are  used  to  calculate 
the  new  boundary  conditions  and  further 
flow  field  calculations  are  performed  with 
the  new  boundary  conditions. 

After  every  NS1  inviscid  iterations 
have  been  performed  the  whole  cyle  is  re¬ 
peated.  This  process  continues  until  either 
a  certain  convergence  criteria  is  satisfied 
or  until  a  specified  number  of  iterations 
have  been  completed.  After  the  completation 
of  the  iterative  procedure  the  lift  coeffi¬ 
cients  on  the  airfoil  are  calculated. 


V.  RESULTS 

Several  test  cases  have  been  selected  to 
demonstrate  the  flexibility  of  the  methsd. 
The  first  example  compares  pressure  distrib¬ 
utions  a  two-dimensional  airfoil  section 
the  same  as  in  Fig.  2.  The  calculations, 

Fig.  5,  have  been  done  for 


Fig5:  Two-Element  Airfoil,  M^sO.6,  a  =6 


Fig. 4:  Flow  Chart  for  Iterative  Methods 

the  inviscid  case.  The  agreement  between  the 
present  result  and  the  result  obtained  by 
Arlinger  [17]  is  excellent,  however 
Arlinger  used  a  conformal  mapping  [18]  to 
get  the  desired  computational  mesh.  It  demon¬ 
strates  clearly  that  the  pressure  distribution 
obtained  by  the  two  methods  are  almost  the  same 
but  the  present  method  has  the  advantage  to 
use  a  simpler  mapping. 

The  next  two  figures  demstrate  the  effect 
of  the  pressure  variation  across  the  viscous 
layer.  Fig.  6  shows  for  »n  rinUA  65^-213  airfoil 
a  calculation  with  a  correction  for  viscous 
effects  only  on  the  profile  and  without  the 
described  normal  pressure  correction.  Compa¬ 
rison  is  made  with  measurements  obtained 
by  Burdges  at  al  [ 19].  The  next  figure,  Fig.  7, 
shows  the  including  of  the  normal  pressure 
correction.  It  clearly  demonstrates  the  influ¬ 
ence  of  the  pressure  correction  on  the  last 
10 J  of  the  airfoil  chord.  With  this  correction 
the  agreement  between  theory  and  measurement 
for  this  simple  airfoil  shape  is  excellent. 


Some  typical  results  of  a  comparison  of  the  pressure  distributions  for  the  supercritical 
airfoil  VFW-VA2  are  presented  in  the  next  two  figures.  Fig.  8  shows  a  calculation 
with  the  pressure  correction  but  without  the  displacement  effects.  The  experiment  is 
taken  from  Ref.  [20]  .  In  the  next  calculation  the  effects  of  the  wake  are  included  and 
Fig.  9  shows  the  good  agreement  between  the  present  method  and  the  measurement. 

The  next  few  figures  will  show  some  results  from  calculations  of  the  flow  field  around 
multielement  airfoils.  Since  the  effective  angle  of  attack  of  the  model  in  the  tests  was 
uncertain,  a  suggested  increment  in  Ref.  [21]  of  A  Of=-I0°  due  to  the  wind  tunnel  wall 
correction  is  chosen.  The  affective  angle  of  attack  quoted  in  the  figures  includes  this 
increment. 
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—  Present  Theory 
+  Experiment 

by  Burdges  et  ol  (Lockheed  Georgia)  [19] 
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-  theory  m  =  0.760  pcp  *  o.boo  cp  a  0.306  ns  -  200 


+  EXP  M  -  0.160  ALP  -  1.000  CP  -  0.277  CU  -  0.0260 


Fig6:  NACA  65!  -213 , a  =05  Airfoil 

Calculation  without  Curvature  Effects 


Upper  Surface 
Lower  Surface 


ftesent  Theory 


Experiment ,  OFVIR  [20j 
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Fig.8:  VFW  VA-2  Airfoil 

Calculation  without  Wake  Effects 


-  Present  Theory 

+  Experiment  by 

Burdges  et  at  (Lockheed  Georgia)  [19] 


,  *<C 


-  THEORY  H  =  0.7E0  (IP  «  O.BOO  CA  o  0  312  N6  =  200 
+  EXP  ft  -  0.280  RLP  -  1.000  Cfl  .  0.272  CU  -  0.0280 


NACA  65 1  -213,  or  =  Q5  Airfoil 


Calculation  with  Curvature  Effects 


The  first  results  are  for  the  SKF  1 . 1 
airfoil  with  extended  flap.  The  solution  shown 
includes  the  effect  of  the  wake.  Fig.  10  shows 
the  pressure  distribution  at  a  free  stream 
Mach  number  of  .6  together  with  the  airfoil 
in  the  streamline  plane.  The  agreement  between 
the  present  method  and  the  measurement  [2l] 
is  good.  However,  the  airfoil  contour  is  not 
smoothed  at  the  cutout  on  the  main  airfoil  at 
the  trailing  edge. 


The  same  calculation  is  done  but  with  a 
free  stream  Mach  number  of  .7  which  produce  a 
greater  supersonic  region  on  the  airfoil. 

Fig.  11  shows  the  result  of  the  present 
theory  together  with  measurements  of  Ref.  [21J. 
The  overall  agreement  is  good  but  the  local 
discrepancies  in  the  shock  strength  and  at  the 
leading  edge  are  probably  due  to  the  fact 
that  the  pressure  distribution  in  the  cutout 
region  of  the  main  airfoil  is  not  well  predic¬ 
ted. 


A  last  example  is  depicted  in  Fig.  12. 

It  shows  the  three-element  airfoil  with  slat 
and  flap.  Comparison  are  made  with  unpublished 
material  of  VFW  [22]  .  The  agreement  between 
the  present  theory  and  the  meas¬ 
urement  is  satisfactory.  Note  that  this 
prediction  is  made  without  wake  effects. 


The  main  reason  is  as  follows: 


In  the  interaction  region  of  the  gap  bet¬ 
ween  main  airfoil  and  flap  the  boundary  layer 
flow  will  seperate  at  the  beginning  of  the 
cutout.  The  boundary  layer  theory  are  only 
valid  just  prior  to  the  seperation  point.  This 
leads  to  a  somewhat  heuristic  seperation  stream¬ 
line  based  on  emperism  and  experience.  This 
might  be  an  acceptable  way  to  calculate  the 
boundary  layer  if  only  a  small  seperation 
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RE  -  2.40  MILLION 

-  THEORY  M  -  0.730  flip  r  0.600  Cfl  a  0.330 
+  EXP  fl  -  0.730  fllP  -0.600  Cfl  -  0.393  CU  -0.OC66 


—6"  Upper  Surface  >  Pf„ent 
— * —  lower  Surface  J  ^eory 
f  Expenment  taken 

from  AGARO  AR-136 


HE  -  2.22  MILLION 


Fig. 9  :  VFW  VA-2  Airfoil 

Calculation  with  Curvature  and  Wake  Effects 


Upper  Surface  'I 

>  Present  Theory 
Lower  Surface  J 
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Fig.  10:  SKF  1.1  Airfoil  with  Flap 

Calculation  with  Curvature  and  Wake  Effects 


-THEORY  n  =  0.700  ALP  =  2.00C  Cfl  =  1 .281 
♦  EXP  H  .  0.701  ALP  -3.000  Cfl  -  1 .  IBI 

Fig. II  •  SKF  1.1  Airfoil  with  Flap 

Calculation  with  Curvature  and  Wake  Effects 

— 6 —  Upper  Surface  1  Preeenl 
— M —  Lower  Surface  I  The0,y 


TfCORT  N  =  O.SOO  ALP  m  1-000  Cfl  =  1.668 
EXP  rr  .  0.600  .  LP  -  2.030  Cfl  -  1-268 

Fig.  12  f  SKF-Conf.  C  Airfoil  with  Slat  and  Flap 
Comparison  with  Viscous  Calculation  and  Measurement 
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region  exists.  But  if  massive  separation  will  appear  which  is  assumed  due  to  the  strong 
adverse  pressure  gradient  like  the  one  shown  in  the  foregoing  '.igures  one  of  the  follo¬ 
wing  is  recommended: 

The  full  Navior-Stokes-Equations  have  to  be  solved  or 

to  develop  a  more  sophisticated  vlscous/inviscid  interaction  model  in  the 

separation  region  or 

to  avoid  there  pressure  gradients  the  airfoil  has  to  be  smoothed  like  a 

separation  streamline  or 

to  take  the  results  as  they  are. 

If  the  results  are  taken  as  they  are  no  one  expects  that  use  of  the  Kutta-condition, 
i.e.  same  velocities  on  the  upper  and  lower  surface  at  the  trailing  edge,  will  give  the 
right  circulation.  These  conditions  will  lead  to  the  pressure  distributions  shown  here. 

However,  the  overall  agreement  between  the  present  theory  and  the  experiments  for 
single  airfoils  or  even  multi-element  airfoils  are  quite  satisfactory.  For  the  three- 
element  airfoil  the  agreement  is  not  as  good  due  to  the  reason  stated  above.  But  for 
engineering  application  the  results  are  quite  encouraging,  since  there  is  little  known 
about  the  interaction  of  inviscid/viscous  flow  around  multi-element  airfoils  in  the 
transonic  speed  regime. 


*  i 


VI.  CONCLUSIONS 

The  method  presented  here  represents  a  great  improvement  on  those  that  have  been  avail¬ 
able  previously  for  single  or  two-element  airfoils  and  has  the  extension  to  handle  more 
than  two-element  airfoil  sections.  Thus  it  is  of  considerable  practical  value  in  airfoil 
design.  However,  there  are  deficiencies  in  the  method  notably  in  the  region  where  the 
boundary  layer  assumptions  are  strictly  invalid,  i.e.  when  the  flow  is  approaching,  or 
beyond,  separation. 

The  use  of  a  streamline  coordinate  transformation  procedure  in  transonic  flow  analysis 
allows  a  general  method  to  be  developed  that  is  not  confined  to  a  special  class  of 
geometry.  The  method  gives  results  which  are  in  reasonable  agreement  with  experiments. 

The  resulting  computer  program  which  has  been  developed  enables  a  converged  solution  over 
a  typical  two-element  airfoil  section  to  be  obtained  in  about  2-3  minutes  on  an  IBM  3033 
computer. 
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CALCULATIONS  OF  TRANSONIC  FLOW  OVER  WING/BODY  COMBINATIONS 
WITH  AN  ALLOWANCE  FOR  VISCOUS  EFFECTS 

M.C.P.  Firmin 
Aerodynamics  Department 
Royal  Aircraft  Establishment 
Farnborough,  Hampshire,  England 


SUMMARY 

The  paper  shows  how  a  viscous-inviscid  interaction  scheme  developed  for  aerofoils 
can  b°  successfully  generalised  to  account  for  tha  three-dimensional  effects  of  the 
boundary  layers  and  wake  over  the  wing  of  a  wing/body  combination. 

Two  main  elements  make  up  the  method: 

(a)  the  RAE  Mk  4  transonic  small  perturbation  method  which  has  been  modified  to  allow 
changes  to  be  made  to  the  boundary  conditions  over  the  wing  and  in  the  wake; 

(b)  a  three-dimensional  integral  boundary-layer  method,  U3ing  the  scheme  of  solution 
devised  by  P.D.  Smith,  to  extend  the  two-dimensional  'lag'  entrainment  method  of  Green, 
Weeks  and  Brooman. 

The  paper  discusses  the  coupling  of  the  two  main  elements  of  the  method  and  the 
difficulties  encountered  in  providing  an  adequate  iterative  scheme.  Computing  times  are 
discussed  in  relation  to  the  time  required  for  the  basic  calculation  for  inviscid  flow. 
Several  examples  are  given  of  results  obtained  and  comparisons  are  shown  between  experi¬ 
mental  measurements  and  results  from  the  scheme. 
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local  chord 

mean  chord  of  wing 

entrainment  coefficient  (Eq.(l3)) 

local  lift  coefficient  based  on  local  chord 

lift  coefficient  for  wing  based  on  wing  area 

pressure  coefficient 

change  in  pressure  coefficient  due  to  wake  curvature  (Eg. (10)) 
transformed  shape  factor  (Eq.(16)> 
strearewise  boundary- 1<"  yer  shape  factor 
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stream  Mach  number 

Reynolds  number  based  on  mean  chord 

streamwise  coordinates 

rectangular  coordinates  in  physical  space 
coordinates  of  body 

transformed  coordinates  in  computing  space 
sides  of  rectangular  box  representing  body 
flow  direction  on  the  wing  surface 
body  incidence 
wir.g  incidence 

angle  between  the  external  streamline  and  the  direction  of  limiting  stream¬ 
line  on  the  wing  surface 

ratio  of  specific  heats  (Eq.(l)) 

change  in  boundary  conditions  due  to  boundary  layers  (Eq.(5)) 
displacement  thickness 

non-dimensional  position  on  chord  of  wing 
relaxation  factor  for  viscous  effects  (Eg. (21)) 
non-dimensional  position  on  the  gross  semi-span  of  wing 
streamwise  momentum  thickness 
density 

edge  of  boundary  layer  or  wake 
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1  INTRODUCTION 

One  of  the  major  challenges  facing  aerodynamicists  has  been  to  provide  practical 
methods  which  may  be  used  in  the  design  of  aircraft.  This  necessitates  being  able  to 
determine  the  pressure  distribution  and  loads  on  the  component  parts  in  flight.  This 
challenge  has  always  posed  a  most  difficult  problem,  and  particularly  so  when  shock  waves 
exist  in  the  flow;  and  at  present  no  ideal  method  exists.  Unfortunately  as  aircraft 
designs  have  advanced  the  flows  have  become  more  complicated  and  often  more  sensitive  to 
scale  effects,  and  therefore  less  amenable  to  calculation.  For  some  of  the  more  complex 
shapes,  and  where  flow  separations  exist,  it  is  still  essential  to  rely  mainly  on  wind- 
tunnel  tests;  but  these  are  expensive,  time-consuming  and  involve  wall  interference  and 
scale  effects  of  uncertain  magnitude.  Recently  advances  in  computational  fluid  dynamics 
have  allowed  the  prospect  o£  making  good  estimates,  even  for  examples  with  transonic  flow 
and  shock  waves,  of  the  loading  of  aircraft  for  conditions  of  attached  flow.  This  is 
done  by  considering  the  problem  as  one  where  the  flow  is  predominantly  inviscid  but  also 
one  where  corrections  can  be  made  for  the  viscous  effects.  Thus  for  this  restricted 
range  of  conditions  there  is  a  prospect  of  reducing  the  number  of  wind-tunnel  tests 
necessary  in  any  design  development  and  so  reduce  the  timescale  and  cost. 

2 

An  invited  paper  by  Lock  ,  for  this  Symposium,  reviews  the  subject  in  detail,  but 
as  the  scheme  to  be  described  here  for  wing/body  combinations  relies  heavily  on  the 
previous  work  on  aerofoils,  the  main  points  are  also  summarised  here.  Several  methods 
have  been  developed  for  taking  into  account  the  interaction  between  the  boundary  layers 
and  wake  with  the  external  inviscid  flow,  and  some  of  these  have  been  extended  to  deal 
with  transonic  flows,  for  cases  where  the  shock  waves  are  not  too  strong  and  the  boundary 
layers  remain  attached3-6.  The  methods  in  most  common  use,  so  far,  are  based  on  solu¬ 
tions  for  the  inviscid  potential  flow  and  an  allowance  is  made  for  the  effects  of  the 
boundary  layers  and  viscous  wake  by  modifying  the  internal  boundary  conditions  in  the 
region  of  the  aerofoil  surface  and  the  wake.  Two  possible  concepts  have  been  used; 
either  a  new  boundary  is  considered  as  envisaged  by  Prestorr,  or  the  boundary  conditions 
at  the  aerofoil  surface  and  on  a  line  representing  the  wake  are  modified,  to  account  for 
the  displacement  effects  of  the  boundary  layer  and  wake'.  The  overall  solution  then 
depends  on  an  iterative  scheme  in  which  the  boundary  conditions  are  modified  in  steps  as 
the  calculation  proceeds  using  an  under-relaxation  scheme3.  These  methods  have  given 
such  good  results  that  it  seems  reasonable  to  attempt  an  extension  of  the  ideas  to  the 
wings  o..’  wing/body  combinations,  although  for  aerofoils  there  are  still  some  doubts  about 
the  detailed  representation  of  the  flow  in  a  shock-wave  boundary-layer  interaction6  and 
in  the  neighbourhood  of  a  trailing  edge6.  In  spite  of  these  inherent  deficiencies  the 
methods  still  appear  to  be  more  accurate  and  economical  than  the  numerical  solutions  that 
have  appeared  so  far  from  the  Reynolds  averaged  Navier-Stokes  codes,  even  for  attached 
flow  over  aerofoils8. 

In  this  paper  a  method  is  described  in  which  the  main  inviscid  clement  is  the  RAE 
Mk  4  Transonic  Small  Perturbation  (TSP)  method10  for  the  flow  over  wing/body  combina¬ 
tions,  and  the  boundary  layers  and  wakes  are  calculated  using  an  integral  method  which  is 
an  extension  of  the  ’lag’  entrainment  method  of  Green,  Weeks  and  Brooman12  to  three- 
dimensional  flow,  and  uses  the  scheme  of  solution  devised  by  Smith13.  For  region;,  of  the 
wing  near  the  attachment  line  and  where  laminar  boundary  layers  exist  a  yawed  wing 
assumption  is  made. 

The  paper  discusses  the  coupling  of  the  two  main  elements  of  the  method  and  the 
difficulties  encountered  in  providing  an  adequate  scheme.  Several  examples  are  given  of 
results  obtained. 

2  STATEMENT  OF  PROBLEM 

The  method  requires,  as  for  aerofoils,  two  basic  elements  to  be  linked  together: 

(a)  a  method  for  calculating  the  inviscid  flow  over  a  wing/body  combination,  where 
boundary  conditions  are  applied  either  at  the  displacement  surface  or  alternatively  on 
the  original  surface,  but  with  a  non-zero  normal  velocity  at  the  surface  and  with  a 
modified  jump  condition  downstream  in  the  wake;  and  (b)  a  method  for  calculating  the 
boundary  layer  and  wake  flow  generated  by  a  wing.  It  will  be  assumed  that  the  boundary 
layers  may  be  either  laminar  or  turbulent  in  the  region  of  the  leading  edge  but  that  in 
any  case  transition  to  turbulent  flow  will  occur  at  some  prescribed  location  on  the 
forward  part  of  the  wing. 

The  linking  of  the  two  methods  is  essential,  since  the  boundary  conditions  which 
are  applied  to  the  method  for  inviscid  flow  are  obtained  from  boundary-layer  and  wake 
calculations,  while  the  boundary- layer  calculations  are  dependent  on  the  pressure  distri¬ 
bution  which  is  obtained  from  the  inviscid  flow  method.  An  interactive  sequence  has  to 
be  built  up  and  this  will  take  the  form  of  a  doubly  iterative  scheme  as  first  suggested 
by  Jones  and  Firmin0  for  aerofoils.  They  found  that  by  modifying  the  boundary  conditions, 
at  intervals,  during  the  iterative  sequence  for  the  inviscid  flow  method,  it  was  possible 
to  obtain  solutions  for  an  aerofoil  with  a  correction  for  the  effects  of  the  attached 
boundary  layers  provided  a  low  relaxation  factor  was  used  in  modifying  the  aerofoil's 
boundary  conditions.  The  total  computing  times  were  increased  by  the  order  of  50%  due  to 
the  necessity  to  regularly  calculate  the  boundary-layer  characteristics  for  the  gradually 
changing  pressure  distribution  and  the  need  for  an  increased  total  number  of  interactions 
to  obtain  a  converged  solution  of  th»  inviscid  method.  Similar  results  might  be  expected 
for  the  work  on  wing/body  combinations  as  the  methods  being  used  are  derivatives  of  those 
used  in  the  original  work. 
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3  CHOICE  OF  METHODS 
3.X  Inviscid  flow 

For  the  calculation  of  the  inviscid  flow  over  wing/body  combinations  in  compres¬ 
sible  flow  where  shock  waves  may. occur,  the  only  method  available  within  the  UK  at  the 
time  this  work  was  started  was  the  RAE  TSP  method  being  developed  by  Albone,  Hall  and 
Joyce7 <1°.  This  method  is  based  on  the  assumption  that  the  flow  is  irrotational  so  that 
a  velocity  potential  exists,  and  also  that  the  perturbations  in  velocity  potential  are 
small.  The  method  has  been  well  tested  for  two-dimensional  flow  against  solutions  of  the 
full  potential  nethod  for  a  wide  range  of  aerofoils  and  over  Mach  number  ranges  likely  to 
be  of  interest  in  the  design  of  aircraft,  and  has  been  found  to  give  surprisingly 
accurate  results11. 

In  the  derivation  given  by  Albone  et  al  the  method  for  wings  and  wing/body  combina¬ 
tions  reduces  to  the  two-dimensional  form  for  an  infinite  sheared  wing.  For  three- 
dimensional  flow  the  differential  equation  is: 

[l  ■  M-  -  (*  +  1)Mf*x]*xx  +  [X  -  -  U'&xKy  +  *55  -  2M f*y*xy  =  0  (!) 

where  the  scaled  perturbation  potential  0  is  related  to  the  velocity  potential  4>  by 

*  -  M*“4/3(+-x)  (2) 

-  (2/3-r/2) 

with  z  =  M^  Z  and  Mr  =  Mw  cos  A  .  A  is  an  angle  which  is  zero  at  the  centre 

line  of  the  body  and  tends  to  the  local  angie  of  sweep-back  of  the  mid-chord  of  the  wing 
outside  the  body.  Mw  is  the  free  stream  Mach  number  and  r  is  an  empirically  defined 
parameter.  The  boundary  conditions  used  in  the  method  are  modified  slightly  to  allow 
viscous  corrections  to  be  applied.  Over  the  body  no  modification  is  required  as,  at  this 
stage,  corrections  are  not  included  for  the  influence  of  the  body  boundary  layer;  so  the 
boundary  conditions,  applied  on  the  sides  of  the  rectangular  box  y  =  y^  ,  z  =  ,  are: 


and 


(3) 


(4) 


where  5  -  Zg(x,y)  and  y  =  yfi(x,z)  defines  the  body  surface  and  is  the  body 

incidence.  In  the  method  the  boundary  conditions  are  not  applied  on  the  body  itself  but 
equivalent  conditions  are  applied  on  the  side  of  the  rectangular  box,  which  acts  as  a 
porous  boundary. 

Over  the  wing  and  in  the  wake  corrections  are  included  for  the  wing  boundary  ) ayers 
and  the  viscous  wake.  The  boundary  condition  applied  on  z  *  0+  and  on  z  =  0“  ..^c-omes 


<*z> 


5=0 


^r/2-2 

n 


+  7  (x,y) 


(5) 


where  z  =  zg(x,y)  is  the  equation  of  the  actual  wing  surface,  a is  the  angle  of 

incidence  of  the  wing  and  7(x,y)  is  the  additional  term  due  to  the  displacement  effect 
of  the  boundary  layers  on  the  wing.  7(x,y)  is  derived  from  a  knowledge  of  the  boundary- 
layer  parameters  and  depends  on  the  applied  pressure  distribution,  so  it  is  different  for 
the  upper  and  lower  surfaces  of  the  wing. 


The  conditions  to  be  satisfied  on  the  trailing  vortex  sheet  are  modified,  but  the 
sheet  is  still  represented  by  a  jump  in  velocity  potential  across  z  =  0  .  The  modified 
conditions  to  be  satisfied  on  the  trailing  vortex  sheet  are: 


^(x,y,5=0+)  -  ^  (x,y,z=0-)  j 

i  =  T(x,y) 

x>xte 

(6) 

0z(x,y,z=O+)  -0z(x, y,z=0-) 

=  &4>z  (x,y) 

(7) 

where 

r  (x,y)  =  T(x  =  +  » 

,y)  +  AT (x,y)  . 

(8) 

A  <5S*<“  ' 
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AT  and  A^>z  are  dependent  on  the  wake  curvature  and  thickness,  and  the  trailing  edge  of 
the  wing  is  defined  by  x  =  xfce  . 

At  x  =  +  »  the  perturbation  potential  $  satisfies  the  reduced  equation 


subject  to  the  conditions 


yy 


<t>  (y,z=0+)  -  «(y,2=0~) 


0 


T (x=+~,y) 
0 


(9) 


for  y  |  ^  |  y  semi-span  ,  and  $  ■+  0  as  y  ■+  <»  and  z  ±  °°  .  For  other  values  of  x  , 
<P  0  with  increasing  distance  from  the  wing/body  combination. 

The  pressure  coefficient  is  given  by  an  approximate  relationship 


C 


P 


2M2/2"r$x  -  M2"2r(0x)2(l  -  M2)  -  M2“2r(*y)2  +  ACp 


(10) 


where  ACp  is  a  correction  to  the  pressure  coefficient  due  to  the  difference  in  pressure 

between  the  value  on  the  actual  surface  obtained  from  the  inviscid-flow  model  and  the 
value  in  the  real  flow.  Ac^  is  obtained  from  the  difference  in  the  change  in  pressure 

across  the  boundary  layer  and  that  across  an  equivalent  layer  of  inviscid  flow. 


3.2  Boundary  layer  and  wake  flow  -  turbulent 

12 

With  the  success  of  the  'lag'  entrainment  turbulent  boundary- layer  method  used  in 
connection  with  the  development  of  schemes  for  ;alculating  viscous  effects  on  aerofoils, 
it  is  natural  to  use  a  similar  method  for  three-dimensional  flows.  The  'lag1  entrainment 
method  is  an  integral  method  in  that  the  governing  partial  differential  equations  in  the 
three  independent  variables  (x,y,z)  are  reduced,  by  an  integration  in  the  direction 
normal  to  the  surface  (z),  to  another  set  of  partial  differential  equations,  but  with  two 
independent  variables.  The  method,  which  is  an  extension  of  the  entrainme-t  method  of 
Smith13,  is  based  on  four  such  equations,  the  two  momentum  integral  equat/ons ,  the 
continuity  integral  equation,  and  the  'lag'  equation.  For  the  use  mad*i  here  the  mam 
advantage  of  the  integral  method  over  differential  method  is  one  of  speed  for  a  given 
accuracy,  which  is  important  when  the  viscous  layers  have  to  be  determined  repeatedly 
during  u'  ■»  course  of  the  calculations. 

The  momentum  integral  equations  written  in  streamline  coordinates  are1^; 


I  Cf,  -en(H  +  2-»e)lT&  +  ei2»eir^-  (011  "  ®22)  r  Is 


UD 
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1  c 

2  ^f. 


-  0 


2lj<2  -  Me)  +  !H  j-  hl(H  +  ”  +<,22(1  -  *#} 


. (12) 

where  s  represents  a  distance  along  an  external  streamline,  n  a  distance  parallel  to 

the  wing  surface  and  normal  to  an  external  streamline  and  —  iS  associated  with  the 
divergence  of  the  streamlines.  r  35 


The  continuity  integral  equation  is: 
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The  various  displacement  and  momentum  thicknesses  are  defined  as: 
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>  (14) 


with  the  shape  factors  H  =  and  =  (6  —  ^  j_ ) /®  j_  •  u  /  v  ,  Cf  and  Cf  are 

the  components  of  the  velocity  and  skin  friction  vectors  in  the  s  and  n  directions 
respectively.  The  subscript  e  refers  to  conditions  at  the  outer  edge  of  the  boundary 
layer,  and  p  is  the  density. 

12 

The  two-dimensional  'lag'  equat'on  is  assumed  to  hold  along  an  external  stream¬ 
line,  so 


n  3Cp 

•u  IT  ■  ' 


K*»1  |lc',«o0"Mct1'i  *  »,*  (asS)EQ‘  »» 
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(15) 


where  CT  is  the  shear  stress  coefficient  and  X  is  a  factor  which  is  set  to  unity  for 
boundary  layers  unless  secondary  influences  are  included.  The  suffices  EQQ  and  EQ 

refer  to  equilibrium  conditions,  the  quantities  being  calculated  as  suggested  by  Green 
et  al 12 .  Following  Green,  H  is  introduced  as: 


(16) 


13 

and  it  is  assumed  by  Smith,  as  in  the  entrainment  method  ,  that  all  crossflow  thicknesses 
may  be  related  to  the  streamwise  momentum  thickness  0^  by  the  relationships 


*21  - 

fl<H)*n 

tan 

*12  - 

f2(H)0n 

tan 

*2  " 

f3(H)*U 

tan 

*22  = 

f4(H)0u 

tan 

> 


(17) 


where  0  is  the  angle  between  the  external  streamline  and  the  direction  of  the  limiting 
streamline  on  the  wing  surface.  The  streamwise  skin  friction  coefficient  is  assumed  to 
be  given  by  the  relationship  due  to  Green  et  al 12  for  two-dimensional  flow.  The  cross- 
flow  skin-friction  coefficient  is  assumed  to  be  given  by 


Cf  =  Cf  tan  0  . 
r2  rl 


(18) 


The  above  equations  are  transformed  to  a  non-orthogonal  system  and  are  solved 
numerically  by  a  simple  explicit  finite  difference  method  in  which  the  forward  step  size 
is  controlled  by  the  requirement  that  the  downstream  point  remains  within  the  domain  of 
influence  of  the  upstream  point  and  its  immediate  neighbours.  The  input  velocity  distrb 
bution  and  geometry  are  all  interpolated  by  using  bicubic  spline  interpolation. 

The  boundary-layer  method  is  extended  into  the  wake  by  making  basically  the  same 
assumptions  as  made  by  Green  for  two-dimensional  aerofoils.  The  computation  of  the 


aware* 


8-6 


boundary-layer  growth  over  one  surface  of  the  wing  is  taken  beyond  the  trailing  edge  to 
treat  the  development  of  the  part  of  the  wake  on  one  side  of  the  stream  surface  origina¬ 
ting  at  the  trailing  edge,  by  continuing  the  solution  of  the  governing  differential 
equations.  Downstream  of  the  trailing  edge,  the  only  changes  to  the  method  are: 

(1)  C-  (including  the  related  value  for  a  flat  plate)  is  set  to  zero  in  all  the 

£1 

equations  in  which  it  occurs? 

(2)  the  dissipation  length  scale  is  doubled  (ie  \  =  0.5  ). 

The  first  change  implies  no  contribution  from  skin  friction  in  the  momentum  integral 
equations  (11)  and  (12),  as  C.  is  related  to  C.  through  Eq.(18).  Green  justifies 

t2  tj 

the  change  for  aerofoils  in  terms  of  physical  considerations  and  by  comparing  with 
experimental  evidence;  no  further  justification  is  given  here.  In  practice  it  is  found 
that  the  crossflow  angle  0  decays  as  the  pressure  gradients  are  reduced  in  the  wake. 

0  now  becomes  the  angle  between  the  external  streamline  and  the  corresponding  streamline 
at  the  stream  surface  dividing  the  upper  and  lower  surface  wakes.  No  account  has  been 
taken  of  the  viscous  interaction  between  the  wakes  leaving  the  upper  and  lower  surfaces 
of  the  wing. 

3.3  Boundary  layers  near  a  leading  edge 

In  this  work  the  aim  has  been  to  make  allowance  for  viscous  effects  when  the 
boundary  layers  are  predominantly  turbulent  over  the  wings,  but  it  is  still  essential  to 
make  some  allowance  for  the  layers  ahead  of  transition  and  to  have  a  method  available  for 
determining  the  starting  conditions  for  the  turbulent  layers.  Although  methods  exist  for 
the  calculation  of  three-dimensional  compressible  laminar  boundary  layers  they  did  not 
fit  easily  into  the  scheme  proposed  here.  Difficulties  occurred  because  the  flow  direc¬ 
tion  can  change  rapidly  in  the  region  of  the  attachment  line  and  the  grid  system  may  not 
match  the  requirements  of  the  laminar  boundary-layer  methods. 

These  practical  difficulties  were  avoided  in  the  current  method  by  assuming  that, 
in  the  region  of  the  leading  edges  of  the  wing,  variation  in  the  spanwise  direction  (ie 
along  wing  generators)  can  be  neglected  and  so  a  ’yawed-wing’  version  of  Smith’s  boundary 
layer  program15,  which  l.as  been  prepared  for  laminar  or  turbulent  boundary  layers,  can  be 
used  from  the  leading  edge  of  the  wing  back  to  a  convenient  point  at  each  spanwise 
station.  For  flow  which  is  laminar  at  the  attachment  line  and  up  to  some  transition  ,, 

location,  the  momentum  thickness  is  evaluated  using  an  approximation  suggested  by  Cooke* 
and  then  the  turbulent  boundary  layer  is  started  assuming  that  the  momentum  thickness  is 
continuous  at  transition,  and  that  the  twist  through  the  boundary  layer  0  is  initially 
zero.  The  shape  factor  at  the  start  of  the  turbulent  boundary  layer  is  determined  by 
assuming  equilibrium  flow. 

When  the  direction  of  the  transition  front  does  not  coincide  with  that  of  a  grid 
line  used  in  the  combined  method,  the  ’yawed  wing’  method  for  turbulent  boundary  layers 
is  used  to  bridge  the  gap.  The  obvious  anomaly  in  the  region  of  the  wing/body  junction 
needs  further  investigation,  but  the  results  obtained  so  far  do  not  appear  to  be  highly 
sensitive  to  the  conditions  applied  in  this  region. 

4  COUPLING 

The  grid  system  used  for  the  inviscid  element  of  the  program  was  devised  to  obtain 
computing  efficiency  with  reasonable  simplicity,  but  it  took  no  special  account  of  the 
need  to  calculate  boundary  layers  over  the  wings  and  the  wake.  The  basic  grid  used  in 
the  computing  space  is  regular  within  the  rectangular  box  |x|  <  1  ,  |Y|  <  1  ,  |z|  <  1 
and  is  divided  into  L*M*N  elements,  L,  M  and  N  being  the  number  of  subdivisions  in  the 
X,  Y  and  Z  directions  respectively.  This  box  corresponds  to  the  infinite  domain  in  the 
physical  space  (x,  y,  z)  with  the  wing  plane  z  =  0  transformed  to  Z  =  0  ,  and  the 
plane  of  symmetry  y  =  0  transformed  to  Y  =  0  .  The  lines  x  =  (y)  and  y  =  g2(y)  , 

as  shown  in  Fig  1  and  defined  in  the  plane  z  =  0  ,  coincide  with  the  leading  and  trail¬ 
ing  edges  respectively  of  the  wing,  except  within  the  body  and  near  and  outboard  of  the 
tip  where  they  are  curved  to  become  parallel  with  the  y-axis.  The  lines  x  =  g1  (y)  and 

x  =  92(y)  become  lines  X  =  const,  in  the  computing  space.  Ahead  of  the  leading  edge 

and  behind  the  trailing  edge,  the  lines  X  =  const,  become  progressively  less  ‘swept’  ?.o 
x  ■*•*«>  . 

The  main  boundary-layer  program  requires  a  grid  of  surface  points  which  can  be 
transformed  into  a  rectangular  grid,  with  the  trailing  edge  a  coordinate  line,  and  with 
the  starting  values  for  the  boundary-layer  parameters  (0 , 1 and  0)  prescribed  on 

the  upstream  edge  and  for  any  side  along  which  the  flow  is  directed  into  the  computa¬ 
tional  region.  As  mentioned  above,  the  starting  values  at  the  upstream  edge  are  obtained 
by  making  ’yawed  wing*  assumptions.  For  most  of  the  remaining  region  over  which  it  is 
necessary  to  compute  the  boundary  layers  and  the  wake  the  grids  used  in  the  two  methods 
are  fully  compatible,  but  near  the  tip  of  the  wing  some  interpolation  of  the  pressure 
distribution  may  be  necessary  to  form  a  suitable  grid.  The  results  from  the  boundary- 
layer  method  will  then  need  to  be  reinterpolated  to  obtain  the  modified  boundary  condi¬ 
tions  for  the  inviscid  flow  element  of  the  program. 


In  coupling  the  methods  together  difficulties  exist  at  the  edges  of  the  region  over 
which  the  boundary  layers  and  wake  are  to  be  computed,  because  no  attempt  is  made  to 
calculate  the  viscous  layers  outside  the  region  covered  by  the  wing  and  wake  {te  for  wing; 
^body  ^  y  <  ^semi-span' '  T^e  ^oun<^ary  conditions  at  the  sides  of  the  region  are  not 

readily  available,  since  the  flow  in  the  wing/body  junction  is  difficult  to  model;  while 
the  conditions  near  the  tip  of  the  wing  in  the  inviscid  flow  method  may  lead  to  a 
physically  unrealistic  solution  which  could  cause  the  boundary-layer  method  to  break  down 
artificially.  In  consequence,  at  the  present  time  the  following  conditions  are  applied: 

(a)  at  the  wing/body  junction 


3°11  _  3H  .  33  +  _  3CE  .  0  . 

3y  3y  3y  ~  3y  ’ 


3(3 

t— ■  is  taken  as  antisymmetric  about  the  junction.  This  condition  is  strictly  only 

ay 

correct  for  a  junction  where  the  main  stream  flow  is  along  y  =  y^^  ; 

(b)  At  the  'tip'  (ie  last  station  on  the  span), 
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are  all  obtained  using  the  backward  difference  equation  so  that  the  derivatives  are 
obtained  from  quantities  defined  within  the  computational  region,  here  Y  is  defined  in 
the  transformed  computing  space. 


In  coupling  the  inviscid  element  to  the  boundary-layer  method  the  input  needed  by 
the  boundary-layer  element  is  the  velocity  distribution  over  the  surface.  In  using  the 
TSP  method  the  main  output  is  the  pressure  coefficient  which  is  obtained  from  the  pertur¬ 
bation  velocities  using  only  an  approximate  formula  (Eq.(10)),  and  so  the  direction  of 
the  velocity  vector  is  not  known.  In  developing  the  TSP  method  it  is  the  pressure 
coefficient  which  has  been  compared  with  more  exact  methods  and  consequently  the  magni¬ 
tude  of  the  velocity  vector  is  well  established,  but  its  direction  has  not  been  specially 
considered.  In  the  present  method  the  direction  of  the  velocity  vector  is  nevertheless 
taken  directly  from  the  TSP  solution,  while  its  magnitude  is  deduced  from  the  pressure 
coefficient  by  means  of  Bernoulli's  equation.  The  required  velocity  gradients  are  then 
derived  by  bicubic  spline  fits  to  the  velocity  vectors. 

In  solving  the  boundary-layer  equations  Smith  relies  upon  difference  equations  to 
obtain  the  derivatives  in  the  Y  direction,  using  backward,  forward,  or  central 
differences  depending  upon  the  flow  directions  within  the  boundary  layer.  It  was  found 
that  this  method  did  not  work  well  where  the  grid  spacing  was  sparse  or  where  the  span-  t 

wise  derivatives  were  changing  rapidly.  In  this  work  it  is  not  realistic  to  increase  the  .... 

number  of  grid  points  used  in  the  boundary-layer  calculation,  and  so  increase  the  required  j  , 

storage  and  the  time  taken  to  compute  the  boundary-layer  characteristics.  Instead  a  I 

modified  definition  is  used  for  determining  the  derivatives, 


which  is  of  the  form 


(1  -  k)  (6  )  +  2k(fl.,)  -  (1  +  k)  ((?,,) 

_ i,j+i _ 1  i,j _  i,j-i 
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(where  k  =  sin  (o  +  0.5(3  )/sin  X  and  X  is  the  angle  between  grid  lines  in  physical 
space) ,  so  that  the  derivatives  change  smoothly  in  the  spanwise  direction.  If  k  =  0  , 
the  equation  is  the  same  as  for  a  central  difference  and  k  =  1  and  k  =  -1  are  the 
same  as  the  backward  and  forward  difference  schemes  respectively,  as  used  by  Smith.  As 
k  is  varied  it  is  equivalent  to  determining  the  derivative  at  a  point  1,  J  +  %k 
instead  of  the  point  I,  J  by  the  central  difference  scheme. 

When  using  a  boundary-layer  method  in  an  iterative  scheme,  such  as  the  one 
described  here,  it  is  essential  that  the  boundary-layer  calculation  does  not  fail  when 
computing  the  boundary  layer  or  wake,  even  for  some  rather  unrealistic  pressure  distri¬ 
bution  which  may  occur  during  an  intermediate  stage  in  the  iterative  calculation.  In 
the  boundary  layer  and  wake  calculation  arbitrary  limits  have  been  set  to  avoid  this  and 
in  addition  increments  to  the  boundary-layer  parameters  are  reduced  below  the  changes 
required  by  the  method  if  i5  exceeds  3.0.  The  absolute  limit  set  on  H  is  at  present 
3.5.  The  values  for  the  limits  on  H  are  well  above  the  value  at  which  boundary-layer 
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separation  would  normally  be  expected,  so  if  either  of  these  values  are  reached  in  the 
converged  solution  then  significant  boundary-layer  separation  would  be  expected  and  the 
solutions  would  be  unlikely  to  compare  well  with  measured  parameters. 

The  solution  of  the  boundary-layer  equations  is,  as  mentioned  before,  obtained 
numerically  by  a  simple  explicit  finite  difference  method  with  the  forward  step  increment 
in  the  positive  X  direction,  thus  requiring  the  flow  external  to  the  boundary  layer  to  be 
in  the  positive  X  direction.  In  addition  a  limit  has  been  placed  on  the  maximum  tw~st 
within  the  boundary  layer  which  is  permitted,  thus  making  sure  that  the  surface  flow  is 
also  in  the  positive  X  direction,  ie 

X  -  180  -  a<(3  <  X  -  a 

where  X  is  the  angle  between  the  grid  lines  in  the  physical  space  and  a  is  the 
direocior.  of  the  flow  at  the  edge  of  the  boundary  layer  with  respect  to  the  y-axis. 

Another  aid  to  convergence, _which  appears  to  work  well,  is  to  repeat  the  boundary- 
layer  and  wake  calculations,  if  H  =  3.5  is  reached  on  the  wing,  with  the  Reynolds 
number  for  the  calculation  increased  to  1.5  times  the  Reynolds  number  for  the  previous 
attempt.  This  is  done  automatically  in  the  program  but  a  limit  is  set  at  present  of  4.0 
times  the  required  Reynolds  number.  In  this  way  unrealistically  large  changes  to  the 
boundary-layer  parameters  can  usually  be  avoided  in  obtaining  a  converged  result  at  the 
required  Reynolds  number, 

The  main  coupling  from  the  boundary-layer  calculations  back  to  the  inviscid  method 
involves  a  knowledge  of  the  normal  velocity  imparted  to  the  flow  outside  the  boundary 
layer  by  the  presence  of  the  boundary  layers.  The  change  required  to  the  boundary  condi¬ 
tions  is  to  apply  a  non-zero  normal  velocity  (w)  at  the  surface  (or  on  the  dividing 
stream  surface  in  the  wake)  given  by 


w 


_1 _ 3_ 

rpe  as 


(rp  u  8*) 
e  e 


_1 _ a_ 

rp  3  s 
e 


(rpeVl>  +  JT  &  <Pe52> 


(20) 


6*  is  the  displacement  thickness,  which  is  not  usually  identical  to  6  for  three- 
dimensional  flow  as  pointed  out  by  Lighthill17.  1 

For  the  work  on  aerofoils  it  was  found  inadequate  just  to  modify  the  boundary 
conditions  as  suggested;  it  was  necessary  to  apply  some  under-relaxation  to  the  coupling 
in  order  to  obtain  a  scheme  which  would  converge.  The  degree  of  under-relaxation 
required  depends  on  the  example  considered.  In  the  work  on  three-dimensional  wings  we 
take 


7(x,y)  =  70ld(x,y)  +  wjw  -  Told(x,y)|  (21) 


where  7(x,y)  is  the  change  required  to  the  boundary  conditions  in  Eq.(5),  7old  is  the 

value  of  7  used  for  the  previous  iteration  for  the  viscous  layers  and  cj  is  a  relaxa¬ 
tion  factor.  Told  is  initially  set  to  zero.  In  the  wake 


A*z(x,y)  =  ^Z;0ld(x,y)  +  w{wu  +  w^  -  *8f0ia(x#y>}  (22) 


where  Ad  (x,y)  is  the  change  in  d  required  in  the  wake  according  to  Eq.(7).  w  and 
z  z  u 

wl  are  vhe  values  w  from  Eq. (20)  for  the  wake  from  the  upper  (u)  and  lower  U) 

surfaces.  The  relaxation  factor  co  is  usually  taken  as  0.1  or  0.2  but  examples  have 
been  found  where  successful  results  can  be  obtained  with  w  as  high  as  0.5.  When  con¬ 
vergence  is  obtained 

7 (x,y)  =  w 

and 

A>z(x,y)  =  wu  +  wt  (23) 


which  is  the  required  result  to  within  the  approximations  used  in  the  TSP  method.  For 
the  results  given  in  this  paper  the  corrections  to  r  in  Eq. (8)  and  the  correction  to  c 
in  Eq.(10),  have  been  neglected.  p 

The  overall  viscou3-inviscid  interaction  scheme  described  here  is  giver,  in 
diagrammatic  form  in  Fig  2.  For  a  calculation  without  corrections  for  viscous  or  aero- 
elastic  effects  the  procedure  is  exactly  as  given  by  Albone  et  al  and  may  be  summarized 
as  follows: 


Tf 

i 
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(i)  the  geometry  of  the  wing/body  combination  and  the  form  of  the  coordinate  transforma¬ 
tions  are  specified  and  the  appropriate  boundary  conditions  are  derived.  These  trans¬ 
formations  are  of  shearing  and  stretching  types  which  map  the  infinite  physical  shape 
into  a  finite  computing  space.  They  are  chosen  so  that  a  uniform  mesh  in  the  computing 
space  provides  a  low  mesh  density  in  the  far-field  of  physical  space  and  especially  high 
mesh  densities  near  the  leading  edge  of  the  wing,  the  wing/body  junction  and  the  wing  tip; 

(ii)  finite  difference  approximations  of  the  Murman-Cole  type  are  substituted  for  the 
derivatives  in  the  transformed  equations  and  boundary  conditions,  thus  replacing  the 
differential  equations  by  algebraic  equations; 

(iii)  the  resulting  nonlinear  system  of  algebraic  equations  is  solved  by  successive  line 
relaxation  together  with  a  scheme  for  accelerating  convergence. 

The  calculation  proceeds  round  the  'INVISCID  LOOP'  until  the  required  number  of 
iterations  have  been  completed  (unless  convergence  or  divergence  is  recorded) .  If  the 
caiculation  is  complete  or  convergence  has  been  obtained,  then  the  pressure  distribution 
is  calculated,  and  the  flowfield  potentials  and  boundary  conditions  are  stored  for 
subsequent  calculations,  as  a  continuation  run. 

For  aeroelastic  or  viscous  corrections  to  the  calculations  the  boundary  conditions 
are  modified  periodically,  but  otherwise  the  calculation  proceeds  in  the  same  way  as  for 
inviscid  flow.  Although  it  is  possible  to  include  aeroelastic  effects  in  the  Mk  4  TSP 
method  this  facility  has  not  been  used  for  the  results  presented.  When  a  correction  is 
applied  for  viscous  effects  the  inviscid  calculation  is  interrupted  every  M  iterations 
(usually  M  =  10)  in  order  to  calculate  the  boundary  layers  as  described  in  sections  3.1 
and  3.2.  The  calculation  then  proceeds  round  the  'VISCOUS  LOOP',  and  as  mentioned 
previously,  the  changes  to  the  boundary  conditions  are  made  using  under-relaxation 
(Eqs. (21 )  and  (22)). 

Convergence  of  the  overall  scheme  is  judged  on  the  changes  in  pressure  distribution 
and  lift  that  occurs  over  the  wing  and  the  maximum  difference  between  7(x,y)  and  w  in 
Eq.(21)  which  is  extended  into  the  wake  for  this  purpose.  Separate  values  are  recorded 
for  the  upper  and  lower  surfaces. 

5  CONVERGENCE  AND  RUN  TIMES 

The  normal  method  adopted  for  running  the  program,  where  viscous  corrections  are 
applied,  has  been  to  calculate  100  'coarse'  grid  iterations  of  the  inviscid  element  of 
the  program,  and  then  a  further  200  'coarse'  grid  iterations  with  intersperced  boundary- 
layer  calculations,  changing  the  boundary  conditions  every  ten  iterations  of  the  inviscid 
method.  After  completion  of  the  coarse  grid  calculations  a  minimum  of  300  'fine'  grid 
iterations  will  be  needed,  again  changing  the  boundary  conditions  every  ten  iterations. 

In  addition,  at  least  200  additional  'fine'  grid  iterations  are  needed  after 
'satisfactory'  boundary-layer  calculations  have  been  performed.  (Satisfactory  boundary- 
layer  calculations  are  those  where  H  ,  8  etc  have  not  reached  the  specified  limits.) 

An  example  of  the  convergence  of  the  method  is  given  in  Fig  3.  For  this  wing/body 
combination  the  inviscid  calculation  converged  smoothly  and  the  lift  decreased  gradually 
after  changing  to  the  fine  grid  calculation.  After  about  300  iterations  the  lift  was 
within  1*  of  the  value  calculated  for  about  1000  iterations.  For  the  viscous  caiculation 
the  boundary-layer  method  reached  limits  of  H  and  P  at  points  on  the  wing  during  the 
first  200  iterations  so  at  least  a  total  of  400  fine  grid  iterations  was  necessary.  At 
this  stage  it  appears  that  the  lift  is  within  about  1%  of  a  converged  result. 

By  using  a  method  where  corrections  for  the  boundary  layers  and  wake  are  made  in 
the  way  suggested  in  this  paper,  it  is  possible  to  obtain  a  solution  in  a  total  computing 
time  which  is  usually  less  than  twice  the  time  taken  for  the  equivalent  inviscid-f low 
calculation.  The  computing  time  for  a  calculation  depends  on  several  factors,  such  as 
the  number  of  grid  points  on  the  wing,  the  total  mesh  size,  and  the  nearness  of  the 
boundary  layers  to  failure  through  possible  boundary-layer  separation,  so  it  is  difficult 
to  be  more  precise.  If  a  correction  for  viscous  effects  is  made  every  ten  iterations  of 
the  inviscid  flow  calculation,  then  the  additional  time  required  to  calculate  the 
boundary  layers  and  wake  is  between  20%  and  35%  of  the  time  taken.  The  lower  figure  is 
for  17  spanwise  stations  on  the  wing  and  the  upper  value  for  26.  The  comparable  times 
for  aerofoils  were  broadly  similar  although  the  total  time  to  obtain  a  solution  as  a 
percentage  of  the  time  for  the  inviscid  calculation  is  slightly  less.  These  results  are 
generally  what  might  be  expected  as  both  the  inviscid  and  boundary-layer  methods  are 
similar  to  their  two-dimensional  counterparts,  and  the  spanwise  derivatives  in  the  three- 
dimensional  boundary-layer  method  are  obtained  by  finite  differences.  The  times  quoted 
for  the  boundary-layer  calculations  include  all  the  additional  calculations  required  in 
preparing  input  data  f. or  them,,  Only  about  33%  of  the  time  is  taken  up  in  actually 
calculating  the  boundary-layer  integral  parameters  from  the  boundary-layer  equations. 

6  METHOD  EVALUATION 

The  examples  used  in  the  evaluation  cover  two  classes  of  configuration,  the 
moderate  to  high  aspect  ratio  transport  type  and  the  low  aspect  ratio  combat  type  of 
aircraft. 


brv* 


! 


<i 


8-10 

6.1  Wing/body  (1) 

In  the  first  example,  use  is  made  of  a  wing/body  combination  designed  by  British 
Aerospace  in  the  early  1970s.  The  wing  is  mounted  on  a  circular  body  in  a  low  position, 
with  a  fillet  to  fair  the  wing  to  the  body  over  the  rear  part  of  the  wing.  The  config¬ 
uration,  W/B(l),  has  a  planform  as  shown  in  Fig  4  with  a  trailing-edge  crank,  leading 
edge  sweep  of  about  28  degrees,  an  aspect  ratio  of  7.7  and  a  taper  ratio  of  0.23.  In 
the  calculations  which  are  presented  ,iO  account  will  be  taken  of  the  fillet. 

In  calculating  the  pressure  distribution  the  grid  used  has  60  points  in  the  X 
direction  with  38  points  on  each  surface  of  the  wing  and  40  points  in  the  spanwise 
direction  of  which  17  were  cn  the  wing.  The  spacing  of  points  in  the  region  of  the 
trailing  edge  are  rather  sparse  with  intervals  of  about  4%  chord  in  the  X  direction,  the 
trailing  edge  being  approximately  between  grid  points.  Ideally  a  finer  grid  would  be 
desirable  to  simulate  the  rapid  changes  in  the  boundary  layers  in  the  region  of  the 
trailing  edge.  There  is  also  some  rounding  of  the  pressure  distribution  in  the  re  '.on  of 
the  shock  wave  (see  Fig  6),  which  is  similar  to  that  found  for  calculations  on  aerofoils, 
but  again  this  is  likely  to  be  influenced  by  grid  spacing. 

Results  obtained  using  the  method  described  are  given  in  Figs  5  to  10,  but  as 
mentioned  previously  r.o  account  is  taken  of  the  pressure  changes  due  to  the  curvature  of 
the  viscous  layers.  In  all  other  respects  the  ’viscous'  results  are  obtained  with  the 


full  method  unless  otherwise  stated.  In  Fig  5  the  local  lift  coefficient  (C 
given  across  the  span  of  the  wing  as  a  function  of  gross  semi-span  (*Jgross)  L 

for  three  different  calculations.  One  'viscous 


)  is 


(local) 

One  'viscous'  calculation  is  given  together  with 
'inviscid'  calculations  at  the  same  wing  lift,  and  at  the  same  incidence.  For  this 
condition  (M^  =  0.78,  a.  =  l.ii  degrees)  the  spanwise  lift  distribution  is  modified  only 
slightly  if  an  inviscid  calculation  is  made  at  the  same  lift,  but  the  other  calculated 
result  suggests  that  visccus  effects  account  for  a  loss  in  lift  of  about  11%  for  this 
condition  even  at  the  moderately  high  Reynolds  numbers  chosen  for  these  calculations. 
Previous  work  on  aerofoils21  suggest  that  curvature  effects  might  reduce  the  lift  by  a 
further  2  to  3%,  but  with  a  wing  of  finite  aspect  ratio  the  magnitude  of  the  curvature 
effects  to  be  applied  near  the  tip  has  not  yet  been  studied  in  any  detail.  From  the 
results  of  the  spanwise  lift  distribution  it  might  be  thought  that  it  is  adequate  to  use 
inviscid  calculations  at  the  same  lift  coefficient  since  the  spanwise  lift  distributions 
are  very  similar;  but  as  shown  in  Fig  6,  the  influence  of  viscous  effects  is  to  reduce 
the  rear  loading,  and  to  compensate  for  this  appreciable  changes  are  required  in  the 
pressure  distribution  over  the  forward  part  of  the  upper  surface.  Kith  these  discrepan¬ 
cies  in  shock  position  and  aft  pressure  gradient  it  would  be  impossible  to  judge  a  design 
adequately  from  an  inviscid  calculation,  and  in  particular  any  judgement  which  could  be 
made  on  the  separation  boundaries  would  be  quite  misleading.  It  appears  that  the  use  of 
inviscid  flow  calculations  would  lead  to  very  conservative  designs  as  the  effect  of  the 
viscous  correction  has  been  to  reduce  the  pressure  gradient  significantly  over  both  the 
upper  and  lower  surfaces  of  the  wing. 

Fig  7  compares  the  spanwise  lift  distribution  for  experimental  results  with  three 
calculations  all  for  the  same  conditions,  but  at  a  lower  incidence  than  fer  the  results 
in  Fig  5.  The  experimental  results  were  obtained  in  tests  on  a  half  model  in  the  RAE 
8  ft  x  8  ft  wind  tunnel  at  a  Mach  number  of  0.78  and  Reynolds  number  of  12  x  106  with 
boundary-layer  transition  fixed  at  5%  chord.  They  suggest  that  the  method  He  the 
'viscous'  calculation)  gives  an  exceptionally  good  representation  of  the  spanwise  lift 
distribution  at  a  given  lift  coefficient,  but  that  the  overall  lift  at  a  given 
geometric  incidence  is  overestimated  (when  wake  thickness  effects  are  included) .  The 
reason  for  this  is  not  fully  understood;  part  of  it  is  accounted  for  by  the  neglect  of 
curvature  effects  as  already  mentioned,  but  in  addition  secondary  influences  (such  as  the 
effect  of  curvature  on  turbulence  structure12  and  the  revised  H  vb  H.  relationship 

18  ^ 
suggested  by  East  et  al  )  would  tend  to  reduce  the  calculated  lift  and  so  improve  agree¬ 
ment  at  a  given  incidence.  In  the  calculations  for  this  wing  no  account  has  been  taken 
of  the  small  aeroelastlc  twist;  this  would  tend  to  reduce  the  local  incidence  near  the 
tip.  Near  the  root  of  the  wing,  the  inclusion  of  the  effect  of  the  fillet  would  also  be 
likely  to  reduce  the  estimated  lift  slightly  judging  by  the  results  for  W/B(3)  given  by 
A’oone20.  The  overall  method  also  relies  heavily  on  the  accuracy  of  the  inviscid  element, 
.ich  is  limited  by  the  use  of  the  TSP  equations  using  a  non-conservative  scheme  at  the 
..iock  waves.  Published  results  for  aerofoils  suggest  that  the  method  is  surprisingly 
accurate11  but  ver,,  few  comparisons  have  so  far  been  published  between  full  potential 
methods  and  the  RAE  TSP  method  for  wings  or  wing/body  configurations. 

The  change  in  lift  produced  if  the  effect  of  the  finite  thickness  of  the  wake  is 
neglected  (see  Fig  7)  is  slightly  larger  than  expected,  although  similar  in  form  to  the 
results  published  previously  for  aerofoils  at  Reynolds  numbers  about  half  the  value  used 
for  the  present  calculations.  Fig  8  gives  details  of  the  calculated  pressure  distribu¬ 
tions  tor  the  three  spanwise  stations  marked  on  Fig  4;  including  the  effect  of  wake 
thickness  reduces  the  pressure  coefficient  over  most  of  the  upper  surface,  increases  the 
rear  loading  by  a  significant  amount  and  also  reduces  the  pressure  level  near  the  trail¬ 
ing  edge.  Very  little  effect  is  felt  on  the  lower  surface. 

Fig  9  gives  details  of  comparisons  between  the  full  version  of  the  method  and 
exp 'rimental  results  at  the  same  incidence  (a  =  0.29  degrees)  and  the  same  spanwise 
stations  as  used  in  the  previous  figure.  The"results  confirm  the  need  to  make  the 
comparisons  at  a  given  lift  coefficient  rather  than  at  the  same  incidence,  but  otherwise 
the  results  suggest  quite  good  agreement.  It  is  interesting  to  note  that  the  trailing- 
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edge  pressure  and  the  level  of  rear  loading  are  reasonably  well  predicted,  especially  in 
the  light  of  the  small  additional  loss  of  rear  loading  which  will  occur  if  curvature 
effects  are  included.  Fig  10  gives  a  further  comparison  of  pressure  distributions  for  a 
higher  incidence  where  the  shock  waves  are  stronger  especially  on  the  outboard  part  of 
the  wing.  The  calculations  were  made  at  0.85  degrees,  which  is  below  the  geometric 
incidence  (1.11  degrees)  set  in  the  experimental  tests,  but  not  low  enough  to  match  the 
overall  lift  coefficient.  The  comparisons  show  that  the  same  conclusions  are  valid  as 
for  the  results  at  the  lower  incidence,  but  over  the  rear  of  the  outboard  part  of  the 
wing  the  measured  pressure  level  on  the  lower  surface  is  very  slightly  higher  than  the 
predicted  values.  This  may  be  caused  by  the  finite  body  correction  which  is  necessary  in 
calculations,  such  as  these,  where  the  grid  does  not  adequately  represent  the  nose  and 
tail  of  the  body,  being  slightly  overestimated  over  the  outboard  part  of  the  wing.  The 
same  effect  is  present  to  a  lesser  extent  at  the  lower  incidence. 

6 . 2  Wing/body  ( 2 ) 

In  the  second  example  presented  (W/B(2)),  the  wing  is  mounted  on  a  square  body  with 
circular  corners,  in  a  high  position,  as  occurs  for  some  combat  aircraft.  The  wing  has  a 
planform  with  a  rounded  tip,  as  shown  in  Fig  11,  a  leading-edge  sweep  of  40  degrees,  a 
taper  ratio  of  0.25,  and  aspect  ratio  of  4.0.  This  is  an  interesting  example  because  in 
the  tests  made  in  the  ARA  9  ft  x  8  ft  transonic  wind  tunnel,  boundary-layer  transition 
was  fixed  well  aft  of  the  leading  edge  on  the  upper  surface  over  the  outer  part  of  the 
span  and  at  a  forward  position  on  the  lower  surfaces  as  a  result  the  thickness  of  the 
boundary  layers  on  the  upper  and  lower  surfaces  near  the  trailing  edge  are  similar  over 
the  outer  part  of  the  span.  For  this  example  the  boundary  layers  are  well  away  from 
incipient  separation.  The  tests  were  made  at  a  Reynolds  number  of  3.7  x  io°  based  on  a 
mean  chord  and  transition  fixed  as  indicated  in  the  table,  with  a  linear  variation  in 
chordwise  position  between  the  given  points. 

Table  1 

Transition  positions  on  W/B(2) 


Upper  surface 

Lower  surface 

V 

'gross 

i 

T? 

'gross 

t 

body  side 

D9 

body  side 

B9 

0.4 

mm 

1.00 

Mg 

0.74 

Mg 

1 

0.89 

BBS 

19 

1.00 

0.30 

■ 

With  the  above  arrangement  for  transition  fixing  the  calculations  suggest  that  for  this 
wing,  only  quite  small  viscous  effects  occur  (Fig  12),  the  main  change  being  in  the  rear 
loading  with  almost  no  effect  of  viscosity  over  the  front  half  of  the  wing.  This  conclu¬ 
sion  allows  the  experimental  results  to  be  used  in  effect  as  a  check  on  the  RAE  TSP 
method  for  inviscid  flow  over  the  wing.  Some  results  (using  the  'viscous*  version)  are 
given  in  Fig  13.  It  appears  that  the  method  gives  a  fair  representation  of  the  form  of 
supercritical  flow  development,  but  that  the  rear  shock  wave  appears  to  be  too  far  aft 
over  the  inner  part  of  the  wing;  in  addition,  the  rapid  recompression  near  20*  chord 
over  the  inboard  part  of  the  wing  (which  may  be  a  highly  swept  shock  wave)  is  not  well 
represented.  For  this  wing  there  is  also  evidence  that  the  pressure  increase  through  the 
shock  wave  is  insufficient  in  the  theory,  a  feature  noticed  previously  for  two-dimensional 
flow  using  the  TSP  method.  Comparisons  over  the  rear  of  this  wing  suggest  that  the 
trailing-edge  pressure  is  not  so  well  represented,  but  the  rear  loading  is  adequately  pre¬ 
dicted  away  from  regions  influenced  by  the  incorrect  shock  location. 


The  inability  to  estimate  the  trailing-edge  pressure  for  this  example  is  partly 
caused  by  not  including  a  contribution  for  the  influence  of  a  blunt  base;  the  wing  has  a 
blunt  base  of  about  0.5%  of  c  .  An  example  of  the  errors  likely  to  occur  if  the  effect 
of  the  blunt  base  is  not  included  is  given  in  Fig  14;  the  experimental  results  are  from 
measurements  made  on  an  aerofoil  with  a  blunt  base  thickness  of  1.1%  of  c  .  For  this 
example  boundary-layer  and  wake  measurements  were  made  in  the  region  of  the  trailing  edge 
of  the  aerofoil  at  a  Reynolds  number  of  5.4  x  106  and  with  forward  transition  and 
modelled  by  changing  the  normal  velocity  so  that  a  more  correct  displacement  effect  is 
achieved.  The  results  (obtained  by  the  VGK  method5)  suggest  that  a  change  in  pressure 
coefficient  of  the  order  of  0.1  occurs  when  modelling  a  blunt  base  of  about  1%  in  thick¬ 
ness;  but  the  lift  coefficient  was  also  increased  by  about  10%,  with  the  suction  level 
increased  over  most  of  the  upper  surface  of  the  aerofoil.  This  evidence  suggests  that 
the  inclusion  of  blunt  base  effects  in  the  current  method  would  be  worthwhile  and 
probably  improve  the  predicted  trailing-edge  pressure  coefficient  for  W/B(2),  except  over 
the  inner  part  of  the  wing  where  the  results  are  already  good.  The  small  increase  to  be 
expected  in  the  suction  over  the  upper  surface  of  the  wing  would  tend  to  increase  thj 
strength  of  the  rear  shock  wave  and  therefore  make  the  agreement  worse  in  this  respect. 

It  is  possible  to  include  blunt  base  effects  in  the  current  method  by  modifying  di  in 
Eq.(7);  this  technique  has  already  been  successfully  included  bv  the  author  in  the 
viscous  TSP  method  for  aerofoils. 


In  the  development  of  the  inviscid  element  of  ^he  method,  the  aim  has  been  to  match 
with  the  two-dimensional  form  of  solution  by  applying  standard  sweep  relationships  for  an 
infinite  swept  wing.  It  is  therefore  for  a  low  aspect  ratio  wing  such  as  W/B(2)  that  the 
results  are  likely  to  be  least  reliable.  Thus  in  order  to  obtain  more  reliable  res»lts 
for  wings  with  lower  aspect  ratios  it  appears  to  be  necessary  to  link  the  boundary-layer 
element  of  a  method  such  as  the  one  described  here  to  one  of  the  full  potential  methods 
that  are  now  becoming  available,  provided  that  they  can  simulate  the  complicated  body 
geometries  used  with  combat  wings.  Alternatively,  further  work  would  be  necessary  to 
improve  the  inviscid  flow  part  of  this  method  by  making  comparisons  with  the  full 
potential  methods  for  low  aspect  ratio  wings  and  the  simpler  bodies  which  they  can 
represent. 
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Haines  has  presented  a  result  for  W/B{2)  using  the  ARA  full  potential  (inviscid) 
method  but  representing  the  body  by  a  circular  cylinder,  which  indicates  that  the  shock 
waves  will  be  better  represented  by  using  a  full  potential  method.  It  is  not  clear  if 
this  is  due  to  the  much  larger  number  of  chordwi.se  grid  stations  used  over  each  wing 
surface  (about  80) ,  or  to  the  use  of  the  full  potential  equation  and  boundary  conditions. 

6.3  Wing/body  (3) 

A  further  example  with  a  wing  of  high  aspect  ratio,  designated  W/B(3),  has  been 
chosen  because  it  has  a  complicated  spanwise  variation  of  the  flow,  it  was  designed  at 
ARA  in  the  early  1970s  and  proved  to  have  an  unsatisfactory  inner  wing  design,  thus  show¬ 
ing  up  inadequacies  in  the  methods  being  developed  at  that  time1®.  The  wing  has  a  plan- 
form  as  shown  in  Fig  15  with  a  cranked  leading  and  trailing  edge.  The  leading-edge  sweep 
inboard  of  the  crank  is  40  degrees  and  34.4  degrees  outboard,  the  taper  ratio  is  0.22  and 
the  aspect  ratio  is  9.0.  The  wing/body  combination  W/B(3)  was  tested  in  the  ARA 
9  ft  x  8  ft  transonic  wind  tunnel  at  a  Reynolds  number  of  3.7  x  10°  with  a  rear  transi¬ 
tion  band  on  the  upper  surface  and  a  forward  band  on  the  lower,  located  as  shown  in  the 
figure. 

At  the  time  the  wing  was  designed  only  an  early  version  of  the  RAE  TSP  method  was 
available,  without  an  adequate  way  of  allowing  for  the  influence  of  a  body  or  for 
correcting  for  viscous  effects.  Haines19  gives  a  result  from  the  early  calculations 
which  suggests  that  the  estimated  level  of  surface  pressure  coefficient  over  the  forward 
part  of  the  wing  on  the  upper  surface  in  the  region  of  the  crank  was  about  0.2  too  high, 
the  shock  wave  was  about  15%  chord  too  far  aft  and  the  shock  upstream  Mach  number  (M  )  was 
estimated  at  1.19  instead  of  the  1.30  measured.  This  was  clearly  a  most  unsatisfactory 
state  of  affairs.  The  results  shown  in  Fig  15  give  the  answers  from  the  latest  calcula¬ 
tions  for  the  example  cited  by  Haines;  the  pressure  distributions  are  given  for  all  the 
stations  at  which  the  pressures  were  measured,  since  the  form  of  pressure  distribution 
varies  considerably  over  the  span.  The  calculations  were  made  at  the  same  Mach  number 

and  incidence  as  in  the  experiment,  but  a  small  allowance  is  made  for  aeroelastic  twist, 

which  is  taken  to  be  -0.3  degrees  at  the  tip,  tapering  off  to  zero  by  the  crank.  The 
wing  is  mounted  in  a  low  position  on  a  body  of  circular  cross  section  and  the  junction  of 
the  wing  to  the  body  is  faired  in.  A  correction  is  included,  as  mentioned  for  WB(1),  to 
account  for  the  finite  length  of  the  body.  Albone20  has  presented  a  calculation  showing 
the  influence  of  the  fairing  on  the  pressure  distribution  for  this  wing,  using  the 
inviscid  element  of  the  present  method.  His  results  indicate  that  the  pressure 
coefficient  on  the  upper  surface  at  the  innermost  station  is  increased  by  about  0.1  and 
that  the  shock  wave  is  moved  forward  by  about  6%  chord  by  including  the  influence  of  the 
fairing.  The  results  from  the  latest  method  appear  to  predict  the  main  features  of  the 
pressure  distribution  exceptionally  well  considering  the  approximate  nature  of  the 
method.  On  the  upper  surface  the  method  predicts  the  strength  of  the  shock  wave  in  the 

region  of  the  crank  well,  but  indicates  a  more  rapid  weakening  of  the  shock  wave  which 

occurs  inboard  of  the  crank;  however,  good  compar*  .ons  are  obtained  for  the  two  stations 
nearest  to  the  wing  root.  Outboard  of  the  crank  the  changing  chordwise  pressure  distri¬ 
butions  are  well  predicted  but  the  magnitude  of  the  pressure  rise  behind  any  shock  wave 
tends  to  be  underestimated  and  the  shock  waves  appear  smeared.  As  mentioned  for  W/B(2), 
the  combat  wing,  this  feature  is  a  common  fault  with  the  non-conservative  scheme  used  in 
the  region  of  a  shock  wave.  Near  the  tip  of  the  wing  the  flow  over  the  upper  surface  is 
close  to  sonic,  and  appears  to  contain  weak  shock  waves  in  the  experimental  results 
rather  than  the  predicted  smooth  racompression.  On  the  lower  surface  except  near  the 
leading  edge  the  pressure  distribution  is  well  predicted.  The  reason  for  the  mismatch  in 
the  leading-edge  region  ic  not  understood,  as  Haines19  has  quoted  an  almost  identical 
result,  for  the  lcwer  surface,  from  the  full  potential  method,  where  the  boundary  layer 
was  taken  into  account  using  a  fixed  displacement  surface. 

6.4  Boundary-layer  characteristics 

In  all  these  calculations  the  boundary-layer  characteristics  are  obtained  auto¬ 
matically,  thus  giving  the  user  details  which  are  essential  for  the  design  of  wings. 
Provided  that  the  flow  is  not  dominated  by  conditions  at  the  root  or  tip  of  the  wing, 
where  the  conditions  applied  in  the  present  method  are  not  fully  satisfactory,  it  should 
be  possible  to  determine  the  separation  boundary  and  judge  the  type  of  flow  breakdown 
which  will  occur,  in  a  similar  way  to  what  can  be  done  already  for  aerofoils.  In 
addition  the  results  should  also  enable  the  user  to  obtain  some  information  about  the 
drag  of  the  wing. 

The  boundary- layer  method  used  has  been  checked  against  experimental  evidence  of  a 
general  nature  but  at  the  present  time  very  little  experimental  evidence  exists  for  wings 
or  wing/body  combinations  in  conditions  similar  to  those  given  here  for  the  comparisons 
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of  pressure  distributions,  so  no  results  are  presented.  It  is  however  interesting  to 
compare  the  calculated  results  for  the  three  wings;  these  are  presented  in  Fig  16.  Three 
values  are  given:  H„  QQ,  55  „„  and  55  „  .  55«  Qfi  is  the  value  of  55  near  the 

u.so  max  max(lower)  u*5'° 

trailing  edge  on  the  upper  surface  ( ie  f  =  0.98),,  Hmax  is  the  maximum  value  of  55  .which 

is  reached  in  the  region  of  a  shock  wave  on  the  upper  surface,  and  i5__„  is  the 

max (lower) 

maximum  value  of  55  reached  at  the  end  of  the  adverse  pressure  gradient  on  the  lower 
surface  of  the  wing.  Only  values  which  exceed  about  1.6  have  been  given.  For  W/B(l), 

a  =  0.85  degree,  the  transformed  shape  factor  55  is  always  below  1.51  on  the  lower 
w 

surface  and  reaches  about  1.99  at  98*  chord  on  the  upper  surface  over  the  middle  of  the 
span,  well  below  the  value  of  55  usually  associated  with  boundary-layer  separation  on 
aerofoils.  The  twist  through  the  boundary  layer  (0)  is  also  moderate  reaching  17  degrees 
in  the  outboard  direction  in  this  region.  There  is  some  indication  that  the  shock  wave 
on  the  outer  part  of  the  wing  is  likely  to  separate  the  boundary  layer  at  a  slightly 
higher  incidence.  _In  the  present  example  55  has  already  reached  2.3  with  8  reaching 
10  degrees;  both  5i  and  0  fall  rapidly  behind  the  shock  wave.  The  magnitude  of  55  in 

the  region  of  a  shock  wave  can  be  a  guide  to  possible  separation  but  the  actual  value 

calculated  by  a  method  such  as  this  is  likely  to  depend  on  the  grid  spacing. 

For  W/B ( 2 )  boundary-layer  transition  was  fixed  at  about  30%  chord  on  the  outer  part 
of  the  wing,  and  the  distribution  of  55  reflects  this,  with  only  moderate  values  of  55 
being  predicted  for  the  upper  surface  of  the  wing  near  the  trailing  edge.  The  value  of 
55  reaches  a  high  point  of  2.09  in  the  region  where  the  forward  highly  swept  shock  wave 
meets  the  rear  shock  wave.  The  value  of  55  on  the  lower  surface  never  exceeds  1.65.  It 

was  shown  in  Fig  12  that  viscous  effects  for  this  wing  are  quite  small  and  this  would  be 

expected  from  these  boundary-layer  calculations. 

The  results  for  W/B(3)  are  also  presented;  they  suggest  that  the  shock  wave  in  the 
region  of  the  crank  on  the  upper  surface  is  close  to  causing  separation  of  the  boundary 

layer  (55  =  2.10,  n  =  0.39).  Over  the  outer  part  of  the  span  the  boundary  layers 

iricix  gross 

are  closer_to  separation  near  the  trailing  edge  than  on  the  other  two  wings.  A  peak 
value  of  55  =  2.09  is  reached  with  a  twist  through  the  boundary  layers  of  about 
30  degrees  near  the  trailing  edge  (f  =  0.98)  at  about  60*  gross  semi-span.  On  the  lower 
surface  the  maximum  values  of  fl  are  higher  than  on  the  other  two  wings  because  more 
rear  loading  is  being  carried  on  the  outer  part  of  the  span. 

7  CONCLUSIONS 

It  has  been  shown  how  the  scheme  previously  developed  for  two-dimensional  aerofoils 
to  account  for  the  effects  of  the  boundary  layers  and  wake  can  be  extended  with  equal 
success  to  the  wings  of  wing/body  combinations.  There  is  a  suggestion  .nat  the  transonic 
small  perturbation  method  is  not  wholly  adequate  for  low  aspect  ratio  combat  type  wings, 
but  it  still  appears  to  predict  satisfactorily  the  main  features  of  the  flow. 

The  method  provides  adequate  estimates  of  the  pressure  near  the  trailing  edge, 
provided  that  the  effects  of  the  variation  in  wake  thickness  are  taken  into  account,  but 
for  wings  with  thick  trailing  edges  the  method  needs  further  modification.  Further  work 
is  also  needed  to  investigate  the  use  of  the  method  for  the  prediction  of  drag. 
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Fig  3  Convergence  =  0.78,  *  0.29  degree, 

wing/body  (1).  ngross  =  0.545 


Fig  4  Wing/body  (1)  as  tested  in 
RAE  8ft  x  8ft  tunnel 
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Fig  10  Distribution  of  pressure  coefficient,  , 
wing/body  (1),  Mw  =  0.78,  Re-  =  12  x  106 


Fig  13  Distribution  of  pressure  coefficient, 

wing/body  (2),  =  0.87,  Re-  =  3.7  x  10°, 

ay  =  2.87  degrees  ' 


Fig  11  Wing/body  (2)  as  tested  in  ARA  9ft  x  8ft 
tunnel 


Fig  14  Effect  of  a  blunt  base:  RAE  2822  (blunt) 
section,  M  =  0.676,  Re-  =  5.4  x  10®, 

5t  =  0.11  *  c 


Fig  12  Distribution  of  pressure  coefficient, 

wing/body  (2),  =  0.87,  Re?  =  3.7  x  10®, 

ay  =  2.87  degrees 
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PLANAR  TRANSONIC  AIRFOIL  COMPUTATIONS  WITH  VISCOUS  INTERACTIONS 


J.  C.  Wai,  Senior  Engineer,  and 
H.  Yoshlhara,  Engineering  Manager 
Boeing  Military  Airplane  Company 
PO  Box  3707,  M/S  3N-29 
Seattle,  WA  98124  USA 


SUMMARY 

Green's  lag-entrainment  integral  boundary  layer  and  wake  equations  (Ref.  1)  are  coupled 
to  the  transonic  small  disturbance  potential  equation  (TSFOIL  code.  Ref.  2)  to 
calculate  flows  with  shock-induced  and  aft  separations.  The  shock-boundary  layer 
interaction  is  treated  phenomenologically  by  incorporating  a  wedge  ramp  at  the  base  of 
the  shock  to  achieve  an  empirically  defined  post-shock  pressure.  The  remainder  of  the 
boundary  layer  and  wake  are  treated  by  a  coupled  scheme  used  earlier  in  Ref.  3  where 
the  boundary  layer  equations  are  used  as  boundary  conditions  along  the  airfoil  and  wake 
for  the  inviscid  flow  calculation.  The  procedure  is  first  illustrated  for  the  case  of 
the  NASA  Supercritical  Airfoil  12  without  separation  and  then  to  the  case  of  the  RAE 
2822  with  shock-induced  separation. 

J.  INTRODUCTION 

The  objective  is  to  calculate  the  planar  steady  transonic  flow  over  airfoils  with 
shock-induced  and  aft  separations.  Such  flows  are  very  complex  in  structure.  The 
primary  viscous  effects  are  the  shock-boundary  layer  interaction,  which  affects  the 
shock  strength  and  location,  and  the  effective  camber  modification  due  to  the 
difference  in  viscous  displacements  on  the  two  sides  of  the  airfoil.  Finally  of  lesser 
importance  is  the  displacement  effects  of  the  near-wake.  These  viscous  interactions 
usually  have  a  significant  effect  on  the  forces  and  moment  on  the  airfoil. 

Unquestionably  the  most  complex  aspect  of  the  viscous  interaction  is  that  at  the 
shock.  In  the  present  method  a  simplified  phenomenological  model  is  used  where  a 
wedge-nosed  ramp  is  inserted  at  the  base  of  the  shock  in  the  inviscid  calculations. 
The  wedge  ramp  simulates  the  post-shock  boundary  layer  displacement  and  is  fashioned  to 
yield  an  empirically  defined  post-shock  pressure.  The  bridging  across  the  shock  is 
tnen  completed  by  inputting  the  resulting  pressure  gradient  or  the  ramp  displacement 
slopes  into  the  boundary  layer  equations  to  obtain  the  post-shock  values  of  the 
boundary  layer  variables.  Here  the  boundary  layer  equations  are  posed  in  the 
appropriate  stiff  form  (See  Ref.  4)  that  tolerates  input  inaccuracies.  The  post-shock 
values  are  then  used  as  starting  conditions  for  the  remainder  of  the  boundary  layer  and 
the  wake  which  are  calculated  by  a  coupled  procedure. 

In  the  sections  to  follow  we  shall  first  give  a  brief  review  of  the  Green's 
lag-entrainment  boundary-layer  and  wake  equations,  the  phenomenological  treatment  of 
the  shock-boundary  layer  interaction,  and  then  describe  the  coupled  procedure.  Finally 
the  results  for  the  illustrative  examples  of  the  NASA  Supercritical  Airfoil  12  and  the 
RAE  2822  airfoil  are  given  and  compared  to  experimental  results. 

2.  GREEN’S  LAG-ENTRAINMENT  INTEGRAL  METHOD 

Green's  equations  (Ref.  1)  are  based  on  the  boundary  layer  approximations  and 
comprise  th,ree  first  order  ordinary  differential  equations  ,  Two  of  the  equations  are 
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obtained  by  Integrating  the  continuity  .  str'eamvise  momentum  equations  across  the 
layer.  The  third  is  derived  from  the  Bradsliaw-F'erriss  turbulent  energy  equation  (Ref. 
5),  yielding  a  rate  equation  for  the  entrainment  function  measuring  the  rate  at  which 
the  outer  Inviscid  flow  enters  the  boundary  layer. 

For  separated  flows,  this  Integral  method  has  several  advantages  over  partial 
differential  equation  methods.  First,  the  partial  differential  boundary  layer 
equations  are  usually  of  the  hyperbolic  type  and  must  be  marched  in  the  downwind 
direction.  With  reversed  flow  present,  such  a  marching  would  pose  a  difficult 
problem.  On  the  other  hand,  the  integral  equations  can  be  marched  without  difficulty 
into  the  reversed  flow  when  the  problem  is  properly  posed.  Finally,  significantly  less 
computer  time  is  required  to  integrate  the  system  of  ordinary  differential  equations, 
this  being  an  important  consideration  in  our  objective. 

Physically,  one  must  rationalize  the  downwind  marching  into  the  reversed  flow. 
East,  Smith,  and  Merryman  (Ref.  4)  suggest  that  the  separated  flow  assumes  a 
near-equilibrium  state  whereby  the  velocity  and  shear  stress  profiles  of  the  boundary 
layer  tend  to  be  a  streamwlse  Invariance.  Existence  of  this  Invariance  then  provides 
the  a  priori  accounting  of  the  upstream  effect  of  the  reversed  flow  to  permit  the 
downstream  marching.  Here  a  suitable  definition  of  the  equilibrium  flow  must  be 
furnished  such  as  provided  by  the  “equilibrium  locus"  In  Green's  method. 

Green's  equations  are  also  applicable  for  the  wake  when  the  skin  friction 
coefficient  is  set  equal  to  zero,  and  the  dissipation  length  scale  is  halved.  The 
latter  is  used  to  recover  the  correct  asymptotic  far-field  wake. 

Green's  equations  have  the  Important  stiffness  properties  which  are  essential  to 
the  treatment  of  separated  flows.  These  properties  can  be  described  using  the  form  of 
Green's  equations  derived  by  East,  Smith,  and  Merryman  (Ref.  4);  that  is, 

‘’x-VAx  ("!rec,)  111 

or  alternatively  rearranging  the  terms, 

**x  *  F?(<  -  Fl>  (Indirect)  (2) 

where  6*  is  the  displacement  thickness,  is  the  perturbation  potential,  Fj  and  F2 
are  functions  of  the  boundary  layer  variab-es,  and  the  subscripts  denote 
differentiations  with  x  being  the  streamwlse  coordinate.  Equation  (l)  or  (2)  is 
supplemented  by  additional  boundary  layer  equations. 

Fcr  unseparated  flows  East,  et  al  point  out  that  *  so  that  the 
direct  equation  (1)  represents  a  stiff  equation  for  ix  .  That  is,  the  disp.—  ^ment 
slopes  are  relatively  insensitive  to  the  input  pressure  gradient  <f>x%  . 

On  the  other  hand,  for  fully  separated  flows  lF2l»lFji  so  that  the  Indirect 
equation  (2)  represents  the  desired  stiff  equation  for  the  pressure  gradient.  In  this 
case  the  proper  input  is  the  displacement  slope. 

3.  SHOCK-BOUNDARY  LAYER  INTERACTION 
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As  sketched  in  Figure  1  the  shock-boundary  layer  interaction  is  complex.  The  flow 
Is  unsteady  as  the  result  of  the  large  scale  coherent  turbulence  on  both  sides  of  the 
shock  interacting  with  the  shock.  The  shock  wave  weakens  as  it  penetrates  into  the 
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boundary  layer  and  terminates  at  the  sonic  line.  There  is  further  a  subsonic  region 
j  beneath  the  shock  through  which  the  shock  pressure-rise  is  attenuated.  As  a  result, 

j  the  pressure  distribution  of  the  shock  as  measured  conventionally  In  the  wind  tunnel 

j  assumes  a  profile  due  to  the  time  averaging  and  the  subsonic  cushion  beneath  the  shock. 

J 

i  It  Is  clear  that  in  the  resulting  Interaction  flow,  the  boundary  layer 

approximations  are  violated.  Here  the  pressure  Is  not  ‘nvariant  across  the  layer,  and 
the  normal  derivatives  do  not  overwhelm  the  streamwise  derivatives. 

In  the  computation  of  the  inviscid  flow,  the  shock  waves  are  captured  with  a 

profile  generated  by  truncation  error  viscosity.  It  acquires  a  thickness  that  Is 
unphysical,  and  the  resulting  interaction  becomes  mesh  dependent. 

With  such  difficulties  on  hand.  It  is  therefore  not  unreasonable  to  turn  to  a 

simplified  phenomenological  model  for  the  interaction.  For  this  purpose  we  shall  use 

the  viscous  ramp  model  used  previously.  (More  recently  in  Refs.  6  and  7)  Here  a 
wedge-nosed  ramp  is  placed  at  the  base  of  the  shock  to  convert  the  normal  shock  to  an 
oblique  shock  in  an  inviscid  flow  yielding  an  empirically  defined  post-shock 
pressure.  Following  Ref.  3,  this  pressure  is  taken  as  P2 /H  =  0.54  (H  being  the  total 
pressure).  The  nose  angle  of  the  shock  ramp  is  then  given  by  the  oblique  shock 
conditions  as  a  function  of  ,  the  Mach  number  upstream  of  the  shock.  The  shock  ramp 
slopes  used  in  the  present  calculations  are  shown  in  Figure  2. 

The  use  of  the  post-shock  pressure  Is  appropriate  since  it  plays  an  important  role 
In  the  positioning  of  the  shock.  In  general,  the  functional  relation  between  the 
pressures  across  the  shock  is  a  local  phenomenon  which  is  independent  of  the  airfoil, 
and  most  importantly,  of  the  wall  interference.  Furthermore,  reasonable  values  of  the 
shock  pressure-rise  and  shock  positioning  can  be  obtained  without  an  excessive 
refinement  of  the  mesh  near  the  shock. 

To  complete  the  modeling  of  the  interaction,  the  post-shock  values  of  the  boundary 
layer  variables  must  be  determined  for  the  further  marching  of  the  boundary  layer. 
This  Is  accomplished  by  Inputting  the  calculated  pressure  gradient  or  the  ramp 
displacement  slopes  Into  the  appropriate  mode  of  the  boundary  layer  equations.  When 
the  post-shock  boundary  layer  Is  unseparated,  the  equations  in  the  direct  mode  are  used 
with  the  calculated  shock  pressure  rise  profile  as  an  approximate  input.  If  the 

boundary  layer  tecomes  separated  within  the  shock  profile,  the  equations  are  switched 
to  the  indirect  mode,  In  the  present  calculations,  for  convenience,  the  direct  mode  is 
used  until  the  displacement  slope  attains  the  shock  wedge  angle.  Thereafter  to  the 
post-shock  mesh  point  (the  first  subsonic  point),  the  indirect  mode  is  used  with  the 
wedge  angle  inputted  for  the  displacement  slope.  In  this  way  the  proper  stiffness  form 
of  the  boundary  layer  equations  is  used  enabling  tne  determination  of  the  post-shock 
boundary  layer  variables  with  approximate  input  data. 

4.  VI SCOUS- INVI SC  10  FLOW  COUPLING 

The  viscous-inviscid  flow  coupling  procedure  of  Ref.  3  is  used  to  compute  the 
remainder  of  the  boundary  layer  downstream  of  the  shock,  on  the  lower  surface  of  the 
airfoil  and  the  wake  region.  Green's  lag-entrainment  boundary  layer  equations  are  used 
<  to  form  a  viscous  tangency  condition  for  the  inviscid  flow.  In  the  small  disturbance 

formulation  of  the  inviscid  flow,  the  boundary  condition  at  the  rlrfoil  is  imposed  in  a 
quasi-pl anar  fashion  as 

*y(x,0)  =  fx(x)  ♦  d*(x) 


(3) 
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where  y  *  f(x)  defines  the  airfoil.  The  viscous  tangency  boundary  condition  for  the 
Invlscld  flow  Is  obtained  by  Inserting  (1)  Into  (3);  that  Is, 


r-1 


"XX 


<♦,  -  fx  •  'll 


(4) 


Downstream  of  the  trailing  edge,  the  viscous  wake  generates  a  displacement 
afterbody  across  which  a  slope  discontinuity  in  the  flow  occurs.  The  equivalent 
condition  to  Eq.  (4)  is  applied  as 


•  [4x3  *  [F1  +  F2*xx] 


where  the  square  brackets  denote  the  jump  In  the  bracketed  quantity  across  the  wake 
which  has  been  shrunk  to  the  x-axis.  The  wake  displacement  is  treated  as  two  separate 
layers  patching  onto  the  boundary  layers  on  the  two  sides  of  the  airfoil.  In  addition, 
the  pressure  Is  assumed  to  be  constant  across  the  wake  as  in  the  Inviscld  calculation, 
that  Is, 


M  *  constant. 

(oi 

In  the  present  approach,  the  outer  Invlscld  and  the  boundary  layer  flows  are  integrated 
simultaneously  with  the  viscous  conditions  (4),  (5)  and  (6). 

5.  NUMERICAL  FORMULATION 

The  outer  Invlscld  flow  calculation  Is  carried  out  with  transonic  TSFOIL  code  (Ref. 
2).  This  algorithm  solves  the  transonic  small  disturbance  potential  equation  with  an 
Iterative  successive  line  overrelaxatlon  method. 


The  boundary  layer  method  as  described  above  Is  coupled  to  the  TSFOIL  code.  In  the 
viscous  calculations,  for  convenience.  It  Is  assumed  that  upstream  of  the  shock  on  the 
upper  surface  and  upstream  of  the  adverse  pressure  gradient  on  the  lower  surface,  the 
boundary  layer  displacement  effects  on  the  Invlscld  flow  are  negligible.  This  permits 
the  coupled  treatment  of  the  boundary  layer  and  the  Invlscld  flow  to  be  Initiated 
downstream  of  the  above  points  with  the  necessary  initial  values  for  the  boundary  layer 
furnished  by  a  simple  flat-plate  type  theory. 

The  shock-boundary  layer  interaction  model  described  In  Section  3  Is  used  to  define 
the  shock  location  and  the  boundary  layer  growth  across  this  discontinuity.  Downstream 
of  the  shock,  the  viscous  tangency  condition  in  Eq.  (4)  Is  used.  The  4>xx  and  <f> y 
are  differenced  as  In  the  invlscld  flow.  Fj  and  Fg  are  Initially  approximated  by  using 
the  values  from  the  prior  Iteration  and  then  upgraded  using  the  boundary  layer 
variables  at  the  new  point  obtained  by  the  Integration  of  the  auxiliary  boundary  layer 
equations  In  the  proper  mode. 

The  wake  Is  treated  essentially  the  same  as  In  the  Invlscld  procedure.  A  jump 
In  as  given  by  Eq.  (5)  Is  additionally  Imposed  across  the  wake  slit.  This  Is 
accomplished  by  Introducing  an  analytical  continuation  across  the  slit,  both  from  above 
and  from  below,  and  relating  the  potentials  on  the  two  sheets  by  the  wake  contact  jump 
conditions. 

6.  RESULTS  AND  DISCUSSION 

The  first  case  calculated  Is  the  NASA  Supercritical  Airfoil  12,  at  M  *  0.78,  angle 
of  attack  2  degrees,  and  the  chord  Reynolds  number  of  7.7  x  106  (63.5  cm  chord). 
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This  case  was  selected  because  of  its  significant  viscous  effects.  Furthermore,  this 
airfoil  is  an  extreme  case  for  the  small  disturbance  code  because  of  the  large  blunt 
nose  and  the  pronounced  aft  camber.  In  Figure  3,  the  inviscid  and  the  experimental 
results  (Ref.  8)  are  compared  with  the  calculated  pressure  distribution  with  the 
viscous-inviscid  coupling.  The  boundary  layer  is  not  separated.  As  discussed  in  Ref. 
8,  the  experimental  data  are  not  corrected  for  the  slotted  wind  tunnel  wall  effect.  In 
assessing  this  test-theory  comparison,  tnis  effect  of  the  unknown  wall  interference 
must  be  kept  in  mind.  In  Figure  4,  the  resulting  boundary  layer  quantities  are 
plotted.  Corresponding  experimental  results  were  not  measured. 

The  second  case  considered  is  the  RAE  2822  airfoil  at  M  =  0.75,  angle  of  attack 
3.19  degrees,  and  the  chord  Reynolds  number  of  6.2  x  10b  (51  cm  chord).  In  Figure  5, 
the  pressure  distributions  are  compared  with  the  experiment  (Ref.  9).  Reasonable 
agreement  is  obtained  in  this  shock-induced  separation  case.  The  boundary  layer 
quantities  are  compared  in  Figure  5.  the  present  method  overpreaicts  the  displacement 
thickness,  and  reattachment  of  the  boundary  layer  is  not  achieved. 

In  both  of  these  examples,  the  standard  TSFOIL  mesh  is  used,  which  in  the  region  of 
the  shocx  is  3%  chord.  The  addition  of  the  viscous  equations  required  little 
additional  computing  time,  amounting  to  20X  relative  to  the  inviscid  flow  computation 
time  of  approximately  50  seconds  CPU  time  on  the  CYBER  175  computer. 

7.  CONCLUDING  REMARKS 

In  the  present  study  the  transonic  small  disturbance  potential  code  (TSFOIL)  is 
coupled  directly  with  Green's  lag  entrainment  boundary  layer  and  wake  equations.  The 
boundary  layer  equations  served  as  a  viscous  tangency  condition  at  the  airfoil  and  the 
wake  afterbody.  With  this  direct  coupling,  the  inviscid  flow  and  the  boundary  layer 
equation  are  integrated  simultaneously,  leading  to  a  well-behaved  numerical  procedure. 

The  shock-boundary  layer  interaction  is  treated  phenomenologically  with  a  wedge 
ramp  model  attached  to  the  lase  of  the  Shock.  The  boundary  layer  equations  are 
integrated  with  the  correct  stiff  form  to  yield  the  post-shock  state.  With  this 
procedure,  a  reasonable  shock-boundary  layer  interaction  is  achieved. 

Comparison  has  been  made  with  the  experiments  on  the  NASA  Supercritical  12  airfoil 
and  the  RAE  2822  airfoil.  The  former  case  Involved  an  unseparated  flow  field,  and  the 
latter  has  a  shock-induced  separation.  Reasonable  agreements  with  the  trend  of  the 
viscous  effects  are  predicted,  suggesting  the  present  approach  to  be  a  viable  base  upon 
which  to  develop  a  t-ansonlc  separated  flow  method.  Further  refinement  of  the 
lag-entrainment  integral  method  is  needed  to  Improve  the  shock-boundary  layer  modeling. 
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Figure  3.  Theory/Experiment  Comparison  -  Prossure  Distribution 
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Figure  4.  Boundary  layer  and  Wake  Characteristics 
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Figure  5.  Theory/Experiment  Comparison  - 
Pressure  Distribution 
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Figure  6.  Boundary  Layer  and  Wake  Chancteri sties 
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SUMMARY 

In  this  lecture  I  review  recent  developments  in  theoretical  concepts  for  the  tntlysis  of  viscid-in  viscid  intentions  on  airfoils  at  transonic  speeds  under 
conditions  where  the  boundary  layer  is  unseparated  and  is  turbulent  over  most  of  the  airfoil.  Included  is  a  discussion  of  the  overall  weak  intention  between 
the  boundary  layer,  wake  and  “outer”  invlscid  flow;  and  the  strong  local  interaction  at  shock  waves  and  trailing  edges.  The  paper  dJscusaes  recent  efforts  to 
incorporate  important  wake  displacement  and  wake  curvature  effects  into  an  interacting  boundary  layer  formulation.  Recent  progress  in  the  development  of 
local,  large  Reynolds  number,  asymptotic  solutions  for  turbulent  shock-wave  boundary -layer  and  trailing  edge  Interaction  are  described  and  related  to  Light- 
hill’s  earlier  two-layer  model  of  strong  interactions.  Reasons  for  the  difference  between  laminar  and  turbulent  strong  interaction  theories  are  discussed.  Tech¬ 
niques  are  described  for  incorporating  the  local  trailing  edge  solution  into  an  interacting  boundary  layer  formulation  which  includes  a  complete  treatment  of 
the  wake.  Theoretical  predictions,  obtained  with  this  formulation,  are  compared  with  wind  tunnel  data  to  illustrate  the  accuracy  that  can  be  achieved  with 
an  interacting  boundary  layer  formulation  when  the  wake  and  trailing  edge  interaction  effects  are  included  in  the  theoretical  model. 

1.  INTRODUCTION 

The  theoretical  prediction  of  airfoil  section  characteristics  is  one  of  the  classical  problems  in  serodynamic  theory.  Recent  advances  in  numerical  tech¬ 
niques  for  solving  the  full  nonlinear  potential  flow  equation  have  led  to  practical  methods  for  determining  the  invlscid,  supercritical  flow  over  airfoils  at 
transonic  speeds.  Although  this  is  an  important  development  it  is  generally  recognized  that  inviscid  solutions  by  themselves  do  not  lead  to  useful  predictions 
of  airfoil  section  characteristics.  I  am  sure  that  everyone  in  this  audience  is  aware  of  the  importance  of  viscous  effects  on  airfoils  and  of  the  need  to  incorporate 
them  into  the  theoretical  formulation,  especially  at  transonic  speeds.  At  the  high  Reynolds  numbers  of  practical  interest  the  shear  layers  are  thin  and  the 
viscous  effect  can  be  attributed  to  an  overall  vrscid-inviscid  interaction  between  the  bound?, y  layer,  wake  and  externa]  inviscid  flow.  The  principal  interaction 
arises  from  the  displacement  thickness  effect  leading  to  a  thickened  semi-infinite  equivalent  body  causing  significant  changes  to  the  surface  pressures  and  forces. 
The  appearance  of  shock  waves  in  the  How  field  tends  to  significantly  enhance  the  viscous  effect  at  transonic  speeds.  In  this  regime  the  boundary  layer  effect 
can  reduce  the  lift  by  as  much  as  50%  and  move  the  shock  wave  by  20-30%  chord  even  when  the  Reynolds  number  is  very  high  (Re  >  106)and  the  boundary 
layers  are  fully  rUached. 


In  this  paper  the  terminology  “viscU-inviscid  interaction”  refers  to  all  flow  Situations  in  which  the  boundary  layer  has  a  significant  influence  on  the 
pressure  distribution.  Weak  interactions  are  defined  as  interactions  for  which  the  viscous  effect  on  pressure  is  small,  or  more  specifically,  is  the  order  of  the 
(nondimensional)  displacement  thickness,  S*/c  -  for  laminar  flow  this  is  0(Re  ''**)  while  for  turbulent  flow  it  is  0(ln  Re)'1  If  the  order  of  magnitude  of  the 
pressure  disturbance  is  la'ger  than  this,  the  interaction  is  classified  as  a  strong  viscid-inviscid  interaction.  The  flow  over  an  airfoil  (Fig.  1 )  involves  both  a 


weak  overall  interaction  and  strong  interaction  regions  at 
shock  waves  and  at  the  tr?"ng  edge.  Transition  to 
turbulence  occurs  near  the  leading  edge  with  the  result 
that  the  important  interactions  cn  an  airfoil  are  turbulent 
in  practice.  The  weak  interaction  arises  both  from 
standard  displacement  effects  and  also  from  the  less 
familiar  wake  curvature  effect.  The  displacement  effect 
leads  to  an  equivalent  thickening  of  the  airfoil  and  wake 
that  is  most  pronounced  on  the  upper  surface  near  the 
trailing  edge.  The  rapid  buildup  of  the  upper  surface 
boundary  layer  is  the  most  important  part  of  the  weak 
interaction.  It  is  equivalent  to  a  significant  decambering 
of  the  airfoil  that  acts  to  reduce  the  lift.  There  is  also  a 
thinning  effect  of  the  shear  layer  in  the  initial  stages  of  the 


1.  DISPLACEMENT  EFFECTS  ON  THE  AIRFOIL 

2.  DISPLACEMENT  EFFECTS  IN  THE  WAKE  WEAK  INTERACTIONS 

3  WAKE  CURVATURE  EFFECTS 


4  SHOCK-WAVE  BOUNDARY. LAVER  INTERACTIONS 
S.  TRAILING  EDGE  BOUNDARY-LAYER  INTERACTIONS 


STRONG  INTERACTIONS 


wake  that  contributes  significantly  to  the  profile  drag  of  the 
airfoil  through  a  small,  but  important,  reduction  in  the 


Fig.  1  Viscid/invtscld  interactions  on  airfoils. 


pressures  near  the  trailing  edge.  The  wake  curvature 


effect  alto  acts  to  reduce  the  lift.  It  arises  from  the  turning  of  low  momentum  fluid  along  the  curved  streamlines  of  the  wake  and  acts  much  tike  a  jet  flap  with 
?  negative  momentum  coefficient/1*  The  magnitude  of  the  wake  curvature  effect  is  formally  the  same  order  as  the  displacement  effect  but  in  practice  is 


usually  somewhat  smaller. 


The  strong  btteraction  between  s  *oeic  wave  and  a  turbulent  boundary  layer  Invotves  the  penstration  of  the  shock  wave  Into  the  boundary  layer.  The 
diffraction  of  the  ahock  wave  by  the  nonuniform  flow  in  the  boundary  layer  leads  to  significant  normal  presaure  gradients  and  to  a  complete  breakdown  of 
the  usual  boundary  layer  approximation.  The  interaction  products  both  local' arid  global  effects,  The  principal  local  effect  of  the  Interacti-m  is  to  smear  the 
otherwiae  discontinuous  presaure  rite  across  the  shock  wave  over  several  boundary  layer  thicknesies.  If  this  were  the  only  effect  of  the  interaction  it  would 
have  a  mail  influence  on  the  section  characteristics  of  the  airfoil.  However,  an  Important  global  effect  arises  from  the  substantia)  thickening  of  the  boundary 
layer  by  the  shock  wave  which  significantly  increaaes  the  thickness  of  the  boundary  layer  approaching  the  trailing  adge.  This  greatly  increases  the  decambering 
effect  of  the  boundary  layer  leading  to  much  larger  losses  in  lift  when  shock  waves  are  present. 

The  flow  near  the  trailing  edge  also  involves  a  strong  Interaction  problem.  The  highly  curved  streamUnea  in  the  near  wake  generate  large  pressure  variations 
kicks  the  boundary  layer  and  wake  tint  are  an  order  of  magnitude  largtr  than  the  prenuret  induced  by  standard  displacement  effects.  As  In  the  shock  wave 
boundary  layer  interaction,  these  luge  normal  presaure  gradients  tead  to  a  frilure  of  the  stamiud  boundary  layer  approximations  in  the  trailing  edge  region. 

Since  the  presaure  variations  across  tbe  boundary  layer  muat  be  accounted  for  In  the  “Kutta"  condition  at  the  trailing  edge  they  can  be  expected  to  have  a  strong 
global  effact  ar.d  be  important  in  the  determination  of  airfoil  section  characteristics. 
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It  it  the  very  rapid  buildup  of  ihe  boundary  layer  at  the  upper  turface  trailing  edge  at  amplified  by  thock  wavea,  that  it  moit  retpontible  for  the  very 
large  viscout  effeett  obterved  at  trantonlc  tpeedt.  Tire  boundary  layer  aett  much  like  a  trailing  edge  flap  that  oppotet  the  geometric  aft  camber  of  the  airfoil 
leading  to  tignificant  vitcous  effect!  on  lift.  The  boundary  layer  thickening  acrou  the  thock  wave  magnifies  thit  effect  and  induce!  a  much  larger  lot!  of  lift. 
The  “extra"  thickening  of  the  boundary  layer  acrots  the  thock  wave  acts  at  an  equivalent  reduction  in  Reynold!  number  at  the  trailing  edge.  Convettely. 
the  thock  petition  and  rtrength  are  ttrongly  influenced  by  the  value  of  the  lift  coefficient  and  hence  by  the  trailing  edge  flow.  It  It  thit  coupling  between  the 
ttrong  interaction  region!  at  the  thock  wave  and  (railing  edge  that  it  moit  retpontible  for  the  tignificant  Reynold!  number  tentlflvity  and  scale  effect  obterved 
at  trantonic  tpeedt  even  when  the  Reynold!  number  it  large  and  the  boundary  layers  are  fully  attached.  For  further  discussion!  of  the  phytical  atpeett  of 
vitcoui  effect!  on  alrfoilt  at  transonic  speeds  the  reader  is  referred  to  the  papers  by  Pearcey,  Osborne  and  Haines*2'  and  Green*2'. 

From  thit  discussion  it  Is  apparent  that  to  amvc  at  a  completely  satisfactory  description  of  viscous  flow  over  airfoils  at  ’ransonic  speeds  wilh  a  boundary 
layer  type  method  we  must  account  for: 

•  Displacement  effects  on  the  airfoil 

•  Displacement  effects  in  the  wake 

•  Wake  curvature  effects 

•  Strong  interaction  at  shock  waves 

•  Strong  interaction  at  the  traillo;  edge. 

Although  complete  solutions  of  the  airfoil  problem  Including  all  these  effects  have  not  yet  been  obtained  significant  progress  has  been  achieved  in  each  of  the 
areas.  Numerical  methods  for  solving  the  Interacting  ■  sundary  layer  equations  for  transonic  flows  over  airfoils  have  been  developed  by  a  number  of  groups. 
These  methods  are  base  Jon  the  Iterative  solution  of  the  coupled  Inviscld  and  boundary  layer  equations.  The  Bauer,  Garabedlsn,  Korn,  Jame-on*4','(BGKJ), 
Collyer,  Lock*6,2'  (Ct ),  and  Melnik,  Chow,  Mead,  Jamesm*8'**'  (MCMJ)  methods  ate  based  on  numerical  solutions  ol  the  full  potential  equation  by  mixed 
flow  relaxation  techr  iques  in  the  “circle  plane”.  Integral  methods  are  employed  for  the  solution  of  the  boundary  layer  equations  in  all  three  app.oaches.  The 
BGKJ  approach  employs  a  very  simple  model  of  the  viscous  flow  that  accounts  only  for  displacement  thickness  effects  with  the  wake  modeled  as  a  constant 
thickness  extension  of  the  airfoil.  Techniques  for.taking  full  account  of  both  wake  thickness  and  wake  curvature  effects  In  a  circle  plane  formulation  were 
developed  independently  in  the  CL  and  MCMJ  studies.  The  MC’-i  I  group  also  developed  a  rational  asymptotic  solution  for  the  strong  turbulent  interaction  at 
a  trailing  edge  when  the  airfoil  is  cuspcd.  Simple  procedures  using  the  local  solution  were  also  presented  ***'•"'  fr  correcting  the  Interacting  boundary  layer 
approach  for  strong  interaction  and  normal  pressure  gradient  effic's  at  trailing  edges  of  cusped  airfoils  It  should  be  stressed  that  none  of  these  methods  prop¬ 
erly  treat  the  shock-wave  boundary-layer  interaction.  Although  it  has  not  reached  the  stage  where  it  can  be  incorporated  into  a  full  airfoil  solution,  there  has 
been  significant  theotetical  progress  in  the  analysis  of  the  strong  interaction  at  shock  waves.  Recent  efforts*12'18'  have  focused  on  the  use  of  large  Reynolds 
number  asymptotic  expansions  to  develop  local  solutions  for  weak  shock  waves  interacting  with  turbulent  boundary  layers.  These  methods  have  their  roots  in 
the  important  work  of  Lighthil!  *!9'  on  upstream  influence  in  boundary  layers. 

This  paper  reviews  recent  devtlopments  in  the  theoretical  analysis  of  viscous  effects  on  airfoils.  As  Is  appropriate  for  this  meeting,  the  concern  Is  exclu¬ 
sively  with  boundary  layer  type  methods  that  take  advantage  of  the  fact  that  the  Reynolds  number  is  L.ge  and  the  flow  is  nearly  inviscid  everywhere  except  In 
thin  shear  layers  and  strong  interactlor.  zones  on  the  airfoil  and  in  the  wake.  The  pape,  discusses  recent  developments  (mainly  over  the  preceding  five  years) 
in  interacting  boundary  layer  theory,  and  in  methods  fi  r  anal;  zing  strong  interactions  at  shock  waves  and  trailing  edge-  Some  early  work  is  also  covered  in 
ordei  to  provide  an  historical  prospective  and  to  irsec  the  origins  of  the  key  ideas.  Significant  progress  has,  of  course,  also  been  achieved  in  the  development  of 
methods  for  the  direct  numerical  solution  of  the  ftr'l  Reynolus  equations  of  turbulent  flow.  Although  these  methods  hold  the  promise  of  offering  *he  mosi 
complete  and  accurate  solution  for  viscous  flow  over  airfoils  they  have  been  somewhat  limited  in  practice  because  of  their  large  computing  requirements.  Since 
time  does  not  permit  justice  to  be  done  to  these  i.crtlopments  they  are  not  covered  in  these  lectures.  Instead  I  will  restrict  myself  to  boundary  layer  type 
methods,  a  subject  that  I  car.  speak  of  with  some  confidence. 

The  paper  is  organized  as  follows.  The  next  section  describes  recent  developments  in  Interacting  Boundary  Layer  Theory  (IBLT).  A  review  of  the  dis¬ 
placement  surface  concept  and  a  discussion  of  new  insights  into  free  Interactions  in  turbulent  Row,  following  fior.i  recent  work  of  LeBalleur  *2®’22'  is  pre¬ 
sented.  In  this  section  the  wake  curvature  condition  is  discussed  and  .he  main  features  of  recently  developed  computer  codes  for  calculating  the  viscous 
transonic  flow  over  airfoils  usmg  IBLT  are  described.  In  Action  3  review  developments  in  analytical  theories  of  shock  wave  boundary  layer  interactions  in 
turbulent  flow.  Attention  is  focused  primarily  on  interaction  with  weak  normal  shock  waves  at  transonic  speeds.  The  progress  that  has  been  achieved  on  this 
very  difficult  interaction  problem  is  described  starting  from  Ughthill’s  landmark  1953  paper  ***'  down  to  the  recent  developments  of  rational  asymptotic 
theories  *12'18'.  Then,  in  Section  4, 1  describe  the  asymptotic  theory  of  Mebtlk  and  Chow*8,11'  for  the  strong  turbulent  interaction  at  cusped  trailing  edges. 
Section  5  describes  how  the  local  trailing  edge  solution  canb;  used  to  correct  a  standard  interacting  boundary  layer  method  for  strong  interaction  effects  at  the 
trailing  edge  of  a  cusped  airfoil.  Included  is  a  description  of  the  recently  developed  MCMJ  computer  code*8-1 "  which  is  based  on  an  interacting  boundary  lay¬ 
er  formulation  that  includes  x  complete  treatment  of  wake  thickness,  wake  curvature  and  strong  interaction  effects  at  cusped  trailing  edges.  Results  are  pre¬ 
sented  that  illustrate  the  importance  of  the  individual  viscous  effects  that  appear  in  the  theoretical  model.  Some  comparisons  with  experimental  data  are  also 
provmed  to  give  an  indication  of  the  accuracy  that  can  be  achieved.  The  paper  concludes  with  Section  6  which  summarizes  the  current  state-of-the-art  and 
identifies  major  remaining  problem  areas  offering  interesting  opportunities  for  further  research. 


2.  INTERACTING  BOUNDARY  LAYER  THEORY  (IBLT) 

As  dia  .  ssed  in  the  previous  section,  interacting  boundary  layer  theory  is  based  on  the  solution  of  the  coupled  inviscid  and  boundary  layer  equal  ons 
with  the  oupilng  being  through  the  conventlon-J  ',:-cous  matching  conditions.  The  solution  of  these  equations  by  an  overall  global  Iteration  has  been  a  stan¬ 
dard  approach  to  viscid/inviscid  interactions  on  aufoils.  The  formal  basis  for  IBLT  is  derived  from  the  large  Reynolds  number  expansion  of  the  full  viscous 
v  r.-.ations.  Before  proceeding  I  should  clarify  some  terminology.  When  referring  to  the  "outer  inviscid  flow”  or  “outer  inviscid  solution” !  mean  the  outer 
cigion  or  solution  of  a  coupled  interacting  boundary  layer  approach.  Alternatively,  reference  to  the  “inviscid  solution”,  without  any  modifying  adjective,  will 
denote  a  solution  of  the  inviscid  equations  in  the  absence  of  all  viscous  effects 

For  laminar  flo-v  the  formal  asymptotic  theory  leads  to  the  standard  two  layer  description  i  terms  of  an  outer  inviscid  flow  and  an  inner  boundary  lay- 
■r  with  the  solution  in  each  region  being  expanded  in  powers  of  Re’122.  This  formulation  Is  commonly  referred  to  as  “2nd-order  boundary-layer  theory”.  It  is 
valid  forveakr-t-  «,i.-,.'s  where  the  inviscid  solution  pir  sides  Ihe  proper  leading  approximation  for  the  surface  pressure  distribution.  It  is  well  known  that 
this  simple .  i  proach  fans  in  strong  interaction  problems  because  of  the  appearance  of  nonuniformities  at  shoex  waves  or  in  the  surface  boundary  conditions. 
The  premises  ot  IBLT  are  that  the  boundary  layer  approximations  remain  valid  in  s.rong  interaction  regions  and  that  the  failure  of  2nd-order  boundary-layer 
theory  is  caused  by  hie  tact  that  the  inviscid  solution  does  not  provide  the  correct  leading  approximation  for  the  surface  pressure  distribution.  It  is  then  as¬ 
sumed  that  the  proper  pressure  distributions  can  be  determined  and  the  nonunifo  mities  eliminated  by  obtaining  a  self-consistent  solution  of  the  coupled 
inviscid  and  boundary  layer  equations.  For  laminar  (low  this  is  krotvn  to  be  true.  The  more  detailed  “Triple  Deck”  theories  of  Stewartron  and  Messiter  (e.g„ 
Ref  23)  provide  *hs  formal  justification  for  IBLT  in  strong  interaction  problems.  Interacting  bo.  lary  layer  theory  can  be  viewed  as  a  composite  equation 
approach  which  contains  all  the  leading  terms  of  “Trip!e  Deck”  theory.  Unfortunately,  this  does  not  hold  true  for  turbulent  flow  where  IBLT  does  not  provide 
.lie  correct  leading  older  description  of  the  flow. 


The  difference  between  laminar  and  turbulent  strong  Interactions  is  related  to  the  structure  of  the  respective  boundary  layers  near  the  wall.  It  is  well 
known  that  the  turbulent  boundary  layer  develops  a  two  layer,  law  of  the  wall-law  of  the  wake,  structure  at  high  Reynolds  number.  The  momentum  balance 
in  the  wall  layer  is  dominated  by  the  turbulent  shear  stresses  and  is  largely  unaffected  by  pressure  gradients,  which  are  exponentially  small  in  comparison. 
Consequently,  an  interacting  sublayer  like  that  arising  In  laminar  ‘Triple  Deck"  theory  does  not  occur  In  turbulent  interactions.  This  changed  character  of 
turbulent  flows  near  the  wall  leads  to  minor  technical  differences  In  the  solution  for  noninteracting  and  weakly  interacting  boundary  layers  but  to  profound  dif¬ 
ferences  in  the  analytic  structure  of  strong  Interactions.  Before  preceding  with  the  discussion  of  1BLT  I  teview  some  general  features  of  turbulent  boundary 
layers. 

2.1  The  Turbulent  Boundary  Layer  and  the  Large  Re  Limit 

It  is  well  known  (eg.  Ref  24)  on  both  physical  and  theoretical  grounds,  that  the  turbulent  boundary  layer  a’  high  Reynolds  numbers  develops  the  two 
layer  structure  sketched  in  Fig.  2.  In  the  outer  region  the  velocity  profile  Is  well  represented  by  the  small  defect  form  of  the  law  of  wake 

L=  U,-u,f(y/6,  x/L)  (1) 

where  U(  is  the  boundary  layer  edge  velocity,  u,  is  the  friction  velocity,  6  is  the  boundary  layer  thickness  and  L  is  a  measure  of  the  running  length  of  the  tur¬ 
bulent  part  of  the  boundary  layer.  Near  the  wall  the  velocity  profile  takes  on  a  law  of  the  wall  form 

U  =  u,  F(y/6\  x/L)  (2) 

where  S'*  is  the  thickness  of  the  wall  layer  and  is  related  to  the  friction  velocity  and  viscosity  by 

6*  =  p/u»  (3) 
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Fig.  2  Two-layer  structure  of  a  turbulent  boundary  layer. 


The  outer  layer  is  essentially  independent  of  the  laminar  viscosity,  except  through  Its  indirect  influence  on  the  values  of  u.  and  5,  and  the  wall  layer  is  inde¬ 
pendent  of  the  outer  parameters  Ue,  5.  The  momentum  balance  in  the  wait  layer  la  dominated  by  the  shear  stresses  with  the  result  that  the  total  shear 
stress,  laminar  plus  turbulent,  is  constant  across  the  wall  layer. 


Matching  the  inner  and  outer  velocity  profile  leads  to  logarithmic  skin  friction  law  and  to  the  estimate 

€Wu,/U,«0(lnRe>-‘  (4> 

where  e  can  be  aken  as  the  basic  parameter  to  characterize  the  large  Reynolds  number  limit.  From  the  matching  of  the  velocity  profiles  it  is  also  established 
that  the  profile  I  as  a  logarithms  form  in  the  overlap  region  defined  by  y/5— *•  0,  y/6  — »- ",  i.e., 

U-  ut  i A  ln(y/6*)  +  B) ,  30  5  y/6‘  5300  f5) 

with  Ba:  5.0  and  A=k'*  =2.44  (k  =  0.41,  von  Karmai  constant).  The  thickness  -s  of  the  main  part  of  the  boundary  layer  and  of  the  wall  layer  are  given  by 

6/L  =  0(«)  and  6*/L  =  0(ee), 

where  e  is  a  second  small  parameter  defined  by 


«  2  (t2Rer,-e“:e*1/‘. 

The  parameter  e  is  the  ratio  of  the  thicknesses  of  the  inner  and  outer  layers.  The  second  expression  indicates  that  the  wall  layer  is  exponentially  thin  compared 
to  the  boundary  layer  thickness.  The  small  defect  form  of  the  outer  velocity  profile  (U-Uc  «  1)  implies  that  the  displacement  and  momentum  thicknesses 
aie  small  compared  to  the  boundary  layer  thickness,  and  in  particular 

fi*=0(ed)=0(£2)  and  8  =0(e6)  =  0(e2)  CO 


Typical  values  for  e  and  the  length  scales  in  a  large  wind  tunnel  are 

ecvo.05,  dVSor 0. 02,  6*/d“0.2. 


(8) 
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Thus,  the  basic  small  parameter  for  wall  turbulence  Is  not  Impressively  small  at  Reynolds  numbers  of  interest  In  aeronautics  but  It  Is  small  enough  to  expect  an 
asymptotic  analysis  to  make  sense. 

These  ideas,  which  were  first  developed  by  Millikan  ^  and  von  Katmin^283  on  physical  grounds,  have  been  developed  into  a  fairly  complete  asymptotic 
theory  of  turbulent  boundary  layers  in  incompressible  flow  by  Mellor, <27)  Bush  and  Fendall,<28),  Yajnlk<29)  and  others.  The  extension  of  the  theory  to  com¬ 
pressible  flow  by  Afzal  *303  is  in  error  and  needs  to  be  modified  to  account  for  density  variations  in  the  wall  layer  solution.  In  Ref  (1 2)  it  is  indicated  how  this 
can  be  accomplished  simply  by  the  use  of  van  Driest’s  compressibility  transformation.  The  asymptotic  theoty  differs  from  the  corresponding  theory  for  the 
laminar  boundary  layer  mainly  in  the  two  layer  structure  of  the  turbulent  boundary  layer  and  in  the  fact  that  the  inertia  terms  in  the  momentum  equation  are 
linearized  to  lowest  order  in  the  turbulent  theory.  The  l  rmal  asymptotics  are  rarely  used  in  practical  computations  of  turbulent  boundary  layers.  Instead, 
solutions  are  usually  based  on  the  standard  boundary  layer  equations  with  the  full  nonlinear  inertia  terms.  The  conventional  boundary  layer  equations  can  be 
viewed  as  a  composite  equation  valid  in  both  the  outer  and  inner  layers  of  the  boundary  layer.  The  matching  conditions  to  the  outer  inviscid  flow  are  then 
exactly  the  same  as  for  the  laminar  problems.  It  should  be  noted  that  formal  asymptotic  theory  adds  little  to  what  is  already  known  about  noninteracting 
turbulent  boundary  layers.  Its  main  contribution  is  to  suggest  a  systematic  approach  to  strong  interaction  problems.  This  has  been  accomplished  for  both 
shock  wave  boundary  layer  and  trailing  edge  interactions  as  discussed  in  Sections  4  and  5 ,  respectively. 


The  most  important  general  results  to  emerge  from  the  formal  theory  are: 

•  The  will  layer  is  exponentially  thin  compared  to  the  overall  thickness  of  the  boundary  layer 

•  Pressure  gradient  effects  do  not  influence  the  lowest  order  desenption  of  the  wall  layer  solution  unless  the  fiow  is  separated  or  the  pressure  gradient  is 
very  large,  that  is  unless 

0(^)5: 0(€/€)  (9) 

•  The  velocity  profile  in  the  outer  part  of  a  turbulent  boundary  layer  does  not  satisfy  the  nonslip  condition  at  the  wall  but  instead  possesses  a  logarithmic 

behavior  for  y  - *-0. 

These  conclusions  are  cnicial  for  a  proper  understanding  of  strong  interactions  in  turbulent  fiow  as  will  become  apparent  from  our  discussion  of  these  prob¬ 
lems  in  Sections  3  and  4. 


2.2  Displacement  Effects  and  Application  to  Free  Interaction  in  Turbulent  Flow 


The  displacement  effect  arises  from  the  failure  of  the  inviscid  solution  for  the  normal  velocity  component  to  match  the  boundary  layer  solution.  Phys¬ 
ically  it  arises  from  the  need  to  displace  the  outer  inviscid  flow  away  from  the  surface  in  order  to  allow  for  the  deceleration  of  the  mainstream  in  the  boundary 
layer.  The  requirement  that  the  inviscid  and  boundary  layer  solutions  for  the  normal  velocity  component  match,  leads  to  coriections  to  the  outer  inviscid 
solution  forced  by  modifications  to  the  impermeable  wall  bovndary  condition.  As  discussed  in  Lighthill/3 17  there  are  a  number  of  equivalent  formulations 
to  the  matching  conditions  that  couple  the  inviscid  and  boundaiy  layer  solutions.  Integration  of  the  continuity  equation  provides  the  far  field  behavior  of 
the  boundaiy  layer  solution  for  the  normal  component  of  velocity,  V  namely 


VM(S,  N) - 


for  N /*-*«• 


(10) 


when  S,N  are  coordinates  along  and  normal  to  the  surface  and  8*  is  the  displacement  thickness.  The  solution,  as  determined  from  Eq.  10,  must  match  the 
inviscid  solut-on  for  N  — *-0.  The  first  term  in  Eq.  10  is  common  to  both  the  Inviscid  and  boundary  layer  solutions  so  that  the  requirement  that  the 
inviscid  solution  match  Eq.  10  leads  to  the  following  equivalent  forms  of  the  matching  condition 


vinT|N.0=~J“jg-  =  v»  Transpiration  Velocity  (Matching  at  N  =  0)  (11) 

„  |  d6< 

"inv  |N,S«  =U,  -jjr  Equivalent  Displacement  Body  (Patching  at  N  =  6*)  (12) 

vi#v|N.6  =  Ut  ~  +  (6*-6)  (Patching  at  N  =  6)  (13) 

All  of  the  above  fomis  ai  ■  asymptotically  equivalent  to  lowest  order  in  Fe,  differing  only  by  higher  order  terms  in  the  Taylor  series  expansion  of  the  Inviscid 
solution.  Although  the  fc.-ms  (and  other  fiscusscd  in  Ref.  31)  are  asymptotically  equivalent  and  have  all  been  used  in  vircid-irviscid  Interaction  studies  it  is 
important  to  note  that  they  can  lead  to  radically  different  solutions  in  stiong  interaction  problems  where  the  streamwisc  pressure  gradients  are  large  (see 
LeBalleur*20'22* ). 


An  interesting  application  of  IBLT,  involving  just  the  displacement  effect,  is  LeBitleur's^227  computation  of  the  flow  over  a  symmetric,  18%  thick 
circular-arc  airfoil.  Die  calculations  shown  in  Fig.  3  v,ere  earned  out  at  zero  mcider.ce  so  that  the  overall  fiow  was  symmetric,  and  therefore  did  not  Involve 
the  wake  curvature  effects  (to  be  discussed  in  the  next  sub1 .  .lion).  The  compulation  wus  based  on  the  transpiration  velocity  form  of  the  n.atching  condition 
given  by  Eq.  1 1.  Solutions  of  the  coupled  inviscid  and  boundary  layer  equations  were  obta.n:d  by  a  ceini-inverse  global  iteration  method  well  suited  for  deal 
ing  with  separated  flows  Die  inviscid  flow  was  determined  lrom  solutions  of  the  transonic  small  disturbance  equation  using  the  conservative  version  of  the 
Murman-Colc  relaxation  method.  The  turbulent  boundary  layer  was  solved  usuig  an  integral  entrainment  method.  Solutions  at  two  high  subsonic  Mach  num¬ 
bers  are  compared  with  experimental  data  and  with  Deiwerts’^2'  Naner-Stokes  rotation.  The  results  of  the  1BLT  theory  show  very  good  agreement  with  exper¬ 
iment  m  the  lower  Mach  number  case  which  involves  only  a  small  separation  zone.  Only  qualitative  agreement  is  obtained  at  the  higher  Mach  number,  involving 
large  shock-induced  separation.  It  is  not  clear  whether  the  discrepancy  In  the  pressure  levels  behind  the  shock  wave  is  due  to  some  failings  in  the  theoretical 
model  o  to  problems  In  the  wind  tunnel  simulation  (.  .g..  side  wall  boundary  layer  effects,).  The  IBLT  and  Naviev-Stokes  solutions  for  this  problem  are  com¬ 
parable,  with  the  IBLT  showing  slightly  better  agreement  with  experiment.  The  spread  in  the  Navier-Stokes  results  is  due  to  differences  in  the  levels  of 
convergence  of  the  plotted  results. 

Next  we  consider  the  question  oi  “free  interaction"  in  turbulent  flow  from  the  viewpoint  of  IBLT.  Free  interaction  effects  arise  In  problems  of  bound¬ 
ary  layers  interacting  with  supersonic  external  flows.  Oswatltsch  and  Wieghardt5337  showed  that  upstrcim  propagation  can  arise  in  a  supersonic  viscld-inviscid 
Interaction  from  the  displacement  effect  of  the  boundary  layer  even  though  the  flow  is  governed  by  a  coupled  hyperbolic  and  parabolic  system  of  equations, 

The  mathematical  explanation  for  this  cflect  waa  given  by  Garvine^3*'  along  with  a  discussion  of  the  significance  ol  hie  coupling  in  these  problems. 


i 


10-5 


It  is  known  from  the  early  work  of  Crocco-Lees*353  that  two  types  of  behavior  are  possible  in  supersonic  viscous  interaction  depending  on  the  nature  of 
the  response  of  a  boundary  layer  to  imposed  pressure  gradients.  Subcritical  behavior  occurs  in  situations  where  the  boundary  layer  thickens  In  response  to  ad¬ 
verse  pressure  gradient  and  thins  In  favorable  pressure  gradient.  For  turbulent  flow  this  occurs  for  free  stream  Mach  numbers  below  *  1 .5,  depending  on 
the  theoretical  model  used  for  the  tufliulent  boundary  layer.  In  subcritical  flow  the  displacement  effect  of  the  boundary  layer  generates  self-induced  pressure 
disturbances  which  propagate  upstream.  The  resulting  “free  interaction”  pressure  distribution  is  Independent  of  the  provoking  mechanism.  It  is  this  subcriti¬ 
cal  behavior  of  the  flow  that  is  responsible  for  the  presence  of  the  so-called  departure  or  branching  solutions  in  many  viscld-inviscid  interaction  problems  and 
necessitates  the  specification  of  a  downstream  boundary  condition  .o  fix  the  solution.  Werle  and  Vatsa*36*  have  shown  that  it  is  best  to  approach  these  prob¬ 
lems  with  a  global  iteration  scheme.  For  supercritical  flow  the  boundary  layer  will  thin  in  an  adverse  pressure  gradient  and  thicken  in  a  favorable  one  with 
the  result  that  will  be  no  upstream  influence  and  no  free  interaction  unless  a  supercritlcal-subcritical  jump  is  insr  I  into  the  solution.  There  has  been  much 
controversy  since  the  Initial  work  of  Crocco-Lees<3s*  regarding  when  and  under  what  conditions  the  boundary  layer  will  exhibit  subcritical  behavior  and  on 
the  physical  meaning  of  the  supercritical-subcritical  jumps. 

It  was  clearly  demonstrated  in  recent  studies  by  LeBa!!eur(2M2)  that  the  issue  of  subcritical  and  supercritical  behavior  has  no  physical  significance  and  is 
controlled  solely  by  the  choice  of  the  matching  condition  coupling  the  inviscid  and  boundary  layer  equations.  In  these  studies  LeBalleur  shows  tha*  supercriti¬ 
cal  behavior  in  turbulent  flow  is  associated  with  the  use  of  coupling  conditions  based  on  patching  at  y  =  6*  or  y  =  5  (Eq  1 2  and  1 3)  and  that  the  transpiration 
boundary  condition  always  leads  to  subcritical  behavior.  These  observations  are  illustrated  In  results  presented  in  Fig.  4,  taken  directly  from  LeBalleur’s*22' 
paper.  They  are  for  supersonic  flow  in  a  compression  comer  with  an  upstream  Mach  number  of  2.96.  a  corner  angle  of  26°  and  a  Reynolds  nunuer  at  the 
wedge  of  107.  The  wall  is  adiabatic  and  the  boundary  layer  is  assumed  to  be  turbulent  starting  from  the  leading  edge.  Interacting  boundary  layer  solutions 
obtained  by  LeBalleur, (22'  using  a  simple  wave  solution  (Prandtl-Meyer  Flow)  for  the  Inviscid  flow,  a  transpiration  boundary  condition  for  the  coupling,  and 
by  Werle  and  Berkte,*37!  using  the  displacement  thickness  patching  approach,  are  compared  with  the  experimental  data  of  Law*38'  and  with  the  Navier- 
Stokess  .b.ionsof  Shangand  Hankey  (3,1.  At  this  high  Mach  number  most  boundary  laver  approaches  based  on  patching,  at  either  y  =  8*  or  at  y  =  5,  would 
lead  to  supercritical  behavior  with  citner  no  upstream  influence  or  with  supercritlcal-subcritical  jumps  m  the  solutions.  The  Werle  and  Berkte  results,  which 
were  obtained  with  a  finite  difference  solution  of  the  turbulent  boundary  layer  equations,  clearly  indicate  a  supercritical  behavior  with  no  upstream  influence 
The  results  of  LeBalleur,  obtained  with  a  simple  integral  entrainment  method,  shf.w  a  smooth  subcritical  behavior  with  significant  upstream  influence. 
LeBalleur’s  interacting  boundary  layer  solution  is  seen  to  be  In  reasonably  good  agreement  vrith  the  experimental  data  and  an  improvement  over  the  existing 
K.tvier-Stokes  solutions.  This  study  indicates  <hat  the  matching  condinon  based  the  transpiration  velocity,  Eq.  1 1 ,  is  the  best  choice  for  turbulent  interaction 
problems  since  it  eliminates  supercritical  behavior  and  supercntical-subcr.tlca!  jumps. 


OEXPERIMENT  :  MCOEVITT  -  DEIWERT 

♦TVTS  PRESENT  COMPUTATIONS  (LE  BALLEUR)  •  EXPERIMENT  (LAWI 

ZZZZNAVIER  -  STOKES  (ACCORDING  TO  TURBULENT  *  *  *  *  PRESENT  INTERACTING  METHOD  (LE  BALLEURI 

MODELLING! :  DEIWERT  -  INTERACTING  METHOD  OF  WERLE-BERTKE 

FROZEN  TURBULENCE  1  NAV,ER  '  OKES  (SHANG  HANKEY) 

Fig.  3  Pressure  over  an  18%  circular  arc  symmetrical  airfoil.  Fig.  4  Pressure  along  a  supersonic  ramp  (turbulent) 

(REPRINTED  FROM  REF  22)  (REPRINTED  FROM  REF  22) 


2.3  Application  to  Airfoils  Including  Wake  Effects 


In  appliertion  of  1BLT  to  airfoil  flows  the  displacement  conditions  on  the  airfoil  are  supplemented  by  viscous  matching  condtions  in  the  wake.  Two 
types  ot  terms  arise  in  the  wake  matching  conditions,  one  due  to  the  displacement  thickening  effect  of  the  wake  and  the  other  due  to  the  wake  curvature  ef¬ 
fect.  The  wake  thickness  effect  onginates  from  the  matching  of  the  inviscid  and  boundary  layer  solutions  for  the  velocity  component  normal  to  wake.  (The 
wake  conditions  can  be  referenced  to  any  arbitrary  curve  emanating  from  the  trailing  edge  and  lying  within  the  wake.)  A  formal  matching  analysis  leads  to 
the  requirement  that  the  inviscid  solution  for  the  normal  component  of  velocity,  V|nv  ,  be  discontinuous  across  the  wake  with  a  jump  given  by 


IVD- 


p,dS 


(14) 


where  6W  is  the  displacement  thickness  of  the  complete  wake.  This  resu.,  follows  from  an  Integration  of  the  continuity  equation  across  the  viscous  wake.  The 
wake  curvature  effect  arises  from  the  turning  of  the  low  momentum  flow  along  the  curved  wake  streamlines.  This  turning  generates  a  pressure  difference  across 
the  wake.  The  requirement  that  the  outer  inviscid  flow  match  this  pressure  rise  across  the  wake  leads  to  the  following  jump  condition  on  the  Inviscid  solution 
for  the  pressure,  . 

HPle,Il=-C»K(S)  (15a) 

where  x  is  the  cu-vature  of  the  wake  and  Cw  is  a  coefficient  given  in  terms  of  the  displacement  and  momentum  thicknesses  of  the  wake,  i.e., 

C»  =  -P,Ui(S;  +  e,>-  (15b) 
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Equation  1 5  is  derived  from  integration  of  the  boundary  layer  approximation  to  the  normal  momentum  equation.  Because  of  the  form  of  Eq  1 5,  the  wake 
curvature  condition  produces  effects  similar  to  a  jet  flap  with  a  negative  blowing  coefficient  (Cw  <0).  The  importance  of  the  wake  curvature  effect  and  its  re¬ 
lationship  to  the  jet  flap  was  first  noted  by  Preston*1*  in  1954  (see  also  Spence  and  Beasley**0*).  However,  serious  attempts  to  include  wake  curvature  effects 
in  calculations  based  on  1BLT  were  not  undertaken  until  the  m.d  1970’s  in  a  series  of  studies  at  the  RAE*6,7’*1"*3*  and  at  the  Grumman  Aerospace  Corp. 
(GAC)*8"’  **.  For  a  detailed  asymptotic  derivation  of  both  wake  conditions  the  .cader  Is  referred  to  the  paper  by  Viviand****. 

IBLT  has  recently  been  applied  to  the  computation  of  transonic  flow  over  airfoils  by  three  research  groups,  BGKJ**’3*,  CL*6,7*  and  MCMJ*8’1  **.  These 
methods  all  employ  a  finite  difference  solution  of  the  full  potential  equation  for  the  inviscld  flow  find  integral  methods  for  the  boundary  layers.  Each  make 
different  recon  mendations  for  the  type  of  differencing  to  use  in  the  invisdd  solution:  BGKJ  recommends  nonconservative  (NC)  differencing,  CL  partially 
conservative  (PC)  differencing  and  MCMJ  fully  conservative  (FC)  differencing.  The  pittlally  conservative  scheme  is  a  method  developed  by  CL*7*  for  improv¬ 
ing  the  performance  of  potential  flow  methods  at  shock  waves.  The  BGKJ  methods  employs  the  Nash-McDonald**3*  integral  method  while  the  CL  and 
MCMJ  methods  use  Green’s  lag  entrainment  method**6*  for  the  turbulent  boundary  layer.  The  following  table  summati7.es  the  main  features  of  the  theoretical 
formulation  employed  in  each  of  the  methods. 


Table  1  Description  of  recent  IBLT  formulation.*. 


METHOD 

_ WEAK  INTERACTION _ 

STRONG  INTERACTION 

Duplacamant  EH  act 

Wakt 

Airfoil 

Wakit 

Curvatura 

Shock 

Tn.iing  Edga 

Invitcid 

Flow 

Bound  ary 
Layo. 

1 

2 

3 

4 

6 

BGKJ**- 6* 

NC 

NM1® 

No 

No 

No 

No 

CL*®-7) 

PC 

G<«> 

|V„I 

Ya» 

No 

No 

MCMJ*8'11* 

FC 

G<*»> 

!V„| 

Yt* 

No 

Yas 

Since  all  three  weak  interaction  effects  are  of  the  same  order  of  magnitude  (i.e.,  0(e3))  they  must  all  be  retained  to  achieve  a  completely  consistent  formula¬ 
tion  of  IBLT.  Note  that  only  the  Cl.  and  MCMJ  methods  do  so  and,  furthermore  that  only  the  MCMJ  method  accounts  for  strong  interaction  effects  at  the 
trailing  edge  (discussed  in  Section  4). 

The  fact  that  the  shock  wave  penetrates  into  the  boundary  layer  and  generates  large  nonnal  pressure  gradients  is  not  properly  accounted  for  in  any  of 
the  above  formulations.  Nevertheless,  experience  gained  with  the  use  of  these  codes  indicates  that  they  all  provide  a  reasonable  overall  description  of  the 
pressure  rise  and  boundary  layer  growth  across  the  shock  wave.  It  should  also  be  noted  that  both  the  CL  and  MCMJ  methods  employ  a  transpiration  bound¬ 
ary  condition  for  the  displacement  effect  which,  from  LeBalleur’s  work,  is  known  to  produce  a  subcritical  description  of  the  shock-wave  boundary-layer  inter¬ 
action.  Therefore  a  shock-wave  boundary-layer  interaction  is  modeled  in  these  formulations  as  a  iteep  but  continuous  increase  ir  the  boundary  layer  thickness. 
The  rapid  build-up  ot  the  boundary  layer  thickness  generates  compression  waves  that  annul  the  shock  wave  and  prevent  discontinuities  from  impinging  on  the 
boundary  layer  (see  in  Fig.  5).  With  this  formulation  the  "free  interaction”  mechanism  always  leads  to  a  nonsingular  description  at  shock  waves. 

The  results  for  the  RAE  2822  airfoil  in  Fig.  6  attest  to  the  level  of  accuracy  that  can  be  achieved  by  IBLT  in  airfoil  flows,  even  under  supercritical  con¬ 
ditions  involving  a  shock  wave.  The  results  were  obtained  with  the  CL  method  *7*  and  hence  fully  account  for  all  weak  interaction  effects.  The  results 
show  that  the  pressure  rises  to  about  sonic  pressure  behind  the  shock,  resulting  in  about  half  the  jump  required  by  the  noimal  shock  wave  relations.  This  be¬ 
havior,  which  is  typical  for  airfoils,  is  seen  to  be  well  predicted  by  IBLT.  Additional  information  on  the  CL  method  is  given  by  Lock  in  the  paper  at  this 
meeting.  Results  from  the  MCMJ  method,  which  also  accounts  for  strong  interactions  at  the  trailing  edge,  are  presented  in  Section  5. 


SHOCK  WAVE 


Fig.  5  Shock-wave  boundary-layer  interaction  -  IBLT. 


Fig.  6  RAE  2822  M^  =  0.730,  ag  =  2.55°, a  =  2.00°,  Re  *  6.5  x 
10*>,XT  =  0.03  ,  Cl  =  0  66.  (REPRINTED  FROM  REF  7) 


3.  STRONG  TURBULENT  INTERACTIONS  AT  SHOCK  WAVES 

The  shock-wave  boundary-layer  interaction  on  an  airfoil  at  transonic  speed  is  an  important  feature  of  the  flow.  Here,  its  most  noticeable  effect  is  a  signifi¬ 
cant  reduction  in  the  pressure  rise  across  the  shock  wave.  Both  experimental  data  and  theoretical  computations  over  airfoils  indicate  that  the  magnitude  of  the 
reduction  is  about  one  half  of  the  jump  condition  for  norma1  ock  waves.  Althougn  this  effect  seems  to  be  well  represented  by  IBLT,  the  details  of  the  inter¬ 
action  are  not  adequately  desc-tbed,  As  discussed  previously,  IBLT,  with  the  transpiration  boundary  condition  always  leads  to  a  subcritical  response  with  the 
shock  wave  terminated  outside  the  boundary  layer.  In  an  actual  shock-wave  boundary-layer  interaction  the  shock  wave  penetrates  well  into  the  boundary  layer 
when  the  flow  is  turbulent  and  generates  large  normal  pressure  gradients  that  are  not  accounted  for  in  IBLT. 

In  the  early  1950’s  Ughthill  *15*  developed  an  approximate  linearized  theory  for  shock-wave  boundary-lay  -r  interaction  that  recognized  the  importance  of 
shock  penetration  and  normal  pressure  gradient  effects.  In  this  remarkable  paper  Ugnthlll  clearly  identified  the  dominant  physical  mechanisms  in  strong  inter- 
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action?,  He  also  developed  the  key  theoretical  concepts  that  have  formed  the  basis  for  nearly  all  subsequent  models  of  strong  viscid-inviscid  interaction.  It  was 
in  this  paper,  following  earlier  more  approximate  attempts,  that  LighthiU  established  the  inviscid  rotational  flow  model  of  strong  interactions.  The  theory  was 
not  much  used  over  the  following  16  years  until,  in  1969,  Stewartsun  and  Williams*47' ,  Stewartson  *48'  and  Messiter*49'  showed  how  the  theoiy  could  be  devel¬ 
oped  into  a  rational  asymptotic  theory  for  laminar  interactions.  This  work  led  to  the  development  of  the  lamina*  “Triple  Deck"  theory.  At  about  the  same  time, 
Rose,  Murphy  and  Watson*50',  for  oblique  shock  waves,  and  Roshko  and  Thomke,*51'  for  compression  corners,  showed  how  the  inviscid  rotational  flow  model 
could  be  used  in  a  semi-empirical  fashion  for  turbulent  interactions  at  supersonic  speeds.  In  the  mid  1970’s  Melnik  and  Grossman*12"14'  and  Adamson,  Messiter 
and  their  students*15"18'  developed  the  inviscid  rotational  flow  concept  into  a  rational  asymptotic  theory  for  interactions  of  weak  normal  shock  waves  with 
turbulent  boundary  layers.  Subsequently  Melnik  and  Chow*8'developed  a  similar  theory  for  strong  turbulent  interactions  at  the  trailing  edge  of  cusped  airfoils. 

In  this  section  1  review  the  main  features  of  the  LighthiU  1953  theory  and  discuss  the  reasons  why  the  original  form  of  the  theory  is  not  directly  applica¬ 
ble  to  turbulent  interactions,  Next,  1  discuss  Roshko  and  Thomke’s  semi-empirical  theory  for  supersonic,  turbulent  interactions  in  a  compression  corner  and 
then  the  section  is  concluded  with  a  review  of  the  asymptotic  theories  for  weak  normal  shock  waves.  These  topics  ate  also  discussed  in  a  recent,  comprehensive 
survey  of  the  shock-wave  boundary -layer  interaction  literature  by  Adamson  and  Messiter*52'. 

3.1  Lighthill’s  Two  Layer  Theory  *19' 

In  his  1953  pap^r,  LighthiU  examined  the  question  of  upstream  propagation  in  a  supersonic  shock-wave  boundary-layer  interaction.  He  developed  a  sim¬ 
ple  linear  theory  that  described  the  interaction  of  weak  external  disturbances  with  a  boundary  layer  that  could  be  either  laminar  or  turbulent.  Following  earlier 
unsuccessful  attempts  by  himself*53'  and  Rob'nson  *54'to  treat  the  problem  with  a  single  layer  model,  LighthiU  proposed  the  two  layer  model  of  the  boundary 
layer  sketched  in  Fig.  7.  The  two  layer  model  consists  of  a  thick  outer  region  covering  most  of  the  boundary  layer  and  a  thm  subljyer  near  the  wall.  LighthiU 
recognized  that  the  interaction  region  was  narrow,  and  consequently  that  the  shear  stresses  could  be  neglected  in  the  outer  layer.  Considering  onlv  weak  dis¬ 
turbances  he  linearized  the  solution  about  the  unperturbed  flow  upstream  of  the  interaction.  Thus,  he  assumed  expansions  for  the  streamwise  and  normal  ve¬ 
locity  components,  u,  v  and  pressure  p  in  the  fotm  , 

u=U0(y)  +  utx,y)  +  **‘ 

v=  v(x,y)+--* 


P=P0+p(x,y)+  •" 

where  U0 (y)  is  the  streamwise  velocity  profile  and  P0  is  the  constant  pressure  in  the  unperturbed  Pow  upstream  o'  the  interaction  (barred  variables  denote  per¬ 
turbed  quantities).  The  equations  governing  the  inviscid  rotational  flow  in  the  main  part  of  the  boundary  laye.  were  developed  into  a  single  equa'ion  for  the 
disturbance  pressure,  viz. 


[1_»*a(y"5  2Mo(y)  +  w- 

11  *'*•'*-  o  Mo(y)  Pz+iVt 


(16) 


where  M0  (y),  MQ'(y)  arc  the  upstream  Mach  number  profile  and  its  derivative,  Thisequ.  : ,  .  iverns  the  propagation  of  small  disturbances  in  the  nonuniform 
flow  in  the  boundary  layer.  Within  this  model,  disturbances  propagate  upstream  by  simp  f  »ave  piopagation  up  the  subsonic  streamtubes  in  the  inner  part  of 
the  boundary  layer.  To  complete  the  formulation  of  the  outer  problem,  this  equation  must  be  supplemented  by  appropriate  boundary  conditions.  At  the  outer 
edge  of  the  boundary  layer,  y= 5,  solutions  must  match  the  incoming  and  reflected  disturbances,  which  are  governed  by  the  linearized  supersonic  flow  equa¬ 
tions.  The  outer  problem  is  closed  by  specifying  boundary  conditions  at  wall.  I.,  the  early  one  layer  model,  LighthiU  *53)  and  Lcbim  m*54'  imposed  the  condi¬ 
tion  that  v  ■+  0  as  y  -»  0  (equivalent  to  py=0).  Unfc'tunatcly,  this  simple  condition  leads  to  a  trivia)  solution  for  the  pressure  and  to  a  failure  of  the  model. 

This  can  be  seen  by  considering  the  expression  governing  the  pertuibation  pressure  gradient  obtained  from  the  streamwise  momentum  equation,  i.e. 


p,  =  -P0(y>lU0(y)lII  +  VU'(y))  (17) 

if  the  initial  profile  is  of  boundary  layei  type,  ll0  (y)  vanishes  at  the  wall  as  does  v,  if  the  invva'.d  wall  condition  is  imposed.  Consequently,  both  terms  on  the 
right  side  of  Eq  17  vanish  at  the  wall  where  the  pressure  most  then  approach  a  constant.  This  problem  arises  because  the  zero  velocity  streamline  at  the  wall 
cannot  overcome  a  pressure  rise  by  inviscid  mechanwns  alone. 
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Fig  7  LighthiU  (1953)  two-layer  modelof  a  strong  interaction. 


In  his  1953  paper,  LighthiU  recognized  the  need  to  account  for  shear  stresses  near  the  wall  and  proposed  his  two  layei  model.  In  this  model  the  shear  % 

stresses  arc  fully  accounted  for  in  a  thin  sublayer  near  the  w  Jl.  Because  the  sublayer  is  thin,  the  pressure  is  constant  across  the  layei  and  can  be  evaluated  j 

from  the  ou'er  solution  In  addition,  the  solution  in  the  sublayer  is  linearized  about  the  upstream  profile,  which  is  assumed  to  have  a  linear,  laminar-like  bchav-  \ 

ior  near  the  wall.  Hence,  the  flow  In  Ihe  sublayer  is  governed  by  linearized  boundary  layer  equations  and  the  piessure  is  determined  from  the  outer  solution. 

Matching  of  the  outer  and  sublayer  solutions  leads  to  a  displacement  type  coupling  condition  connecting  the  two  regions.  LighthiU  has  shown  that  Ihe  match¬ 
ing  of  the  inner  and  outer  solutions  can  be  accomplished  using  a  suitably  chosen  cutoff  in  the  initial  velocity  or  Mach  number  profile.  Thus,  Ihe  sublayer  can 
be  accounted  for  by  simply  solving  the  outer  inviscid  problem  with  this  truncated  initial  Mach  number  profile.  1  he  fact  that  the  value  of  the  cutoff,  M2  3 
M0  (ycr)()  depends  on  both  the  Reynolds  number  and  the  position  along  the  surface  complicates  the  problem  but  solutions  can  be  readily  determined  with 
Fourier  transform  methods. 
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it  is  now  recognized  that,  for  laminar  flow,  Lighthill’s  two  layer  theory  is  generally  correct  in  all  the  important  details.  It  predicts  the  structure  of  the 
How,  the  scale  of  upstream  influence,  Ax/6  =  Re 1/8  and  the  thickness  of  the  sublayer,  Ay/6=  Re*1 78  that  follow  from  a  more  rational  asymptotic  anal¬ 
ysis.  Lighthill’s  theory  was  developed  into  a  systematic  theory  for  laminar  interactions  by  Stewartson*47,48*  and  Messite/49*.  The  "triple  de-,k”  theory  that 
followed  from  these  studies  is  consistent  with  Lighthill’s  formulation  except  that  the  full  nonlinear  boundary  layer  equations  are  generally  required  for  the  suo- 
layer  solution.  The  “triple  deck”  theory  also  indicates  that  the  pressure  and  flow  deflection  can  be  taken  as  constant  across  the  outer  boundary  layer,  leading 
to  a  description  of  lanunai  interaction  in  terms  of  a  displacement  type  coupling  between  the  external  inviscid  (low  and  the  sublayer.  The  (low  deflection  gen¬ 
erated  by  the  sublayer  in  response  to  imposed  pressures  (from  the  external  flow)  is  transported  unchanged  across  the  main  deck  producing  a  deflection  of  the 
mainstream  The  deflection  of  the  mainstream  then  generates  pressures  that  affect  the  solution  in  the  sublayer.  Consequently,  the  solutions  m  the  mainstieam 
and  sublayer  are  coupled  and  must  be  determined  m  a  self-consistent  manner.  The  "Triple  Deck”  theory  is  closely  related  to  IBLT.  The  latter  can  be  considered 
as  a  “composite  equation”  approach  that  includes  all  the  leading  order  terms  of  the  “Triple  Deck”  equations.  In  this  way,  “triple  deck”  theory  provides  a 
rational  basis  for  the  use  of  HILT  for  laminar  interaction  problems. 

Ughthi'.l  also  applied  the  theory  to  turbulent  interactions  by  simply  accounting  for  differences  in  the  initial  profile  and  skin  friction  whe.i  the  flow  is 
turbulent.  The  interacting  sublayer  was  retained  as  an  important  feature  oi  the  turbulent  flow  a, id  the  laminar  solution  for  the  cutoff  M2  was  employed  in  the 
solution  of  the  inviscid  equations  in  the  outer  boundary  layer.  Detailed  analysis  indicates  that  this  procedure  is  inconsistent  with  tne  law  of  the  wall  structure 
of  the  inner  part  of  a  turbulent  boundary  layer  The  pressure  gradient  cannot  affect  the  flow  in  the  wall  layer  unless  its  order  of  magnitude  is  larger  than 
0(£  /t )  or 

0(p,)  iO(t/t)«  0(«  3cl/')  *  0  0*) 

If  the  shock  wave  does  not  penetrate  the  wall  layer  it  can  be  shown  that  the  limiting  pressure  gradient  in  Eq.  (18)  is  exponentially  large  compared  to  the  grad¬ 
ients  that  anse  in  a  strong  interaction  region.  In  this  case  the  effect  of  pressure  gradients  on  the  wall  layer  flow  must  be  small  so  that  deflections  of  the  wall 
layer  cannot  have  a  primary  role  in  turbulent  interactions.  This  conclusion  can  also  be  extracted  from  physical  arguments  related  to  the  nature  of  a  typi¬ 
cal  turbulent  velocity  profile.  In  a  turbulent  flow  the  streamwise  velocity  remains  high,  of  0(1),  except  in  the  exponentially  thin  wall  layer.  Because  of  their 
much  higher  velocities,  the  streamlines  near  the  wall  of  a  turbulent  boundary  layer  are  not  nearly  as  responsive  to  imposed  pressure  gradients  as  those  of  a  lam¬ 
inar  flow.  Tlius,  for  weak  shock  waves,  with  a  sonic  line  ou'side  the  wall  layer,  it  should  be  possible  to  formulate  a  consistent  turbulent  interaction  theorv  with¬ 
out  consideration  of  an  interacting  sublayer. 

It  follows  from  forma'  asymptotic  theories,  discussed  later  in  this  section,  that  the  difficulties  at  the  wall  in  Lighthill’s  theory  can  be  avoided  by  careful 
specification  and  use  of  the  initial  profile.  The  importance  of  the  initial  velocity  profile  in  turbulent  interaction  was  clearly  recognized  in  the  asymptotic 
theories  of  Melnik  and  Grossman*12’14*  and  Adamson  and  Messiter*15'18*.  The  velocity  profile  in  the  undisturbed  flow  upstream  of  the  interaction  develops 
a  small  defect  form  at  large  Reynolds  number  so  that  UQ  (y)  in  Lighthill’s  analysis  should  take  the  form 

U0(y)  -  U,!  1  +eu0(y/6)l  (19a) 

Note  that  U0  (y)  does  not  satisfy  the  no-slip  cond-'ion  and  is  not  linear  near  the  wall,  but  in  fact  13  logarithmic  in  behavior,  UQ  -+  k’1  ln(y/6)  for  (y/5)  ■*  0.  If 
Eq.  (19a)  is  used  for  U0  (y)in  Lighthdl’s  equation  and  the  results  ate  expanded  for  e-*0  then  the  difficulty  of  the  theory  at  the  wall  is  eliminated.  Following  this 
procedure,  UQ  (y)  is  replaced  by  L'„  in  the  first  term  of  the  expression  for  thepressure  gradient  in  Eq  1 7  thus  avoiding  the  trivial  solution  when  y  -*  0.  The  result¬ 
ing  solution  can  be  viewed  as  a  perturbation  to  the  wave  system  out:  .tie  the  boundary  layer  by  small  nonuniformities  in  the  boundary  layer.  This  approach 
has  been  developed  into  a  complete,  rational  theory  for  interaction  of  weax  normal  shock  waves  at  transonic  speeds  in  the  asymptotic  theories  mentioned 
above. 

Ventres*55*  has  shown  that  the  trivial  solution  can  also  be  avoided  in  an  ad  hoc  approach  based  on  the  use  of  a  power  law  profile 

U0(y)  =  U,(y/5)1/n  (19b) 

Where  n  is  a  constant  chosen  to  give  a  best  fit  to  the  initial  ptoflle  (Ventres  used  n  =  7).  Ventres  has  shown  that  nontrivial  solutions  of  Lighthdl’s  outer  equa¬ 
tion-:  are  obtained  for  n  >  2.  In  this  case  the  pressure  gradient  is  balanced  by  the  second  term  in  Eq.  1 7  where  the  zero  in  v  is  multiplied  by  a  corresponding 
singular  term  in  U(j  (y)  for  y  -*  0.  The  Pnnceton  University  group  has  used  the  power  law  profile  to  develop  the  Lighthdl  theory  into  a  useful  engineering  ar 
proach  to  a  variety  of  unsteady  and  three  dimensional  she  .  flow  problems.  The  asymptotic  studies*12'18*  and  Ventres’*55*  ad  hoc  approach  have  clearly 
demons,  died  that  the  difficulties  in  Lighthdl’s  one  layer  interaction  theory  can  be  eliminated  by  a  proper  treatment  of  the  initial  velocity  profile.  These  dif- 
ficultie:  are  caused  by  the  use  of  an  initial  profile  that  has  the  velocity  vanish  linearly  at  the  wall.  The  use  of  the  law  of  the  wake  profile  in  the  rational  theories 
or  a  power  law  profile  as  in  Ventres’  method  completely  eliminates  the  trivial  solution  without  the  unjustified  use  of  an  -nteracting  sublayer. 

Recent  application  of  Lighthdl's  theory  to  interactions  of  normal  shock  waves  with  turbulent  boundary  layers  at  transonic  speeds  have  been  carried  out 
by  Ingcr  and  Mason1 581  and  Bohning  and  Zierep*57, 58*  .  However,  these  applications  are  subject  to  the  same  criticisms  as  the  original  Ligiithill  theory.  The  use 
of  a  laminar  interacting  sublayer  m  these  problems  is  an  arbitrary  procedure  that  is  not  consistent  with  the  known  structure  of  a  turbulent  flow  near  a  wal'.  More¬ 
over,  such  a  procedure  Is  unneces»..iy  since  the  problems  at  tne  wall  can  be  completely  avoided,  either  by  use  of  the  asymptotic  theory  based  on  the  law  of 
wake  initial  profile  and  the  limit  e  ■+  0,  or  by  use  of  power  law  profile  as  in  Ventres'  approach.  B,  hning  and  Zierep*57*  do,  In  fact,  employ  a  power  law  profile 
<n  their  theory,  although  still  retaining  Ughthill’s  laminar  sublayer  to  justify  a  cutoff,  M2  ,  of  the  initial  Mach  number  profile  Ventres’*55*  results  indicate 
that  the  inclusion  of  a  laminar  sublayer  in  Bohning  and  Zierip’s*57*  theory  is  unnecessary  since  a  nontrival  solution  for  the  pressure  distnbution  can  be  ob¬ 
tained  by  ignoring  the  sublayer  and  letting  M2  approach  zero.  Unfortunately,  Inger  and  Mason*56*  employ  an  initial  Mach  number  profile  with  a  linear  zero  at 
the  wall  so  that  the  procedure  of  letting  M  2  0  in  their  formulation  would  lead  to  the  trival  solution  of  constant  piessure.  The  use  of  power  law  profiles  in  the 
Bohmng-Zterep  theory*57*,  although  not  consistent  with  the  flow  near  the  wall,  does  provide  a  simple  and  direct  procedure  for  applying  Lighthill’s  theory  to 
the  determination  of  the  pressure  distribution  in  turbulent  interactions.  However,  the  application  of  the  laminar  sublayer  theory  to  the  determination  of  the 
skin  friction  in  the  Inger-Mason*56*  and  Bohnmg-Zierep  theories*58*  is  unjustified,  and  is  not  consistent  with  the  known  structure  of  the  flow  near  the  wall  of 
a  turbulent  boundary  layer.  Consequently,  it  should  not  be  unexpected  that  the  solution  for  the  incipient  separation  Mach  numb'r  in  the  Bohning-Zicrep 
theory*5**  shows  a  much  greater  dependence  on  Reynolds  numbers  than  indicated  by  either  the  rational  asymptotic  theory  of  Uou  and  Adamson*18*  or  the 
experimental  data  of  Roshko  and  Thomke*51*.  For  further  discussion  of  these  points  see  the  recent  review  article  by  Adamson  and  Messiter*52*. 

3.2  Nonlinear  Inviscid  Flow  Theories 

The  concept  of  treating  the  local  mtera.tion  as  an  inviscid  rotational  flosv  has  been  applied  to  a  variety  of  turbulent  viscid-mviscid  interaction  problems. 

In  supersonic  flow,  Rose,  Watson  and  Murphy*50*  use  it  lor  the  analysis  of  the  interaction  of  an  oblique  shock  wave  with  a  turbulent  boundary  layer  while 
Roshko  and  Thomke*51*  app’y  it  to  interactions  in  a  compn  ision  corner.  In  order  to  treat  problems  with  strong  shock  waves  their  studies  are  based  on  the  full 
nonlinear  inviscid  equations.  ;  he  problem  is  completely  specified  by  the  initial  Mach  number  profile  M0  (y)  ar.d  by  either  the  surface  geometry  or  the  incident 
shock  configuration.  Difficulties  at  the  wall  are  avoided  by  the  use  of  an  empirical  slip  Mach  number  M,  as  a  cut-off  in  the  initial  Mach  number  profile,  which 
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then  is  given  by 


y^y, 

o^y<y. 


The  slip  Mach  number  is  considered  to  be  an  empirical  parameter  to  be  determined  from  experiment.  This  is  equivalent  to  assuming  that  there  is  a  thin  sublayer 
beneath  the  outer  int  isc.d  flow  that  is  of  constant  thickness  and  unaffected  by  Imposed  pressure  gradients.  In  problems  where  the  appropriate  clip  velocity  is 
high  enough,  the  local  Mach  number  remains  supersonic  in  the  entire  outer  region  and  the  inviscid  equations  can  be  solved  by  a  hyperbolic  marching  scheme 
Calculations  of  this  type  have  been  carried  out  for  supersonic  interactions  in  compression  corners  by  Roshho  and  Thomke(51),  EIfstrom<59>  ar.d  Carriere,  et ' 

The  theoretical  model  assumed  for  the  Roshko-Thomke  computations  is  sketched  in  fig  8.  The  pressure  rise  occurs  in  two  stages,  a  very  rapid,  nearly 
discontinuous  rise,  followed  by  a  more  gradual  approach  to  the  level  required  by  the  oblique  shock  relations.  The  initial  pressure  rise  Is  assumed  to  occur  discon- 
tinuously  through  an  oblique  shock  wave  at  the  comer.  The  initial  pressure  and  shock  angle  are  completely  fixed  by  the  value  of  the  slip  Mach  number  and  the 
wedge  angle.  In  Roshko  and  Thomke's  calculations  M,  is  chosen  to  match  the  initial  value  of  the  expenmental  pressure  on  the  wedge  and  the  solution  is  contin- 
u.  d  downstream  by  the  method  of  characteristics.  Many  calculations  have  been  earned  out  for  various  free  i-ream  Mach  numbers,  wedge  angles  and  Reynolds 
numbers.  A  typical  result  for  a  M^  «  3.93  free  stream  into  a  15°  comer  at  Re  =  5.5  million  is  given  in  Fig  9.  The  excellent  agreement  observed  here  is  typical 
of  other  results  presented  in  Rothko  and  Thomke’s  paper.  Similar  agreement  has  also  been  obtained  for  the  impinging  oblique  shock  problem  by  Rose,  Murphy 
a  atson  .  The  general  y  favorable  agreement  of  these  computations  with  expenment  strongly  supports  the  concept  of  treating  turbulent  interaction  by 
inviscid  techniques.  This  excellent  agreement,  attained  by  virtually  ignoring  the  sublayer,  gives  strong  indication  that  sublayer  interaction  is  not  important  in 
tureuient  interactions. 
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Fig.  8  Roshko-Thomke  inviscid  rotational  flow  Model. 


0  MEASURED 

•  COMPUTED  (ROSHKO-THOMKE) 

- INVISCID 

, _  <£>00°° 

- - ■3*fT4 - - 


1 


INITIAL  MACH 
.NUMBER  ON 
'WEDGE 


iFOOCCO^O-l 


M„  -  2.04 
Mc  -  1.49 


M,-Mw.204  R»*55x  10® 

(SLIP) 


Fig.  9  Supersonic  interaction  in  a  compression  corner  -  typical  result  from  Roshko-Thomke 
method  (reprinted  f.om  ref  51), 

the  rr  JCT"  ,*?“ ,he  pr0ptr  Va,ue  0f  >Up  i!  “Slgned’ ,hey  are  no  theoretical  means  for  the  specification  of 

'n,“P“?,.  "“m  1SD°ffe‘-d'  ’,MSls,'on  °fh“w  ,0  de,ermine  ,h«  velocity  had  remained  open  for  about  ten  years  untii,  i„  a  noteworthy  paper  pre- 
^e  wed«  del^wHW  m*"'  n?  ,  developed  an  approximate  answer  Their  approach  recognizes  that  the  shock  wave  forms  near  the  tip  of 

!e  Til,layer’  a"|d,inleracl!  !,rongly  wi,h  ,he  now  this  "Sio"-  Thus,  the  flow  field  structure  sketched  in  Fig.  10  is  assumed,  and  in  the 
Jn  c.  v  T  W,  “yer’  "ear  ,h'  "P  °f  ,he  Wedgt’ a11  ,e,ms  of  foU  Navier-Stokes  equation  are  retained.  The  solution  of  the 

J  i  ll'!!  '  f  t  °  Il!iyer  ,hicknMS  in  b0th  dirCC,iom’ is  01  course’ a  very  difficult  nume™al  problem  widch  they  do  not  attempt. 

hwd:  bycay  0Ut  aslmpe  “n,roI  volume balance  of  mass  and  momentum,  including  both  momentum  equations  and  employing  the  compressible  law  of 
the  all  for  the  strcamwisc  velocity  profiles.  The  analysis  yields  relatively  simple  expressions  for  the  initial  pressure  on  the  wedge  and  foi  the  width  of  the  inner 
wall  region  which  Is  found  to  be  0(«  ).  This  result  is  consistent  with  the  observation  that  the  full  Navier-Stokes  equations  are  required  In  the  tip  region. 

l„  ,hi,A  lyPiCf reault  ob,aincd  usin« ;he  Predlcted  f"HW  pressure  In  a  method  of  characteristics  calculation  is  given  in  Fig.  1 1 .  The  good  agreement  observed 
this  example  is  typical  of  other  results  presented  in  the  paper'61).  The  success  of  these  calculations  cli  ■  indicates  that  the  overall  flow  model  -or  the  slip 


7 


10-10 

velocity  is  correct  and  that  the  full  Navier-Stokes  equations  ere  required  to  describe  the  mtial  rapid  pressure  rise  at  the  tip  of  the  wedge.  It  should  be  noted  that 
the  streamwise  length  scale  for  the  initial  region  is  very  small,  on  the  order  of  the  wall  layer  thickness,  S+.  The  small  length  scales  of  this  region  greatly  compli¬ 
cate  the  problem  of  solving  the  full  Navier-Stokes  equations  by  direct  numerical  solution.  The  further  development  of  the  Rosen,  Roshko  and  Pavish  theory  into 
a  complete  rat: "  - al  theory  is  a  worthy  research  objective. 

•  "INNER-INNER"  REGION  NEAR  CORNER. 

FULL  REYNOLDS  EQUATIONS 

•  ASSUMED  PROFILE  SHAPES  IN  CONTROL  VOLUME 

•  INTEGRAL  MASS  &  MOMENTUM  BALANCE 


PRESSURE 

RATIO. 

p/P| 


Fig.  10  Rosen-Roshko-Pavish  flow  model  for  the  “Slip" 
velocity  determination. 

3.3  Asymptotic  Methods  for  Normal  Shock  Waves 


Fig.  1 1  Supersonic  interaction  in  compression  corner  -  typical  result  of  Rosen- 
Roshko-  Pavish  (1980)  method  for  slip  velocity 
(REPRINTED  FROM  REF  61) 


Formal  asymptotic  methods  have  been  applied  to  interactions  of  shock  w  as  with  turbulent  boundary  layers  at  transonic  speeds.  Efforts  have  focused  on 
interactions  involving  normal  shock  waves  because  of  their  importance  in  airfc  rnd  channel  flows.  For  simplicity,  attention  has  been  mainly  restricted  to  inter¬ 
actions  on  fiat  plates  where  the  pressure  is  observed  to  rise  monotonically  aero  .  the  shock  wave  to  a  level  determined  by  the  normal  shock  relations.  It  should 
be  mentioned,  at  the  outset,  that  such  studies  do  not  address  a  significant  aspect  of  shock-wave  boundary-layer  intentions  on  airfoils,  namely,  the  pressure  jump 
across  the  shock  wave  is  observed  in  both  experiments  and  IBLT  calculations  to  be  only  about  half  the  value  given  by  the  normal  shock  wave  relations.  Thus,  the 
significance  of  flat  plate  solutions  to  the  airfoil  problem  remains  to  be  clarified.  In  this  section  1  briefly  review  recent  progress  in  the  development  of  such  formal 
asymptotic  theoiies  for  the  interaction  of  weak  normal  shock  waves  with  turbulent  boundary  layers.  For  c  more  comprehensive  review  of  this  subject  the  reader 
is  referred  to  the  recent  survey  by  Adamson  and  Messiter(32). 


The  flow  field  sketched  in  Fig.  1 2  is  typical  of  the  flows  considered  in  the  analysis  of 
Melnik  and  Grossman  11 2-141 .  They  address  interactions  in  the  transonic  regime  for  which  the 
shock  waves  can  be  characterized  as  weak  and  neatly  normal  to  the  flat  plate.  They  also  assume 
that  the  Reynolds  number  is  high  so  that  the  velocity  profile  is  "full”  and  can  be  accurately 
represented  by  a  conventional  form  of  the  law  of  the  wake/law  of  the  wall.  In  particular,  the 
velocity  profile  in  the  outer  part  of  the  boundary  layer  is  represented  by  a  small  defect  form 
with  i  logarithmic  behavior  at  the  wall.  Furthermore,  they  hypothesize  and  verify  a  posterion, 
that  the  boundary  layer  remains  fully  attached  for  the  range  of  weak  shock  strength  under 
consideration.  Under  these  conditions,  it  is  demonstrated  that  the  overall  P'v"  structure  is  as 
ketched  in  Fig.  1 2  with  the  sonic  line  lying  in  the  outer  part  of  the  bound:  :r. 

Two  basic  parameters  appear  in  the  problem,  the  free  stream  Mach  number,  M„,  and  the 
Reynolds  number.  Re.  The  analysis  of  Melnik  and  Grossman 112-141  is  based  on  a  formal 
asymptotic  expansion  of  the  full  Reynolds  averaged  Navier-Stokes  equations  in  the  double 
limit  M„  -*  1  and  Re  -*■  <*>.  The  large  Reynolds  number  limit  is  expressed  in  terms  of  the 
dimensionless  friction  velocity,  e  =  u  associated  with  the  initial  velocity  profile 
upstream  of  the  interaction. 

Thus,  the  solution  is  characterized  by  the  double  limit 


IMPINGING 
NORMAL  SHOCK  WAVE~\| 


INCOMING  PROFILE. » 


Fig.  12 


EDGE  OF  TURBULENT 
BOUNDARY  LAYER 


Schematic  of  shock  wave  -  turbulent  boundary 
laye.  interaction  (ref  12-14). 


M.-I 

e-0 

Since  the  shock  strength  Is  proportional  to  (M  2  -1)  the  first  limit  implies  a  weak  shock  wave  and  since  f 


(21) 


Reynolds  number  limit  Re« 


0  (In  Re)'1  the  second  limit  implies  a  large 
The  structure  of  the  flow  field  and  the  form  of  the  solution  depend  on  the  magnitude  of  a  parameter  x,  defined  by 


(22) 


This  parameter  can  be  interpreted  as  a  normalized  shock  strength  parameter  that  controls  the  relative  rates  at  which  the  two  basic  parameters  M_  and  e  ap¬ 
proach  their  respective  limits.  Two  distinguished  limits  and  two  subcases  appear  depending  on  the  relative  magnitudes  of  (M2  -1)  and  p.  The  two  distinguished 
limits  are  the  weak  shock  limit  and  the  strong  shock  limit  defined  by 


M.-1  ) 

-1  )  X‘  = 

€-0  ) 

?  Xt— 
M„*  1  * 


weak  shock  limit 


strong  shock  limit 


(23) 


(24) 


* 


The  two  other  limit  cases  that  appear  are  subcases  of  the  weak  shock  limit  Eq.  (23),  namely 
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M„—  i  )  Xt—0  very  weak  shock  limit 


M.-i)  Xt- 
£-0  j  xt- 


moderate  shock  limit 


The  weak  limit,  Eq.  (23)  and  the  two  subcases  Eq.  (25)  and  (26)  are  appropriate  for  transonic  flows  while  the  strong  shock  limit  defined  by  Eq.  (24)  applies  to 
supersonic  flows  with  strong  shock  waves.  ' 

The  overall  structure  of  the  flow  field  associated  with  each  of  the  limits  is  sketched  in  Fig.  13.  The  weak  shock  distinguished  limit  x,  =  0(1)  (Eq.  23)  has 
been  analyzed  by  Melnik  and  Grossman  .  This  Emit  is  characterized  by  the  fact  that  the  velocity  change  across  the  boundary  layer  is  of  the  same  order 
as  the  velocity  change  across  the  shock  wave.  Consequently,  since  the  velocity  profile  is  "full",  the  sonic  line  is  In  the  main  part  of  the  boundary  layer  as 
sketched  in  Fig.  1 3.  The  shock  wave  penetrates  the  boundary  layer  and  terminates  someplace  in  the  supersonic  zone  in  the  outer  part  of  the  boundary  layer. 
Because  the  profile  is  “full”,  nonlinear  transonic  effects  are  important  in  the  entire  outer  part  of  the  boundary  layer.  Since  the  wall  layer  is  thin  it  does  net 
Influence  the  flow  in  the  outer  part  of  the  boundary  layer. 


BOUNDARY  LAYER  EDGE 


P-PfX*  SONIC  LINE  WALL  LAYER 


BOUNDARY  LAYER  EDGE 


7  SONIC  LINE 

by 


WALL  LAYER 


•)  VERY  WEAK  SHOCK  WAVE:  x»~0 _ 

(ADAMSON-FEO  REF  15)  ^2^ 

xt  “  t 


b)  WEAK  SHOCK  WAVE:  xt-0(1) 
(MELNIK-GROSSMAN  REF  12-14) 


INNCR  NON. INEAR 
TRANS  3NiC  RECIJN 


NEGLIGIBLE 
UPSTREAM  INFLUENCE 

"INNER"  WALL  j 
LAYER 


WALL  LAYER 
/ 


el  MODERATE  STRENGTH  SHOCK 
WAVE:  X ,-~.M„-1 
(ADAMSON-MESSITER-LIOU  REF  16-18) 


dl  STRONG  SHOCK  WAVE 
X,-">.  FIXED  *1 


Fig.  13  Flow  field  structure  variation  with  shock  strength. 

shockwr="“:thr  “T  (E,q' 24)  Utelm  “  SUptrSOnlC  and  th'  shock  !tren8,h  The  sonic  line  lies  within  the  wall  layer  and  the 

shock  wave  penetrate  deep  into  the  boundary  layer  terminating  in  the  wall  layer.  Since  the  nonuniformities  in  the  approaching  boundary  layer  are  small,  as 

action  «  !!?,  °  In  yn”  Ilm"  a"°' ,he  Shock  W1Ve  iS  ntlr!y  stri'8h'  Jown  <°  th=  wall  and  there  is  negligee  upstream  influence.  The  major  inter- 
nlTZV  If  y'Hr  '  3n  emo'dded  inn"  regi0n^r  at  ,he  f00t  cf  ,he  shock-  1515  structure  at  the  foot  of  the  shock  wave  is  similar  to  that 
dad  m*n«  i  of  the  wedge  in  Rosen,  Roshko  and  Parish's'6”  analysis  of  the  supersonic  viscid-lnviscid  interaction  in  a  compression  corner.  The  embed- 
ded  inner  region  is  expected  to  have  a  width  of  Ax  .  0 (i+)  =  Ofel),  the  same  order  as  the  wall  layer  thickness,  and  to  require  an  analysis  based  on  the  fuV 

ture  based  on*  comideratl  kT*??  'ha'  ST  ^  ™  ,a,i°nal  ^  °f  ,b'S  a"d  'hat of  the  aboVC  di5criPlion  “njec 

ture  based  on  consideration  of  the  behavior  of  the  weak  shock  limit  for  x,-* «  and  on  reflection  of  Rosen,  Roshko  and  Parish’s  theory. 

.  1)1  $“bCaS'  X<7  °’  corr"P°ndin * ,0  ,he  ¥ery  weak  shock  I**  Eq-  (IS),  was  analyzed  by  Adamson  and  In  this  case  the  sonic  line  lies  near  the 

rnto  .he  h'  b0.  7  ay"“ld  be  lh°ck  wave  15  Weaken'd  by  compression  waves  generated  by  the  boundary  layer  thlckeningso  that  it  does  not  penetrate 

tato  he  boundary  layer.  Detailed  analysis  shows  that  the  Interaction  spreads  the  pressure  rise  over  a  distance  large  compared  to  the  boundary  layer  thickness 

bou'fZ  lave  TuaT  b°Und,ry  “*  and  lhat lhe  n°w  in  ,he  ou,er  Parl  of  th'  boundary  layer  is  governed  by  the  inviscld 

boundary  layer  equations.  Boundary  layer  approximations  remain  valid  and  IBLT  is  applicable  in  tills  limi*. 

■  Ad?!,;”n' k,essiter ,and  Eiou(16’18>analyzed  the  moderate  shock  strength  limit  x,-  «.  In  this  limit  the  sonic  line  approaches  the  waU  as  x.— “but 
lemainsoutside  the  waU  layer  (since  M.->  1).  The  shock  wave  is  nearly  straight  and  penetrates  deep  into  the  boundary  layer  but  terminates  outside  the  wall 

J" hehindVlTf-?  h,'  “fUT’ and  n°W  °n  ‘h'  dowmlrMm  5ide  of  ,he  shock  wave  can  b'  described  as  a  linear  perturbation  to  the  constant 

Jon a^ the  shnTJ T dUnPe  ,  d'h ,h0ckW3V''  The  oul"  l,ntar  solution  d'vel°Psa  nonuniformity  at  the  wall  which  is  resolved  by  an  embedded  inriscid 
rl^ons  H  k  f  d°mlna,ed  by  no"hn'ar  ,ran50nic  now  efTect5-  Tl,e  turbu,enl  wall  layer  does  not  influence  either  the  outer  or  the  embedded  inviscid 

....  Th'  *'ak  and.mod««‘*  5hock  strength  limits  cover  the  parameter  range  of  most  interest  for  transonic  (lows  and  therefore  are  reviewed  in  some  detail 

H  r  r  “rn*  ‘IT  h>Vl  b"n  Carri'd  0Ut  i,’tkPtnd'n,,lyi,it  is  of  in,eresi  10  no''  lha'  b°'h  the  very  weak  and  the  moderate  shock 
strength  limits  are  contained  in  the  weak  shock  formulation  of  Melnik  and  Grossman'1”  and  can  be  extracted  from  that  theory  in  the  limit  x,  _  0  and  x  - 
respectively.  *  t 

3.3.1  Weak  Shock  Limit  x,  *  0(1) 

On  the  basis  of  the  formal  asymptotic  analysis,  Melnik  and  Grossman'12’14*  have  demonstrated  tint  this  limit  corresponds  to  a  distinguished  limit  with 
asymptotic  flow  structure  sketched  in  Fig.  1 4.  Upstream  of  the  Interaction  (he  boundary  layer  has  a  conventional  two  layer,  law  of  the  wall/law  of  the 
wake,  form.  In  the  interaction  region  .he  boundary  layer  develops  a  three  layer  structure  consisting  of  1 )  an  outer  Inviscid  rotational  flow,  extending  over  most 
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of  the  boundary  layer,  which,  following  “triple  deck”  terminology  we  call  the  main  deck,  2)  a  conventional  wall  layer,  wiiich  is  a  continuation  of  the  upstream 
wall  layer,  and  3)  a  blending  layer  between  the  outer  and  wall  layers.  This  structure  proves  typical  of  other  turbulent  strong  interaction  problems. 


The  flow  can  be  considered  inviscid  in  the  outer 
region  because  the  streamwise  length  scale  is  small  so  that 
the  pressure  gradient  and  inertia  terms  are  large  in 
comparison  to  the  shear  stress  terms.  The  displacement 
effect  of  the  wall  layer  is  negligibly  small  in  this  problem 
and,  consequently,  the  wall  layer  cannot  significantly 
influence  the  solution  in  the  outer  inviscid  region.  This 
conclusion  follows  from  the  observation  that  the  pressure 
gradient,  though  large,  is  neghgbly  small  compared  to  the 
magnitude,  (e/e),  needed  to  influence  the  momentum  balance 
at  the  wall.  The  requirement  for  a  blending  layer  can  be  un¬ 
derstood  from  a  consideration  of  the  Reynolds  stress 
variations  along  streamlines  of  the  outer  and  wall  layers. 

Because  of  the  smai1  horizontal  scale  of  the  interaction 
zone,  the  Reynolds  stresses  can  be  considered  "frozen”  on 
the  streamlines  of  the  outer  solution.  In  the  innei  wall  layer, 
however,  the  Reynolds  stresses  are  in  equilibrium  with  the 
local  value  of  skin  friction  which  varies  significantly  in  the 
streamwise  direction.  The  difference  in  the  streamwise 
development  of  the  Reynolds  stresses  in  the  outer  and 
wall  layers  produces  a  mismatch  in  both  the  Reynolds 
stress  and  streamwise  velocity  between  the  outer  ano  wall 
layer  solution.  The  mismatch  is  resolved  by  the  blending 
layer  solution  which  is  governed  by  a  linear  boundary 
layer  type  equation  that  allows  for  a  balance  of  inertia, 
streamwise  pressure  gradient  and  turbulent  shear  stress 
transport  across  streamlines.  Melnik  and  Grossman’s 
ana’ysis  ^^demonstrates  that  the  vertical  component  of 
velocity  in  the  blending  layer  is  two  orders  of  magnitude 
less  than  that  in  the  outer  layer  so  that  the  blending  layer 
also  does  not  influence  the  solution  in  the  outer  inviscid  region. 
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Fig.  14  Asymptotic  flow  field  structure  for  a  weak  normal  shock-wave  boundary  layer 
interaction  (ref  12-14). 


The  solution  in  the  outer  layer  is  represented  by  the  expansion, 


U  =  l  +  CU!(x,y)+  ' 

V=c3/2vl(xly)  +  * 


(27) 

(28) 


where  the  stretened  variable*  x,y  are  defined  by 


\=e3/2x,  y =ey 


(29) 


and  U,  V,  x,  y  are  horizontal  and  vertical  velocity  components  and  coordinates,  respectively.  All  velocities  are  normalized  by  the  free  stream  velocity  upstream 
of  the  shock  wave  and  all  lengths  are  scaled  by  the  distance  to  the  shock  impingement  point.  The  scales  of  the  vertical  coordinate  and  the  strearwise  disturb¬ 
ance  velocity  are  determined  by  matching  to  the  initial  velocity  profile,  UQ  (y),  which  is  assumed  to  be  in  the  form 


U0(y)  =  l+€U0(y/6) 


(30a) 


where  uQ  is  given  by  the  law  of  wake/law  of  wall, 


u0(y>  =  j 


k'1  (ln(y/6)  +  J  W(y/6))  Os  y/6  £  1 


(30b) 


•ml  n  and  W(y/6)  are  Coles’  wake  parameter  and  wake  ftmetion. 


The  scales  for  x,  V  are  determined  to  be  by  balancing  the  dominant  terms  in  the  continuity  and  vorticity  equations  under  the  assumption  that  a 
nontrivial  equation  results  in  the  transonic  limit  M„ — H .  The  latter  requirement  yields  a  distinguished  limit  with  x,  =  (M^  -1  )/e  =  0(1). 


A  disturbance  velocity  potential,  <t>i ,  is  defined  by 


U|  =  U0(y)+  0  |£ 

Vi  =$>!?• 


(31a) 

(31b) 


Substitution  of  the  above  expansions  into  the  fell  Navier-Stok.es  equations  produces  the  following  nonlinear  partial  differential  equation  for  the  disturbance 
potential. 


(X;  +  (T+l)Mi(uo(y)  +  0j))  0b—  0^=0 


(32) 


where  y  is  the  ratio  of  sptdiic  hearts.  Equation  (32)  differs  from  the  slandatd  nonlinear-transonic  small  disturbance  equation  only  in  the  appearance  of  the 
extra  term  u  (y)  which  arises  from  the  vorticity  in  die  upstream  boundary  layer.  The  pressure  is  determined  from  the  standard  small  distuibance  relationship 


Pt=  -  <#>t£ 


(33) 


The  differential  equation  is  supplemented  by  boundary  conditions  requiring  the  disturbance  velocity,  0,-,  to  vanish  far  upstream  (i.e.  x-»-  °°)  and  to 
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rr.atch  the  prescribed  norma)  shock  conditions  for  y  The  formulation  is  completed  by  constraining  the  vertical  component  of  velocity  to  vanish  at  the 
wall,  i.e., 


<MX*  y)=°  y=o 


(34) 


The  latter  condition  is  deduced  from  the  observation  that  the  blending  layer  and  wall  layer  are  thin  and  cannot  affect  the  solution  in  the  outer  inviscid  region. 


Equation  (32)  is  a  nonlinear  mixed  elliptic-hyperbolic  partial  differential  equation  and  must  be  solved  by  numerical  techniques.  Solutions  are  obtained 
in  Melnik  and  Grossman’s*12'  study  by  use  of  a  Murman-Cole  nonconservative  finite  difference  method.  The  solution  is  facilitated  by  a  scale  transformation 
that  removes  all  but  two  parameters,  xt  and  a,  from  the  formulation  and  leads  to  the  following  similarity  property  of  the  pressure  coefficient 


C„  =  Cp(x,  y;  Re,  M„,  y,  H,  6)=«Ct(x,y;  K„  5) 


(35a) 


where 


(r+i)1/2M«,6£i;2 


y=x 


and  Kt  is  a  viscous  transonic  similarity  parameter  defined  by 


K‘3(^te=(TTimrr  • 


(35b) 

(35c) 

(35d) 


Thus,  flows  with  the  same  values  of  the  viscous  transonic  similanty  parameter  Kt  and  Cole’s  wake  parameter,  5r.  are  similar.  Results,  taken  directly  from  the 
Melnik  a.id  Grossman*12'  paper,  which  illustrate  the  effect  of  x,,(or  K(),  and  if  on  the  pressures  arc  given  in  Fig.  15.  Recall  that  xt  is  a  measure  of  the  shock 
strength  and  if  is  a  measure  the  shape  of  the  initial  profile  (if »  Vi  for  a  constant  pressure  turbulent  boundary  layer).  From  Fig.  15  it  is  seen  that  the  effect  of 
increasing  shock  strength  is  to  reduce  upstream  influence  and  to  significantly  steepen  the  pressure  rise.  The  overall  behavior  of  the  solution  in  the  weak  (x,  ■+  0) 
and  moderate  shock  strength  (x,  •*  °°)  limit  is  evident  in  the  result.  The  effect  of  the  velocity  profile  is  much  less  significant.  Reduction  of  if,  corresponding  to 
an  increase  in  the  “fullness”  of  the  velocity  profile,  leads  to  a  reduction  of  upstream  influence  and  an  increase  in  steepness  of  the  pressure  rise  as  expected. 


«)  EFFECT  OF  SHOCK  STRENGTH  lx,)  ON  SUR  b)  EFFECT  OF  PROFILE  SHAPE  (i  )  ON  SURFACE 

FACE  PRESSURE  DISTRIBUTION  POR  i  ■  0  5  PRESSURE  DISTRIBUTION  FOR  xt  '  20. 


Fig.  15  Surface  pressure  distributions  from  the  Melnik-Crossman  theory*12)  for  weak  normal  shock-waves. 

It  has  not  been  possible  to  make  an  unambiguous  comparison  of  these  two-dimensional  results  with  experiment  due  to  the  lack  of  suitable  data.  Existing 
chinnel  flow  experiments  tend  to  be  three  dimensional  because  of  the  significant  effect  of  the  side  wall  boundary'  layers.  Therefore,  in  order  to  compare  with 
tbs  circular  pipe  flow  experiments  of  Gadd*62'  the  formulation  is  generalized  to  include  the  extra  axisymmetric  term  arising  from  the  continuity  equation.  Re¬ 
sults  of  the  axisymmetric  calculations  for  one  of  Gadd’s  cases  are  shown  in  Fig.  lo,  17.  The  results  include  a  plot  of  the  shock  shape,  sonic  line  and  wave  struc¬ 
ture  upstream  of  the  shock  wave.  Note  that  the  compression  waves  generated  by  the  thickening  of  the  upstream  boundary  layer  show  no  evidence  of  focusing 
to  form  a  lambda  shock  pattern.  The  theoretical  solution  for  the  surface  pressure  shows  reasonably  good  agreement  with  Gadd’s  dita,  particularly  with  regard 
to  the  extent  of  upstream  influence.  Also  shown  in  (he  result  are  the  downstream  limiting  values  of  the  pressure  as  determined  from  both  the  axisymmetric 
and  two-dimensional  results.  The  comparison  of  these  limits  clearly  indicates  the  significance  of  the  axisymmetric  effects  in  this  flow. 

Melnik  and  Grossman* 1 2'  have  also  carried  out  the  formulation  and  matching  analysis  of  the  solutions  in  the  wall  and  blending  layers.  The  analysis  is 
fairly  complicated  and  is  not  discussed  in  this  paper  except  to  indicate  the  form  of  the  solution  for  the  skin  friction.  The  matching  of  the  inner,  blending  and 
wall  laye.s  leads  to  the  following  expression  for  the  skin  friction 

Cf/Cf0=(2-R)(l  +  tA,+A2e  ln£)ep,„(x>  +  0(e2)]  (36a) 

where 

R'1  f  =  {1  +<7M2.[CP|WU.  FO(c2))}  (36b) 

A,  =  2/q  (36c) 
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Fig.  16  Computed  shock  shape,  sonic  line  and  characteristics  (from 
Melnik  -Grossman  theoryO3-  14)  for  weak  normal  shock- 
waves  -  GADD  case). 


Fig.  17  Comparison  of  surface  pressure  distribution  from 
Melnik -Grossman  theoryO3.  *4)  with  GADD’s 
data  for  circular  pipe. 


Equation  (36)  amounts  to  a  sight  rearrangement  of  the  result  given  in  Ref(l 2)and  is  intended  to  improve  its  accuracy.  The  particular  form  of  the  solution  given 
above  results  from  the  compressible  version  of  the  law  of  wall.  The  factor  R~*  is  equal  to  the  ratio  of  the  density  at  the  wall  to  its  initial  value  upstream  of  the 
interaction.  The  solution  follows  directly  from  a  simple  matching  of  the  solutions  in  the  various  regions  and  does  not,  to  the  order  indicated,  require  solution 
of  the  partial  differential  equations  governing  the  flow  in  the  blending  layer.  However,  the  solution  of  the  blending  layer  equations  is  required  to  determine  the 
skin  friction  to  0(«2). 

The  above  solution  indicates  that  the  skin  friction  variation  throughout  the  interaction  is  0  (e),  so  that  separation  does  not  occur  in  the  weak  shock  limit. 
The  solution  suggests  that  separation  first  occurs  when  ep,  =  0(1),  which  implies  that  the  pressure  rise  for  incipient  separation,  Ap$,  is  given  by 

Ap,  =  0(l)  Re— ®  (37) 

which  corresponds  to  the  sti  shock  limit  e  -pO,  M2  -1  =  0(1). 

3.3,2  Moderate  Shock  Strengtl.  Limit  y,-*-  “> 

As  this  limit  is  approached  the  sonic  line  approaches  the  wall.  The  shock  wave  becomes  nearly  vertical  and  approaches  the  wall,  but  remains  outside  the 
wall  layer  since  x,  <  0(e"1)  as  sketched  in  Fig.  13c.  The  mathematical  structure  of  the  solution  in  this  limit  is  sketched  in  Fig.  18.  The  structure  is  similar  to  that 
arising  in  the  weak  shock  limit  is  shown  in  Fig.  14  with  the  exception  that  extra  embedded  inviscid  region  is  required  at  the  foot  of  the  shock  wave.  The  solu¬ 
tion  in  this  limit  can  be  obtained  either  from  a  formal  asymptotic  analysis  of  the  weak  shock  formulation  (tq.  32-34)  or  directly  from  the  full  Wavier-Stokes 
equations  in  the  limit  e  -*-0,  M..-H  1  such  that  x, -*■=»■  This  latter  approach  has  been  pursued  by  Adamson  and  Messiter*16'  in  an  extensive  study  and  complete 
solutions  of  the  outer  inviscid  problem  for  the  pressure  distribution  have  been  presented  by  Messiter(,,).  Solutions  of  the  blending  layer  equations  for  the  skin 
friction  have  been  obtained  by  Liou  and  Adamson*18'. 
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Fig.  18  Adamson-Messiter  Interaction  theoryO®,  17)  for  mojera|C  strength  normal  shock-waves. 
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Messiter's  1171  solution  ol  the  outer  problem  for  the  pressure  distribution  is  summarized  here.  The  interested  reader  is  referred  to  the  extensive  analysis 
in  Liou  and  Adamson118'  for  a  discussion  of  the  solution  of  'he  blending  and  wall  layer  equations  and  the  determination  of  the  skin  friction.  Messiter  em¬ 
ploys  a  notation  different  from  that  used  earlier  in  this  paper.  In  Messiter’s  study  all  velocities  are  referenced  to  sonic  speed,  the  friction  velocity  is  denoted 
by  ur  and  tne  parameter  e  denotes  a  nondimensional  shock  strength  parameter  defined  by  the  condition  e  ?  1  IV,  where  IV  is  the  nondimensional  free  stream 
speed  upstream  of  the  shock  wave.  In  the  following  discussion  the  notation  of  Messiter’s  original  papers  is  employed. 

In  the  moderate  shock  strength  limit  the  flow  upstream  of  the  shock  wave  Is  undisturbed  with  the  streamwise  velocity  given  by 

U=l-£+ufu0(y)  (38) 

The  solution  on  the  downstream  side  of  the  shock  wave  is  expanded  in  the  form 

U  =  1  -  «  +  u,  (u0(y )  +  0lx(x ,  y)  +  •  •  • )  (39a) 

V=£1/2uT(-y+l)(<5|y(x1y)  +  -*')  (39t>) 

where  the  stretched  variables  x,  y  are  uefined  in  terms  of  the  unstretched  coordinates  X,  Y  by 

X  =  (Y  +  1)£,/Jurx,  Y  =  6y.  (40) 

Substitution  of  the  expansions  into  the  full  Navier-Stokes  equations  indicates  that  the  flow  on  the  downstream  side  of  the  shock  wave  can  be  treated  as 
a  simple  linear  perturbation  to  the  state  downstream  of  the  norma!  shock  wave.  With  the  chosen  normalization,  the  disturbance  potential  is  governed  by  La- 
place’s  equation 

Qia+tlrr*0-  (41a) 

The  effect  of  the  blending  and  wall  layers  on  the  outer  innscid  flow  is  also  negligible  in  this  case  so  that  the  boundary  condition,  ^,y(x,0)  =  0  on  the  plate 
surface  is  appropriate.  The  remaining  boundary  conditions  are  also  the  same  as  in  the  weak  shock  limit,  except  that  tile  asymptotic  upstream  condition  is 
replaced  by  normal  shock  conditions  on  the  x  axis.  Thus, 

0(l(x,y)  =  -2uo(y)  x-0,  (41b) 

The  solution  of  the  linear  boundary  value  problem  can  be  found  by  inspection.  The  solution  for  the  pressure  distribution  on  the  <vall  is  given  in  terms  of 
a  simple  line  integral  along  die  shock  wve,  i.e. 

pw(x)v=-uTy0II(x,y)=(4yuT/tr)jo  (42) 

The  solution  for  the  pressure  develops  a  logarithmic  singularity  at  the  foot  of  the  shock  wave  given  ay 

p.(x)—(2y'4/k)  in(x)  for  x— 0.  (43) 

A  typical  result  taken  from  Adamson  and  Messiter1161  is  given  in  Fig.  19.  Comparison  of  the  theory  with  experiment  have  been  hindered  by  lack  of  suitable 
two-dimensional  data.  Nevertheless,  Messiter1171  carried  out  a  comparison  of  the  two-dimensional  theory  with  Ackeret,  Feldmannand  Rott’s  experiment 1631  for 
transonic  flow  over  a  “bump”  on  a  wind  tunnel  wall.  The  comparisons  showed  only  qualitative  agreement  probabiy  because  the  assumptions  of  the  theory 
(x ,  »  1)  were  not  well  satisfied  in  this  experiment,  in  which  the  sonic  line  was  not  near  the  wall.  For  further  discussion  of  this  comparison  the  reader  is  re¬ 
ferred  'o  Messiter1171. 

An  axisymmetric  version  of  the  theory  has  also  been  developed  by  Messiter 11 71  for  comparison  with  Gadd’s1671  circular  pipe  data.  The  axisymmetric 
solution  is  given  in  form  of  an  infinite  series.  Figure  20  compares  the  axisymmetric  solution  with  Gsdd's1621  measurements  of  the  surface  pressure  for  the  same 
case  as  discussed  earlier  in  this  paper.  For  comparison,  the  figure  also  includes  Melnik  and  Grossman's 113141  axisymmetric  solution  for  the  same  case.  These 
results  clearly  show  a  significant  axisymmetric  effect  in  th .  same  manner  as  is  evident  in  the  weak  shock  solution.  It  should  be  noted  that  Messiter's  solution  is 
a  large  xt  approximation  to  the  more  exact  Melnik,  Grossman  theory.  The  significant  differences  between  the  two  solutions,  evident  in  Fig.  20,  is  probabiy  be¬ 
cause  the  underlying  assumptions  of  the  moderate  shock  limit,  x.  ■*  00  are  also  not  well  met  in  this  care.  In  particular,  in  this  experiment,  the  sonic  line  is  posi 
tioned  in  about  the  middle  of  the  boundary  layer  (i.e.,  SKniJ  6  -  0.45)  while  the  Messiter  theory  assumes  it  to  lie  near  the  wall! 
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Fig.  19  Calculated  wall  pressure  distribution  from  Adamson- 
Messiter  theory  for  normal  shock-wave  interacting  with 
a  turbulent  flat  plate  boundary  layer. 

(REPRINTED  FROM  REF  16) 


Fig.  20  Surface  pressure  distribution  in  a  circular  pipe. 
(REPRINTED  FROM  REF  17) 


3.3.3  Current  Status  of  the  Asymptotic  Theories 

The  asymptotic  methods  described  here  provided  a  nearly  complete  local  description  of  the  Interaction  of  a  shock  wave  with  a  turbulent  boundary  layer 
under  the  conditions  of  most  interest  for  airfoils  in  the  transonic  regime.  The  principal  conclusion  of  these  studies  is  that  the  local  interactions  in  the  mam  part 
of  a  turbulent  boundary  layer  are  dominated  by  inviscid  mechanisms  and  are  independent  of  the  direct  influence  of  turbulent  structure.  Both  the  asymptotic 
theories*12'18*  and  the  numerical  studies  of  Roshko  and  Thomkefsl’and  others  provide  convincing  evidence  that  the  pressure  distribution  and  the  flow  in  the 
main  part  of  the  boundary  layer  are  well  represented  by  solutions  of  the  inviscid  rotational  flow  equations.  Turbulence  structure  and  closure  assumptions  have 
only  an  indirect  influence  on  the  overall  solution  through  their  effect  on  the  establishment  of  the  initial  velocity  profile  upstream  of  the  Interaction.  These 
studies  also  clearly  indicate  that  the  solution  in  the  outer  region  of  a  turbulent  interaction  Is  little  affected  by  sublayer  displacement  effects  of  the  type  arising 
in  laminar  interactions.  Ughthill’s  1953  proposal  to  treat  turbulent  interactions  using  an  interacting  sublayer  formulation  (followed  up  in  the  recent  work  of 
lnger-Mason *561  and  Bohneng-Zierep *57,581 ),  is  not  supported  either  by  rational  asymptotic  analyses  or  by  the  numerical  studies  of  Roshko,  Thontke51  and 
Rose,  Murphy  and  Watson*501. 

The  local  asymptotic  solutions  discussed  in  this  section  have  not  yet  been  integrated  into  an  overall  airfoil  computation.  The  main  issue  that  must  be 
resolved  before  this  can  be  accomplished  is  to  determine  how  the  differences  between  theory  and  observations  for  the  pressure  rise  across  the  shock  wave  can 
be  accommodated  in  an  overall  airfoil  calculation.  Beth  experiments  and  interacting  boundary  layer  solutions  on  airfoils  display  shock  pressure  rises  that  arc 
only  about  half  those  required  by  the  normal  shock  wave  relations  while  the  local  strong  interaction  theories  for  flat  plates  indicate  a  full  pressure  rise  to 
normal  shock  wave  levels. 

4.  STRONG  TURBULENT  INTERACTIONS  AT  A  TRAILING  EDGE 

It  is  well  known  that  both  laminar  and  turbulent  flows  near  the  trailing  edge  of  an  airfoil  involve  a  strong  viscld-inviscid  Interaction  between  the  boundary 
layer,  wake  and  external  inviscid  flow.  Although  the  analysis  or  the  local  flow  near  the  trailing  edge  involves  a  multi-layer  description  in  both  the  laminar  and 
turbulent  case  the  analytical  structure  of  the  solutions  are  vastly  different.  For  laminar  flows,  the  displacement  effect  of  the  sublayer  on  the  outer  inviscid 
flow  is  the  dominant  physical  mechanism  in  the  interaction,  while  in  turbulent  flow  it  is  entirely  negligible.  Detailed  analytical  studies  by  Stewattson*481, 
Messiter1681  and  Brown  and  Stewartson*661  have  established  that  the  boundary  layer  approximations  remain  valid,  to  lowest  order,  at  the  trailing  edge  when 
the  boundary  layer  is  laminar.  In  this  case,  the  “triple  deck"  theory  (see  Stewartson*221  for  a  comprehensive  review  of  laminar  interaction  theory),  which  fol¬ 
lows  front  a  rational  asymptotic  analysis  of  the  Navier-Stokes  equations  for  Re  provides  a  complete  description  of  the  local  flow  near  the  trailing  edge  of  a 
cusped  airfoil.  This  analysis  indicates  that  the  singularities  that  arise  in  the  weak  interaction  solution  at  the  trailing  edge  are  caused  by  the  use  of  the  inviscid 
solutron  for  the  leading  approximation  to  the  pressure  distribution.  The  “Triple  Deck”  theory  shows  that  the  singularities  are  removed  if  the  pressure  distribu¬ 
tion  is  determined  from  a  self-consistent  solution  of  the  coupled  inviscid  and  (sublayer)  boundary  layer  equations.  Thus,  the  theory  establishes  a  formal  justi¬ 
fication  for  the  use  of  1BLT  at  the  trailing  edge  when  the  boundary  layer  is  laminar. 

When  the  boundary  layer  is  turbulent  at  the  trailing  edge,  the  resolution  of  the  nonuniformity  in  the  weak  interaction  solution  occurs  through  a  com¬ 
pletely  different  mechanism.  In  a  turbulent  flow  the  interaction  region  is  narrow  (the  order  of  a  boundary  layer  thickness)  and  consequently,  the  streamline 
curvatures  and  normal  pressure  gradients  are  moderately  large  in  the  vicinity  of  the  trailing  edge.  Melnik  et  al.  *8, 1 11  have  shown  that  the  pressure  variations 
across  the  boundary  layer  are  an  order  of  magnitude  larger  than  the  pressure  variations  induced  by  the  boundary  layer  displacement  effect.  Quantitatively,  the 
normal  pressure  gradient  effect  is  0  (e3*2)  in  comparison  to  the  0  (e2)  effect  of  the  displacement  thickness  (e  is  equal  to  the  .‘riction  velocity  as  in  the  early  sec¬ 
tions  of  this  paper).  Experimental  evidence  of  significant  normal  pressure  gradients  In  the  trailing  edge  region  appears  in  the  early  works  of  Preston  and  Sweet¬ 
ing*651  and  Mendelson*661.  The  occurrence  of  significant  normal  pressure  gradients  near  the  trailing  edge  in  a  turbulent  flow  raises  the  possibility  of  a  failure 
of  the  boundary  layer  approximation  in  this  region.  The  asymptotic  estimates  in  Melnik  et  a].*8, 1 11  demonstrate  that  this  is  indeed  the  case  for  airfoils  with 
cusped  trailing  edges  and  is  also  certainly  true  for  airfoils  with  wedge-shaped  trailing  edges. 

Of  course  IBLT,  which  is  based  on  the  boundary  layer  approximation  ind  ignores  normal  pressure  gradient  effects,  has  for  many  years  been  routinely 
applied  to  airfoil  problems  involving  turbulent  boundary  layers.  Numerical  experience  with  IBLT  suggests  that  the  coupling  of  the  inviscid  and  boundary  layer 
equations  to  obtain  self-consistent  solutions  for  the  pressure  and  boundary  layer  development  eliminates  the  singularities  that  would  otherwise  arise  in  a  weak 
interaction  solution.  Detailed  analysis  indicates  that  the  streamwise  extent  of  the  trailing  edge  interaction  region  implied  by  IBLT  is  0  (e2)  which  is  much  too 
small  and  clearly  incompatible  with  the  normal  momentum  equation.  These  studies  Indicate  that,  although  IBLT  seems  to  produce  reasonable  behavior  at  the 
trailing  edge,  these  solutions  are  not  entirely  satisfactory  and  should  be  corrected  to  account  for  pressure  variations  across  the  boundary  layer  and  wake  in  the 
trailing  edge  region. 

Melnik  et  al.*8'111  have  developed  a  local  analytical  solution  for  strong  turbulent  Interaction  at  a  trailing  edge  under  the  assumptions  that  the  Reynolds 
number  is  large,  and  that  the  boundary  layer  upstream  of  the  trailing  edge  is  fully  developed  with  a  velocity  profile  described  by  Coles’  law  of  the  wake/law  of 
wall.  It  is  also  assumed  that  the  boundary  la/cr  is  unseparated,  that  the  airfoil  has  a  cusped  trailing  edge  and  that  the  local  flow  near  the  trailing  edge  is  com¬ 
pletely  subsonic.  Under  the  above  conditions  they  develop  a  local  solution  from  a  formal  asymptotic  expansion  of  the  full  (averaged)  Navier-Stokes  equations 
in  the  limit  of  large  Reynolds  numbers  (Re  ■*  “).  The  analysis  yields  a  three  layer  structure  of  the  boundary  layer  that  Is  similar  to  that  arising  in  Melnik  and 
Grossman’s*121  weak  shock  theory.  The  principal  results  of  the  study  are  the  establishment  of  a  closed  form  analytical  solution  for  the  inviscid  outer  region  of 
the  boundary  layer  and  the  development  of  procedures  for  Incorporating  the  local  trailing  edge  solution  into  a  complete  airfoil  method.  In  this  section  a  review 
of  the  Melnik  et  al.*8"1 11  development  of  the  local  trailing  edge  solution  is  given  and  in  the  following  section  its  application  to  the  solution  of  a  complete  airfoil 
problem  is  discussed. 

The  asymptotic  structure  deduced  by  Melnik  et  al.*8'1 11  for  Re  •+  «>  is  sketched  in  Figure  21  along  with  a  specification  of  the  length  scales  of  the  various 
regimes.  The  overall  structure  is  similar  to  that  which  appears  in  the  asymptotic  analysis  of  a  shock-wave  boundary-layer  interaction.  Upstream  of  the  interac¬ 
tion  the  turbulent  boundary  layer  develops  a  conventional  two  layer  structure  with  a  law  of  the  wake/law  of  the  wall  velocity  profile.  In  the  Interaction  region 
the  solution  develops  a  three  layer  structure  to  accommodate  the  mismatch  between  the  inner  and  outer  layer  Reynolds  stresses.  The  length  scales  in  the  trailing 
edge  and  shock  wave  interaction  problems  differ  only  because  of  the  differences  In  the  assumed  value  of  the  local  free  stream  Mach  number.  A  new  feature  ap¬ 
pearing  in  the  trailing  edge  structure  is  the  additional  embedded  region  in  the  wall  layer  at  the  trailing  edge.  The  width  of  this  "inner  wall”  layer  is  the  same 
order  of  magnitude  as  the  thickness  of  the  wall  layer,  et  This  extra  region  Is  required  to  properly  describe  the  extinction  of  the  wall  layer  as  it  crosses  the 
trailing  edge  into  the  wake.  It  can  be  shown  that  the  solution  In  this  region  requires  a  description  based  on  the  full  Navier-Stokes  equations.  The  need  for  this 
“extra"  region  has  not  been  discussed  in  previous  publications*8'1 11  by  the  author. 

The  overall  structure  of  the  trailing  edge  solution  follows  from  the  general  observations  that,  1)  pressure  gradients  do  not  influence  the  solution  in  the 
wall  layer,  2)  both  Inner  sublayers  can  be  neglected  In  the  solution  of  the  outer  region,  3)  the  small  streamwise  length  scale  of  the  interaction  justifies  the  ne¬ 
glect  of  Reynolds  stresses  in  the  outer  region,  and  4)  the  flow  is  subsonic  in  the  entire  interaction  region.  The*  observations  again  lead  to  the  conclusion  thatt 
the  flow  in  the  outer  region  can  be  approximated  as  an  inviscid  rotational  flow  that  can  be  determined  without  the  need  to  consider  the  flow  in  the  two  Inner 
sublayers. 

Only  the  solution  in  the  outer  inviscid  rotational  flow  is  addressed  in  the  study  of  Melnik  et  al.*81.  The  asymptotic  analysis  reduced  the  outer  problem  to 
the  solution  of  the  subsonic  rotational  flow  equations  with  the  vorticity  completely  defined  by  the  upstream  velocity  profile.  Since  sublayer  displacement  ef- 
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feels  ate  negligible  the  formulation  leads  to  standard  impermeable  wall  conditions  at  the  airfoil  surface.  Because  of  the  law  of  the  wali/law  of  the  wake  form 
assumed  in  the  initial  profile,  the  nonuniformity  in  the  upstream  boundary  layer  can  be  assumed  to  be  small  In  the  limit  e  -*  0.  It  follows  that  the  external 
potential  flow  solution  provides  the  leading  approximation  to  the  inviscid  rotational  flow  solution  in  the  outer  part  of  the  boundary  layer.  For  cupsed  airfoils, 
the  surface  geometry  can  be  represented  locally  as  a  flat  p'ate  and  the  streamlines  of  the  external  potential  flow  can  be  assumed  to  be  nearly  parallel  in  the 
vicinity  of  the  trailing  edge.  These  observations  suggest  that  the  effect  of  the  boundary  layer  can  be  found  from  a  superposition  of  weak,  rotational,  disturb¬ 
ances  cn  an  irrotational,  nearly  parallel  main  stream.  Following  this  suggestion,  Melnik  et  al.(8)  are  led  to  assume  the  following  asymptotic  expansion  for  the 
stream  function  and  the  horizontal  and  vertical  components  of  velocity  in  the  outer,  trailing  edge  region, 

i^  =  l%t(x,y)+«2!/i0(y)+e5/2^1(x,y)  (44a) 

u=  Uln,(x,  y)  +e  u^(y)  +£3/2u,(x,y)  +  •  •  •  (44b) 

v  =  V1„(x,y)+e3/2vt(x,y)+*«*  (44c) 

where  x,  y  are  stretched  cartesian  coordinates  parallel  and  normal  to  the  flat  plate  approximating  the  airfoil  ♦  ,  U,ny,  V|nv  are  the  stream  function  and 
the  horizontal  and  vertical  velocity  components  from  the  external  potential  flow  solution,  U|eis  the  value  of  Uinv  at  the  trailing  edge,  <fr0  (y)and  u0  (y)are 
the  defect  parts  of  the  initial  stream  function  and  velocity  profiles.  The  velocity  defect  is  assumed  to  have  the  form  given  in  Eq  (30), 

u0(y)  =  u^c*l(ln(y/6)  +  i?W(y/6))  (45) 


Fig.  21  Asymptotic  flow  field  structure  near  trailing  edge  in  Melnik  et  al  theory^8''  0; 


The  quantities  u  JP  v(  are  the  disturbance  velocities  induced  by  the  interaction  of  the  boundary  layer  with  the  external  potential  flow.  The  stretched  coordinates 
are  defined  in  terms  of  the  physical  cartesian  coordinates  x*,  y*  and  the  thickness  of  the  boundary  layer  6(e)  upstream  of  the  trailing  edge  by 

x=x*/G(«),  y  =y*/6(c)  (46) 

where  we  recall  6(e)  =  0(e).  The  local  analysis  requiies  only  the  expansion  of  the  potential  flow  solution  near  the  trailing  edj£,  which  is  written  in  the  (com¬ 
plex)  form 

Ular-  5  VUT  =  UU  [l  -  IfSs  <x+  lBy>‘^2  +  *  •  •] 

B=Vl-Mjj,,  ls/rr 


where  M(c  is  the  Mach  number  atthe  trailing  edge  and  Ca  Is  a  constant,  both  determined  from  the  potential  flow  solution.  Substi.ution  of  the  above  expan¬ 
sions  into  the  full  Navier-Stokes  equations  produces  a  set  of  linearized  shear  layer  equations  for  compressible  flow.  A  straightforward  generalization  of  the 
Prandtl-Glauert  transformation  to  rotational  flow  eliminates  most  of  the  parameters  appearing  in  the  formulation  and  reduces  the  boundary  value  problem  to  an 
equivalent  incompressible  flow.  The  transformed  disturbance  stream  function  and  velocities  .  Uj,'Vj  are  determined  from  solutions  of  the  Poisson  equation, 

.  V2ft  =  -F1(xly)su'0,(y)*1(x,y)  (48a) 

ana 

U|  =?ijr>  v(  -  — ?if  (48b) 

where  f,  (x,  y)  is  the  disturbance  vorticity  and  4',  (X,  y)  is  the  (scaled)  perturbation  stream  function  of  the  external  potential  flow,  given  by 

*i(x,y)s  -§Ca/Jt,UleReal{x+iy}3/2  (49) 


and  x  is  a  transformed  coordinate  defined  by 
The  transformed  pressure  is  determined  from 


x=  x/B 


p^-u^x.yJ-Soty)  Uj(x,  y)+ui(y)*,(x,  y) 


(50) 

(51) 


The  form  of  the  perturbation  vorticity,  fj  (SJ,  y),  appearing  in  Eq.  48  can  be  understood  from  the  following  Taylor  series  expansion  of  the  “exact” 
vorticity 

t(*)=c{«y+«3/2*t(x,y)+*"}  (52) 


=  -u<>(y)  - 1 1/2  u£'(y)  *|(x,  y)  +  •  •  • 

vorticity  In  me  disturbance 

initial  profile  vorticity,  jfj 


»'3*K*r^17sW3S."* »-»■- 
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From  Eq.  52,  can  be  interpreted  as  a  vortieity  disturbance  generated  by  convection  of  the  known  upstream  vorticity  along  the  streamlines  of  the  in  viscid 
potential  flow  as  indicated  schematically  in  Fig.  22. 


W'P1(X,Y>  H  *U(Y|  +  •••) 

,nfilYI't'1(X.Y|  +  - 

(Y)  +,  (X.  Y|  +  - 

INTERACTION 

VORTICITY 


Fig.  22  Vorticity  distribution  in  trailing  edge  region. 
Equation  (48)  is  to  be  solved  subject  to  the  boundary  conditions 


v1(x,0)  =  -^1j(x,  0)  =  0  x  <  0 

j 

1  n  \ 

(S3) 

Pi(x,y)  and  to^x,  y)  is  continuous  at  y  =[ 

*:) 

(54) 

\ 

where  cjj  is  the  perturbation  flow  angle,  defined  by, 

t  %/ 

“t(x,y)  =  vt(x,  y)  -u0(y)  Vj  (x,  y) 

(55) 

and  6 1, 5b  denotes  the  edge  of  the  upper  and  lower  boundary  layer.  In  addition,  a  far  field  boundary  condition 

i,-tv,^D>fyK  for  1  x+ly 

(56) 

is  required  where  the  above  form  is  determined  by  matching  to  the  weak  interaction  solution  upstream  of  the  trailing  edge,  Da  is  a  known  constant  and  K  is 
a  constant  to  be  determined  as  part  of  the  inner  trailing  edge  solution.  The  solution  of  this  boundary  value  problem  is  not  unique ,  as  it  contains  a  one  parameter 
family  of  solutions,  each  having  a  different  singular  behavior  at  the  trailing  edge.  Uniqueness  is  obtained  by  Imposing  a  “Kutta”  condition  requiring  the  pressure 
to  bounded  at  the  trailing  edge.  Thus 

p,(x,  y)  bounded  for  (x+iy)— -0  (57) 

This  condition  amounts  to  a  correction  to  the  usual  “Kutta”  condition  in  the  inviscid  flow,  to  account  for  the  variation  of  pressure  across  the  boundary  layer. 

The  above  problem  is  a  standard  linear  elliptic  boundary  value  problem  similiar  in  type  to  that  arising  in  thin  airfoil  theory.  The  solution  is  represented  as  a 
sum  of  particular  and  homogeneous  solution. 

?i=#iP+ii:ih  (58> 

Closed  form  analytical  expression  for  the  particular  integral  is  given  in  the  original  work*8  .  Solutions  for  the  homogeneous  contributions  are  not  presented  but 
can  easily  be  obtained  by  standard  thin  airfoil  techniques.  The  solutions  for  the  particular  integral  result  in  the  following  expressions  for  the  downwash  and 
pressure  on  the  airfoil  and  wake  centerline  (y  =  0) 

vlp(x,y}  =  Cg-*5 —  {rrt(x/6)  +  5rc2(x/6)}  (59a) 

P  II  w 

P„(x,  0)  =  - {/3t(x/5>  +  t/32(x/o)}  (59b) 

where  Oj  2and(Jj  ^  are  explicit  algebraic  expressions  given  in  the  original  papers.  The  Oj.fJj  terms  arise  from  the  law  of  the  wake  and  the  Oj./Jj  terms  arise  from 
the  law  of  the  wall  components  of  the  initial  velocity  profile.  The  functions  are  graphed  for  negative  values  of  x/5  in  Fig.  23.  Values  for  positive  x/6  follow  from 
the  skew  symmetric  property 

/3l,2(— x/6>  =  <t1)2(x/6)  (60) 


Fig.  23  Particular  solutions  for  local  trailing  edge  problem. 
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Contributions  from  the  boundary  layers  on  the  upper  and  lower  surfaces  are  treated  separately  resulting  in  expressions  of  the  form  given  in  Eq.  (59)  which  are 
then  superposed  to  complete  the  particular  solution. 


The  analysis  in  this  section  shows  that  strong  inteiaction  effects  at  the  trailing  edge  can  be  represented  by  simple  (inviscid)  vorticity  concepts.  The  particular 
integral  provides  expressions  for  the  direct  effect  of  the  vorticity  in  the  boundary  layer  and  wake  on  the  local  flow  near  the  trailing  edge.  The  solution  shows  that 
there  are  two  effects,  one  a  downwash  on  the  airfoil  and  the  other,  a  pressure  drop  across  the  boundary  layer/wake,  each  induced  by  the  spatial  distribution  of 
vorticity  along  the  curved  streamlines  near  the  trailing  edge.  Homogeneous  solutions  are  added  to  the  particular  Integrals  in  order  to  cancel  the  downwash  on 
the  airfoil  and  the  pressure  jump  in  the  wake  generated  by  the  particular  solution  at  y  =  0. 


Although  only  the  particular  integrals  have  been  determined  in  the  study,  they  are  all  that  Is  required  to  correct  1BLT  for  strong  interactions  at  the 
trailing  edge.  Melnik  et  al.*10,11)  have  shown  how  the  particular  integrals  for  the  downwash  and  pressure  Eq.  (59)  can  be  used  to  make  local  corrections  to 
the  transpiration  velocity  and  wake  curvature  boundary  condition  of  IBLT  in  the  vicinity  of  the  trailing  edge  of  cusped  airfoils.  These  procedures  are  re¬ 
viewed  in  the  next  section. 


The  studies  of  Melnik  et  al.*8'1 11  leave  unfinished  the  solution  of  the  inner  sublayers  which  are  required  to  complete  the  solution  for  the  skin  friction. 
They  also  do  not  address  the  solution  of  the  “inner  wall”  layer  which  is  required  for  the  detailed  description  of  the  transition  from  boundary  layer  type  veloc¬ 
ity  profiles  on  the  airfoil  to  wake-like  profiles  downstream  of  the  trailing  edge.  In  a  related  matter  it  should  be  noted  that  the  local  trailing  edge  solution  de¬ 
velops  a  strong  “pole”  singularity  on  the  wake  axis  y  =  0,  x  >  0.  The  singularity  is  related  to  an  improper  shift  of  the  logarithmic  term  in  the  velocity  profile 
from  the  wake  streamline  (y  =  yfl  (x)  to  the  wake  axis  (y  =  0).  This  singularity,  wldch  was  not  noted  in  previous  studies  of  the  problem,  is  easily  removed 
either  by  a  simple  “PLK”  type  coordinate  straining  or  by  the  use  of  von  Mises’  streamline  coordinates  (x,  4')  in  place  of  the  cartesian  coordinates  (x,  y). 

With  the  elimination  of  the  pole  singularity,  the  velocity  profile  in  the  wake  is  given  to  lowest  order  by  the  initial  profiles  shifted  from  the  y  axis  to  the  wake 
streamline  y  =  yfl  (x).  Thus,  the  outer  solution  in  the  wake  is  given  by 


for  y-y0(x)>0 
for  y-y0(x)<  0 


(61a) 

(61b) 


It  is  clear  from  Eq.  (61)  that  the  outer  solution  is  not  uniformly  valid  in  the  wake  because  of  the  logarithmic  behavior  at  the  wake  axis.  The  transition  from 
the  logarithmic  behavior  in  the  outer  solutions  on  either  side  of  the  wake  to  a  wake-like  profile  at  the  wake  axis  is  effected  by  a  separate  “inner”  wake  solution 
centered  on  the  wake  axis.  The  details  of  the  solution  in  this  region  have  not  yet  been  addressed.  Although  these  matters  are  of  some  theoretical  interest  and 
should  be  pursued  in  the  interest  of  completing  the  theoretical  description  of  the  trailing  edge  region,  they  do  not  affect  the  determination  of  the  particular 
integral  or  their  use  in  correcting  IBLT. 


5.  AIRFOIL  COMPUTATIONS 


Melnik  et  al.  (MCMJ*10,1  **)  have  developed  systematic  procedures  for  incorporating  the  local  trailing  edge  solution  into  a  complete  airfoil  compulation. 
Referring  to  the  earlier  general  discussion  of  viscous  effects  on  airfoils,  (In  connection  with  Fig.  1)  the  MCMJ  method  accounts  for  four  of  the  five  important 
vlscid-inviscid  interaction  effects  occurring  in  transonic  flows  over  airfoils,  namely,  displacement  effects  on  the  airfoil,  wake  thickness,  wake  curvature  and 
trailing  edge  interaction  effects.  The  local  solution  employed  for  the  trailing  edge  inte-  action  is  strictly  applicable  only  for  airfoils  with  cusped  or  nearly 
cusped  trailing  edges.  Nevertheless,  the  method  seems  to  produce  reasonably  good  predictions  of  the  pressures  and  forces  on  practical  airfoil  shapes,  although 
there  Is  a  tendency  to  overpredict  the  pressure  levels  at  the  trailing  edge  and  to  underpredict  the  drag  when  the  trailing  edge  included  angle  is  greater  than 
about  15°. 

The  method  does  not  provide  for  a  satisfactory  treatment  of  the  shock-wave  boundary-layer  interaction.  In  this  region  the  MCMJ  formulation  reduces  to 
a  standard  version  of  IBLT  employing  a  transpiration  boundary  condition  for  the  displacement  effect.  Recall,  from  Section  2,  that  this  form  of  the  matching 
condition  always  leads  to  subcntical  behavior  al  a  shock-wave  boundary-layer  interaction.  The  shock  wave  is  weakened  by  boundary  layer  generated  compres¬ 
sions  so  that  it  does  not  impinge  on  the  boundary  layer,  and  the  pressure  discontinuity  at  the  shock  wave  is  replaced  by  a  steep  but  smooth  pressure  rise  across 
the  interaction  zone  (see  Fig  5).  Although  this  flow  model  certainly  does  not  lead  to  a  correct  detailed  description  of  the  interaction,  (it  does  not  account 
for  shock  penetration  or  normal  pressure  gradients)  it  does  seem  to  produce  a  very  good  prediction  of  the  pressure  level  behind  the  shock  wave. 

In  this  section  I  briefly  review  the  overall  features  of  the  MCMJ  method  and  present  some  comparisons  with  experimental  data  that  are  indicative  of  the 
accuracy  that  can  be  achieved  with  the  method.  Also  discussed  are  the  results  of  some  theoretical  experiments  that  illustrate  the  sensitivity  of  solutions  to 
selected  components  of  the  viscous  matching  conditions.  The  discussion  is  based  on  results  obtained  with  the  latest  version*10,1 11  of  code.  The  new  version 
of  the  code  eliminates  certain  numerical  smoothing  procedures  that  had  been  employed  at  the  shock  wave  and  trailing  edge  and  simplifies  the  method  for 
incorporating  the  local  trailing  edge  solution  into  the  formulation.  Numerical  smoothing  was  employed  in  the  early  stages  of  the  study  because  of  anticipated 
numerical  problems  in  the  strong  interaction  regions.  It  was  subsequently  discovered  that  such  smoothings  are  not  only  unnecessary  but,  in  fact,  are  the  source 
of  the  objectionable  "wiggles”  sometimes  evident  in  such  calculations*81.  It  should  be  stressed  that  the  latest  version  of  MCMJ*10,111  employs  no  numerical 
smoothings  and  contains  no  adjustable  parameters  (aside  from  those  appearing  in  the  turbulence  model). 


Recently,  other  boundary  layer  type  methods  have  also  been  developed  for  computing  viscous  flows  over  airfoils  at  transonic  speed.  The  CL*71  method 
of  the  RAF,  is  similar  in  many  respects  to  the  MCMJ  method,  but  does  not  account  for  strong  interaction  effects  at  the  trailing  edge,  it  also  differs  in  its  use  oi 
a  partially  conservative  (PC)  method  for  the  solution  of  the  inviscid  equations  (MCMJ  employs  a  fully  conservative  (FC)  method.)  The  RAE  method  is  de¬ 
scribed  in  the  paper  given  by  Lock  at  this  meeting. 


Two  other  methods  of  interest  were  recently  developed  by  Whitfield,  Swafford  and  Jacocks*671and  by  Nandanan.  Stanewsky  and  Inger*68*.  Since  these 
methods  are  very  new  there  has  not  beer,  sufficient  time  to  properly  study  them  for  inclusion  in  the  present  paper,  hence  only  the  following  brief  remarks  are 
mads.  Both  methods,  in  common  with  the  MCMJ*10,11)  and  CL*8,71  procedures, employ  an  integral  method  for  the  trubulent  boundary  layer.  The  Whitfield  et 
al,*67>  method  is  based  on  conventional  IBLT  with  a  transpiration  velocity  form  of  the  viscous  matching  condition.  The  method  basically  accounts  only  for  dis¬ 
placement  effects  on  the  airfoil  and  does  not  incorporate  any  of  the  wake  or  strong  interaction  effects  discussed  In  this  paper.  It  does,  however,  provide  for  a 
more  accurate  description  of  the  inviscid  flow  based  on  solutions  of  the  full  Euler  equations  and  it  does  allow  for  three  dimensional  effects  in  the  inviscid  solu¬ 
tion.  Results  are  not  presented  for  lifting  airfoils  at  transonic  speed  but  applications  in  this  direction  are  in  progress.  The  Euler  solutions  obtained  with  this 
code  can  be  expected  to  be  very  useful  for  assessing  the  adequacy  of  the  potential  flow  approximation  in  flows  Involving  boundary  layer  effects. 

The  Nandeman  et  al.*88'  method  is  also  an  IBLT  approach;  It  Is  basically  a  modification  of  the  BGKJ5  method  aimed  at  impioving  the  solution  at  shock 
wares,  It  employs  the  displacement  thickness  form  of  the  matching  condition  and  does  not  fully  account  for  wake  effects  and  trailing  edge  Interaction  effects 


-  r**£a 
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(the  wake  is  modeled  by  a  semi-infinite  parallel  displacement  body  as  in  the  original  BGKJ  formulation)  The  method  emptoys  the  lnger  and  Mason(56)  strong 
interaction  solution  to  correct  the  pressure  and  displacement  thickness  near  shock  waves  but  then  arbitrarily  smooths  the  “corrected"  displacement  thickness 
across  the  shock  wave.  They  also  employ  an  arbitrary  procedure  to  reduce  the  pressure  rise  in  the  lnger  and  Ma'on  solution  to  match  the  smaller  jump 
observed  in  experiments.  Because  of  the  arbitrariness  of  these  steps  it  is  difficult  to  evaluate  the  effectiveness  of  these  correction  procedures,  particularly 
since  IBLT  by  itself  already  gives  very  good  results  for  the  pressure  rise  across  thock  waves  without  using  my  empirical  information  or  numerical  smoothings. 

5.1  Trailing  Edge  Corrections 

The  procedures  developed  by  Melnik  et  al.(10,1 11  use  the  local  trailing  edge  solution  (Section  4)  to  correct  IBLT  for  strong  interactions  at  the  trailing 
edge.  In  their  approach  the  complete  viscous  solution  is  represented  by  composite  expressions  formed  by  adding  contributions  from  the  inviscid,  boundary 
layer  and  trailing  edge  solutions  and  subtracting  their  “common  parts”.  The  result  is  a  standard  sum-type  composite  solution  of  the  method  of  matched 
asymptotic  expansions.  For  example,  the  representation  for  the  velocity  components  and  pressure  are  written  in  the  form 

U  =  U,„(N,S,  V0;!IV0!1j  r)  +  [Ubl(n1S)-Ubl(t),S)l+tUt,(r),«)-Ut,(t},0] 

V  =  V,„<  >  +  [Va(t),S>-VH(T!,S)l+[V4,(t),  {)-Vufe,  «)) 

>  +  [PMft,S>-Pbi(T),S>J  +  [Ptt(r),  «>-Pu fo,«)] 

where  N,  S  are  curvilinear  coordinates  normal  and  tangent  to  the  airfoil  surface  and  wake  streamline,  U  and  V  are  the  streamwise  and  normal  components  of 
velocity  along  the  N,  S  coordinates  lines  and  rj,  (  are  stre'ched  coordinates  defined  by 

rt=N/e  5  =  (S  -Su)/e  (63) 


(62a) 

(62b) 

(62c) 


The  leading  terms  in  Eq.  (62)  are  solutions  of  the  outer  inviscid  equations  with  viscous  matching  condition,  the  terms  of  the  second  group  are  from  solutions 
to  boundary  layer  equations  minus  their  “common  parts"  (denoted  by  a  bar)  and  the  terms  of  the  third  group  are  from  the  local  solutions  in  the  trailing  edge 
region  minus  their  “common  parts”.  The  function,  V0,  is  the  transpiration  velocity  appearing  in  the  boundary  condition  on  the  airfoil  surface  (N  -  0);  M is 
the  jump  in  transpiration  velocity  along  the  wake  streamline  arising  from  the  wake  thickness  effect  and  T  is  the  “circulation”  along  the  wake  streamline  arising 
from  the  wake  curvature  effect.  The  circulation  is  equal  to  the  jump  in  potential  across  the  wake  P  =j]d>J.  Expressions  for  these  quantities  can  be  lound  by 
imposing  boundary  and  continuity  conditions  on  the  composite  solutions  U,  V,  P.  For  example,  when  the  trailing  contnbutions  to  the  solution  in  Eq  (62)  are 
neglected,  the  usual  matching  conditions  in  IBLT  are  recovered  by  requiring  the  composite  expression  for  V  to  vanish  on  the  airfoil  surface  and  also  requiring 
the  composite  solution  to  be  continuous  in  the  wake.  Thus,  in  this  case,  we  obtain 


(64a) 

(64b) 

f  =  -£2lU.(6S+ew)K(S)] 

(64c) 

where  the  subscript,  e,  denotes  surface  values  of  the  composite  solution  and  where  6  ‘  and  0W  are  the  "total"  displacement  and  momentum  thicknesses  of  the 
wake.  Equation  (64c)  is  equivalent  to  the  wake  curvature  given  in  Eq.  (15). 

The  key  to  Melnik  et  al.(l0,11)  approach  is  the  use  of  corrected  or  “composite”  matching  conditions  in  the  solution  to  the  outer  inviscid  problem.  Cor¬ 
rected  matching  conditions  are  found  by  repeating  the  above  procedure  but  this  time  retaining  the  contributions  of  the  local  trailing  edge  solution  to  the  com¬ 
posite  expressions,  Eq.  (62).  Only  the  contributions  from  the  particular  integral  are  included  in  the  trailing  edge  term  in  Eq.  (62).  It  can  be  shown  that  this  is 
equivalent  to  incorporating  the  homogeneous  parts  of  the  trailing  edge  solution  in  the  first  (inviscid)  terms  of  Eq.  (62). 

The  composite  matching  conditions  derived  in  this  manner  are  in  the  form  of  a  sum-type  composite  expansion.  Away  from  the  trailing  edge,  the  expres¬ 
sions  reduce  to  the  conventional  matching  conditions  given  in  Eq.  (64)  while  In  the  vicinity  of  the  trailing  edge  they  include  extra  terms  that  "correct”  for 
strong  effects  at  the  trailing  edge.  In  addition  to  providing  corrections  to  the  mat.  hlng  conditions,  the  composite  expressions  for  the  surface  pressure,  Eq.  (62c). 
with  N  =  0,  also  includes  terms  that  account  for  the  pressure  change  across  the  boundary  layer  and  wake. 


For  convenience  in  numerical  applications  the  sum-type  composite  matching  conditions  for  and  P  are  replaced  by  equivalent  multiplication  type 
expressions  of  the  form 


^  =  -£2[U,(6*+0w)k(S)1  Gw 


dS 


(65a) 

’(65b) 


where  the  functions  Gn ,  and  Gw  are  analytic  expressions  determined  from  the  local  railing  edge  solution.  Equations  (65)  provide  corrected  matching  condi¬ 
tions  that  are  uniformly  valid  in  the  trailing  edge  region.  The  functions  Gn  and  Gw  approach  zero  at  the  trailing  edge  with  a  square  root  behavior  that  just  can¬ 
cels  the  singularities  that  arise  in  the  conventional  matching  conditions.  Both  functions  approach  one  fot!([-*  00  and  Eq.  (65)  reduce  to  the  standard  matching 
conditions  in  this  limit.  Near  the  trailing  edge  $  =  0(1)),  equations  (65)  reduce  to  a  form  that  recovers  the  local  trailing  edge  solution 


The  correction  for  the  wake  thickness  term  is  stated  in  the  form 

[V0l=c3/2Gt  +  €2  (66) 

where  0,  is  also  an  ar.aly  tic  expression  determined  from  the  local  trailing  edge  solution.  A  sum  type  composite  expression  is  employed  for  this  term  because, 
here,  the  common  part  vanishes  to  the  order  considered  and  expressions  like  Eq.  (65)  cinnot  be  formed.  The  correction  functions  completely  eliminate  the 
singularities  arising  in  the  conventional  matching  conditions  and  lead  to  solutions  that  are  uniformly  valid  In  the  trailing  edge  region. 

The  composite  solution  for  the  pressure  on  the  airfoil  surface  can  be  written  in  the  form 


Pb=P(N  =  0,  S)  =  PUt(0,  S)-c3/2AP  (67) 

where  the  first  term  i*  determined  from  the  outer  inviscid  solution  (subject  to  the  composite  matching  conditions)  and  the  second  term  is  a  correction  to 
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account  for  the  pressure  change  across  the  boundary  layer  in  the  trailing  edge  region.  The  matching  conditions  lead  to  the  discontinuities  in  the  pressure  across 
the  wake  in  the  outer  Inviscid  solution  given  by  the  first  term  in  Eq.  (62c).  Compensating  discontinuities  also  arise  in  the  other  terms  of  Eq.  (62c)  which  exact¬ 
ly  cancel  the  jump  in  the  first  term  leading  to  a  composite  solution  that  is  continuous  across  the  wake,  as  it  should  be. 

Typical  results  Illustrating  the  effect  of  the  trailing  edge  corrections  on  the  transpiration  boundary  condition  and  the  wake  curvature  condition  are  given 
in  Fig.  24.  The  quantity  VA  is  the  difference  between  the  transpiration  velocity  on  the  upper  and  lower  surfaces  of  the  airfoil  (equivalent  camber  effect)  and 
ACp  is  the  equal  to  the  jump  in  pressure  coefficient  across  the  wake  appearing  in  the  outer  Inviscid  solution. 


a)  TRANSPIRATION  VELOCITY  b)  PRESSURE  JUMP  IN  WAKE 

ON  AIRFOIL 

Fig.  24  Typical  composite  solutions  for  viscous  matching  conditlons(8). 


5.2  Solution  Pioccdure 

With  the  modified  matching  conditions  discussed  above  the  determination  of  the  viscous  flow  over  airfoils  is  reduced  to  the  familiar  problem  of  solving 
the  coupled  inviscid  and  boundary  layer  equations.  The  only  changes  from  conventional  IBLT  involve  the  corrections  to  the  matching  conditions  in  Eq.  (65) 
and  (66)  and  the  correction  to  the  surface  pressure  to  account  for  the  pressure  change  across  the  boundary  layer.  A  similar  correction  of  the  pressure  also 
occurs  in  the  wake.  Solutions  to  he  inviscid  equations  are  obtained  with  Jameson’s(65)  fully  conservative,  rotated  difference  scheme  for  the  full  potential 
equation.  An  option  for  a  noncor.secutive  formulation  Is  also  provided. 

The  integral  parameters  appearing  in  the  matching  conditions  are  determined  from  the  solution  of  the  boundary  layer  equations.  The  equations  are 
solved  with  simple  integral  methods  consisting  of  a  compressible  version  of  Th waites  method  for  the  laminar  boundary  layer  near  the  leading  edge  and  Green’s 
lag-entrainment  method446*  for  the  turbulent  flow  downstream  of  transition.  The  transition  point  locations  can  either  be  assigned  or  predicted  by  one  of  three 
standard  semi-empirical  methods  programmed  into  the  code.  Th;  wake  is  modeled  In  Green’s  method  as  independent  symmetric  half-wakes  which  seems  to 
provide  a  reasonable  engineering  description  of  the  integral  parameters  in  the  wake.  Although  the  theory  is  strictly  rational  only  for  airfoils  with  cusped  trailing 
edges  the  program  can  be  applied  with  good  resul.s  to  airfoils  with  trailing  edge  Included  angles  as  large  as  1 5°. 

& 

5.3  Typical  Results 


References  10  and  1 1  present  extensive  comparisons  of  the  MCMJ  method  with  wind  tunnel  data.  Typical  results  (taken  from  Ref.  1 1),  which  are  indica¬ 
tive  of  the  level  of  accuracy  that  can  be  achieved  with  the  method,  are  given  in  Fig.  25-27.  The  results  are  for  the  RAE  2822  airfoil  which  is  a  1 2%  thick  super¬ 
critical  airfoil  with  a  moderate  degree  of  rear  loading  and  a  trailing  edge  angle  equal  to  8.67°.  The  airfoil  was  tested47®  in  the  RAE  8x6  foot  transonic  tunnel; 
measurements  included  both  surface  pressure  and  boundary  layer  development.  The  results  In  Fig.  25  and  26  are  for  Case  6  (RAE  designation)  which  corre¬ 
sponds  to  a  nominal  free  stream  Mach  number  M„  =  0.725,  Reynolds  number  Re  ■»  6.5  x  10®  and  a  (geometric)  incidence  angle  o  =  2.92°.  Transition  was  fixed 
at3%chordonboth  the  upper  and  lower  surfaces  of  the  airfoil.  These  conditions  result  in  a  large  supersonic  zone  with  a  relatively  strong  shock  wave. 

The  theoretical  and  experimental  pressure  distnbutions  are  compared  in  Fig.  25.  The  comparisons  are  carried  out  at  the  same  (measured)  lift  coefficient 
in  order  to  avoid  the  uncertainty  in  the  effective  incidence  due  to  wall  interference,  in  addition,  a  small  blockage  correction  of  AM,  =  0.003  is  applied  to  the 
comparison  in  that  the  "corrected"  free  stream  Mach  number  is  taken  equal  to  M„  *  0.728.  Solutions  obtained  with  both  fully  conservative  (FC)  and  noncon- 
servative  (NC)  methods  are  shown  in  the  figure  for  comparison.  The  FC  solution  clearly  shows  the  best  agreement  with  experiment.  The  agreement  between 
theory  and  experiment  is  excellent  on  the  lower  surface  and  shock  wave  position  and  strength  on  the  upper  surface  are  well  predicted  in  the  FC  solutions.  This 
set  of  results  also  shows  very  good  agreement  with  experiment  for  the  pressure  rise  across  the  shock  wive.  Both  the  theoretical  and  experimental  results  indi¬ 
cate  that  the  pressure  rise  across  the  shock  wave  is  only  about  one-half  of  that  required  by  the  normal  shock  wave  relations.  The  overall  levels  of  the  pressu-e 
distribution  on  the  upper  suiface  of  the  airfoil  ire  also  reasonably  well  predicted.  The  small  discrepancies  between  theory  and  experiment  over  the  forward 
part  of  the  upper  surface  is  probably  due  to  the  roughness  strip  used  to  fix  transition.  The  slight  overprediction  of  the  pressure  on  the  upper  surface  near  the 
trailing  edge  is  likely  due  to  effects  associated  with  the  finite  trailing  edge  angle  not  accounted  for  In  the  current  trailing  edge  solution.  The  comparison  of  the 
pressure  distribution  shown  In  Fig.  25  is  typical  of  many  other  comparisons  given  In  Ref.  10  and  1 1  and  is  indicative  of  the  good  results  that  can  be  achieved 
with  a  "complete’’  IBLT. 

The  theoretical  solution  (FC)  for  the  boundary  layer  development  on  the  upper  surface  of  the  airfoil  is  compared  with  experimental  measurements  in 
Fig.  26.  Included  in  the  figures  are  the  solutions  for  displacement  and  momentum  thicknesses,  S°,  8,  shape  factor,  H.  skin  friction  coefficient,  Cf  and  the 
transpiration  velocity,  VQ,  appearing  in  the  viscous  matching  conditions.  The  orerall  agreement  is  seen  to  be  relatively  good,  with  a  tendency  to  slightly  under¬ 
predict  6*,9  and  H  over  the  rear  of  the  airfoil.  The  very  rapid  nearly  discontinuous  rise  in  displacement  thickness  at  the  shock  wave  is  typical  of  these  flows. 
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These  solutions  show  a  large  and  highly  localized  increase  in  transpiration  velocity  at  the  shock  wave  followed  by  a  more  gradual  growth  toward  the  trailing 
edge.  These  results  deaily  show  the  highly  localized  nature  of  the  shock-wave  boundary-layer  interaction  in  the  present  theoretical  model.  The  interacting 
boundary  layer  description  basically  truncates  the  delta  function  behavior  that  would  otherwise  arise  at  the  shock  impingement  point  were  interaction  not  in¬ 
cluded  in  the  formulation.  The  resulting  transpiration  velocity  display;  a  highly  peaked,  but  finite,  distribution  which  increases  in  amplitude  with  increasing 
shock  strength,  as  indicated  in  other  cases  presented  in  Kef  1 1 . 


Fig.  25  RAE  2822  -  pressure  distribution  at  M«, «  0.728,  CL  =  0.743,  Re  =  6.5  x  106  (XT  =  0.03) .  (REPRINTED  FROM  REF  1 1 ) 


X  X 

(el  SKIN  FRICTION  M)  SOURCE  VELOCITY 

Fig.  26  RAE  2822 -boundary  layer  development  at  Mm  =  0.728,  Cl  =  0.743,  Re  =  6.5  x  106  (XT  =  0.I1).  (REPRINTED  FROM  REF  11) 

The  theoretical  predictions  of  the  drag  polar  are  compared  with  experimental  data  In  Fig.  27  for  a  nominal  free  stream  Mach  number  of  M_  =  0.730. 

The  theoretical  drags  are  computed  from  an  integration  of  the  surface  pressure  and  skin  friction.  We  note  the  FC  solution  is  again  in  best  agreement  with  the 
measured  values  of  drag.  The  small  underprediction  of  the  FC  solution  evident  in  the  figure  amounts  to  no  more  than  five  counts  of  drag.  About  half  of  this 
difference  is  due  to  numerical  error  caused  by  use  of  first-order  accurate  differencing  in  the  inviscid  solution.  Use  of  a  second-order  accurate  formula  has  been 
demonstrated^1  **  to  increase  the  drag  by  two  counts.  The  remaining  discrepancy  can  be  associated  with  the  slight  overprediction  of  pressures  on  the  upper 
surface  near  the  trailing  edge.  These  and  other  results  presented  in  Ref  1 1  clearly  show  that  the  NC  scheme  produces  inferior  predictions  of  both  shock  wave 
location  and  drag. 

A  theoretical  study  is  carried  out  in  R'f  1 1  using  .he  MCMJ  method  to  determine  the  relative  importance  of  the  various  viscous  effects  arising  in  the  al.foil 
problem  This  Is  accomplished  by  comparing  results  of  a  series  of  calculations  carried  out  with  individual  terms  in  the  matching  conditions  selectively  dropped 
from  the  formulation.  The  results  include  two  cases  f or  the  RAE  2822  airfoil,  one  subcritlcal  and  one  supercritical  case  and  one  supercritical  case  for  a  heavily 
rear  loaded  NASA  (Langley  Research  Center)  supercritical  airfoil.  For  each  case,  a  series  of  solutions  are  obtained  with  each  of  the  terms  appearing  in  the 
matching  conditions  selectively  dropped.  Solutions  for  the  drag,  lift  <nd  trailing  edge  pressure  are  summarized  In  Tables  2  through  4.  In  these  Tables  CD  is  the 
total  drag,  determined  from  integration  of  the  pressure  and  skin  filctlon  over  the  airfoil  surface,  CDg  (T;  ble  4)  is  the  total  drag  that  includes  a  base  drag  con- 
tribtulon  when  the  airfoil  has  a  nonzero  base  thickness,  and  Cu,  is  the  profile  drag  determined  from  the  wake  momentum  thickness  far  downstream  (i.e., 

CD„  ”■  29,).  Profile  drag  is  equal  to  the  total  drag  less  the  wave  drag  and  is  due  solely  to  momentum  losses  in  the  boundary  layer.  For  subcrllical  flow  CD„  Is 
equal  to  thr  total  drag  of  the  airfoil  and  should  be  equal  to  CDB  as  determined  by  surface  Integration.  In  general,  however,  these  two  evaluations  of  the  dtag 
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will  not  be  equal  with  the  differences  due  to  numerical  errors  in  the  solution  of  the  governing  equations  and  to  approximations  in  the  formulation  of  the  vis¬ 
cous  effects.  The  momentum  drag  (i.e.,  2fl„)  seems  to  be  relatively  insensitive  tot  the  details  of  the  numerical  method  and  the  formulation  of  the  viscous  theory 
and  is  thought  to  be  the  more  accurate  prediction  of  drag  in  subcritical  flows.  In  these  cases  the  difference  between  profile  and  integrated  drag  is  a  useful  mea¬ 
sure  of  the  overall  accuracy  of  the  theoretical  model. 


Fig.  27  RAE  2822  -  drag  polar  at  M,*  at  0.73,  Re  =  6.S  x  106, 
(XT  =  0.03)  (REPRINTED  FROM  REF  1 1 ) 


Table  2  RAE  2822  -  eflect  of  wake  and  trailing  edge  corrections,  Moo  =  0.676, 
a=  1.06“,  Re  =  5.7  x  I0‘,(XT  =  0.11) 


Mod* 

Theoretical  Model 

CD 

CD» 

cf>TE 

® 

Inviscid 

0 

0 

0  571 

0.438 

Full  Viscous  {MCMJ) 

0.0084 

0.0083 

0431 

0  234 

© 

(S)  LmTE 

Correction! 

00080 

00083 

0.416 

0.234 

® 

(?)  Leu  Wake  Curva- 
ture 

0.0081 

0  0083 

0454 

0.234 

© 

®  LtuWika  Thick- 
neu 

0.00C9 

0.0082 

0  398 

0.289 

© 

Leu  TE  Correc¬ 
tions,  Wake  Curvature 
&  Thickness 

0.0064 

0.0082 

0  399 

0.278 

© 

(6) 

RAE  (NC) 

00081 

00083 

©  o 

§i 

0.226 

The  results  in  the  tables  include  solutions  for  (A)  the  mv,scid  theory,  (B)  the  full  viscous  theory,  (C)  the  full  viscous  theory  less  the  ttaihng-tdge  cor¬ 
rections,  (D)  less  the  wake-curvature  term,  and  (E)  less  the  wake  tiiickness  terms.  In  the  latter  solution  the  wake  is  modeled  as  a  constant  thickness  extension  of 
the  displacement  surface  on  the  airfoil  surface.  We  have  also  carried  out  solutions  neglecting  the  trailing  edge  corrections  and  both  the  wake-curvature  and 
thickness  terms.  This  version  of  the  theory  (F),  includes  only  the  displacement  effect  on  the  airfoil  surface  and  is  therefore  equivalent  to  the  formulation  em¬ 
ployed  in  the  BGKJ*4, 5'  method  and  its  derivatives  <71-  721.  For  the  two  supercritical  cases  studied  using  this  latter  foimulation  solutions  were  also  obtained 
with  the  NO  version  of  the  method  (labeled  (G)  in  the  tables).  In  addition,  the  two  RAE  2822  cases  considered  in  Tables  2  and  3  also  include  available  results 
from  the  RAE  (NO) (6) .  The  RAE  method  accounted  for  both  wake-thickness  end  wake-curvature  but  not  trailing-edge  interaction  effects. 

The  results  for  the  subcritical  RAE  2822  case  are  listed  in  Table  2.  Comparisons  of  the  inviscid  (A)  and  full  viscous  (B)  solutions  illustrate  the  large  effect 
of  the  boundary  layer  on  lift.  Even  for  this  subcritical  case  the  presence  of  the  boundary  layer  caused  a  nearly  1/3  decrease  in  lift.  The  results  given  in  lines 
(C),  (D)  and  (E)  illustrate  the  effect  of  the  individual  terms  in  the  matching  conditions.  Compans  ns  of  the  results  in  )ines(A)-(E)  indicate  that  the  largest 
effect  is  caused  by  the  displacement  effect  on  the  airfod  surface  with  the  other  terms  also  produc..  g  significant  effects.  The  effect  of  wake  thickness  on  lift  was 
unanticipated  since  predominately  symmetric  effects  were  expected  from  this  source.  However,  on  reflection,  this  behavior  is  not  surprising.  The  neglect  of  the 
wake  thickness  term  leads  loan  inert  ise  in  pressure  at  the  trailing  edge,  which  induces  a  significant  increase  in  boundary  layer  thickness  near  the  trailing  edge. 
The  increase  is  largest  on  the  upper  surface  because  of  the  larger  initial  boundary  layer  thickness  on  thi,  surface.  It  is  this  differential  increase  in  boundary  layer 
thickness  caused  by  the  neglect  of  the  wake  thickness  term  that  leads  to  the  observed  lift  reduction.  V-V  also  call  attention  to  the  insensitivity  of  the  momentum 
drag,  CD_,  to  differences  in  the  theoretical  model,  and  o  the  good  agreement  between  the  two  evaluations  of  drag  in  the  full  viscous  solution  (B).  The  good 
agreement  evident  in  this  case  is  an  encouraging  indication  of  the  overall  accuracy  of  the  MCMJ  method.  The  underprediction  of  the  integrated  drag  and  the 
poor  agreement  with  Cp„  when  the  wake-thickness  terms  are  suppressed  (E),  are  indications  of  the  importance  of  these  terms.  The  comparisons  in  Table  2  in¬ 
dicate  that  the  formulation  based  on  airfoil  displacement  thickness  only,  underprcdlcts  the  drag  by  25%  and  the  lift  by  7%  in  this  case. 

The  results  of  the  (NC)  RAE  method  <6>  (C')  which  is  equivalent  to  the  formulation  employed  in  case  (C)  of  the  present  method,  are  in  good  agreement. 
Two  values  of  the  lift  coefficient  are  given  for  the  RAE  method.  The  higher  value  results  from  a  version  of  their  method  that  employs  considerable  numerical 
smoothing  of  the  wake  curvature  terms  near  the  trailing  edge.  The  smaller  value,  obtained  with  less  smoothing  is  in  better  agreement  with  the  results  of  case 
(C)  of  the  present  method.  It  has  been  reported  w  that  convergence  difficulties  are  experienced  in  this  latter  version  and  its  use  is  not  recommended. 

The  results  of  a  similar  series  of  calculations  carried  out  for  the  same  airfoil  at  a  higher  free-stream  Mach  number,  resulting  in  a  supercritical  flow,  are 
listed  in  Table  3.  In  this  case  the  integrated  drag  Includes  wave  -T.  g  and  so  is  no  longer  equal  to  'lie  momentum  drag,  Cp_.  The  difference  between  Cp  and 
C^is  a  relatively  accurate  measure  of  the  wave  drag  in  the  full  viscous  solution  (case  Ej  but  no.  in  the  other  cases  because  of  the  inadequacies  of  the  viscous 
formulation  clearly  evident  in  the  subcritical  results.  The  neglect  of  wake  and  trailing  edge  im.raction  effects  In  this  supercritical  case  leads  to  a  35%  underpre¬ 
diction  of  the  drag  coefficient  (case  F)  compared  to  the  full  viscous  solution.  Case  (F)  was  also  repeated  with  the  NC  formulation  (line  G  In  Table  3).  The  NC 
scheme  produces  a  weaker,  more  forward  shock  wave  but  gives  a  higher  drag.  This  extra  drag  arises  from  a  spurious  mass  generation  at  the  shock  wave  caused 
by  NC  differencing.  This  spurious  drag  increase  is  also  evident  in  the  comparison  of  the  RAE  results  (case  C')  with  the  present,  equivalent  formulation  using 
FC  differencing  (case  C). 

The  solutions  for  the  pressure  distribution  on  the  airfoil  surface  are  given  in  Fig.  28.  Included  are  the  inviscid  solution  (A),  the  full  viscous  solution,  (B), 
and  the  viscous  solution  less  the  trailing  correction  and  both  wake  terms,  (F).  Both  FC  and  NC  calculations  of  the  latter  esse  are  included.  These  results  Il¬ 
lustrate  the  very  large  effect  of  the  boundary  layer  on  the  flow  field  in  supercritical  conditions  even  at  the  relatively  targe  Reynolds  number  of  the  computations. 
The  boundary  layer  drives  the  shock  wave  forward  from  x  s  0.80  to  x  ~  0.55,  and  significantly  increases  the  pressure  level  on  the  upper  surface  and  reduces  it 
on  the  lower  surface  of  the  airfoil,  resulting  in  a  reduction  of  the  lift  coefficient  by  nearly  a  factor  of  two.  The  neglect  of  the  wake  and  trailing  edge  contribu¬ 
tions  to  the  matching  conditions  is  seen  to  drive  the  shock  wave  forward  by  about  5%  and  to  reduce  the  lift  by  10%  and  drag  by  35%  below  the  full  viscous  solu¬ 
tion  (Table  3).  The  switch  to  a  NC  scheme  is  seen  to  Jrivc  the  shock  wave  even  further  forward. 

The  details  of  the  pressure  distribution  near  the  trailing  edge  for  the  full  viscous  solution  at  the  higher  Mach  number,  M^  =  0.725  is  plotted  on  an  ex¬ 
panded  scaie  In  Fig.  29.  Included  here  are  the  "composite”  and  "outer"  solutions  computed  from  the  full  viscous  theory.  The  composite  solution  contains 
contributions  from  the  "outer”  and  "inner”  solution  as  given  In  Eq.  (62e)  which  account  for  the  pressure  variations  across  tlie  boundary  layer  and  wake.  The 
outer  solution  clearly  exhibits  the  wake  pressure  jump  imposed  as  part  of  the  viscous  matching  conditions.  The  pressure  jump  is  largest  at  the  trailing  edge  and 
rapidly  decays  away  from  the  trailing  edge  both  in  the  wake  and  on  the  airfoil  surface.  The  relatively  large  jump  in  pressure  at  the  trailing  edge  (nCp  =  0.2)  is 
indicative  of  (he  importanre  of  normal  pressure  gradients  near  trailing  edges.  The  crossing  of  the  outer  solution  on  the  airfoil  Is  a  typical  property  of  the  viscous 
wake  solution  which  clearly  distinguishes  it  from  jet  flap  solutions  with  positive  blowing  coefficient. 
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Table  3  KAH  2822  -  effect  of  wake  and  trailing  edge  corrections,  Moo  =  0.725, 
a  =  2.3°,  Re  =  6.5  x  10s,  (XT  =  0.03) 


Theoretical  Model 

HI 

ma 

SH 

m 

© 

inviscid 

mm 

mm 

1.300 

0  5265 

Full  Viscous  (MCMJ) 

00110 

00098 

0  726 

0  222 

© 

(5)  Less  TE  Corrections 

00(01 

00096 

0,700 

0  227 

® 

®  Ltss  Wake  Curvature 

00112 

00100 

0.758 

MM 

(S)  Ltss  WaFa  Thickness 

0  0080 

0  0093 

0  661 

0  276 

© 

0  0072 

0,0093 

0  658 

0  271 

® 

o.ooei 

0  0092 

0.648 

0.269 

© 

RAE  (NC)1® 

00119 

. 

0  699 

0  219 

Table  4  NASA  supercritical  airfoil  -  effect  of  wake  and  trailing 

edge  corrections,  Moo  =  0.768,  o  =  0.15°,  Re  =  7.7  x  10&, 
(XT  =  0.28) 


Mod* 

Theoretical  Model 

CDB 

CDoo 

eL 

CFTE  | 

® 

Inviscid 

NOT  AVAILABLE  j 

® 

Futl  Viscous  (MCMJ) 

0.0122 

00082 

0  852 

0.137 

© 

(?)  Less  TE  Corrections 

00097 

00078 

0808 

0.156 

© 

(?)  Leu  wakt  Curvature 

00131 

0.0091 

0871 

0.120 

© 

®  Leu  wake  Thickness 

0.0105 

0  0079 

0.835 

0.155 

© 

(?)  Leu  TE  Corrections, 
Wake  Curvature  8t 
Thickness 

00088 

0.0079 

0  821 

0.168 

© 

(?)  With  Nonconservative 
Differencing 

0.0098 

00074 

0  768 

0.155 

- -INVISCID  IF  C) 

_  -  FULL  VISCOUS  (F-C)  MCMJ 

_ -  FULL  VISCOUS  IF-C)  LESS  WAKE  ANO  TE  CORRECTIONS 

.  -  FULL  VISCOUS  (N  C!  LESSWAKE  AND  TE  CORRECTIONS 


Fig.  28  RAE  2822  -  effect  of  wake  A.  trailing  edge  Fig.  2°  RAE  2822  -  Details  of  pressure  distribution  near  trailing  edge  M^,  - 

corrections  in  MCMJ  theory  at  M„,»  0.725.  0.725,  a  =  2.3°,  Re  >  6.5  x  106  (XT  =  0.03). 

a  =  2.3°,  Re  =  6.5  x  106  (XT  =  0.03).  (REPRINTED  FROM  REF  1 1) 

(REPRINTED  FROM  REF  II) 

The  RAE  2822  is  an  airfoil  with  moderate  rear  loading.  The  calculations  of  the  highly  rear  loaded  supercritical  airfoil  developed  by  the  NASA  Langley 
Research  Center  (LRC)  are  summarized  in  Table  4.  The  calculations  for  this  case  have  been  carried  out  for  a  free  stream  Mach  number  Mm=  0.768  and  an 
angle  of  attack  of  «  =  -0.151*  resulting  in  a  lift  coefficient  in  the  full  viscous  solution  of  CL  =  0.852.  The  airfoil  has  a  nonzero  trailing  edge  thickness  which 
requires  an  estimate  for  the  base -drag  contribution  to  CDB .  This  contribution  amounts  to  7  counts  of  drag  for  all  cases  considered  in  Table  4.  The  shock 
position  in  the  inviscid  solution  at  this  incidence  and  Mach  number  appears  to  be  downstream  of  the  trailing  edge  and,  because  of  tliis,  the  inviscid  solution 
cannot  be  computed  with  the  circle  plane  code.  The  viscou'  solution,  however,  can  be  determined  without  difficulty.  The  inclusion  of  the  boundary  layer  in 
the  viscous  solution  drives  the  shock  wave  forward  to  73%  chord,  again  demonstrating  the  very  large  effect  of  the  boundary  layer  on  the  flow  field  at  transonic 
speeds.  The  results  in  Table  4  indicate  that  the  trading  edge  correction  and  the  variation  of  profile  drag  with  the  theoretical  model  are  much  larger  than  in  previ¬ 
ous  cases.  Also,  note  that  the  neglect  of  the  trailing  edge  correction  and  the  wake  terms  (F)  leads  to  a  30%  underprediction  of  drag  and  that  the  use  of  a  NC 
formulation  leads  to  a  partially  compensating  increase  in  drag  of  aoout  10%.  As  a  point  of  reference,  in  Fig.  30  we  provide  a  comparison  of  the  full  viscous 
solution  with  wind  tunnel  data  for  conditions  that  are  close  to  those  employed  in  the  computations  in  Table  4. 


Table  5  compares  the  drag  prediction  of  the  MCMJ  method  with  experimental  measurement:  of  the  KACA  001 2  airfoil  carried  out  at  Ohio  State 
University  (73)  and  with  theoretical  predictions  of  the  BGKJ  ®  and  Carlson  ^  methods  carried  out  In  Ref.  73.  The  MCMJ  results  include  solutions  obtained 
with  the  full  viscous  method  and  also  with  the  parallel  wake  assumption.  Included  in  the  table  are  the  solutions  for  the  total  drag  CDB,  the  total  drag  less  the 
base  drag,  C^,  both  determined  from  an  integration  of  pressure  and  skin  friction,  and  the  momentum  drag.Cp,,. 

The  momentum  drag  CD„,  which  is  thought  to  be  the  most  accurate  result,  is  In  excellent  agreement  with  the  experimental  value.  The  integrated  drag, 
CDB,in  the  full  viscous  MCMJ  solution  however,  Is  seer,  to  underpredict  both  the  experimental  and  momentum  drag  by  12%.  The  theoretical  pressure  distribu¬ 
tion  is  compared  with  experimental  data  in  Fig.  31.  The  agreement  is  good,  except  near  the  trailing  edg;  where  theory  indicates  a  more  positive  pressure  which 
is  consistent  with  the  error  in  integrated  drag.  The  error  in  integrated  drag  is  thought  to  be  due  to  the  neglect  of  strong  Interaction  effects  associated  with  the 
large  trailing  edge  angle  of  this  airfoil  (9,c  3  16°).  The  wedge-shaped  trailing  edge  is  expected  to  induce  significant  pressure  reduction  across  the  boundary  layer 
which  will  have  a  tendency  to  increase  the  drag. 

Neglect  of  the  wake-thickness  term  is  seen  to  lead  to  a  substantial  increase  in  the  error  in  integrated  drag  but  dees  not  affect  the  solution  for  momentum 
drag.  A  significant  part  of  the  discrepancy  between  the  two  evaluations  of  drag  is  due  to  the  contribution  of  the  base,  which  in  this  case  amounts  to  seven 
counts  of  thrust.  Note  the  very  large  underprediction  of  the  drag  by  both  the  BGKJ  and  Carlson  methods.  With  the  base  drag  included  theK  methods  are 
seen  to  underpredict  the  drag  by  a  factor  of  two.  The  base  drag  contribution  is  not  included  in  the  original  solutions  presented  in  Rer  73.  In  order  to  provide 
a  uniform  basis  of  comparison  the  BKGJ  and  Carlson  results  in  Table  5  have  been  corrected  for  base  drag  by  subtracting  9  counts  from  the  results  given  in 
Ref  73. 

The  results  discussed  here,  and  others  presented  in  Ref  10  and  1 1 ,  Indicate  that  the  MCMJ  tr  :thod  can  give  very  good  prediction  of  the  pressure  distribu¬ 
tion,  shock  location,  and  forces  when  the  boundary  layer  is  attached  and  in  the  prediction  of  drag,  when  the  trailing  edge  angle  is  not  large.  However,  in 


recent  calculations  earned  out  by  the  author  for  the  NACA  001 2  airfoil,  there  has  been  some  tendency  for  the  MCMJ  theory  (FC)  to  predict  shock  posit’ots 
that  are  about  10%  aft  of  expenmental  locations.  The  discrepancies  can  be  eliminated  by  employing  a  blockage-type  correction  to  justify  a  reduction  of 
free  stream  Mach  number.  Because  of  the  general  uncertainty  of  blockage  effects  In  wind  tunnels,  it  has  yet  to  be  determined  whether  these  discrepancies  are 
due  to  real  blockage  effects  or  to  shortcomings  in  the  theoretical  formulation,  perhaps  due  to  the  use  of  the  potential  flow  approximation. 


- FULL  VISCOUS  THEORY  M-077  CL-0M  MCMJ 

O*  EXPERIMENT  M-0.78  CL*0  84 

Re  •  7.7  x  106 


Table  5  NaCA  0012  -  profile  drag  study  at  zero  lift. 


Theory 

CD 

CC3 

CDoo 

Prmnt  •  Full  viscous  (MCMJ) 

00079 

00072 

0.0082 

Prtsant  Parallel  waka  (MCMJ) 

0.0063 

0.0064 

0  0081 

BGKJ 1,11 

00047 

00036* 

Orison ,nl 

0.0051 

0  0042* 

Expafimant <73) 

00081 

*  Obtained  by  subtracting  ACp0  ■  0  0009  from  Cq 


Fig.  31  NACA  0012  —  pressure  distribution  at  zero 

lift  M«  =  0.S7 5,  Re  =  4.68  x  106  (XT  =  0.10). 


6.  CONCLUDING  REMARKS 

Significant  progress  has  been  achieved  by  b<  undary  layer  type  methods  in  the  computation  of  viscous  flow,  without  extensive  separation,  over  airfoils. 
Efficient  numerical  methods  have  been  developed  for  the  computation  of  the  outer  mviscid  flow,  practical  methods  have  been  developed  for  incorporating  both 
wake  thickness  and  wake  curvature  effects  in  the  viscous  flow  formulation,  and  local  asymptotic  solutions  have  been  developed  for  the  strong  turbulent  inter- 
rctions  at  shock  waves  and  trailing  edges.  In  addition,  using  the  'ocal  trailing  edge  solution,  simple  procedures  have  been  developed  to  correct  1BLT  for  strong 
interaction  effects  at  the  trailing  edge.  Two  computer  codes  have  been  written  that  implement  a  “complete"  IBLT  formulation  Including  both  wake  effects 
v,z„CL«-7>  and  MCMJ*10'11*.  Furthermore,  the  MCMJ  <10,111  method  also  incorporates  trailing  edge  interaction  effects  into  the  formulation.  The  MCMJ 
method  thus  accounts  for  every  important  viscid-inviscid  interaction  effect  on  the  airfoil  except  the  strong  interaction  at  shock  waves.  Nevertheless,  extensive 
experience  with  the  MCMJ  method  (and  apparently  also  with  the  CL  method)  indicate  that  it  gives  good  predictions  of  the  pressure  rise  across  shock  waves. 

The  theory  seems  to  accurately  predict  the  partial  pressure  rise  across  shock  waves,  observed  in  experiments  on  airfoils,  to  levels  about  half  those  required  by 
the  normal  shock  wave  relations 

The  combination  of  efficient  mixed  flow  relaxation  techniques  for  the  invisdd  flow,  with  Green's  lag  entrainment  method  for  the  turbulent  boundary 
layer,  his  proven  to  be  an  effective  method  for  the  prediction  of  airfoil  section  characteristics.  The  method  requires  little  computing  time,  and  employs  a 
turbulent  closure  that  is  well  suited  to  airfoil  flows.  Calculation  of  difficult  supercritical  cases  with  shock  waves  by  t MCMJ  method  generally  requires  leu 
than  te  minutes  for  a  160  x  32  grid  on  an  IBM  376-168  computer. 

Theoretical  solutions  obtained  with  the  MCMJ  presented  in  Ref  10, 11  have  shown  generally  favorable  agreement  with  wind  tunnel  data.  These  com¬ 
parisons  indicate  that  good  predictions  of  airfoil  section  characteristics  can  be  obtained  with  an  Interacting  boundary  layer  method  provided  the  formulation 
includes  both  wake  and  trailing  edge  interaction  eflects  and  provided  a  fully  conservative  difference  method  is  employed  in  the  outer  tnviscid  solution.  It  must 
be  stressed,  however,  that  because  of  uncertainties  in  the  experimental  data,  due  primarily  to  wall  interference,  these  conclusions  must  be  regarded  as  tentative 
and  in  need  of  further  substantiation.  The  main  cause  of  uncertainty  is  due  to  the  blockage  effect  on  the  equivalent  free  stream  Mach  number.  There  hu 
been  some  tendency  for  the  fully  conservative  theory  to  predict  shocks  that  are  too  far  aft  when  the  calculations  are  carried  out  at  the  expenmentally  quoted 
free  stream  Mach  number.  The  discrepancy  in  shock  position  can  usually  be  eliminated  by  applying  a  small  blockage  "correction”  to  the  free  stream  Mach 
number.  Whether  these  differences  are  due  to  a  “real"  blockage  effect  or  are  caused  by  deficiencies  in  the  theoretical  method  remains  to  be  determined.  The 
question  of  code  validation  remains  a  major  concern  for  the  future.  There  is  a  continuing  need  for  wind  tunnel  data  with  small  ar.d  well  documented  wall  inter¬ 
ference  corrections. 

Became  of  their  possible  effect  on  the  section  characteristics,  the  principal  aspects  of  the  MCMJ  method  that  warrant  further  study  are  the  strong  inter¬ 
action  at  wedge-shaped  trailing  edges  and  the  computation  of  the  outer  inviscad  flow.  The  trailing  edge  corrections  employed  in  the  MCMJ  method  are 
strictly  applicable  to  cusped  airfoils.  Fortunately,  the  method  seems  to  yield  reasonably  good  predictions  when  applied  to  more  general  trailing  edges  pro¬ 
vided  that  the  edge  angles  are  small.  However,  solutions  for  the  NACA  0012  airfoil  (®Ie  «  16*)  show  pressures  that  are  somewhat  high  near  the  trailing  edge 
and  drags  that  are  underpredicted  by  about  10%.  These  observations  are  likely  a  general  indication  of  a  failing  of  the  correction  procedure  at  the  trailing  edge 
when  the  trailing  edge  angle  is  appreciable.  These  discrepancies  are  undoubtedly  caused  by  pressure  variations  auoss  the  boundary  layer  that  arc  not  accounted 
for  by  the  local  trailing  edge  solution.  These  extra  pressure  variations  acioss  the  boundary  layer  are  generated  by  the  curved  streamlines  associated  with  the 
local  weJge  flow  near  the  trailing  edge.  These  effects  can  be  incorporated  into  the  MCMJ  method  through  generalization  of  the  local  trailing  edge  solution  to 
account  for  effects  due  to  wedge-shaped  trailing  edges.  Kuchmann  *74)  carried  out  semi-empirical  calculations  for  a  wedge-shaped  trailing  edge  using  the  in- 
viscid  rotational  flow  model  with  an  empirical  "tutoff"  of  the  Initial  velocity  profile. 

It  is  generally  recognized  that  the  potential  flow  approximation  used  in  the  outer  tnviscid  solution  breaks  down  as  the  shock  strength  increases.  Evidence 
from  comparison  with  solutions  for  the  Euler  equations  for  “purely"  inviscld  flow  indicates  that  the  potential  flow  approximation  breaks  down  under  con- 


- "  v  ^  ^  msxm* 


10-26 

ditions  of  practical  interest  and  that  the  potential  flow  shock  wr  ves  are  significantly  ait  of  the  “exact”  (i.e.,  Enter  solution)  shock  positions.  The  significance 
of  this  behavior  for  full  viscous  solutions  is  not  clear  since  shock  waves  are  considerably  weakened  by  displacement  effects.  Evidence  from  the  RAE  2822  com¬ 
parisons  indicates  that  the  potential  flow  approximation  remains  useful  up  to  the  point  that  the  shock  strength  is  large  enough  to  separate  the  boundary  layer. 
However,  some  comparisons  with  experimental  data  from  other  wind  tunnels  have  shown  a  tendency  for  the  MCMJ  method  to  predict  shock  waves  that  are  aft 
of  the  experimental  shock  position.  In  these  cases  a  small  reduction  in  free  stream  Mach  number  (blockage  correction?)  eliminates  the  discrepancy.  The 
question  of  whether  this  is  a  “real"  blockage  effect  associated  with  the  particular  wind  tunnel  or  a  sign  of  the  breakdown  of  the  potential  flow  approximation 
remains  to  be  answered.  Because  of  the  uncertainty  in  the  range  of  usefulness  of  the  potential  flow  approximation,  it  is  desirable  to  develop  an  interaction 
boundary  layer  method  using  the  Euler  equations  for  the  outer  invisdd  flow.  Steps  in  this  direction  have  been  taken  by  Whitfield  et  al. (67*  but  their  method 
has  not  yet  been  developed  to  the  point  where  complete  airfoil  calculations  can  be  carried  out  with  both  wake  and  trailing  edge  interaction  effects  included  in 
the  formulation. 

Other  problem  areas  of  a  theoretical  nature  that  could  benefit  from  further  study  are: 

•  Tne  solution  of  the  inner  layers  and  the  determination  of  the  skin  friction  in  the  ttaillng  edge  region.  The  nature  of  the  solution  in  toe  "inner”  wall 
layer,  which  describes  the  tiansition  of  the  boundary  layer  to  the  wake  across  the  trailing  edge,  is  poorly  understood. 

«  The  integration  of  the  weak  shock  asymptotic  solutions  into  a  complete  airfoil  calculation.  It  remains  to  be  explained  how  the  asymptotic  solutions 
can  be  made  compatible  with  the  partial  shock  jumps  observed  in  both  IBLT  and  in  experiment. 

•  The  development  of  local  asymptotic  solutions  for  shock-wave  boundary-layer  interactions  when  the  shock  strength  is  0(  1 ).  This  is  the  range  of 
shock  strength  that  is  important  for  shock  induced  boundary  layer  separation. 

•  The  development  of  asymptotic  methods  for  small  separation  zones  at  shock  waves  and  trailing  edges.  The  studies  discussed  in  this  paper  are  all  re¬ 
stricted  to  attached  boundary  layers.  Progress  in  the  understanding  of  flows  with  small  separation  regions,  which  can  carry  significant  pressure  varia¬ 
tions,  has  been  limited. 

In  concluding  this  discussion  I  should  also  mention  the  importance  of  extending  these  id>  as  to  three-dimensional  flows  over  wings. 

Editorial  Note:  At  the  request  of  Symposium  paiticipants,  slides  used  in  the  presentation  by  rite  author  are  reproduced  as  an  appendix  to  the  paper. 
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BASIC  ASSUMPTIONS 

•  WEAK  SHOCK  WAVES  M„-1 

•  FULLY  DEVELOPED  TURBULENT  BOUNDARY  LAYER  R»-- 

•  LOO  LAW  INITIAL  PROFILE  IC,„.  >1  U  -  U,  -  f  lly«)«1 

•  AT’, ACHED  BOUNDARY  LAYERS 

KEY  PARAMETERS 

•  SHOCK  STRENGTH  M_-  1 

•  FRICTION  VELOCITY  t  •  t  -  (In  R«)  ’ 

LIMITS 


M»-l 


Mi-1 

x, - r— 


VERY  WEAK 


K,  ■  0  (II  WEAK 


t-0 

M_l  1 
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BASIC  EQUATIONS  -  MAIN  DECK 


EXPANSIONS 

U  *  1  ♦  c  (up  (y)  ♦♦x)  ♦  • 


r*/L 

y-t  yVL 


DIFFERENTIAL  EQUATION 

lxt ♦  <7 ♦1)(uo (¥)♦♦*)!  ♦xx-^y y“° 

Px  (k,  0)  ■  0  NO  SUBLAYER  DISPLACEMENT  EFFECT 
INITIAL  PROFILE.  u0  lyl  -  k"’  [In  (»/{)  -  *  W(y/SI 

SIMILARITY 

Cp  (x\  y*;  S;  t;  R*;  M«;  t)  •  «  Cp  (S,  y;  kt:  #1 


y  ■  y •« 


•S' 


M.2 


(T*1)  K.2  < 


BASIC  SIMILARITY  PARAMETER 
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OTHER  DEVELOPMENTS 

•  SOLUTION  IN  THE  INNER  LAYERS 

Cj/Cf0  •  1  ♦  (A2  ♦  Aj  <  In  <)  t  pj  (x)  ♦  •  ■  ■ 

•  PRESSURE  RISE  TO  SEPARATION 

A  P,  •  0  |1)  FOR  R«  -  ~ 

MAJOR  REMAINING  PROBLEM  AREAS 

•  INTEGRATION  INTO  “COMPLETE"  AIRFOIL  PROBLEM 

•  STRONG  SHOCK  LIMIT 


S 

t  ’ 


"Y?  f'-"~ ' 


it 
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TRAIUNG-EOGE  FLOW 


SCOPE 

•  LARGE  REYNOLDS  NUMBER 

•  FULLY  DEVELOPED  TURBULENT  FLOW 

•  UNSEPARATED  BOUNOAPY  LAYERS 

•  CUSPEO  TRAILING  EDGES 

•  SUBSONIC  LOCAL  FLOW 

APPROA-H 


EXTERNAL  POTENTIAL  FLOW 


WAKE 


TRAILING  EDGE 
REGION 


•  MATCHtD  ASYMPTOTIC  EXPANSIONS  Ri-  - 

•  LOCAL  SOLUTION  NEAR  TRAILING  EDGE 

•  INVISCID  ROi  ATIONAL  FLOW 


RESULTS 

•  ANALYTIC  LOCAL  SOLUTION 

•  OOWNWASH  CORRECTIONS  FOR  TRANSPIRATION  VELOCITY 

•  CORRECTIONS  TO  WAXE  CURVATURE  CONDITIONS 
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VISCOUS  MATCHING  CONDITIONS 


SURFACE  PRESSURE: 

|P| 
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SUMMARY  OF  THE  METHOD 


OUTER  INVISCID  SOLUTION 

•  FULL  POTENTIAL  EQUATION 

•  CONFORMAL  MAPPING  TO  CIRCLE 

•  FASrSOLVER11^  CO,**IRVATIVE  ROTATED  DIFFERENCE  SCHEME 


BOUNDARY  LAVER  METHOD 

•  GREEN'S  LAO  ENTRAINMENT  METHOO 

•  TURBULENT  ENEROY  EQUATION 

•  SIMPLE  WAKE  SOLUTION 

•  LAMINAR  STARTING  SOLUTION 
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CONCLUSIONS 

•  "COMPLETE"  IBLT  YIELDS  ACCURATE  PREDICTIONS  OF  SECTION  CHARACTERISTICS 

•  WAKE  &  TRAILING  EDGE  INTERACTIONS  ARE  IMPORTANT 

•  DETAILS  OF  SHOCK  WAVE  BOUNDARY-LAYER  INTERACTIONS  NOT  IMPORTANT  FOR 
PREDICTION  OF  SECTION  CHARACTERISTICS 

•  FULLY  CONSERVATIVE  METHODS  APPEAR  TO  GIVE  BEST  RESULTS 
RESEARCH  OPPORTUNITIES 

•  SI  RUNG  INTERACTIONS  AT  WEDGE  SHAPED  TRAILING  EDGES 

•  SUBLAYER  SOLUTIONS  IN  TRAILING  EDGE  THEORY  -  BOUNDARY  IAYEH/WAKE  TRANSITION 

•  SLENDER  SEPARATION  REGIONS 

•  IMPROVED  INVISCID  FORMULATION  (EULER  EQUATIONS) 

•  WAKE  &  TRAILING  EDGE  INTERACTIONS  IN  30 

(  1981  STANFORD  CONFERENCE 

•  THEORY  VALIDATION  { 

(  IMPROVED  WIND  TUNNEL  EXPERIMENTS 
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CALCUL  D 1 ECOULEMENTS  VISQUEUX  DECOLLES 
SUR  PROPILS  D'AILES 
PAR  l‘NE  APPROCHE  DE  COUPLAGE  (i:) 


par 

J.C.  LE  BALLEUR  et  M.  NERON 

Office  Nadonal  d'Etudes  et  de  Recherches  Adrospatial.es  (ONERA) 
92320  ChStillon  -  FRANCE 


RESUME 


Le  calcul  en  fXuide  visqueux  des  dcoulements  incompressibles  autour  de  profils  d'ailes  monocorps 
ou  multicoros,  avec  ou  sans  ddcollements,  est  rdalisd,  en  s'appuyant  d'une  part  sur  un  calcul  en  fluide 
parfait,  modifid  dans  ses  conditions  aux  limites,  et  d'autre  part  sur  une  mdthode  rdalisant  le  calcul  et  le 
couplage  des  couches  limites  et  sillages,  en  rdgime  de  forte  interaction  visqueuse 

Le  fluide  parfait  est  traitd  par  une  mdthode  de  singularity,  ou  le  conditionnement  numdrique  est 
amdliord  en  rdpartissant  sur  les  profils  une  double  distribution  sources-tourbillons  et  en  imposant  des  condi¬ 
tions  de  rdgularitd  any  dcoulements  fictifs  intdrieuis  aux  profils.  Le  calcul  visqueux  dvalue  par  une  mdthode 
intdgrale  dirccte  ou  inverse  l'dcart  A  la  solution  de  fluide  parfait  couplde,  en  laminaire  ou  turbulent,  avec 
ou  sans  dcoulements  de  retour.  La  mdthode  numdrique  de  couplage  ddtermine  itdrativement  les  conditions  aux 
limites  du  fluide  parfait.  Dans  les  rdgions  A  couches  visqueuses  attachdes,  elle  calcule  la  sous-re taxation 
ndcessaire  A  la  stabilitd.  Dans  les  rdgions  ddcolldes  ou  proches  de  l'Stre,  elle  applique  un  algorithme 
spdcial  "semi-inverse".  Des  comparaisons  A  l'expdrience  sont  prdsentdes. 


COMPUTATION  OF  VISCOUS  FLOWS  OVER  AIRFOILS, 
INCLUDING  SEPARATION,  WITH  A  COUPLING  APPROACH  (“) 


SUMMARY 


The  computation  of  viscous  incompressible  flows  over  single  or  multiple  airfoils,  with  or  without 
separation,  is  achieved  using  on  one  hand  an  inviscid  flow  calculation,  with  modified  boundary  conditions, 
on  the  other  hand  a  method  providing  calculation  and  coupling  for  boundary  layers  and  wakes,  within  conditions 
of  strong  viscous  interaction  (!:!!). 

The  inviscid  flow  is  calculated  with  a  method  of  singularities,  the  numerics  of  which  has  been 
improved  by  using  both  source  and  vortex  distributions  over  profiles,  associated  with  regularity  conditions 
for  the  fictitious  flows  inside  of  the  airfoils.  The  viscous  calculation  estimates  the  difference  between 
viscous  flow  and  inviscid  interacting  flow,  with  a  direct  or  inverse  integral  method,  laminar  or  turbulent, 
with  or  without  reverse  flow.  The  numerical  method  for  coupling  determines  iteratively  the  boundary  conditions 
for  the  inviscid  flow.  For  attached  viscous  layers  regions,  an  underrelaxation  is  locally  calculated  to  insure 
stability.  For  separated  or  separating  regions,  a  special  "semi-inverse"  algorithm  is  used.  Comparisons  with 
experiments  are  presented. 


INTRODUCTION. 


Le  calcul  des  dcoulcnr-nts  aux  basses  vitesses  autour  de  profils  monocorps  ou  raulticorps  ne  peut  fitre  obtenu, 
dans  le  domaine  des  grands  coefficients  de  portance,  par  une  simple  analyse  de  fluide  parfait,  L'addition  de 
calculs  classiques  de  couche  limite  sous  forme  d'un  couplage  "faible",  obtenu  au  prix  de  quelques  iterations, 
se  trouve  souvent  en  dchec  soit  en  raison  d’effets  de  ddcollement  ou  de  bord  de  fuite,  pour  lesquels  l'aspect 
interactif  du  calcul  des  couches  visqueuses  redevient  dominant,  soit  en  raison  d’ instability  numdriques 
suscitdes  par  les  iterations  de  couplage  [1,  2,  3,  9],  notamment  au  voisinage  du  bord  de  fuite. 

En  l'absence  de  decollements,  de  nombreux  progrAs  ont  ete  apportds  aux  mdthodes  de  calcul  des  profils  d’ailes 
[5,  6],  1 'evolution  tendsnt  A  introduire  de  fa;on  plus  ou  moins  complete  les  phenomAnes  de  forte  interaction 
visqueuse  [7,  8,  9].  Une  premiAre  amelioration,  en  cas  de  ddcollement  et  de  rone  de  recirculation  de  grande 
dimension,  peut  6tre  obtenue  en  ajoutant  aux  mdthodes  de  faible  interaction  des  moddlisations  simples  pour 
’es  zones  ddcolldes.  II  est  possible,  par  exemple,  de  ddfinir  le3  positions  gdomdtriques  approchdes  dee 


(::)Etude  effectude  avec  le  soutien  financier  de  la  DRET. 

(::::)  ge  calcul  du  fluide  parfait  est  un  travail  original  de  M.  Ndron,  le  calcul  visqueux  ct  la  mdthode 
de  couplage  reprdsentant  la  contribution  de  J.C.  Le  Balleur. 
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points  de  separation  au  moyen  de  techniques  cisssiques  de  couche  limite,  et  de  moddliser  le  ddcollement  par 
de  simples  frontidres  libres  isobares,  ddtermindes  par.le  fluide  parfait  [10].  La  principale  limitation  des 
analyses  de  ce  type  provient  de  la  moddlisation  excessive  du  calcul  visqueux,  notamment  au  voisinagt  des 
points  de  ddcollement,  des  points  de  recollement  dventuels,  et  de  sa  relative  inaptitude  au  calcul  des 
ddcollements  du  type  bulbe,  La  prdvision  des  points  de  separation  par  des  mdthodes  de  couche  limite  faible- 
ment  interactive  reste  par  ailleurs  incertaine. 

Four  traiter  de  faqon  plus  satisfaisante  les  cas  de  forte  interaction  visqueuse  on  peut  utiliser  deux  types 
d'approche  [4].  La  premidre  consiste  en  une  approche  globale,  rdsolvant  un  systdme  d'dquations  unique  valable 
dans  tout  le  champ  d'dcoulement  (equations  de  Navier-Stokes  completes  ou  tronqudes).  La  seconde  possi.bilite 
utilisde  ici  est  l'approche  par  couplage  fort,  dans  laquelle  un  calcul  en  fluide  parfait  peut  8tre  mnintenu, 
grlce  &  la  resolution  sdparde,  mais  couplde,  d'un  systfeme  visqueux  compiementaire.  Celui-ci  determine  en 
pratique  les  conditions  aux  limites  d'un  probldme  de  fluide  parfait  modifid,  tant  par  la  presence  des 
couches  limites  que  des  sillages.  Les  decollements  dventuels  sont  pris  en  compte  sans  traitement  suppldmen- 
taire  par  le  calcul  visqueux  interactif,  pourvu  que  soit  surmonte  le  problfetae  numdrique  du  couplage  fort 
avec  le  fluide  parfait.  Ceci  suppose  en  particulier  l'emploi  d'une  discretisation  du  calcul  avec  un  pas 
de  l'ordre  de  l'epaisseur  locale  des  couches  limites  et  sillages  dans  routes  les  zones  de  forte  interaction 
visqueuse. 

Les  cas  considers  ici  sont  ceux  pour  lesquels  des  approximations  visqueuses  de  type  couche  mince  peuvent  fitre 
valsblement  invoqudes.A  ce  niveau  d' approximation  il  a  dtd  montrd  sur  des  probldmes  transsoniques  ou  superso- 
niques  [2/  4,  9/  11],  qu'une  "formulation  ddficitaire"  pour  recomposer  la  solution  visqueuse  rdelle  &  partir 
des  deux  calculs  couplds  visqueux  et  non  visqueux  constitutifs  conduit,  pour  un  niveau  de  complexity  compara¬ 
ble,  k  des  avantages  majeurs  par  rapport  aux  mdthodes  qui  opferent  traditionnellement  un  simple  raccord  entre 
solutions  d'dquations  d'Euler  et  de  Prandtl. 

Cette  formulation  ddficitaire  suppose  en  pratique  le  recouvrement  des  domaines  de  calculs  visqueux  et  non 
visqueux,  le  r81e  du  calcul  visqueux  se  ramenant  &  dvaluer,  dans  les  rdgions  de  couche  visqueuse,  l'dcart 
qui  existe  entre  la  solution  de  fluide  parfait  effectivement  calculde  et  la  solution  visqueuse  rdelle. 

En  transsonique  ou  supersonique,  cette  formulation  dlimine  de  faqon  simple  [12]  les  comportements  s’  percri- 
tiques  des  couches  limites,  au  sens  de  Crocco-Lees.  Dans  le  cas  present  des  basses  vitesses  cette  analyse 
[4,  9/  11]  apporte  d'une  part  la  coranoditd  numdrique  d'un  domaine  de  calcul  du  fluide  parfait  s'appuyant 
sur  les  parois,  et  surtout  d'autre  part  la  prise  en  compte,  au  moins  approximative,  des  gradients  de  pression 
normaux  internes  aux  couches  visqueuses. 

Pour  des  raisons  pratiques  de  gdndralitd,  notamment  en  ce  qui  conceme  les  possibility  de  calcul  des  profils 
multiples,  une  mdthode  de  singularity  surfaciques  distributes  sur  les  profils  et  les  sillages  a  dtd  ddvelop- 
pde  pour  le  fluide  parfait.  Le  calcul  visqueux  ddficicaire  et  la  technique  numdrique  de  couplage  ont  dtd 
obtenus  &  partir  de  mdthodes  dd'-eloppdes  pour  les  profils  transsoniques  [2,  9,  11]  .  Celles-ci  comportent 
une  mdthode  intdgrale  traitant  les  couches  limites  laminaires  et  turbulentes,  ainsi  que  les  sillages,  avec 
ou  sans  ddcollements.  Toutefois,  la  possibility  de  calculer  les  ddcollements  laminaires  n'a  pas  encore  dtd 
utilisde  sur  les  profils,  en  raison  de  la  petitesse  des  dchelles  de  calcul  exigdes.  Prdsentement,  enfin,  les 
probldmes  lids  au  mdlange  dventuel  de  plusieurs  sillages  ou  d'un  sillage  et  d'une  couche  limite  n'ont  encore 
fait  l'objet  d'aucun  traitement  particulier. 


2.  MODELISATION  DU  FLUIDE  VISQUEUX. 


2.1.  Formulation. 


Nous  ddsignerons  ici  par  xOy  un  repfere  cartdsien  curviligne,  tangent  A  la  paroi  ou  &  la  ligne  moyenne  du 
sillage,  constitude  du  lieu  des  points  &  vitesse  minimale,  Soient  dans  ce  repdre  <4,  ,  V  les  composantes  de 
la  vitesse,/)  ,p  la  pression  et  la  masse  volumique  pour  l'dcoulement  non  visqueux.  Soient  XL,  ir  ,  /)  , 
p  ,  leurs  homologues  pour  la  solution  de  fluide  visqueux, 

Les  analyses  de^couplagc  fort  supposent  souvent  que  les  dquations  du  fluide  parfait  sont  rdsolues  pour 
y  >S(x)  ,  S  dtant  l'dpaisseur  --.ysique  de  la  couche  limite,  et  que  les  dquations  de  Prandtl  sont_ 
rdsolues  pour  y< %(x)  ,  de  sorte  que  1' approximation  sur  la  pression  s'dcrit  J5(x.,y)~  f  (x)  —  PfaiZ) 

Cette  formulation  ignore  totalement  les  gradients  de  pression  internes  aux  couches  visqueuses,  ce  qui  peut 
reprdsenter  une  source  d'erreur  importante  en  cas  de  couches  dpaisses,  fortemenc  cumprirades  ou  ddtendues, 
prds  des  bords  de  fuite  notamment. 

La  formulation  ddficitaire  adoptde  ici  met  d  profit  le  prolongement  du  calcul  en  fluide  parfait  d  l’intdrieur 
de  la  couche  visqueuse  pour,  entre  autres  avantages,  dliminer  la  limitation  prdcddente  ainsi  que  supprimer 
toute  influence  au  choix,  quelque  peu  arbitraire,  de  la  frontidre  exteme  des  couches  visqueuses  j/s  S{x) 
Cette  formulation  conduit  &  des  dquations  intdgrales  relativement  simples  et  classiqueS;  F igur*.  1  . 


2.2.  Eguations_int§grales_de_couche_limitei. 


La  diffdrence  entre  les  dquations  des  solutions  visqueuses  et  non  visqueuses  est  intdgrde  selon  ,  avec 
l'hypothdse  d'un  raccordement  des  solutions  lorsque  j— *-co  .  Les  approximations  de  couche  mince  effectudes 
portent  d'une  part  sur  l'dlimination  des  termes  visqueux  autres  que  celui  des  dquations  de  Prandtl,  et 
d'autre  part  sur  l'hypothdse  que  le  champ  de  pression  visqueux  ■j5(x,y)  ,  bidimensionnel,  s'identifie 

en  premidre  approximation  au  champ  de  pression  non  visqueux  p  (x,y)  •  011  obtient  alors  [4,  9/  11]  ! 


dS<  BpXl 

dx.  pu.  -dx. 


AT 

■u. 


©  (x,o) 


continuity 


Eq.  Mouvemenb  selon  ac. 


+.  §±±Z%t  '&u.  +  Jk_  ~&p  _  ^ 

zc  dx,  p  ~dx 


=  A  % 

2- 


d*  <&±  S-Sj  dp  u.  _ 

dx  dx  pu,  "3^  —At. 

dB.+E^^l+zs±Xk  2iL  =  Ad>  +  0. 

dx  pur  ^  '"dx  T 


Eg.  Entrainemenb 
■si  iurhutenb  ,  A=/\(ac) 


Eq.  Energie.  Cinetique. 
si  /ominoim.^A-'l ;4>p=o 


^fz)  [P“J  (X.,0) 

l^W+kfx)]  [pu-x](x,o) 

[Si(x)+S3&]  [p^Jfoo) 

^L(z)  [UJ  (x,o) 


=  r  tr-rf  m  * 

=  C  fp't-FVfr#)*/ 
-  jT  [fM't-FRV(x,i))dd 

=  /  [‘u-SJ(x,y)d!/ 


Ac*)  E(x)  :  taux  d'entratnement  ^  ^  ~  "^7  [%^-2)/T>C,  _/(g  g) 

^(x)  ^(=t)  :  intg8rale  de  dissipation  A0  =  J^’g^fL.dy 

4>0(X)  :  terme  suppldmentaire,  ndgligeable  si  .~&*P  .  est  petit. 

'acc'Sa 

p°Sdl 

^  lie^approxiBationa1  (le^alcul^utres Sque  ’ 

sont  ainsi  dlimmdes  des  Equations  de  uontinuitd  et  de  mouvement  (4  1 ’exception  du  terme  Qp  h 

Cea  approximations  consistent  en  une  moddlisation  de  relations  de  fermeture  liant  les  dpaisseurs  autres  one 
et  A»  ,  amsi  que  les  termes  visqueux  r-.tr  j  ^  j  f  ,ra"  aucres  que 


- ...  '.J'oasscuio  aUllKH  que 


-  1  +  C,  1*9  7  -  Q  P(i7) 


#  _  *  I  V*V 

C-v  dtant  lid  4  c*  de  faton  4  respecter  la  loi  logarithmique  universelle  de  paroi.  ta  loi  He  .in... 

■ale  fV<;ineplTirait  toutefo1®  8e  r^uire  4  une  approximation  sinusoldale,  conme  l’indique  l'analvse  exodri 
■ale  [15],  Prdsentement  on  adopte  1 'approximation  plus  gdndrale  q  analyse  expdrr 


analyse  expdrimen- 


F(q)=  i 

F*fl  -  F/ferJ 


-*i  0  «t  rj  <  ft, 

si  H,  <r  n  <  \ 


limitesqattachdes  ^faib  Wnt  ^Lolldes .^Indif^un^loi  lindaL^if&i/fJ  fit°  d^d  ^  C°jCheS 

ssSfTi.aiSri-„  ns“  sis- 

AE  ,A0  ear.  effectude  4  partir  de  loil E ^  *  asslldfs”^8  ^  ’ 

calculde^art*"  4  un  "odfe;|®  de  turbulence  algSbrique  [16,  17]f  et  d’une  loi’d'dcart  4  l'dquilibre* 

SiTOy  s*““"  - 

*“•  *  JffiS  S  n  “ 


s*  i-y*  wit  *•**'** 


'-  *  ,'‘*5*..  i  »  4  »  ,  «»  y  •  ,  v^.v *''’'>  1*SrV>'  *'  *•'"  ’ 
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2.3.  i2uations_de_sillage. 

En  premi&re  approximation,  l'identitd  des  pressiona  visqueuses  et  non  visqueuses  p(x,y)  —  p(x,y) 
conduit,  en  rai8on  de  le  continuity  du  champ  de  preaaion  viaqueux  p ,  4  une  discontinuity  de  prossion 
nulle  dana  le  fluide  parfait,  le  long  de  la  ligne  moyenne  du  aillage  : 

<  f  (x,o)  >  =  o 

Une  correction  de  seconde  approximation,  dite  d'effet  de  courbure,  prdsentement  ndgligde,  pourrait  6tre  intro- 
duite  dan8  la  condition  de  couplage  prdcddente.  Elle  peut  cependant  toujoura  8tre  ndgligde  dana  le  calcul 
viaqueux. 

Dds  lora,  pour  un  dcoulement  de  fluide  parfait  potentiel  stationnaire,  la  continuity  de  la  preaaion  p(x,o) 
entraine  la  continuity  de  la  viteaae  ax.  (x,o)  et  de  la  ma8ae  volumique  pfx,oJ  >  Dana  cea  conditicna,  on  peut 
montrer  que  lea  dquations  intdgrales  du  aillage  aont  formellement  identiquea  aux  dquations  de  couche  lioite, 

4  condition  de  remplacer  V(x,o)  par  <'\T(x,o)>  »  1®  di8continuity  de  viteaae  normale  qui  traduit  dana  le 
fluide  parfait  l'effet  de  ddplacement  viaqueux. 

Lea  dpaiaaeura  visqueuses  miaea  en  jeu  aont  alora  cellea  ddfinies  pour  un  aillage,  par  intdgration  aelon 
entre  -ao  et  +co  .  Le  terme  de  frottement  Cfi  diaparalt.  L’entrainement  d'dquilibre  E-(*J  eat  environ 
quadrupld  par  rappcrt_4  une  couche  limite,  un  premier  doublement  rdsultai.t  dc  I'exiatence  de  deux  frontidres 
et  _</=  yc*;)  ,  le  aecond  doublement  dtant  la  consdquence  de  1' augmentation  de  la  viscositd 

tourbillonnaire  dan8  une  couche  turbulente  libre.  Lea  relationa  de  fcrmeture  aont  iaaues  de  profils  de  silla- 
gea,  obtenua  par  annulation  de  C^(x)  ,  maia  ellea  aont,  dan8  le  cadre  prdaent,  identiquea  pour  un  aillage 
symdtrique  ou  diasymytrique.  Au  bord  de  fuite,  le  passage  couches  limites-sillage  eat  treitd  de  manidre  discon¬ 
tinue  pour  lea  profils  de  vitesse,  maia  de  raanidre  continue  pour  le  fluide  parfait,  ainsi  que  pour  les 
dpaisseurs  (x)  *  S^C=o)  • 

2.4.  R£sglution_des_6guatlgns_yisgueuses . 

Le  systdme  diffdrentiel  viaqueux  eat  rdaolu  d'amont  en  aval  par  une  mdthode  d' integration  qui,  aelon  1' impor¬ 
tance  relative  du  pas  Ax  et  de  l'ypaisseur  S' fat)  ,  choiait  des  achymas  numdriques  du  premier  ou  du  second 
ordre,  explicites  ou  implicites,  avec  itdration  sur  lea  termes  non  lindaires. 

L'influence  exercde  par  l'aval  aur  l'amont  en  cas  de  ddcollement  rdsulte  du  fluide  parfait  et  du  couplage. 

Les  grandeurs  (X/0)  et  fX/0)  aont  dvaludea  dana  le  fluide  parfait  par  des  schdmas  centrds. 

La  rdsolution  visqucuse  ddcouplde,  oi  sent  fixds  tandis  que  ©(x,d>)  est  calculd  ,  prdsente 

une  singularity  qui  se  manifesto  dans  le  caa  turbulent  vers  Hj—  =2,6,  ce  qui  correspond  pour  le 

Sti, 

systdme  dVquations  intdgrales  4  une  transposition  de  la  singularity  de  Goldstein  des  dquationB  de  Prandtl 
voir  [12].  Cette  singularity  est  dliminde  par  effet  de  couplage,  Toutefois,  le  couplage  dtant  rdalisd  par 
une  technique  itdrative,  la  singularity  doit  en  pratique  Stre  dliminde  aussi  du  calcul  viaqueux  ddcoupld,  en 
cas  de  ddco.' lement.  Claasiquement  ce  rdsultat  est  ici  obtenu  en  adoptant,  pour  les  grandes  valeurs  de  Ui 
(  2s  1,3),  une  mdthode  de  rdsolution  visqueuse  inverse  ob  © (x,o)  est  fixd,  ax,  £jc,o)  dtant  calculd 
et  f>(x,o)  ddduit  de  la  condition  d'iaentropie  de  l'dcoulement  externe.  La  difficulty  est  ainsi  rcjetde  sur 
la  mdthode  itdrative  de  couplage. 


3.  METHODE  Nl'MERIQUE  DE  SINGULARITES  POUR  LE  FLUIDE  PARFAIT. 

3.1.  Introduction . 

L'dcoulement  de  fluide  parfait  bidimensionnel  irrotationnel  incompressible  stationnaire  autour  de  profils  mono- 
corps  ou  multicorpa  eat  calculd  par  une  mdthode  de  singularitds.  Comme  il  est  bien  connu,  le  principal  avan- 
tage  de  ces  mdthodes  rdside  dana  leur  faible  coflt,  lid  4  la  prdsence  d'inconnues  sur  la  seule  surface  des 
profile,  4  l'excluaion  de  toute  discrdtisation  au  sein  de  l'dcoulement. 

Les  mdthodes  de  singularitds  permettent  notamnent  de  traiter  simplement  les  configurations  multicorps.  Lorsque 
les  conditions  limites  du  probldrae  de  fluide  parfait  aont  appliqudes  4  la  paroi,  ellea  prdsentent  un  intdrSt 
suppldmentaire  lid  4  la  fixitd  de  la  gdomdtrie  et,  par  suite,  des  coefficients  des  systdmes  lindaires.  II 
devient  possible  de  calculer  une  fois  pour  toutes  1' inverse  de  la  matricc  du  systdme,  et  ce  pour  toutes  les 
itdrations  de  couplage  et  pour  toutes  les  incidences.  D4s  lora,  aprta  cette  inversion  iuitiale  dont  le  coGt, 
pour  une  matrice  de  dimension  N  est  de  N1  ,  le  nombre  d'opdrations  effectudes  4  cnaque  itdration  de 
couplage  est  de  l'ordre  de  (W+f)*  ,  si  N  et  P  sont  respectivement  les  nombras  de  singularitds  dvaludes 
implicitement  et  explicitement. 

On  s'est  attachd  tout  particulidrement  dans  cette  dtude  4  la  quality  de  la  reprdsentation  de  l'dcoulement  de 
fluide  parfait  dans  la  rdgion  voisine  du  bord  de  fuite.  En  effet,  l’dcoulement  dans  cette  zone  ddtermine, 
comme  on  le  sait,  1’intensitd  de  la  circulation  et,  par  suite,  le  niveau  gdndral  de  la  portance,  II  a  done 
une  influence  majeure  sur  tout  l'dcoulement.  Far  ailleurs.  Involution  des  phdnoradnes  dans  cette  rdgion  est 
rapide,  ddj4  aux  incidences  usuelles,  et  plus  encore  aux  incidences  dlevdes.  De  plus,  les  etudes  passdes, 
tout  en  donnant  des  rdsultats  apprdciables  sur  la  quasi-totalitd  du  profil,  ont  mis  en  dvidcnce  l'existence 
de  difficultds  au  bord  de  fuite  pouvant  conduire  4  l’apparition  d'oscillations ,  en  y  rendant  ddlicate  ^appli¬ 
cation  d'une  condition  de  Joukovsky,  A  fortiori  ici,  oCi  le  calcul  viaqueux  doiv.  Stre  prolongd  au-delA  du  bord 
de  fuite,  la  quality  du  traitement  de  l'dcoulement  de  fluide  parfait  en  son  voisinage,  est  tout  particulidre- 
ment  import ante. 
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3.2.  Pose_du_groblemei 

Considdrons  l'ecoulement  exterieur  stationnaire  irrotationnel  et  incompressible  de  fluide  parfait  autour  d'un 
profit  multicorps  &  m  filaments  (fig.  2).  Ces  hypotheses  permettent  de  consid£rer  la  vitesse  comme  le  gradient 
d'un  scalaire  i  qui  satisfait  l'dquation  de  Laplace  : 

V*  5  =  0 

dans  le  domaine  (©)  du  plan  privd  des  domaines  Ws).  •  •  •  •  (^ml  reprdsentant  les  elements  du  profil,  respective- 
meat  ddlimites  par  les  courbes  (C,) , . . .  ,  (Cm)  •  Le  domaine  (J>)  est  muni  de  coupures  (S„),  . . . ,(SW)  issues 
dc  leurs  bords  de  fuite  respectifs,  et  permettant  de  moddliser  les  sillages.  Les  conditions  limites  aux  parois 
des  profits,  et  au  travers  des  sillages  sont  : 


ob  n  est  la  normale  ext^rieure  A  1' element  considdre,  et  ob  V*  et  AVn  sont  respectivement  les  vitesses 
normales  et  les  sauts  de  vitesse  normale  imposes. 

De  faqon  classique,  la  solution  d'un  tel  problAme  s'obtient  par  superposition  de  champs  de  vitesse  eiementaires 
induits  par  des  singularity  placdes  aux  parois  et  dans  les  sillages.  Dans  le  cas  present,  chaque  sillage 
est  moddlise  par  une  repartition  de  densites  de  sources,  nulles  &  la  premiAre  iteration  de  couplage,  et  ddter- 
minees  explicitement  A  partir  des  sauts  de  vitesse  normale  calcuies  aprSs  chaque  iteration.  La  donnee  sur  les 
profits  de  la  vitesse  normale  imposee  conduit  alors  au  calcul  implicite  des  singularites  aux  parois,  par  reso¬ 
lution  d'un  systbme  lineaire. 


3 . 3  Sources_et_tourbillons_2_6cgulemengs in t|r ieur_et_ext|rieur . 

Les  methodes  de  singularites  employees  couramment  utilisent  des  densites  de  sources,  des  densites  de  tourbil- 
lons  ou  des  doublets  perpendiculaires  aux  parois,  l'utilisation  de  doublets  pouvant  se  ramener  A  une  methode 
de  densites  tourbillonnaires .  Notons  que  les  deux  premiers  types  de  singularites  cites  ont  un  sens  physique 
direct  :  une  densite  de  sources  sur  une  coupure  (C)  du  plan  figure  un  saut  de  vitesse  normale,  une  densite 
de  tourbillons  figure  un  saut  de  vitesse  tangentielle.  Ces  effets  eiementaires,  ou  les  ecoulements  de  part  et 
d'autre  jouent  des  rdles  symetriques  nous  rappellent  que  les  methodes  de  singularites  definissent  conjointement, 
en  plus  de  l'ecoulement  exterieur  recherche,  un  ecoulement  dit  interieur  dans  l'espace  deiimite  par  les  lignes 
de  coupure  fermees  modeiisant  les  profile".  Notons  que  l'on  peut  definir  une  methode  de  singularites  en 
choisissant  des  sources  ou  des  tourbillons  ou  n'importe  quelle  combinaison  de  singularites  eiementaires, 
pourvu  que  le  module  comporte  au  moins  par  profil  un  terme  agissant  sur  la  circulation  en  problAme  portant, 
et  un  terme  agissant  su  le  debit  en  presence  de  couche  limite.  Mathematiquement,  les  differents  modules, 
pourvu  qu'ils  soient  soumis  &  des  conditions  exterieures  identiques,  consistent  par  exemple,  en  methode  direc- 
te,  A  imposer  la  vitesse  normale  exterieure,  fourniront  des  solutions  exterieures  identiques,  mais  par 
contre  les  ecoulements  interieurs  seront  differents.  Dans  beaucoup  de  cas,  toutes  ces  methodes  donnent  des 
resultats  acceptables,  sauf  eventuellement  dans  la  region  des  bords  de  fuite.  Pour  aller  aundelA,  et 
notamment  pour  traiter  plus  correctement  les  cas  delicate,  1' analyse  des  probiemes  presents,  tant  physiques 
que  numeriques,  fait  apparaltre  trois  types  de  preoccupations. 


3*4.  R|aul§£ite_de_l^ecoulem§nt_int§rieur_et_choix_du_mgd6ie_de_3in3ularit§s 

II  n'est  pas  necessaire,  au  niveau  du  module  mathematique,  de  se  soucier  de  l'ecoulement  interieur,  qui  peut 
?tre  quelconque.  Au  niveau  du  module  discretise,  par  co-.tre,  les  conditions  imposees  sur  les  profils  le  sont 
en  des  points  particulars  et  non  tout  le  lung  des  frontiAres.  11  en  rdsulte  que  les  solutions  interieures  et 
exterieures  ne  sont  plus  strictement  independantes .  La  solution  depend  du  module  choisi.  Or  les  singularites 
prises  comme  inconnues  aux  parois  represented  des  sauts  de  $  ou  de  ses  derivdes  A  travers  ces  parois.  Par 
suite,  l'erreur  resultant  de  la  discretisation  affecte  les  ecarts  de  valeur  d'une  mSme  grandeur  entre  les 
ecoulements  exterieur  et  interieur.  En  d’autrcs  termes,  les  erreurs  portant  sur  les  ecoulements  interieur 
et  extdrieur  sont  liees. 

Par  suite  (preoccupation  1),  il  nous  est  apparu  necessaire  de  rechercher  un  modAle  ob  l'ecoulement  interieur 
soit  regulier,  et,  dans  les  cas  difficiles,  de  lui  imposer  des  conditions  de  rdgularite. 

Correiativement  (preoccupation  2},  il  paralt  souhaitable  d'adapter  la  nature  des  singularites  employees  aux 
ecoulements  A  modeii ser.  Ainsi,  des  singularites  de  type  source,  represented  des  sauts  de  vitesse  normale, 
semblent  bien  adaptdes  au  cas  d'un  profil  syrndtrique  sans  incidence.  Inveraement,  des  singularites  de  type 
tourbillon,  modeiisant  tier  sauts  de  vitesje  tangentielle  semblent  preferables  dans  le  css  d'un  profil  mince 
en  cas  portant.  D'une  moniAre  generate,  un  roodAle  de  singularites  fixe  arbitrairement  peut  conduire  A  des 
ecoulements  interieurs  irreguliers,  associds  A  une  erreur  de  discretisation  importante.  Soulignons  que  cette 
adaptation  du  modAle  doit  se  faire  par  rapport  au  problAm»  traite,  et  non  pas  seulement  par  rapport  aux 
seules  conditions  imposees  en  donnAes. 

Puis  (preoccupation  3),  afin  notarar.ent  de  limiter  les  termes  d'erreur,  -m  recherchera  une  methode  ob  la 
!  matrice  du  systAme  lineaire  soit  bien  conditionnee.  C'est  en  psrticulier  le  cas  des  matrices  de  coefficients 

I  d'influence  de  singularites  de  type  source  sur  les  vitesses  normales,  ou  de  singularites  de  type  tourbillon 


Cet  dcoulement  interieur  n'est  pas,  en  general,  tangent  au  profil 


«*Kr^3SJh-MV*^j  *>*«jt*V  .,  *-;yv^  v*» 


:  :'-  -"Ax&.  •  '*&r-"i 
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sur  les  vitesses  tangentielles .  Ceci  incite  ft  recherclier  une  adaptation  rdciproque  des  inconnuos  ddtermindcs 
iraplicitement  et  des  conditions  imposdes  4  celles-ci.  On  notera  que  cette  recherche  d’un  bon  condi tionnement 
suppose  en  outre  un  mode  de  discretisation  addquat,  et  en  particulier  un  choix  convenable  de  la  gdomdtrie 
des  repartitions  dldmentaires  de  singularites  et  de  leur  position  respective  par  rapport  aux  points  de 
contrSle  oh  sont  imposdes  les  conditions  aux  limites. 

Soulignons  la  distinction  4  effectuer  entre  l’adaptation  du  module  de  singularites  4  l'ecoulement  4  modeiiser 
(preoccupation  n°  2),  qui  n'est  pas  lide  au  choix  des  conditions  prises  comme  donndes  du  probifeme,  mais 
prdsente  un  caractbre  intrinshque,  et  l'adaptation  citde  ici  (preoccupation  n°  3)  des  seules  inconnues  impli- 
cites  aux  conditions  imposdes  4  celles-ci,  qui  ne  conceme  que  le  mode  de  determination  numdrique.  Remarquons 
que  la  premihre  conduit  aux  mSmes  conclusions  que  le  probldme  soit  direct  ou  inverse,  ce  qui  n'est  pas  le  cas 
pour  la  seconde  . 

3.5.  M6£li23§Ldivelo£Eg§i._de_ti:£e_sources,li_|_caract§re_inixte_au,£xi_bgrd.(si_de_f uiteA 

L'analyse  des  difficultds  rencontrdes  antdrieurement  en  mdthode  de  densitds  tourbillonnaires  a  conduit  4 
ddvelopper  un  modfele  de  type  sources,  sauf  dans  des  regions  specifies  (en  pratique  dans  les  zones  minces  au 
voisinage  des  bords  de  fuite).  Chaque  element  de  profil,  indict  l  (1  <  4  <h>),  comme  chaque  sillage,  est 
figure  par  une  repartition  de  densitds  dldmentaires  de  source  Tf  variant  lindairement  sur  chaque  segment 
joignant  deux  des  mi  points  de  definition  consdcutifs  de  cet  element  ( 1  5  -j  i  h(4l)  (fig.  3).  Chaque 
est  ^'intensite  maximale  au  point  de  contrSle  courant,  et  nulle  aux  autres  points.  Les  densitds 
of  et  okit*,  prdsentent  leur  intensitd  maximale  au  bord  de  fuite.  Le  choix  des  singularites  de  type 
source  assocides  4  des  conditions  de  vitesse  normale  extdrieure  imposdes  permet  de  bdndficier  du  bon 
conditionnement  de  la  ms*,  rice  d'influence  correspondante. 

Compte  tenu  des  discontinuitds  de  pente  existant  aux  points  de  definition  des  lignes  brisdes  qui  figurent 
les  profils  et  les  sillages,  les  informations  dchangdes  entre  la  couche  limite  et  le  fluide  parfait  ne  sont 
pas  dvaludes  en  ces  points,  mais  en  des  points  de  contrSle  situds  au  milieu  de  chaque  segment  dldmentaire. 

g 

En  l'absence  de  point  de  contrSle  au  bord  de  fuite,  la  densitd  de  source  locale  Oa,,  dans  le  sillage  y 
est  dvalude  impliciteraent  par  interpolation  du  saut  de  vitesse  normal  au  sillage  (  V),  ext  -  Vn  £nt)  entre 
les  deux  derniers  points  de  contr81e  aval  situds  sur  le  profil  et  le  premier  point  de  contr81e  situd  sur  le 
sillage.  Le  traitement  de  p rob 1 femes  portants  exige  la  presence  d'au  moins  un  terme  tourbillonnaire  implicite 
par  dldment  de  profil.  Ce  terme  correspond  ici  4  une  densitd  tourbillonnaire  rdpartie  sur  tout  l'dldment, 
d'intensitd  variant  lindairement  avec  l'abscisse  X  ,  maximale  au  bord  d'attaque,  et  nulle  au  bord  de  fuite. 

La  condition  de  Joukovsky  lui  est  associde,  de  fa; on  4  determiner  la  circulation.  La  forme  retenue  pour  cette 
condition  a  consistd  4  imposer  au  bord  de  fuite  l'dgalitd  des  pressions  intrados  et  extrados.  Comme  il  est 
bien  connu,  cette  condition  n'est  pas  lindaire  et  ne  peut  Stre  imposde,  dans  le  calcul  couple,  qu'4  conver¬ 
gence.  A  1' extrados  comme  4  1' intrados,  la  pression  est  obtenue  par  extrapolation  sur  le  dernier  demi-segment 
4  partir  des  valeurs  de  la  vitesse  aux  deux  derniers  points  de  contrSle  voisins  du  bord  de  fuite.  Les  densitds 
de  singularitds  se  raccordent  au  bord  de  fuite  de  fa;on  4  satisfaire  la  relation  vectorielle  implicite  de 
rdgularite  : 

(  V  ext  "  V  int )  Profil  ■  (  V  ext  -  V  int )  sillage 

Par  suite,  la  forme  choisie  pour  la  condition  de  Joukovsky  a  impose  1' introduction  sous  forme  implicite  d'une 
densite  tourbillonnaire  84*  au  bord  de  fuite,  dans  le  sillage,  sur  le  premier  demi-segment.  Le  modfele  ainsi 
construit  rdpond  au  problfeme  extdrieur  pose.  Toutefois,  afin  d'ameiiorer  le  traitement  au  bord  de  fuite,  un 
second  terme  tourbillonnaire  a  ete  introduit  sur  chaque  element  de  profil.  II  correspond  4  une  double  densite 
tourbillonnaire,  intrados  et  extrados,  lindaire  en  function  de  l'abscisse,  et  d'intensitd  maximale  au  bord 
de  fuite.  II  est  dvalud  implicitement  de  faqon  4  asaumer  seul  le  saut  de  vitesse  tangentielle  4  travers  l'dld- 
ment,  sans  intervention  des  densitds  de  sources  et  0*^+4  .  Ces  derniferes,  responsables  du  seul  saut 

de  vitesse  normale  gardent  alors  des  intensitds  moddrdes. 

La  mdthode  ainsi  ddfinie  s'est  avdrde  satisfaisante  dans  le  cas  classique  du  profil  NACA  0012,  mais  elle  est 
apparue  insuffisante  dans  le  cas  du  profil  multicorps  RA  16  SCI,  profil  supercritique  de  16  %  d'dpaicscur 
relative  ddveloppd  par  la  SNIAS,  dont  le  bord  de  fuite  du  corps  principal  est  4  la  fois  mince  et  cambrd. 
L'analyse  des  difficultds  rencontrdes  a  fait  apparaltre,  d'une  manifere  gdndrale,  la  ndcessitd  d'une  mdthode 
localement  mixte  dans  les  zones  de  faible  dpaisseur,  ndcessitd  lide  4  la  preoccupation  n"  2.  La  presence 
coniointe,  sous  forme  implicite,  de  densitds  de  sources  et  de  densitds  de  tourbillons  semble  exigde  pour  modd- 
liser  convenablement  les  sauts  de  vitesse  normale  et  tangentielle  4  travers  le  profil  dans  le  cas  limite  oh 
celui-ci  est  infiniment  mince.  Par  suite,  le  modfele  a  dtd  ddveloppd  en  utilisant  pour  chaque  dldment  de  profil, 
en  plus  des  densitds  de  source,  un  profil  de  densitd  tourbillonnaire  4  kg  paramfetres,  leur  nombre  et  la 
position  des  densitds  assocides  4  ceux-ci  pouvant  Stro  choisis  au  grd  de  l'utilisateur  (fig.  *).  A  chacun  des 
termns  tourbillonnaires  correspondent  deux  distributions  de  densitd  tourbillonnaire,  l'une  4  l'intrados, 

1'autre  4  l'extrados,  chacune  prdsentant  une  valeur  maximale  en  un  point  de  contrSle  choisi.  Ces  distributions 
sont  construiteo  4  partir  de  densitds  tourbillonnaires  dldmentaires  de  roSme  gdomdtrie  que  les  densitds  de 
source  dldmentaires  et  de  profils  w  *)  lindaires  par  morceaux  en  fonction  de  l’abscisse  x  (fig.  4).  Les 
(II-*)  profils  courants  prdsentent  une  valeur  maximale  dgale  4  1  au  point  de  contrSle  considdrd,  et  une 
valeur  nulle  aux  points  de  contrSle  choisis  pour  les  densitds  voisines.  Les  profils  correspondent  au  premier 
et  au  dernier  terme  prdsentent  leur  maximum  respectivement  au  bord  d’attaque  et  au  bord  de  fuite.  Chaque 
distribution  de  densitd  tourbillonnaire,  indiede  kg  ,  s'obtient  en  affectant  chaque  densitd  tourbillonnaire 
dldmentaire  dvalude  au  point  courant  d'aLscisse  *4  ,  du  coefficient  (  *4.)  .  Dans  la  mdthode  ainsi 

ddfinie,  les  termes  tourbillonnaires  rajoutds,  comme  celui  introduit  prdeddemment  au  bord  de  fuite,  ne 

sont  pas  ddterminds  par  les  conditions  imposdes  4  l'dcoulement  extdrieur,  mais  constituent  autant  de  degrds 
de  libertd  suppldmentaires  dont  est  muni  le  modfele  de  singularitd  et  qui  sont  disponibles  de  fa;on  4  1' adopter 
4  chaque  cas  traitd. 

Les  conditions  suppldmentaires  assocides  4  ces  degrds  de  libertd  ont  dtd  ddfinies  aprfes  mise  en  dvidence  des 
prdoccupations  1  et  3,  Le  souci  de  rdgularitd  de  l'dcoulement  intdrieur  a  fait  rechercher  une  condition  lide 
aux  ddrivdes  des  composantes  de  la  vitesse  intdrieure,  et  done  4  son  gradient.  L'attontion  portde  4  cet 
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dcoulement  intdrieur  dans  les  zones  de  faible  dpaisseur  incitait  A  rechercher  une  condition  impliquant  les 
composantes  transversales  du  gradient,  ^'adaptation  locale  des  densitds  tourbillonnaires,  lide  A  la  recherche 
d'un  bon  conditionnement  conduisait  A  s'intdresser  aux  composantes  tangentielles  de  la  vitesse.  Aussi,  la 


condition  choisie  a-t-elle  consistd  A  imposer  A  l'dcoulement  intdrieur  l'dgalitd  des  vitesses  tangentielles  A 
la  raroi  en  chacun  des  couples  de  points  de  contrSle  de  mdme  abscisse  oA  les  densitds  extrados  et 

intrados  correspondent  A  un  m8me  terme  tourbillonnaire  (fig.  5).  La  condition  discrdtisde  (Vt =  (VtlatJi, 
revient  dans  le  cas  liraite  de  deux  parois  infiniment  proches  A  annuler  la  composante  du  gradient 

de  la  vitesse  tangentielle  intdrieure.  Les  calculs  ont  fait  apparattre  la  ndcessite,  dans  les  rdgions  de 
faible  dpaisseur,  de  placer  les  densitds  tourbillonnaires  en  chacun  des  points  de  contrSle,  un  profil 
grossier  dtant  localement  insuffisant.  La  mdthode  a  done  dtd  utilisde  en  situant  cea  densitds  exclusivement 
dans  les  rdgions  de  bords  de  fuite  mince,  mais,  dans  celles-ci,  en  les  plaqant  en  chacun  des  couples  de  points 
de  contrSle  correspondents.  Notons  que  le  proeddd  prdsente  l'inconvdnient  d'exiger  des  maillages  analogues  A 
l'extrados  et  A  l'intrados,  les  deux  points  de  contrSle  oA  sont  dvaludes  les  densitds  correspondent  A  un  mSme 
terme  tourbillonnaire  devant  Stre  situdes  en  regard. 


La  mdthode  ainsi  ddfinie  s'est  avdrde  satisfaisante  dans  les  cas  traitds.  Elle  fait  partie  de  la  classe  de 
mdthodes  de  singularitds  dans  lesquelles  le  nombre  N  des  inconnues  est  supdrieur  A  celui  M  des  conditions 
extdrieures  imposdes  implicitement.  Les  (N-M)  degrds  de  libertd  suppldmentaires  permettent  de  satisfaire  A 
autant  d'autres  conditions, dans  le  but  d'amdliorer  le  modAle  diserdtisd  de  singularitds,  au  prix  d'un  effort 
de  calcul  accru.  Nous  avons  vu  que  ces  conditions  suppldmentaires  portent  sur  l'dcoulement  intdrieur. 

A  ce  titre,  elle  pourra  Stre  comparde  A  la  mdthode  de  singularitds  proposde  par  D.R.  BRISTOW  dans  [18 J.  Cettf 
demiAre  est  totalement  mixte,  cheque  profil  dtant  figurd  par  une  double  rdpartition  de  sources  et  de  tourbil- 
lons.  Les  conditions  suppldmentaires  ndeessaires  sont  ob tenues  par  une  minimisation  au  sens  aes  moindres 
carrds.  Cette  mdthode  a  donnd  d'excellents  rdsultaca  notamment  dans  le  calcul  de  l'dcoulement  autour  d'une 
plaque  plane  moddlisde  par  un  profil  trds  mince  A  section  losangique. 

La  mdthode  proposde  dans  cet  article  entend  s'insdrer  entre  celle  de  D.R.  BRISTOW,  et  les  mdthodes  usuelles, 
pour  lesquelles  M  ■  N.  On  notera  en  particulier  qu'ici  l'accroisseroent  (N-M)  “  de  la  dimension  du 

systAr.e  lindaire  reste  moddrd  devant  le  nombre  Me  J  *g  des  paramAtres  iraplicites  de  l'dcoulement  extdrieur, 
dans  la  mesure  oA  1' introduction  des  paramAtres  suppldmentaires,  A  raison  d'un  par  couple  de  points  intrados 
et  extrados, est  limitde  aux  seules  rdgions  de  bord  de  fuite  mince. 


4.  METHODE  NUMERIQUE  DE  COUPLAGE  FORT. 


Le  couplage  est  rdalisd  par  itdrations  successives  sur  des  rdsolutions  ddcoupldes  du  fluide  parfait  et  des 
couches  visqueuses.  La  mdthode,  utilisable  dgalement  en  rdgime  transsonique  ou  supersonique,  a  dtd  Jdtaiilde 
par  ailleurs  [2,  4,  9],  Nous  en  rappellerons  seulement  les  grandes  lignes,  figure  5  , 

Selon  le  paramAtre  de  forme  local  de  la  couche  visqueuse  H  —  ^/Stt  le  calcul  visqueux  est  rdsolu  svit  comme 
un  problAme  direct  (  Wj.  <  1,8),  soit  comme  un  problAme  inverse  (  Hb>  1,8),  Le  calcul  de  fluide  parfait  est, 
quant  A  lui,  toujours  rdsolu  comme  un  problAme  direct,  r*  associe  A  une  distribution  de  vitesse  normale  sur 
le  profil,  et  de  discontinued  de  vitesse  normale  sur  le  sillage,  repdrdes  par  J3L.  —  %  »  une  distribu¬ 
tion  de  module  de  la  vitesse  ^  C~'0) 


AprAs  quelques  dliminations  dans  le  systAme  d’dquations  intdgralcs  visqueuses,  il  est  possible  d'extraire  une 
dquation  diffdrentielle  entre  L/(x,o)  0(aj,oJ  >  reprdsente  la  condition  aux  limites  appliqude  au 
fluide  parfait.  Elle  peut  s-'dcrire  schdmstiquement  : 


&4(X)  @C*>o)  ~  V1)  Az  {x.)  [  (x,o)  +  4  W 


X.  est  mesurd  le  long  de  la  frontiAre  du  fluide  parfait,  psroi  ou  sillage.  A ^  ,  Ax  ,  A3  ,  ^  ddpendent 
des  autres  Aquations  visqueuses,  des  conditions  initiales  visqueuses  (x0)  e t  <5g (rc.,)  >  ainsi  que  des  Evolu¬ 
tions  non  visqueuses  B(x,oJ  et  U(x.,o)  •  A, j  s’annule  aux  points  de  ddcollement  et  de  recollement,  oA  les 
solutions  ne  sont  rdguliAres  que  si  :  [dU/dxJ  =  -[Aa/AlJ  •  Cette  condition  est  vdrifide 

A  convergence  du  couplage  par  adaptation  de  [dU/JxJ  •  elle  n’est  vdrifide  au  cours  des  itdrations  que 
dans  le  calcul  visqueux  de  type  inverse,  oA  £du/dx-J  eBt  un  rdsultat  de  calcul. 


4.1.  It§ration_directe_J_£</5g_<_lit8]- . 


Comme  lc  rappelle  la  figure  6  ,  on  associe  dans  ce  cas  au  calcul  direct  d^fluide  parfait  un  calcul  visqueux 
de  type  direct  qui,  d’aprAs  la  relation  ci-deasus,  foumit  un  prddicteur  £pfx,o)  pour  la  vitesse  normale  du 
fluide  parfait  A  l’itdration  suivante  : 


u 


xx,o)  =  3(*)  [jtr 


r  l'*' 

J  (x,0) 


' ,  ,  Pi-  Al  C-  Aa 

Cx;  ^ 

II  est  connu  [1,  2]  que  l'adoption  d’une  itdvation  simple  oA  0  (x,o)  —  0(jc,o)  conduit  frdquemment  A 
une  mdthode  instable,  comme  on  peut  intuitivement  s’y  attendre,  en  reoarquant  que  3— «-co  ,  lorsque 
au  voisinage  des  ddcollements.  II  a  dtd  montrd  lore  d'une  dtude  spdeiale  et  approchde  de  stabilitd  [2]  que 
l'itdration  directe  peut  Stre  stabilisde  par  une  sous-relaxation  locale  (d(x)  : 

■  /v 


©(£?o)  =  x,o)  u(x) 


W  = 


b  _  7 
/  ■ °  ~  Oae, 


?  ^  ~  ^  °  m.  -n, 

dans  laquelle  Ax.  est  le  pas  d'espace  local  avec  lequel  est  diserdtisd  ,  le  gradient 

dtant  estimd  dans  le  fluide  parfait  par  des  schdmas  aux  diffdrences  centrds.  II  est  clair  que  W(x.)  est 
d'autant  plus  petit  que  l'est  lui-mtme  le  pas  Lx  des  noeuds  de  couplage,  relativement  A  l'dpaisseur  locale 
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X  a'**'.''. 


“J  w-*9WRS5"'C'’. 


S. |  (sc)  de  It  couche  visqueuse,  ceci  mime  dam  le  cat  d'tne  couche  lirnite  classique  de  plaque  plane.  De  mime, 
co  ( x)  eat  d'autant  plus  petit,  pour  un  paw  Ax/ S'*  fi xl,  que  la  constante  visqueuse  B  est  plus  grande, 
c'est-4-dire  que  la  couche  visqueuse  est  plus  proche  du  dlcollement,  ob  l'on  aurait  0)  ■  0. 


4.2.  It6ration_semi-inverse_jS'</£'4._>-_li8}_i 

Pour  une  distribution  £3Jx,o)  donnle,  figure  7  ,  on  associe  dans  ce  cas  d'une  part  un  calcul  de  fluide 

parfait,  qui  foumit  un  premier  prldicteur  de  ,  soit  J  (x,  ol  »  et  d'autre  part  un  calcul 

viaqueux  inverse  qui  fournit  un  second  prldicteur  (x  o)  .  II  a  ltd  montrl  par  ailleurs  [2]  qu'il 

est  possible  de  corriger  itlrativement  £3  (x,o)en  chaque  noeud  de  couplnge  ,  indlpendanment  des  autres  noeuda. 
Qualitativement,  l'algorithme  rlpond  I  la  question  :  comment  faut-il  perturber  ©(x,o)  pour  que  la  pertur¬ 
bation  induite  sur  }  Par  un  calcul  de  fluide  parfait  ajuste  celui-ci  sur 

II  est  clair  que  la  rlunion  du  calcul  de  fluide  parfait  direct  et  de  la  perturbation  prlcldente  simulc  un 
calcul  de  fluide  parfait  ii.verse.  Finalement,  une  mlthcde  stable  de  correction  de  £3  (k,0)  »  est 

obtenue,  voir  [2],  en  appliquant  aux  noeuds  de  couplage  subsoniques  la  relation  suivante  : 

fa«M  q*  7  _  Ax  [JdLi  _  ±  dLtl 

L  u(*,o)  a(*,o)  J  -  77%J3- [u  dx.  U n  o'x  J  (*,0) 


L  <*»  o)  <.x,o)  J  TfS^B  -  AxVJ-M1  lU  dx  U  ax  J(x,o) 

Dans  cette  expression,  le  gradient  [~\JxP'J (x  o)  est  *  partir  de  la  solution  de  fluide  parfait  au 

moyen  de  schlmas  aux  difflrences  centrls  identiques  4  cons  utilisls  pour  l'itlration  en  mode  direct.  II  en 
rlsulte  4  convergence  une  continuitl  absolue  de  la  solution  numlrique  aux  noeuds  de  commutation  entre  itera¬ 
tion  directe  et  itlration  semi-inverse. 


5.  RESULTATS  DE  CALCUL  -  COMPARAISON  A  L1 EXPERIENCE. 

5.1.  Introduction  . 

Dans  ce  paragraphe  sont  prlsentles  des  comparaisons  entre  les  rlsultats  obtenus  aveo  la  mlthode  de  calcul 
dlcrite  prlcldemment  et  des  rlsultats  explrimentaux  4  conditions  identiques.  Ces  comparaisons  sont  effectules 
sur  le  profil  classique  NACA  0012,  sur  un  profil  supercritique  4  charge  arrifere  LC  50  DK  1.4  dont  leo  cotes 
sont  donnles  figure  8  et  sur  un  autre  profil  supercritique  dlfirl  par  l’Alrospatiale  RA  16  SCI  et  qui  a  Itl 
Iquipl  d'un  volet  de  bord  de  fuite  4  simple  fente  ayant  une  profondeur  relative  de  29  X.  Pour  ce  profil 

double  corps  les  cotes  des  2  lllments  ainsi  que  les  lois  du  braquage  du  volet  sont  reportles  figure  9. 

Les  essais  du  profil  NACA  0012  et  du  profil  double  corps  ont  Itl  effectuls  dans  la  soufflerie  SI  Ca  de 

I’ONERA  et  ceux  du  profil  LC  90  DK  1.4  dans  la  soufflerie  FI  du  Fauga,  Les  conditions  d'essais  sont  les 

suivantes  :  i 


type  de  montage 


Profil  NACA  0012  Profil  LC  90  DK  1.4  Profil  double  corps 


entre  panneaux 
b  «  1  m 


entre  panneaux 
b  »  1  m 


entre  panneaux 
b  •  1  m 


corde  de  rlflrence 

nombre  de  prises  du 
pression  sur  le  profil 


40  m/s 
0,75  m 


0,75  ra 


40  m/s 


0,50  m  (volet  rentrl)  , 

- . — - 1 

50  (corps  principal) 

20  (volet) 


Les  essais  ont  Itl  effectuls  en  transition  naturelle  et  les  efforts  obtenus  par  intlgration  des 
pressions  sur  les  profils.  Le  coefficient  de  trainle  est  dldurt  d'un  sondage  du  sillage  effectul  4 
1/2  corde  en  aval  du  bord  de  fuite. 


5.2.  Prof il_monocorgs_NACA_0012  - 

..as  calculs  rlalisls  sur  le  NACA  0012  ont  Itl  effectuls  avec  la  version  initiale  de  la  mlthode  de  singulari¬ 
ty, sans  adjonction  de  densitl  tourbillonnaire  suppllmentaire.  Dans  le  calcul  de  couche  limite,  la  transi¬ 
tion  s'effectue  de  fajon  naturelle  4  I'extrados.  A  l'intrados,  par  contre,  elle  est  iraposle  4  85  X  de  la  ccvde 
lorsqu'elle  n'est  pas  apparue  naturellement  plus  t8t.  Les  rlsultats  prlsentls  font  apparaltre  un  trls  bon 
accord  calcul-explrience  sur  la  courbe  CV<  ,  et  ce  jusqu'A  des  incidences  llevles,  ue  l'ordre  de  15“ 

(fig. 10  ).  la  prldiction  des  C*  ,  toutefois  n'atteint  pas  la  mime  prlcision  (fig.  n).  Les  courbes 
montrent  un  bon  accord  calcul-explrience,  4  14“  comme  4  12“  ou  4  4“  (fig, 12  ,  13,  14).  Pour  montrer  1 'impor¬ 
tance  des  effets  visqueux  la  courbe  obtenue  en  fluide  parfait  4  14°  est  comparle  aux  rlsultats  du  calcul 
visqueux  et  4  1 'explrience,  sur  la  figure  15.  Enfin,  sur  la  figure  16,  obtenue  4  une  incidence  de  15“,  on 
notera  4  i'axtrados  l'amorce  d'un  plateau  de  pression  et  l'extension  de  la  zone  dlcollle  par  rapport  aux 
incidences  prlcedentes. 


5.3.  Prof  il_rnonocorgs_LC_90_DK_li4 

Le  profil  tiipcrcri ti,iit:  LC  90  DK  1.4,  profil  can.br!  dont  la  loi  d'lpaisseur  est  dlduite  par  affinit!  du  profil 
ONERA  D,  copetitue  un  <.as  d'applicution  plus  difficile,  corcpte  tenu  de  1'importance  des  effets  visqueux, 


i 


traduits  notamment  sur  la  courbe  pair  l'dcart  notable  entre  lea  expdrimentaux  et  ceux  calculus  en 

fluide  parfait. 

Dans  la  mdthode  de  singularity*,  10  termer  tourbillonnaires  suppldmentaires  ont  dtd  introduits,  dans  les  10 
dernier*  pour  cent  de  la  corde.  La  ligne  de  sillage,  rectiligne,  a  dtd  orientde  selon  la  direction  de  la 
vitesse  au  niveau  de  son  premier  point  de  contrfile  ddterminde  lors  d'un  premier  calcul. 

Dans  le  calcul  visqueux,  la  provision  corrects  des  phdnomAnes  de  bord  de  fuite  suppose  une  grande  precision 
dans  I'dvaluation  des  caractdristiques  locales  des  couches  visqueuses.  Celle-ci  ne  peut  <tre  elle-mtme  obtenue 
que  par  un  calcul  suffisamment  prdcis  dans  la  rdgion  de  bord  d'attaque,  L'expdrience  indiquant  la  prdsence 
dans  cette  region  d'un  bulbe  de  ddcoller'nt  laminaire  dont  l'dchelle  rdduite  est  incompatible  avec  celle 
des  maillages  prdsentement  utilises,  les  ^paisseurs  {4  et  ont  dtd  recaJdes  sur  l'expdrience  A 
l'extrados,  A  22  X  de  la  corde. 

Sur  la  figure  17  sont  compardes  aux  valeurs  expdrimentales  et  A  celles  calculdes  en  fluide  parfait,  les 
courbes  obtenues  par  la  prdsente  mdthode  d'une  part  et  par  une  mdthode  de  couplage  "faible",  plua 

conventionnelle,  avec  dpaississeraent  du  profil  en  trois  iterations  successive*,  d'autre  part.  La  mdthode 
proposde  ici,  qui  permet  de  retrouver  plus  de  80  X  de  l'dcart  entre  les  calculs  de  fluide  parfait  fit  l'expd- 
rience  apporte  une  amelioration  importante  par  rapport  aux  mdthode*  conventionnelles.  Comme  prdeddenment,  la 
precision  du  calcul  des  C*  reste  A  amdliorer  (fig.  is).  Les  courbes  K*tx)  montrent  un  bon  accord  calcul- 
expdrience  (fig.  19,  20,  21,  22).  La  figure  23  oil  se  trouve  pour  *  13°,  an  plus  des  courbes  de  la 

figure  22,  la  courbe  obtenue  en  fluide  parfait,  permet  d'apprdcier  l'importance  des  effets  visqueux. 
L'dvolution  calculde  des  dpaiaseurs  de  ddplacement  et  de  quantitd  de  mouvement  est  en  excellent  accord 
jusqu'A  l'incidence  de  10°  (fig.  24,  25  et  26)  avec  celle  qui  a  dtd  ddterminde  experiment alement.  Notons 
que  l'accroissement  de  ces  dpaiaseurs  est  soumis  A  un  phdnomAne  de  grande  dependence  par  rapport  aux  valeurs 
initiales. 

Pour  d  m  13“  (fig.  27)  une  difference  d'dvolution  est  observde  A  l'extrados  dans  la  rdgion  de  bord  de  fuite 
entre  le  calcul  et  l'expdrience;  celle-ci  fera  l'objet  d'une  investigation  ultdrieure, 

\ 

On  notera  d'une  naniAre  gdndrale  l'importance  des  effets  visqueux  sur  ce  profil,  due  A  sa  gdomdtrie  particu- 
liAre  prAs  du  bord  de  fuite,  avec  un  diAdre  important,  et  une  forte  courbure  A  l'extrados.  Divers  ddveloppe- 
ments,  notamment  1' introduction  d'un  calcul  de  sillage  dissymdtrique,  devraient  apporter  de  nouveaux  progrAs. 


5.4.  Prof il_multicorgs_RA_l 6_SC1 

Le  profil  RA  16  SCI,  profil  aupercritique  de  16  X  d'dpaisseur  relative  avec  volet  (fig.  9),  constirue  un  cas 
d'application  en  multicorps,  prdsentant  un  important  ddcollement  A  l'intrados  du  corps  principal  A  l'endroit 
du  toit  de  volet. 

Dans  le  calcul  de  couche  limite,  la  transition  a  dtd  ddclenchde  A  l'intrados  du  corps  principal,  A  30  X  de  la 
corde  1  et  sur  le  volet,  A  la  fois  A  l'extrados  et  A  l'intrados,  respectivement  \  0,005  1  et  0,007  1  du  bord 
d'attaque,  Dans  la  mdthode  de  singularitds ,  25  termes  tourbillonnaires  suppldmentaires  ont  dtd  rajoutds  sur 
le  corps  principal,  dans  les  24  derniers  pour  cent  de  la  corde.  Les  sillages  ont  dtd  alignds  en  deux  itera¬ 
tions  sur  les  valeurs  issues  du  calcul.  Les  obtenus  sont  compardS  dans  le  tableau  suivant  A  ceux  issus 
du  calcul  parfait  et  aux  valeurs  expdrimentales ,  dans  les  deux  cas  de  calcul  traitds,  A  une  incidence  de  8°,et 
pour  des  braquages  de  volet  respectivement  de  10°  et  de  20°. 


Cs  i  *<«  s° 

6  »  10' 

i  -  20° 

fluide  parfait 

2,45 

3,22 

experience 

2,04 

2,58 

calcul  coupld 

2,21 

2,79 

Les  courbes  kjf  (x)  obtenues  dans  ces  deux  cas  prdsentent  un  trAs  bon  accord  calcul-expdrience  dans  la  rdgion 
du  bord  de  fuite  du  corps  principal  (fig,  28  et  29),  malheureuseraent  il  n'en  est  pas  tout  A  fait  de  mdme  A 
l'avant  du  profil  et  e'est  pourquoi  la  portance  calculde  est  supdrieure  A  la  portance  mesurde  de  5  A  7  X.  Une 
bonne  par*  de  cet  dcart  est  probablement  due  A  l'insuffisance  du  msillage  dans  la  rdgion  de  bord  d'attaque. 


6.  CONCLUSION. 

La  prdsente  mdthode  a  fourni,  sur  le  profil  NACA  0012,  des  rdsultats  trAs  proches  des  valeurs  expdrimentales 
dans  des  cas  prdsentant  un  ddcollement  au  bord  de  fuite,  et  ce  jusqu'A  des  incidences  dlevdes,  voisine°  du 
ddcrochage. 

Elle  a  permis,  dans  le  cas  difficile  du  LC  90  DK  1,4,  caraetdrisd  par  une  importante  perte  de  portance  due 
aux  effets  visqueux,  de  rendre  compte  de  plus  de  80  X  de  celle-ci,  prdsentant  ainsi  des  rdsultats  nettement 
amdliords  par  rapport  A  ceux  obtenus  par  une  mdthode  de  couplage  faible  plus  conventionnelle, 

Elle  a  donnd  dgalement  de  bons  rdsultats  dans  le  cas  du  profil  multicorps  RA  16  SCI,  qoi  prdsente  notamment 
un  ddcollement  important  A  l'intrados  du  corps  principal. 

Ces  rdsultats  encourageants  obtenus  tant  sur  profil  monocorps  que  multicorps,  ainsi  que  1' introduction  ultd- 
rieures  de  diverses  amdliorations,  perraettent  d'espdrer  de  nouveaux  progrAs  de  1' accord  calcul-expdrience 
dans  le  futur. 
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Fig.  10  -  Profit  NACA  0012-  Courbe  Cz  (a). 
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Fig.  14  -  Profit  NACA  0012  -  Presslons  -  a  =  14°. 
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SUMMARY 

A  quasi- simultaneous  method  is  described  to  calculate  laminar,  incompressible  boundary  layers  interac¬ 
ting  with  an  inviscid  external  flow.  The  essence  of  the  method  is  the  numerical  treatment  of  the  interactive 
boundary  condition  which  models  the  behaviour  of  the  outer  flow:  it  is  regarded  as  a  relation  between  the 
pressure  and  the  displacement  thickness  where  both  quantities  are  simultaneously  treated  as  unknowns.  This 
way  the  method  avoids  difficulties  incurred  when  either  direct  or  inverse  methods  are  used,  resulting  in 
fast  convergence  of  the  iterative  procedure  involved. 

The  numerical  strategy  can  be  regarded  as  a  recognition  of  the  lack  of  hierarchy  of  the  "triple-deck" 
which  asymptotically  can  describe  interacting  boundary  layers.  In  such  situations,  without  a  definite  hier¬ 
archy  between  the  viscous  and  inviscid  regions,  we  will  speak  of  "strong  interaction".  In  the  paper  the 
success  of  the  quasi-simultaneous  method  will  also  be  explained  from  a  purely  numerical  point  of  view. 

The  feasibility  of  the  quasi-simultaneous  method  is  demonstrated  by  means  of  a  variety  of  model  problems, 
ranging  from  separation  bubbles  to  asymmetric  trailing  edge  flow.  In  the  latter  case  th'  results  of  the 
present  method  can  be  compared  with  results  of  asymptotic  triple-deck  theory. 


1 .  INTRODUCTION 

The  computation  of  viscous-inviscid  interaction  by  the  so-called  direct  iterative  techniques  is  ceing 
hampered  because  methods  for  solving  the  boundary  layer  equations  with  prescribed  pressure  break  down  when 
flow  separation  is  present.  The  breakdo;m  is  due  to  the  fact  that,  apart  from  exceptional  circumstances, 
the  boundary  layer  solution  will  exhibit  a  Goldstein  singularity  at  the  point  of  separation  when  pressure 
is  prescribed  [1,  2).  Catherall  and  Mangier  [3]  were  the  first  to  show  that  relaxing  the  pressure  but  in¬ 
stead  prescribing  the  displacement  thickness  regular  solutions  including  separation  can  be  obtained.  This 
observation  has  subsequently  led  to  other  solutions  of  the  boundary  layer  equations  with  either  displacement 
thickness  or  wall  shear  prescribed  [U-7], 

A  difficulty  associated  with  the  latter  so-called  inverse  techniques  is  that  the  required  displacement 
thickness  (or  wall  shear)  is  not  known  a  priori.  Th „•  appropriate  value  has  to  be  obtained,  as  part  of  the 
overall  problem,  from  the  interaction  between  the  boundary  layer  and  the  inviscid  flow.  Calculations  of 
viscous-inviscid  interaction  for  subsonic  and  transonic  flow  which  are  essentially  based  on  these  inverse 
techniques  have  been  presented  in  [8-11],  e.g.  A  disadvantage  of  the  latter  methods  is  the  slow  convergence 
of  the  required  iteration  process  between  the  viscous  and  inviscid  parts  of  the  flow  field.  In  many  cases 
severe  underrelaxation  has  to  be  used  to  ensure  convergence. 

An  improvement  over  the  inverse  method  can  be  obtained  by  applying  the  semi-inverse  technique  intro¬ 
duced  by  1^  Balleur  [9 ) •  Herein  the  boundary  layer  is  calculated  inversely,  but  the  outer  flow  is  calcula¬ 
ted  in  the  direct  way.  Thus  both  parts  of  the  flow  field  yield  updated  pressure  distributions  which  are 
combined  into  an  updated  displacement  thickness  by  means  of  a  relaxation  formula.  The  method  used  by  Carter 
[10]  and  Kwon  and  Pletcher  [11]  possesses  the  same  type  of  organization  but  the  relaxation  formula  is 
different.  Whereas  the  choice  for  the  relaxation  formula  of  Le  Balleur  still  requires  underrelaxation,  the 
choice  of  Carter  [10],  which  has  also  been  used  in  [11],  is  more  satisfactory  from  a  numerical  point  of 
view  as  it  allows  overrelaxation,  leading  to  fast  convergence.  However,  a  straight-forward  extension  of  the 
latter  choice  to  more  general  situations  is  not  yet  available.  Fig.  1  contains  a  sketch  of  the  organization 
of  the  direct,  inverse  and  semi-inverse  methods. 

In  the  methods  mentioned  above  the  numerical  scheme  provides  only  a  weak,  retarded  coupling  of  the 
viscous  and  inviscid  regions.  However,  near  separation  (and  also  near  trailing  edges)  the  interaction  has 
a  strong,  simultaneous  character,  i.e.  there  does  not  exist  a  definite  hierarchy  between  the  boundary  layer 
and  the  outer  flow  [12,  13].  As  a  consequence  of  this  observation  it  may  be  expected  that  a  numerical  scheme 
which  also  possesses  a  simultaneous  coupling  between  the  viscous  and  inviscid  parts  of  the  flow  field  can 
have  favourable  properties.  Designers  of  methods  for  calculating  the  interaction  with  a  supersonic  outer  flow 
have  recognized  this  point  already  many  years  ago  [lU],  by  applying  a  Prandtl-Meyer  relation  as  a  boundary 
condition  for  the  boundary  layer  equations. 

In  the  present  paper  a  method  is  described  that  can  be  considered  as  a  subsonic  analogue  of  the  latter 
methods.  Herein  the  boundary  layer  equations  are  solved  with  a  boundary  condition  which  describes  the 
interaction  with  the  outer  flow  (interaction  lav).  The  boundary  condition  is  considered  to  prescribe  a 
linear  combination  of  pressure  and  displacement  thickness,  in  contrast  with  the  methods  reviewed  above  which 
prescribe  either  one  or  the  other.  The  calculation  method  thus  obtained  appears  to  possess  favourable  conver¬ 
gence  properties  of  the  iteration  process  which  is  required  due  to  the  elliptic  character  of  the  interaction 
law;  in  many  cases  overrelaxation  can  be  applied. 


*  Part  of  this  investigation  has  been  performed  under  contract  with  the  Neth;r lands  Agency  for  Aerospace 
Programs  (NIVR,  contractnumber  1865). 
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The  behaviour  of  the  calculation  methods  mentioned  above  can  be  understood  from  the  asymptotic  theory 
(for  vanishing  viscosity)  of  interacting  boundary  layers.  More  specifically,  the  structure  of  the  boundary 
layer  near  a  point  of  separation  or  a  trailing  edge  can  (in  laminar  flow)  be  described  by  triple-deck 
theory  introduced  by  Stewartson  C 1 5 )  and  Messiter  [ 1 6 ) .  In  the  author's  view  the  most  important  property  of 
the  triple-deck  is  its  lack  of  hierarchy.  This  property,  which  seems  not  to  have  been  appreciated  suffi¬ 
ciently  in  the  literature,  strongly  suggests  to  use  a  calculation  method  in  which  pressure  and  displacement 
thickness  are  treated  in  an  equivalent  way.  We  will  discuss  this  in  more  detail  in  section  2. 

In  section  3  the  principle  of  the  present  calculation  method  will  be  formulated,  with  numerical  details 
given  in  section  U.  A  numerical  explanation  of  the  performance  of  the  method  is  presented  in  section  6.  The 
feasability  is  demonstrated  by  means  of  a  variety  of  model  problems,  ranging  from  separation  bubbles  to 
asymmetric  trailing  edge  flow.  These  are  described  in  sections  5  and  T- 


2.  ASYMPTOTIC  THEORY  OF  INTERACTING  BOUNDARY  LAYERS 

As  mentioned  above  direct  methods  for  solving  the  boundary  layer  equations  break  down  in  a  point  of 
separation  where  the  solution  becomes  singular.  This  implies  that  Prandtl's  boundary  layer  concept,  which 
is  one  of  the  first  applications  of  asymptotic  theories,  has  to  be  revised,  because  an  assumption  behind 
asymptotic  theory  is  that  expansions  (in  the  perturbation  parameter)  may  not  contain  singular  terms  [ IT) . 

A  description  which  can  cover  the  latter  situations  in  many  cases  is  given  by  triple-deck  theory  [15,  1 6). 

A  comprehensive  review  of  its  applications  has  been  presented  by  Stewartson  [18],  We  will  confine  ourselves 
here  to  a  global  description. 

The  triple-deck  is  a  three-layered  region  which  in  incompressible  flow  has  a  streamwise  extent  0 
(Re-3'°L)  around  the  singular  point.  In  normal  direction  it  consists  of: 

i)  a  viscous  sublayer  of  thickness  0(Re-5/“L)  which  is  governed  by  the  classical  boundary  layer  equations; 

ii)  an  inviscid  middle  layer  of  thickness  0(Re-1/2x,)  where,  effectively,  the  oncoming  flow  undergoes  a 
downward  displacement;  -  .o 

iii)  an  inviscid  irrotational  top  layer  of  thickness  0(Re”  °L)  which  is  described  by  thin  airfoil  theory. 

In  the  author's  opinion  the  following  properties  of  the  triple-deck  are  important: 

PI:  The  boundary  layer  equations  are  sufficient  to  describe  the  lower  two  layers  of  the  triple-deck,  i.e. 
the  viscous  part  of  the  flow. 

P2:  The  interaction  with  the  outer  inviscid  flow  has  a  local  character,  as  the  triple-deck  has  only  a  small 
extent  0(Re~^' °L) .  Furthermore  the  interaction  can  be  described  by  thin  airfoil  theory. 

P3:  There  is  no  definite  hierarchy  between  the  viscous  region  and  the  inviscid  region;  in  fact  in  the  triple¬ 
deck  the  hierarchy  changes  from  direct  to  inverse  [12,  13,  19).  This  situation  is  defined  strong  inter¬ 
action. 

The  above  properties  reveal  much  information  on  how  to  design  a  calculation  method  for  interacting 
boundary  layers:  they  indicate  which  set  of  equations  is  required  (PI,  P2),  and  they  suggest  how  to  choose 
the  numerical  method  for  solving  the  equations  (P3).  Moreover  the  scaling  of  the  triple-deck  is  a  guide  for 
the  distribution  of  gridpoints  in  the  finite  difference  scheme  to  be  used. 


3.  HIERARCHICAL  AND  NON-HIERARCHICAL  DESCRIPTIONS 

An  approach  in  which  the  flow  field  is  divided  in  a  viscous  boundary  layer  and  an  inviscid  external 
region  requires  some  sort  of  coupling  mechanism  between  the  two  regions.  Here  we  will  perform  the  coupling 
in  terms  of  the  velocity  at  the  edge  of  the  boundary  layer  ue,  and  the  displacement  thickness  6*.  The 
governing  equations  in  the  two  parts  of  the  flow  field  then  each  provide  a  relation  between  ue  and  &*.  In 
(quasi)  operator  notation  we  will  write  these  relations  as 

(1)  external  flow  region:  ug  =  P  6*, 

(2)  boundary  layer  :  ufi  =  B  6*. 

The  above  notation  is  to  be  considered  purely  formal.  A  possible  choice  for  the  operators  P  and  B  will  be 
discussed  in  more  detail  next. 

In  this  paper  we  confine  ourselves  to  the  calculation  of  laminar,  incompressible  flows,  for  which  the 
boundary  layer  can  be  described  satisfactorily  by  the  boundary  layer  equations  (consistent  with  property 
PI  of  the  triple-deck) 

/-i  /v 

13)  u  U  -  0  ur*  =  U  +  U~'“'  «  U  =  I b~  , 

x  vx  y  e  ex  yy  ,  Yy 

Here  y  -  Ra:  y  is  a  stretched  coordinate  normal  to  the  surface  given  by  y  =  0,  whereas  ((T  =  Re^  4>  is  the 
scaled  streamf unction.  The  displacement  thickness  follows  from  the  behaviour  at  infinity 

(U)  y  ■*  »:  (j/  ~  ug(y-  6) ,  6*  «  Re"^6 

The^system  formed  by  Eqs.  (3)  and  (U),  completed  with  initial  conditions  and  the  usual  boundary  conditions 
at  y  -  0,  constitutes  the  boundary  layer  operator  B.  Note  that  a  study  by  Briley  and  McDonald  [20]  confirms 
tnat  the  boundary  layer  equations  can  be  sufficient  to  describe  interacting  boundary  layers. 

The  P  operator  gives  a  precise  description  of  the  influence  of  the  boundary  layer  on  the  outer  flow. 

But  in  many  cases  an  approximate  description  of  this  influence  can  be  sufficiently  accurate;  this  offers 
the  possibility  of  a  simpler  numerical  treatment.  The  approximate  description  will  be  called  the  interaction 


lav,  symbolized  by 


u  »I5* 
e 


In  supersonic  flow  the  interaction  lav  is  often  chosen  to  be  a  linearized  Prandtl-Meyer  relation,  e.g.  [l4]. 
In  subsonic  flov  a  thin  airfoil  approximation  may  be  used  [20,  21]  vhich  is  consistent  vith  property  P2  of 
the  triple-deck.  Also  in  our  calculation  thin  airfoil  approximations  have  been  used  as  interaction  lav;  an 
example  hereof  is 

(5)  V*> • 

*b 

[x^,  xg]  denotes  the  region  in  vhich  the  interaction  is  assumed  to  be  important,  and  Ug  denotes  the  value  of 
ue°from  a  first  order  potential  flov  calculation. 

The  formulation  (5)  of  the  interaction  lav  vill  be  a  good  approximation  vhen  the  displacement  effect 
on  the  outer  flov  is  small.  In  situations  vhere  this  is  not  the  case  the  physical  point  of  viev  may  require 
a  different  formulation:  for  instance  one  in  vhich  the  edge  velocity  is  linearized  around  a  more  accurate 
approximation  than  Ue.  Also  the  source  strength  in  the  integrand  may  be  replaced  by  d(u  6*)/d5.  (Note  that 
the  combination  ug5*  also  appears  in  (4) ) .  Hovever,  as  vill  be  clear  from  the  considerations  in  section  6, 
from  a  mathematical  point  of  viev  these  different  formulations  behave  the  same.  Therefore  in  this  paper  ve 
vill  not  concentrate  on  the  specific  choice  of  the  interaction  lav  vhich  is  made  in  tne  flov  problems  vhich 
are  presented.  Any  other  feasible  choice  vill  perform  the  3ame  vay,  although  the  results  obtained  can  be 
different. 


The  solution  of  (1),  (2)  -  or  alternatively  (I1),  (2)  -  requires  iterative  procedures  for  vhich  various 
approaches  can  be  folloved.  The  hierarchical  direct  and  inverse  methods,  discussed  already  in  section  1,  can 
be  vritten  as 


direct  method 


u(n)  =  P 

e 


inverse  method:  6*^  =  P-1  u^n-1^ 

e 


u<n)  .  B  6*<n) 
e 


vhere  the  superscript  n  denotes  the  iteration  count.  P_l  and  8  formally  denote  the  inverse  of  P  and  B, 
respectively;  existence  is  not  guaranteed  by  this  notation.  In  fact  the  singularities  near  a  point  of 
separation  produced  by  the  direct  method  occur  because  the  range  of  B  and  hence  the  domain  of  definition 
of  B-1  is  limited. 

In  viev  of  the  dravbacks  of  the  direct  and  inverse  methods  ve  have  developed  a  different  non-hier- 
archical  approach  for  solving  ( 1 ) ,  (2).  Property  P3  suggests  to  use  a  method  in  vhich  the  coupling  betveen 
the  viscous  and  inviscid  regions  has  a  more  simultaneous  character.  We  remark  that  Brune,  Rubbert  and  Nark 
[22]  also  advocate  the  use  of  a  simultaneous  approach.  In  the  present  method  the  equations  (V)  and  (2)  are 
regarded  as  tvo  equations  vith  tvo  unknovns  vhich  ve  vant  to  solve  vithout  iteration,  hence 

(8a, b)  ug  -  I  {.*  =  0,  ue  -  B  <5*  =  0 

In  practice  the  situation  is  a  bit  more  complicated  than  is  suggested  by  this  notation.  After  discretization 
u  and  {*  are  vectors  consisting  of  values  in  the  meshpoints  in  x-direction.  At  a  given  i-th  boundary  layer 
station  the  discrete  versions  of  (8a,  b)  contain  values  of  ue  and  6*  at  this  station  and  at  other  stations. 

We  consider  (8a)  to  be  an  implicit  relation  betveen  the  values  of  ue  and  i*  at  the  i-th  station  (hence  ue(x: ) 
and  6*(x^)  are  simultaneously  treate'd  as  unknovns),  vhich  then  acts  as  a  boundary  condition  to  the  boundary 
layer  equation  (8b).  The  presence  of  dovnstream  values  of  5*  in  this  relation  is  accounted  for  by  means  of 
an  iterative  procedure  in  vhich  several  boundary  layer  sveeps  are  made.  Fig.  2  provides  a  sketch  of  this 
method,  vhich  is  comparable  to  Fig.  1.  The  nev  method  has  been  termed  quasi-simultaneous  since  the  most 
important  part  of  the  interaction  vith  the  outer  flov  {=  interaction  lav)  is  treated  simultaneously  vith  the 
boundary  layer.  More  details  follov  in  section  4. 

In  summary,  the  interaction  lav  is  required  to  possess  the  folloving  tvo  (sometimes  conflicting)  proper¬ 
ties: 

i)  it  must  be  simple  enough  to  allov  the  quasi-simultaneous  numerical  treatment; 
ii)  it  must  give  a  sufficiently  accurate  description  of  the  interaction. 

The  first  requirement  allovs  the  numerical  algorithm  to  avoid  singularities  in  the  solution  (at  a  point  of 
separation  or  at  a  trailing  edge)  during  t,he  iteration  process;  vhereas  the  second  requirement  controls 
the  physical  relevance  of  the  solution  obtained.  In  case  the  interaction  lav  i  not  accurate  enough  the 
physical  relevance  of  the  solution  can  be  increased  by  updating  the  outer  flo,  alculation.  Hereto  ve  in¬ 
troduce  an  additional  outer  iteration  process  -  indicated  by  the  dashed  line  in  Fig.  2  -  vhich  reads 


*<k>  =  0 


such  that  upon  convergence  (k  -»  ®)  the  solution  satisfies  the  exact  relations  (1),  (2). 
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U.  THE  NUMERICAL  TREATMENT  OF  THE  INTERACTION  LAW 

The  essential  feature  of  the  present  method  is  the  way  in  which  the  interaction  law  is  implemented  in 
the  numerical  calculation.  We  have  touched  upon  this  point  already  in  the  previous  section,  and  we  will  go 
into  more  detail  now. 

Discretization  of  the  interaction  law 

In  the  calculations  we  have  performed  thusfar  the  following  discretization  of  the  thin  airfoil  integral 


[Xj,  Xj+1 1 ,  j  *  0,  ...,  N-1.  This  results  in 


intervals 


'if  j0 - »">  • 


value  of  a!+j  has  been  discretized  as  Aj+j  =  (Aj+1  -  Aj)/h,  after  which  seme  algebraic  manipulations 


The  value 
result  in 


. *• 


"i'3 1  “a "  a-j)M  •  ci«  "mbi 


It  can  be  deduced  that 

(,0)  0..  "rh-+  &  i°iji* is1*  •— M  » 

j?*i 

hence  the  matrix  (cy)  is  diagonally  dominant  with  positive  diagonal  entries.  This  property  has  an  important 
influence  on  the  overall  convergence  of  the  calculations  as  will  be  discussed  in  section  6. 

Finally,  substituting  the  discretization  (9)  into  (5)  we  obtain  a  discrete  interaction  law 

N 

(11)  ue.  =  Ue.  +  R.  +  Z  a.  .  S.  , 

ei  i  j=1  10  J 

where 

Ri  =8Ri’  “ij  =  BUei  cij  8  =  (’thRe^)~1  . 

Implementation  of  the  interaction  law 

The  elliptic  character  of  ( 1 1 ) ,  which  is  expressed  by  the  presence  of  downstream  values  of  6,  requires 
that  several  sweeps  through  the  boundary  layer  have  to  be  made.  In  the  n-th  sweep  the  implementation  of  (11) 
is  as  follows 

(12)  4")  -  a..  «in)  =  Ue  +  r!"-1^  +  Z  a..  +  Z  a.. 

ei  11  1  ei  1  j=1  1J  >  j=i+1  1J  ■> 

Thus  at  the  i-th  boundary  layer  station  (12)  provides  an  implicit  relation  in  which  u*. .  and  5^  are  simulta¬ 
neously  treated  a3  unknowns .  A  discussion  of  the  convergence  properties  of  this  method*  and  a  comparison  with 
che  direct  and  inverse  strategy  is  given  in  section  C. 

The  iterations  are  stopped  when  the  following  convergence  criterion  is  satisfied 


(13)  max  |«:n)  -  <  lo"14  . 

i  1  1 


5.  SEPARATION  BUBBLES 

The  quasi-simultaneous  method  for  calculating  interacting  boundary  layers  will  be  demonstrated  first  by 
applying  it  to  separation  bubbles.  Use  has  been  made  of  a  configuration  introduced  by  Carter  and  Wornom  [8): 
a  dented  plate  given  by 

y^  *  -t  aech  Mx-2.5),  0sx<®  , 

placed  in  an  oncoming  parallel  flow  with  unit  velocity  (Fig.  3).  The  depth  of  the  trough  is  controlled  by 
the  parameter  t;  we  will  present  results  for  t  «  0.03  (as  in  [8])  and  t  *  0.1.  The  Reynolds  number  Re  =  1/v 
has  been  taken  Re  *  8  x  10^  (as  in  [8])  or  larger.  The  calculations  have  been  restricted  to  1<xfb. 

Finally,  the  interaction  law  (1*)  is  chosen  as 


iSlifeh 
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ue(x)  =  I  «*  2  1+7  i  ^  (yb+«*)  ^ 


This  choice  is  more  accurate  for  bubbles  with  a  thickness  of  the  order  of  the  depth  of  the  dent  than  the 
choice  made  in  (5). 


Small  separation  bubbles 


A  finite  difference  solution  has  been  pursued  of  Eqs.  (3),  (1)  and  (lU),  with  xc  txfe,  xe]  =  [1,  h],  to 
calculate  bubbles  of  which  the  thickness  is  comparable  with  the  oncoming  boundary  layer  thickness.  In  the 
finite  difference  calculation  the  outer  edge  of  the  bo ur clary  layer  has  been  placed  at  y  =  7  4(x) ,  where  4 
is  given  the  value  from  the  previous  boundary  layer  sweep.  The  bounded  domain  thus  obtained  has  been  covered 
by  a  (non-equidistant)  mesh  with  gridpoints  (x^,  yc),  i=0,  ....  N;  j  =  0,  ...»  M.  Th*  x-derivatives  in  (3) 
have  been  replaced  by  the  familiar  three  point  backward  formula.  This  scheme'  has  also  been  used  in  regions 
of  backflow,  despite  its  destabilizing  influence  which,  however,  did  not  give  rise  to  numerical  difficulties. 
The  y-derivatives  in  (3a)  have  been  discretized  with  second  order  formulae  centered  around  y- ,  j  =  1 ,  ..., 

M-  1;  whereas  in  (3b)  they  have  been  centered  around  yi+1 »  j  =  0,  •••»  M-  1.  The^resulting  set  of  discrete 
equations  at  an  x-station  X£  has  beer,  combined  with  the  boundary  conditions  at  y=0  and  y -*■«>.  The  discre¬ 
tized  form  of  the  interaction  law  is  given  in  (12).  The  complete  set  of  non-linear  equations  is  solved  with 
Newton's  method. 


The  present  method  typically  required  10-20  iterations,  using  overreiaxation  u=  1.5,  to  satisfy  the 
convergence  criterion  (13).  In  all  cases  Blacius  values  were  used  as  initial  guess  for  the  displacement 
thickness.  The  number  of  iterations  was  found  not  to  depend  critically  on  the  relaxation  factor. 


The  results  of  the  present  method  agree  excellently  with  those  of  Carter  and  Wornom.  For  the  flow  at 
Re  =  8  x  10**  we  will  show  here  the  pressure  results,  since  from  these  the  best  impression  of  the  influence 
of  the  interaction  can  be  obtained  (Fig.  b).  Also  shown  i3.the  pressure  result  of  a  calculation  (for  the 
same  value  of  t)  at  a  larger  Reynolds  number,  Re  =  36  x  10  .  Here  we  observe  a  typical  plateau  region  in  the 
pressure.  For  the  larger  Reynolds  number  Fig.  5  depicts  some  velocity  profiles  in  and  near  the  separation 
bubble  which  show  that  the  largest  backflow  velocities  occur  closely  before  the  reattachment  point.  More 
results  can  be  found  in  [23].  Further,  a  comparison  with  asymptotic  triple-deck  results  for  the  same 
geometry  is  given  in  [2bl 


Recirculating  eddies 


Attempts  to  obtain  solutions  of  the  above  equations  for  Reynolds  numbers  larger  than  about  U  x  ICr 
failed,  because  at  a  boundary  layer  station  with  a  thick  backflow  region  the  Newton  process  no  longer 
converged.  However,  using  an  integral  description  for  the  boundary  layer  instead  of  the  finite  difference 
description,  03kam  [25]  is  able  to  obtain  results  for  arbitrarily  large  Reynolds  numbers.  This  way  flows 
can  be  calculated  with  reversed  flow  regions  which  are  much  larger  than  the  oncoming  boundary  layer  thick¬ 
ness.  For  the  present  geomtry  the  thickness  of  these  recirculating  eddies  approaches  the  depth  of  the 
trough  with  increasing  Reynolds  number.  Oskam  [25]  used  the  family  of  similar  Falkner-Skor.  profiles  to 
describe  the  boundary  layer.  It  appeared  that  the  calculation  of  those  members  of  this  family  which  possess 
a  large  backflow  region  required  extreme  numerical  care.  It  is  believed  that  these  numerical  difficulties 
have  the  same  origin  as  the  breakdown  of  the  finite  difference  calculations  referred  to  above. 


One  of  the  most  interesting  results  obtained  by  Oskam  is  described  next.  He  has  calculated  the  flow 
over  the  trough  for  t.  =  0.10  at  a  Reynolds  number  of  10".  The  results  for  the  pressure  and  the  bubble  shape 
are  shown  in  Fig.  6  (conf.  A).  Hereafter  he  changed  the  geometry  of  the  trough  by  removing  the  lower  half, 
leading  to  conf.  B  in  Fig.  6.  It  appeared  that  the  position  of  the  separation  streamline  and  the  interacted 
pressure  distribution  was  the  same  for  both  configurations  A  and  B,  although  the  pressure  distributions 
without  interaction  are  completely  different  (Fig.  6). 


6.  INTERACTION  FROM  A  NUMERICAL  POINT  OF  VIEW 


We  are  now  in  a  position  to  make  a  numerical  analysis  of  the  performance  of  the  various  iterative 
procedures  (6-8)  for  calculating  interacting  boundary  layers.  Here  we  will  restrict  this  analysis  to 
situations  in  which  the  interaction  can  be  described  by  means  of  a  Hilbert  integral;  hence  the  discrete 
version  of  the  interaction  law  can  be  written 


u  -  Re"’  H  4  ■  U 
-e  —  -e 


where  H,  which  denotes  the  discretized  Hilbert  integral  as  described  in  section  b,  is  a  diagonally  dominant 
matrix  with  positive  diagonal  entries.  Further 


=  (UgU,),  ...,  u^XjjJ^and  4.  *  (6(xf),  , ...  S^.})* 


denote  the  vectors  of  unknowns  ue(x^ )  and  4(x^) 


The  boundary  layer  operator  B  which  describes  the  relation  between  u  and  4*  via  the  viscous  flow 


equations  is  essentially  non-linear.  The  analysis  in  this  section  will  be  based  on  the  discrete  Jacobian 
of  Re"*B  which  is  denoted  by  B  (the  factor  Re"*  has  been  introduced  to  make  B  independent  of  Re).  Thus  the 


discrete  boundary  layer  operator  can  be  written  in  the  form 


u  -  B  4  =  rhs 


.awaBMBDME t  aasi^  rf.  ~ -* 
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Both  B  and  rhs  depend  on  £,  but  in  the  present  analysis  this  dependence  will  be  ignored.  B  is  a  lower 
diagonal  matrix  (when  a  backward  differencing  of  the  x-derivatives  is  used  throughout).  Denoting  the  diagonal 
of  B  by  D,  then  Du  -  au^/adj.  From  the  calculations  of  separation  bubbles  described  in  the  previous  section 
we  have  extractec  tne  values  of  It  appears  that  these  values  are  negative  when  the  flow  at  x^  is 
attached,  and  is  slightly  positive  when  the  flow  at  x^  is  separated.  Fig.  7  shows  the  values  of  Du  for 
the  calculation  with  t  =  0.03  and  Re  =  36x  10*  using  a  60x^0  grid.  This  figure  suggests  that  the  zeros  of 
0$^  coincide  with  the  points  of  separation  and  reattachment.  For  calculation  methods  employing  an  integral 
description  this  can  be  proved  analytically  [6,  25],  but  for  finite  difference  calculations  such  a  proof  is 
still  lacking. 

The  stability  of  the  various  iterative  techniques  for  solving  (15)  and  (16)  can  be  studied  from  the 
homogeneous  problem.  The  non-zero  entries  of  B  under  the  diagonal  make  such  a  study  rather  difficult;  there¬ 
fore  we  will  introduce  the  following  model  problem  which  can  be  treated  more  easily 

1 

(17)  u  -Re-!H£=0,  u  -D£=0  . 


The  direct  method  to  solve  (17)  can  be  written  as 


u(n)  =  Re"*  H  ,  «(n)  =  D-1  u{n! 

— e  -  —  —  — s 


or  equivalently,  eliminating 

5(n)  =  Re‘*  H  D-1  £(n-,)  . 

A  necessary  end  sufficient  condition  for  the  convergence  of  the  direct  method  is  (26] 

i  1 

,18)  Re-5  p(D  H)  <  1  , 

where  p  denotes  the  spectral  radius. 

-  For  attached  flow  the  eigenvalue  of  D-'}!  have  negative  real  part,  and  hence  the  method  converges  for 
sufficiently  large  values  of  Re,  ^or  smaller  values  of  Re  underrelaxation  of  the  type 


(19)  £<n)  =  [u  Re"*D~’H  +  (l-ujljd^-1 


cam  make  the  direct  method  convergent.  Further  it  follows  that  the  convergence  is  oscillatory;  this  has 
also  been  observed  for  the  full  problem  in  (22 j. 

-  For  separated  flow  the  matrix  D  is  singular  or  almost  singular  which  makes  it  impossible  in  practice  to 
satisfy  (18);  hence  the  direct  method  fails. 


The  inverse  method,  in  which  the  role  of  u  and  5  is  interchanged,  can  be  written 


6(n)  =  Re*  H-’d  «(n-0 


H  is  diagonally  dominant  and  hence  invertable.  Therefore  the  iteration  matrix  exists  for  attached  et  well 
as  for  separated  flows.  Because  p(H-,D)  >  1/p(D-,H)  the  inverse  method  diverges  when  the  direct  method 
converges;  but  as  long  as 

i  j 

Real  part  (eigenvalues  of  ResH-  D)  <  1 


is  satisfied,  the  inverse  method  can  be  made  convergent  by  applying  sufficient  underrelaxation  of  a  type 
similar  to  (19).  A  satisfactory  relaxation  factor  can, in  general  be  found  only  by  trial  and  error.  For 
large  Re  the  relaxation  factor  is  proportional  to  Re-' . 


The  quasi-simultaneous  method  for  finding  the  solution  of  (17)  solves 


Q  6  =  (Re"!H  -  D)«  =  0 


by  the  Gauss-Seidel  method.  A  sufficient  although  not  necessary  condition  herefore  to  be  convergent  is 
diagonal  dominance  of  the  matrix  £  (26]. 

-  For  attached  flow  D  has  negative  entries.  Since  H  is  diagonally  dominant  with  positive  diagonal  entries 
it  follows  that  £  is  diagonally  dominant.  Hence  the  quasi-simultaneous  method  is  convergent. 


-  For  separated  flow  D  contains  some  nonnegative  diagonal  entries,  however,  of  small  magnitude.  In  view  of 
(10)  there  will  be  many  situations  for  which  the  matrix  2,  remains  diagonally  dominant,  ensuring  conver¬ 
gence.  A  fortiori,  when  the  positive  entries  of  D  are  too  large  for  J  to  be  diagonally  dominant  the  method 
still  will  be  convergent  in  many  cases  because  diagonal  dominance  is  not  a  necessary  condition  for  conver¬ 
gence;  a  more  precise  theoretical  analysis  for  these  situations  is  difficult  to  give  and  will  not  be 
presented  here. 


In  the  above  analysis  we  have  not  yet  studied  the  dependence  of  the  stability  on  the  mesh  size.  It  is 
known  from  section  b  that  H  is  inversely  proportional  to  the  mesh  size,  but  the  dependence  of  D  on  the  mesh 
size  is  more  complicated.  We  hope  to  report  on  this  in  more  detail  in  future  publications. 

In  the  model  problem  studied  above  the  non-linearity  of  the  actual  problem  has  been  ignored,  and,  what 
may  be  more  serious,  the  influence  of  the  off-diagonal  entries  of  B  has  been  neglected.  However,  B  should 
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represent  the  parabolic  character  of  the  boundary  layer  and  hence  in  one  boundary  layer  sweep  no  downstream 
error  amplification  will  occur.  This  gives  confidence  that  possible  destabilizing  effects  on  the  iterative 
process  with  the  outer  flew  probably  will  not  be  serious.  By  .‘dating  the  properties  of  the  full  problem  to 
those  of  the  model  problem  we  should  keep  these  points  in  mind.  However,  practical  experience  with  the  full 
problem  has  confirmed  the  following  properties  of  the  iterative  techniques,  wr.Ach  above  have  been  proved 
for  the  model  problem: 

1°  The  direct  method  breaks  down  in  separation. 

2°  The  inverse  method  requires  severe  underrelaxation. 

3°  The  quasi-simultaneous  method  is  convergent;  although  for  some  cases  of  separated  flow  convergence  is 
not  yet  guaranteed  theoretically. 


7.  TRAILING  EDGE  FLOW  -  A  MODEL  PROBLEM 

As  another  demonstration  of  its  feasibility  the  present  method  has  been  used  to  calculate  the  flow  in 
the  neighbourhood  of  the  trailing  edge  of  a  (modified)  flat  plate  at  incidence.  The  plate  occupies  the 
interval  (0,  1]  of  the  x-axis,  and  is  placed  in  t  un  *n  oncoming  flow  which  makes  an  angle  a  with  the 
x-axis.  The  theoretical  pressure  distribution  accord  co  potential  flow  is 

(20)  p1-  -  ±  a(±~y  , 

where  the  +  and  -  sign  refer  to  the  upper  ana  lower  side  of  the  plate,  respectively. 

In  the  present  investigation  we  have  restricted  our  interest  to  interaction  effects  of  the  flow  in  the 
vicinity  of  the  trailing  edge  in  cases  where  the  oncoming  boundary  layer  remains  attached  until  (shortly 
before)  the  trailing  edge.  As  the  unfavourable  pressure  gradient  of  (20)  is  likely  to  provoke  leading  edge 
separation  we  have  modified  the  plate  such  that  the  pressure  becomes  constant  between  the  leading  edge  and 
the  inflection  point  of  (20)  which  lies  at  x  *  0.75;  the  constant  value  is  chosen  such  that  the  pressure 
remains  continuous. 


Thus  we  are  going  to  solve  a  model  problem  in  which  the  potential  flow  velocity  distribution  is  given  by 


u|(x)  *  U3(x)  +  Uft(x)  , 


where 


(21)  Ua(x)  »  1  ,  Ua(x) 


,1 


a(  1/3)  »  0s  XS  0.75 
a((l-x)/x)J,  0.75 m  1 

0  ,  X>  1 


The  interaction  law,  based  or.  thin  airfoil  theory,  has  been  chosen  as 


(22)  ur(x)  =  us(x)  +  uft(x)  , 
where 

(23)  u3(x)  =  Ua(x)  +  | 


<  X  <  x0 


(2*)  ua(x) 


Ua(x)  +  J:(-^)!  i  I^t)  5a~^r-  ,  xb<X<  1  , 


»  1SX£X0 


Here  4*  and  4*  are  the  symmetric  and  antisymmetric  parts  cf  the  displacement  thickness.  In  the  above 
description  tfte  Kutta  condition  at  the  trailing  edge  is  implicitly  satisfied. 


With  the  above  choice  of  the  interaction  law  we  have  ignored  the  influence  of  the  trailing  edge  region 
on  the  leading  part  of  the  "plate"  Osxsx^,.  Herewith  we  do  not  intend  to  nay  that  this  influence  is 
negligibly  small;  rather  we  want  to  focus  our  attention  to  the  numerical  1'easability  of  the  present  method. 
Thus  the  physical  description  has  been  kept  rather  simple,  allowing  some  loss  of  accuracy.  But,  as  discussed 
already  in  section  3,  the  accuracy  can  be  improved  by  introducing  an  outer  iteration  process  which  contains 
the  exact  outer  flow  operator  P. 

The  interaction  law  (22)  has  been  combined  with  the  boundary  layer  equations  (3).  The  latter  have  been 
solved  in  the  same  way  as  in  section  5*  In  the  wake  use  has  been  made  of  the  translational  invariance  of 
the  boundary  layer  equations  by  requiring  that  ^  ■  0  at  y  =  0.  The  symmetric  displacement  thickness  in  the 
wake  follows  from 

4*  =  i  Re-^(4+  -  4”)  where  £  ~  u^(y  -  4~)  as  y*  +  “ 


Ncte  that  the  antisymmetric  displacement  thickness  in  the  wake  is  not  required  in  the  present  formulation. 
In  these  trailing  edge  calculations  the  thickness  of  the  computational  domain  has  been  ch03en  as 


H(x)  »  7  8  x^ ,  where  8  “  1.721  is  the  Blasius  displacement  thickness.  In  both  x-  and  y-directions  use  has 
been  made  of  a  non-equidistant  mesh. 

The  discretization  of  the  antisymmetric  thin  airfoil  integral  (24)  requires  some  special  care.  The 
technique  used  in  section  I*  appears  to  be  too  crude  near  x*  1.  Therefore  a  more  accurate  procedure  was 
adopted.  When  evaluating  (2k)  for  x*xp,  <$*  was  approximated  by  a  piecewise  linear  function  on  intervals 
[xi,  xj+;],  jj*  i-  1,  i.  On  the  remaining  interval  [x$_j,  x^+1  ]  was  approximated  by  second  order  Lagrange 
interpolation.  (Note  that  for  a  linear  interpolatio '  the  Cauchy  principal  value  would  not  exist).  The 
resulting  integrals  have  been  calculated  analytically,  expressed  in  the  values  of  6a  in  the  nodal  points 
Xj .  Thus  an  expression  of  the  form 


"te 


u„U;)  *  U„U.)  +  E  8ij  «*(x.)  ;  i  =  1 . N 


J-0 


te 


is  obtained,  where  Nte  is  the  index  of  the  gridpoint  coinciding  with  the  trailing  edge.  For  consistency  the 
same  approach  has  been  used  for  the  symmetric  integral  (23). 

The  matrix  obtained  in  the  discretization  of  the  symmetric  integral  possesses  the  same  properties  as 
the  one  which  is  formed  from  the  method  in  section  U,  i.e.  it  is  diagonally  dominant  with  positive  diagonal 
entries.  However,  the  antisymmetric  interaction  matrix  (Bij)  (i,  j  =  1,  ...,  N^e)  is  not  diagonally  dominant. 
This  is  due  mainly  to  the  entries  in  the  (N^g  -  1)-st  and  Npe-th  column  which  describe  the  influence  of  the 
immediate  vicinity  of  the  trailing  edge.  Because  of  the  lack  of  diagonal  dominance  the  convergence  proof  of 
the  model  problem  given  in  section  6  cannot  be  generalized  to  the  asymmetric  case.  But,  as  stated  in  section 
6,  diagonal  dominance  is  only  a  sufficient  condition,  and  convergence  can  be  obtained  under  much  weaker 
restrictions.  We  have  found  that  for  reasonable  choices  of  the  meshpoints  in  the  x-direction,  with  not  too 
small  meshes  near  the  trailing  edge,  the  present  calculation  method  will  converge;  sometimes  a  small  amount 
of  underrelaxation  (u  «  0.8)  appeared  necessary. 

In  the  calculations  performed  the  interaction  interval  [xb,  xe]  and  the  distribution  of  m»shpoinos  were 
chosen  symmetrically  around  the  trailing  edge.  The  total  number  of  gridpoints  in  x-direction  is  denoted  by 
N  (hence  Nte  =  }  N);  the  number  of  gridpoints  in  y-direction  is  M  (where  J  H  points  are  situated  on  either 
side  of  y  «  0).  The  choice  of  the  mesh  was  dependent  on  the  Reynolds  number;  the  scaling  of  the  triple-deck 
served  hereby  as  a  guide.  In  table  1  we  give  some  numbers  from  which  an  impression  can  be  obtained  of  the 
meshes  employed.  Also  indicated  is,  for  two  values  of  the  angle  of  incidence,  the  number  of  iterations  that 
were  required  to  satif-"y  the  convergence  criterion  (13). 


Table  Is  Characteristic  numbers  of  calculated  trailing  edge  flow  examples 


Re 

*b 

X 

e 

N  x  M 

xNte-1 

ite: 

a  =  0 

•ations 

a  *  0.7 

M* 

0.25 

1.75 

56 

X 

56 

0.9772 

18 

32* 

10° 

0.5 

1.5 

28 

X 

28 

0.9892 

12 

17* 

56 

X 

56 

0.9946 

11* 

25* 

81* 

X 

84 

0 .9964 

18 

3>** 

108 

0.75 

1.25 

56 

X 

56 

0.9987 

11 

25 

0.99 

1.01 

56 

X 

56 

0.999989 

,6 

no  sol. 

1016 

0.999 

1.001 

56 

X 

81* 

0.9999995 

9 

no  sol. 

*  with  underrelaxation  u  *  0.8 


Properties  of  the  solution  of  Eqs.  (3.22)  for  various  combinations  of  a  and  Re  are  presented  in  Figs. 

8  and  9.  Shown  are  results  for  skin  friction  (upper  and  lower  side),  edge  velocity  and  displacement  thick¬ 
ness  (symmetric  and  antisymmetric).  The  results  plotted  have  been  obtained  with  a  56  x  56  grid.  For  the 
larger  values  of  th".  angle  of  attack  a  the  solution  shows  a  small  separation  bubble  near  the  trailing  edge. 
Further  the  figures  for  6^,  6  and  us  show  a  rapid  increase  for  increasing  a  and/or  Re.  This  phenomenon  has 
been  pursued  further  in  Fig.  TO  where  we  have  plotted,  for  fixed  Re  =  10°,  the  values  of  some  flow  variables 
at  the  trailing  edge  as  a  function  of  the  angle  of  attack.  This  figure  suggests  that  there  may  be  a  critical 
value  a*(Re)  such  that  as  a  +  a*  (from  below)  the  values  of  6a,  6g  and  ug  at  the  trailing  edge  tend  to  infinity; 
hence  for  a > a*  no  solution  will  exist  of  (3,  22).  From  the  calculation  it  follows  that  the  value  of  a*  is 
slightly  larger  than  the  value  of  a  for  which  trailing  edge  separation  first  occurs  (for  a  discussion  hereof 
see  below) . 

These  observations  are  consistent  with  the  asymptotic  theory  for  asymmetric  trailing  edge  flow  as 
formulated  by  Brown  and  Stewartson  [27] .  In  this  theory  the  triple-deck  can  describe  the  flow  provided  we 
let  the  angle  of  attack  depend  on  the  Reynolds  number  via 

(25)  a  =  Re’*1,,1^  a  , 

where  a  is  held  fixed  ii  the  asymptotic  limit  process.  The  flow  equations  have  been  solved  by  Chow  and  Melnik 
[28].  From  their  solution  the  existence  follows  of  a  number  S*«0.12,  called  the  asymptotic  stall  anglo, 
such  that  for  «  >  a*  no  solu  .Aon  of  the  triple-deck  flow  equations  can  be  found.  Further  a*  corresponds 
exactly  with  the  va1--.e  fcr  which  trailing  edge  separation  occurs.  An  analytical  explanation  of  this  corre¬ 
spondence  can  be  g  ,/“o  (29 1 ,  whic  however,  also  applies  to  our  non-asymptotic  equations.  The  difference 
in  our  results  betv,  c..  •:*  ■■  A  the  separation  angle  presumably  can  occur  because  our  method  is  somewhat  in¬ 
accurate  near  the  trai _ , ;  it  is  not  adapted  t.j  the  singular  behaviour  of  the  flow  variables  (see 

e.g.  ug).  A  methc-:  .:ke  tin  ie  -’sed  in  [13]  would  be  more  accurate. 

It  would  be  very  inte<  w  ,.g  to  investigate  the  nature  of  the  singular  behaviour  of  the  solution  when 
trailing  edge  separation  •  .  urs.  ...  it  due  to  limitations  of  the  triple-deck  equations  (interacting  boundary 
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layer  equations)  and  will  it  disappear  when  a  larger  set  of  equations  is  U3ed?  For  example  on"  might  think 
of  using  the  full  Navier-Stokes  equations  in  the  boundary  layer,  or  of  an  improved  interaction  law  which 
is  more  accurate  at  larger  angles  of  attack.  Or  is  it  a  more  fundamental  phenomenon? 

A  further  comparison  between  the  present  results  and  those  of  asymptotic  theory  is  given  in  Figs.  11 
and  12.  Here  we  show  the  skin  friction  and  the  pressure  p*  1-ue  at  the  trailing  edge  as  a  function  of  the 
angle  of  incidence  for  Re  *  10°,  10,s  and  lO1".  For  the  latter  two  values  the  velocity  distribution  without 
interaction  is  somewhat  different  from  (21)  as  now  we  assume  Uft  to  be  constant  up  to  x^.  For  the  comparison 
with  asymptotic  theory  this  is  not  relevant.  In  Figs.  11  ar.d  12  triple-deck  scaling  has  been  applied  to 
facilitate  the  comparison  with  the  asymptotic  results  as  obtained  by  Chow  and  Melnik  [28],  The  present 
results  have  a  tendency  to  approach  the  asymptotic  ones,  although  for  a  ^  0  the  differences  are  rather  large. 
However,  (25)  suggests  that  the  asymptotic  series  may  proceed  in  powers  of  Re-1'1®  which  can  account  for 
the  large  differences. 


8.  CONCLUDING  REMARKS 

This  paper  describes  a  new  technique  for  calculating  interacting  boundary  layers.  The  essence  of  the 
method  is  the  treatment  of  the  interactive  boundary  condition:  it  is  regarded  as  a  relation  between  the 
edge  velocity  and  the  displacement  thickness  where  both  quantities  are  simultaneously  treated  as  unknowns. 
This  numerical  strategy  can  be  regarded  as  a  strict  recognition  of  the  lack  of  hierarchy  of  the  triple-deck 
which  asymptotically  can  describe  (certain  types  of)  interacting  boundary  layers.  Furthermore,  as  discussed 
in  this  paper,  the  success  of  the  new  quasi-simultaneous  method  can  also  be  understood  from  a  purely 
numerical  point  of  view. 

To  demonstrate  its  possibilities  the  quasi-simultaneous  method  has  been  applied  to  a  number  of  model 
problems,  including  separation  bubbles  and  trailing  edge  flow.  The  method  has  also  been  used  to  solve  the 
equations  which  describe  the  triple-deck  [24].  In  ea' .1  of  these  applications  the  flow  is  considered  laminar 
and  incompressible.  It  is  our  belief  that  the  philosophy  behind  the  present  method  can  also  be  used  to  design 
efficient  calculation  methods  for  turbulent ,  compressible  flow.  In  these  cases  the  design  of  the  method  can 
be  guided  by  the  asymptotic  theory  for  turbulent  trailing  edge  flow  of  Melnik,  Chow  and  Mead  [3C],  and  by 
the  theory  for  shock  wave-boundary  layer  interaction  of  AdamBOn  and  coworkers  (see  [31]). 
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Fig.  1  Clonal  organization  of  existing  methods  for  calculating  viscous- 
inviscid  interaction 


Fig.  4  Separation  bubble  :  pressure  distributions  with  and  without 
interaction 
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Fig.  10  Variationof  value  of  flow  variables  at  trailing  edge  with 
angle  of  attack  a  for  fixed  Reynolds  number 
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SUMMARY 

A  viscous-inviscid  interaction  model  for  predicting  jet  entrainment  effects  on  axi- 
symmetric,  nozzle  afterbodies  at  subsonic  speeds  is  presented.  The  model  is  based  on  a 
displacement-thickness  correction  to  the  inviscid  jet  boundary  that  accounts  for  mixing- 
induced  streamline  deflections  in  the  inviscid  region.  The  displacement  correction  is 
shown  to  be  related  to  the  local  mass  entrainment  rate  and,  for  thin  mixing  layers,  the 
model  is  shown  to  be  analogous  to  displacement  models  used  in  conventional  boundary- 
layer  interaction  theory.  A  method  is  presented  for  computing  the  entrainment  rate  by  an 
overlaid  mixing-layer  model  that  accounts  for  the  nonsimilar  behavior  and  pressure  gra¬ 
dients  occurring  in  the  near-field  region.  An  iterative  scheme  for  coupling  the  model  to 
analyses  for  the  external  inviscid  flow,  the  external  boundary  layer,  and  the  inviscid 
jet  exhaust  is  also  given.  Results  are  presented  that  illustrate  the  qualitative  behavior 
of  the  entrainment  interaction  under  various  flow  conditions  and  that  demonstrate  the 
validity  of  the  model  by  comparisons  with  experiment. 
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viscous  coefficient  defined  by  Eq.  (10) 
boattail  pressure  drag  coefficient 

boattail  base  pressure  coefficient 
boattail  pressure  coefficient,  (p  -  P„) /qM 
coefficients  in  ke2  turbulence  model 
boattail  base  diameter 
boattail  maximum  diameter 

solution  vector  in  parabolic  mixing  equation,  Eq.  (9) 
mass  fraction  of  itn  species 

source  vector  in  parabolic  mixing  equation,  Eq.  -9) 
total  enthalpy  of  mixture 
turbulent  kinetic  energy 
axial  length  of  boattail 

mass-flow  rate 
Mach  number 
pressure 

turbulence  production  term,  Eq.  (11) 
turbulent  Prandtl  number 

radial  distance  from  axis 
temperature 

axial  component  of  velocity 
radial  component  of  velocity 

chemical  production  term,  Eq.  (9) 
molecular  weight  of  mixture 
axial  distance 

ratio  of  specific  heats  of  mixture 
thickness  of  viscous  layer 
displacement  thickness  of  viscous  layer 
incremental  value 
turbulent  dissipation  rate 
turbulent  viscosity  coefficient,  Eq.  (12) 

density  of  mixture 
coefficient  vector  in  Eq.  (9) 
stream  function,  Eq.  (13) 
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Subscripts 


e 

eff 

ent 

j 

CO 

1,2 


conditions  at  outer  edge  of  viscous  layer 
conditions  at  effective  plume  boundary 
entrainment 

inviscid  jet  exhaust  property  at  nozzle  exit 
free- stream  condition 

inner,  outer  mixing- layer  computational  boundary 


Superscript 

I  equivalent  inviscid  property 


INTRODUCTION 

The  viscous-inviscid  interactions  associated  with  near-field  jet  mixing  are  of 
fundamental  interest  in  the  prediction  of  nozzle  afterbody- jet  exhaust  flow  fields.  In 
high  Reynolds'  number,  turbulent  flows  over  axisymmetric  bodies,  these  mixing  processes 
occur  in  a  highly  complex  flow  field  characterized  by  relatively  thick  initial  boundary 
layers  and  large  pressure  gradients  caused  by  afterbody  curvature  and  under/overexpanded 
jet  exhausts  (Fig,  1).  Here,  the  mixing  exhibits  a  highly  non-similar  behavior  dominated 
by  the  transition  from  a  boundary-layer-like  mixing  to  a  free-shear-layer-like  mixing. 

The  mixing  away  of  the  boundary-layer  mass  defect  in  this  transition  region  perturbs  the 
external  flow  significantly  at  subsonic  and  transonic  speeds.  The  rate  of  mixing  is 
strongly  influenced  by  the  pressure  gradient  which  in  turn  is  highly  sensitive  to  the 
streamline  deflections  induced  by  the  mixing. 

A  qualitative  illustration  of  the  role  of  the  boundary  layer  in  the  viscous-inviscid 
interaction  process  is  given  in  Fig.  2.  Here,  the  interaction  is  modeled  as  a  displace¬ 
ment  of  the  inviscid  streamlines  due  to  the  mass  defect  in  the  boundary  layer,  i.e.,  the 
inviscid  flow  is  equivalent  to  that  over  the  actual  body  augmented  by  the  displacement 
thickness.  If  the  inviscid  jet  plume  boundary  is  treated  as  a  solid,  no-slip  wall  (no 
entrainment) ,  the  boundary- layer  defect  will  persist  indefinitely  along  the  jet  boundary. 
Although  this  model  is  physically  invalid,  it  has  been  used  in  previous  viscous-inviscid 
calculations  of  afterbody- jet  interactions  (Refs.  1  and  2)  and  does  account  for  the 
inviscid  plume  blockage.  However,  if  mixing  effects  are  considered,  the  boundary-layer 
defect  vanishes  quickly  (see  Fig.  2) ,  and  the  inviscid  streamlines  are  deflected  downward 
accordingly.  The  external  flow  is  thus  accelerated  by  the  mixing  process  yielding  a 
corresponding  decrease  in  afterbody  pressures  as  shown  in  Fig.  2.  It  is  this  accelera¬ 
tion  process  (which  can  also  occur  in  the  absence  of  initial  boundary  layers)  that  is 
termed  the  jet  entrainment  effect. 

The  importance  of  jet  entrainment  on  measured  afterbody  drag  (Ref.  3)  is  evident 
from  the  data  shown  in  Fig.  3.  These  data  were  obtained  by  subtracting  the  boattail 
pressure  drag  for  circular-arc  boattail  nozzles  with  solid-plume  simulators  from  that  for 
the  same  nozzles  with  a  jet  exhaust  flow.  The  drag  increment  is  due  primarily  to 
entrainment  and  increases  as  the  ratio  of  jet  to  free-stream  velocity  increases  account¬ 
ing  for  as  much  as  50  to  60  percent  of  the  boattail  pressure  drag.  Such  a  large  effect 
clearly  cannot  be  neglected  in  the  prediction  of  afterbody- jet  interactions. 

Previous  viscous-inviscid  calculations  of  afterbody-jet  exhaust  flows  have  attempted 
to  model  the  entrainment  interaction  as  a  displacement-thickness  correction  to  the 
inviscid  plume  boundary  (Refs.  4-6) .  All  of  these  models  relate  this  correction,  in 
some  manner,  to  an  estimate  of  the  local  mass  entrainment  rate  computed  by  an  integral 
analysis  of  the  mixing  layer.  For  example,  Cosner  (Ref.  4)  applied  an  integral  form  of 
the  boundary-layer  equations  to  the  inviscid  plume  boundary  treated  as  a  non-adiabatic 
moving  wall.  The  mixing-layer  displacement  thickness  was  assumed  to  be  just  the  result¬ 
ing  boundary- layer  displacment  thickness.  This  model  does  remove  the  no-slip  condition 
along  the  plume  boundary  and  therefore  allows  the  boundary-layer  defect  to  be  accelerated; 
however,  it  does  not  account  for  mixing  inside  the  jet  and  does  not  allow  mass  to  cross 
the  inviscid  boundary.  Yaros  (Ref.  5)  used  the  mixing  layer  analysis  of  Korst  and  Chow 
(Ref.  7)  to  account  for  the  full  mixing  layer  region  and  the  initial  internal  nozzle 
boundary  layer.  However,  the  Korst  and  Chow  analysis  assumes  the  mixing  to  be  isobaric 
which  is  not  justifiable  for  this  problem.  Kuhn  (Ref.  6)  extended  an  integral  boundary- 
layer  analysis  to  the  full  mixing  layer  accounting  for  both  axial  inviscid  pressure 
gradients  and  initial  boundary-layer  profiles  characteristic  of  either  attached  or 
separated  flows.  An  empirical  model  of  the  velocity  profiles  was  used  to  describe  the 
transition  from  a  boundary-layer-like  profile  to  the  self-similar  profile  in  the  down¬ 
stream  shear  layer.  Kuhn's  model  appears  to  give  qualitatively  correct  results  for  the 
predicted  entrainment  effect  on  afterbody  drag;  however,  the  sensitivity  to  initial 
conditions  in  his  calculations  appears  to  be  attributable  to  the  empiricism  in  the  model. 
In  view  of  the  potentially  large  effects  of  entrainment  shown  earlier,  a  more  complete 
assessment  of  these  approximate  models  is  clearly  needed. 

A  computational  jet  entrainment  model  has  been  recently  developed  (Refs.  8  and  9) 
that  provides  a  detailed  and  accurate  analysis  of  near-field  jut  mixing,  removing  the 
need  for  many  of  the  assumptions  used  in  the  more  approximate  models.  This  model  employs 
a  finite-difference  procedure  to  integrate  the  parabolic  turbulent  mixing  equations  to 
determine  the  local  mass  entrainment  rate.  The  computational  grid  for  the  mixing  solution 
is  overlaid  onto  a  map  of  the  inviscid  flow  field  which  is  calculated  a  priori.  By 
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this  overlaid  procedure,  the  local  axial  and  radial  pressure  variations  and  variations 
in  the  mixing  layer  edge  conditions  are  accounted  for  in  the  mixing  calculation.  The 
entrainment  effect  on  the  inviscid,  external  flow  field  is  obtained  by  displacing  the 
inviscid  plume  boundary  such  that  the  induced  "inviscid"  mass  flow  crossing  the  outer 
mixing-layer  boundary  is  equivalent  to  that  predicted  by  the  turbulent  mixing  solution. 

The  overall  flow  field  solution,  including  the  inviscid  supersonic  jet  exhaust,  inviscid 
subsonic  external  flow  and  external  boundary  layer,  is  obtained  iteratively,  as  will  be 
detailed  in  this  paper. 

Applications  of  this  iterative  model  to  the  prediction  of  axisymmetric,  nozzle  after¬ 
body  flows  with  mildly  underexpanded  jet  exhausts  have  shown  very  good  agreement  with 
experimental  data  (Refs.  9-11).  The  results  of  several  numerical  experiments  have  also 
been  useful  in  providing  an  understanding  of  the  basic  mechanisms  important  to  the 
viscous-inviscid  interactive  effects  of  mixing.  The  purpose  of  this  paper  is  to  fully 
describe  the  interactive  jet  entrainment  model  and  to  show  how  it  has  been  incorporated 
into  an  iterative  viscous-inviscid  interaction  scheme  for  predicting  afterbody  flow 
fields.  Results  are  presented  which  illustrate  the  basic  interactive  effects  under 
various  flow  conditions  and  which  demonstrate  the  validity  of  the  model  by  comparisons 
with  experimental  data. 


JET  ENTRAINMENT  MODEL 


Interactive  Concept 


The  jet  entrainment  model  developed  is  based  on  the  concept  of  a  weakly  interacting 
mixing  layer  in  which  the  mixing-induced  streamline  deflections  are  accounted  for  by  a 
displacement-thickness  type  correction  to  the  inviscid  jet  exhaust  boundary.  The  mag¬ 
nitude  of  the  interactive  effect  is  proportional  to  the  amount  of  local  mixing-induced 
streamline  deflection.  The  approach  taken  involves  matching  the  streamline  slopes 
predicted  by  a  viscous  mixing  solution  to  those  predicted  by  an  equivalent  inviscid 
solution  (viz;  if  the  local  streamline  slope,  v/u,  is  known  along  the  outer  mixing- 
layer  boundary,  the  flow  field  outside  of  the  mixing  layer  may  be  solved  by  purely 
inviscid  methods  with  the  entrainment  effect  introduced  by  specifying  the  known 
v/u  =  ve/ue  as  a  boundary  condition) .  This  approach  is  completely  analogous  to  that 
used  in  classical  boundary-layer  interaction  theory. 


Effective  plume  boundary.-  Consider  an  axisymmetric  jet  exhausting  into  an  external 
stream  (Fig.  4(a))  where  each  stream  may  have  an  arbitrary  velocity  profile  (e.g., 
representing  an  inviscid  region  plus  a  boundary-layer  region) .  Applying  the  continuity 
equation  to  the  control  volume  in  Fig  4(a)  and  integrating  from  the  axis  to  the  outer 
edge  of  the  mixing  layer  (r  =  re)  yields  the  relation 


where  p  and  u  are  the  actual  (viscous)  flow  properties.  Neglecting  jet  underexpan¬ 
sion  effects  for  the  moment,  the  term  -pevereAx  is  defined  as  the  mass  entrained  by 
the  mixing  layer  between  x  and  x  +  Ax,  i.e.. 


dx 


(2) 


An  effective  boundary  reff(x)  is  now  sought  such  that  an  inviscid,  external  flow  solu¬ 
tion  over  this  boundary  produces  the  same  mass  flux  across  re(x)  as  that  given  by  the 
viscous  solution.  Applying  continuity  to  the  equivalent  inviscid  control  volume  shown 
in  Fig.  4(b),  it  can  readily  be  shown  (see  Ref.  11)  that 


where  the  superscript  I  denotes  inviscid  flow  quantities.  In  principle,  Eq.  (3)  could 
be  solved  for  reff.  Such  a  solution  requires  an  iterative  procedure  in  which  an  initial 
guess  is  made  for  reff(x),  an  inviscid  outer  solution  is  constructed  subject  to  the 
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tangency  condition  (v/u)r=re££  =  dr^^/dx,  and  a  viscous  inner  solution  is  obtained 

subject  to  the  outer  boundary  conditions  pe  =  p^1  and  ue  =  u  1  at  r  =  re.  This 
iterative  process  would  continue  until  the  additional  matching  condition  ve*  =  ve 

(or  equivalently  dm*nt/dx  =  dment/dx)  is  met. 

For  thin  mixing  layers,  Eq.  (3)  can  be  simplified  considerably  (in  a  manner  consis¬ 
tent  with  the  usual  thin  boundary-layer  approximations)  by  assuming  piu1  to  be 
approximately  constant  across  the  layer  and  equal  to  the  local  edge  value,  Peue.  After 
some  rearrangement,  Eq.  (3)  becomes 


dreff  2  2  d»npu 

+  (rjff  "  *e  i  - — 

dx  err  e  dx 


Neglecting  axial  variations  in  Peuc  for  the  moment,  one  can  define  a  displacement 
thickness 


6eff  ’  reff  “  rj 

where  r^ (x)  is  the  inviscid  plume  boundary.  Assuming  &e£t  <<  rj»  Eq.  (4)  can  be 
written  as 


Thus,  the  viscous-inviscid  interaction  is  essentially.  repr?.sent4ble  by  a  source  distri¬ 
bution  whose  strength,  given  by  Eq.  (6),  is  proportional  to  the  local  mass  entrainment 
rate.  If  the  entrainment  rate  is  known,  the  interaction  may./'Oe  accomplished  either  by- 
integrating  Eq.  (4)  to  yield  an  effective  boundary  for  thev  inviscid  calculation  or  by 
simply  specifying  the  source  strength  over  the  invi3cid  plume  boundary.  For  thin  mixing 
layers,  the  two  methods  should  be  nearly  equivalent  (Refs.  12-13).  For  the  present  work, 
the  effective  boundary  method  was  used. 

Displacement  thickness  for  a  mixing  layer.-  The  effective  displacement  thickness 
defined  by  Eql  (5)  is  completely  analogous  to  the  usual  definition  given  for  boundary 
layers.  To  illustrate  this  analogy,  we  incorporate  the  definition  into  Eq.  (3) , 


eliminate  the  ve-term  with  Eq.  (1)  and  subtract  J 

o 

some  rearrangement,  it  can  be  shown  (see  Ref.  11)  that 


rdr  from  both  sides. 
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rdr  +  C 


where  C  is  the  constant  of  integration.  -.’he  analogy  to  a  boundary-layer  displacement 
thickness  is  evident  with  the  main  difference  being  that  the  integral  in  Eq.  (7)  must 
extend  to  the  axis  to  account  for  the  blockage  of  the  jet  exhaust  flow.  It  can  also  be 
shown  that  the  equivalence  between  source  strength  and  displacement  thickness  is  given 
by 


v.  ‘  V.  S  181 

again  analogous  to  boundary-layer  theory  (Ref.  12) .  It  is  interesting  to  note  that  where¬ 
as  the  displacement  thickness  for  a  boundary  layer  always  represents  a  mass  defect  (and 
is  therefore  always  positive),  6lrf  given  by  Eq.  (7)  can  be  either  positive  or  negative 
depending  on  the  mass  flow  parameter  pjuj/°eue' 

Plume  underexpansion  effects.-  The  definition  given  for  the  effective  plume 
boundary  reff  has  so  far  >-3en  described  only  in  terms  of  the  mixing  interaction.  If 
the  plume  is  underexpand  there  will  be  an  additional  interaction  due  to  the  geometry, 
rj(x)/  of  the  inviscid  piu.no  boundary.  For  mildly  underexpanded  plumes,  rj  in 
Eq.  (5)  is  assumed  to  be  constant  (equal  to  the  nozzle  exit  radius).  The  unaerexpansion 


s 
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effect  can  then  be  included  in  the  effective  boundary  shape/  with  the  displacement  thick¬ 
ness,  i$eff'  measured  from  the  cylindrical  surface  i  =  ri  as  shown  in  Fig.  5.  The 
effective  boundary  defined  by  Eq.  (3)  or  (4)  remains  validJfor  the  viscous-inviscid 
calculation  with  reff  (and  6§ff)  now  containing  this  additional  inviscid  blockage 
contribution.  In  previous  studies  (Refs.  4-6) ,  an  attempt  was  made  to  separate  these 
two  effects;  this  distinction  is  not  necessary  here  if  the  inflow  term  (pevere) 
is  computed  in  such  a  manner  as  to  include  both  effects.  For  the  overlaid  mixing 
calculation  (Ref.  8)  to  be  described  in  the  next  section,  this  approach  has  been  taken. 


Overlaid  Mixing  Layer  Model 


In  order  to  integrate  Eq.  (4) ,  the  local  mass  entrainment  rate  (or  equivalently 


the  entrainment  velocity  ve)  must  be  known.  In  the  present  work,  ve  is  obtained  using 


the  overlaid  mixing  analysis  of  Ref.  8  which  solves  the  parabolic  mixing  equations  in 
transformed  (x,i)0  coordinates  given  by 
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The  dependent  variables  are:  u,  the  axial  velocity;  H,  the  total  enthalpy;  Fj.,  the 
mass  fraction  of  the  ith  species;  k,  the  turbulent  kinetic  energy;  and  e,  the  rate  of 
turbulent  dissipation.  The  term  A  is  given  by 


A  =  W. 


pur 


*t  ip 

and  the  turbulence  production  term,  P,  by 
(2 


(10) 


5  i 

t  1 


Au  /  3uV 

ip 


(11) 


The  turbulent  viscosity,  yfc,  in  this  formulation  is  given  by 
2 


y  =  C  ££ 
Mt  ye 


(12) 


i 


•  1 


1  awwwj 
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where  Cy  and  the  constants  Ci  and  C2  employed  in  Eq.  (9)  are  described  in  Ref.  8. 
The  turbulent  Lewis  number  has  been  assumed  to  be  unity. 

The  system  of  equations,  Eq.  (9),  is  integrated  along  the  streamlines  by  a  one- 
step,  explicit  finite-difference  procedure.  The  computational  domain  bounded  by 
'I'l (x)  and  (Fig-  6)  is  overlaid  onto  a  previously  computed  inviscid  flow  field 

(also  mapped  into  (x, 4<)  coordinates)  .  The  physical  location,  r(x,ii»i)  of  the  i.mer 
boundary  is  determined  by  interpolation  from  the  inviscid  flow  map.  Thus,  the  curvature 
of  the  inviscid  jet  exhaust  streamlines  is  taken  into  account  with  the  growth  of  the 
computational  domain  taking  place  about  the  inviscid  plume  boundary.  The  location  of  the 
outer  boundary,  r(x,4>2),  and  the  entrainment  velocity,  ve(x,if'2),  are  then  determined 
by  inversion  of  the  stream  function  transformation  given  by 


*  !r|  .  =  pur 

t  |i|  =  -ovr 

3x|r 

Evaluating  ve  along  the  computational  boundary  1)12  (x)  yields 

dr  1  dt}>  2 

ve  =  ue - -  -  -  •: 

dx  2pere  dx  ' 


(13a) 


(13b) 


(14) 


2 

It  should  be  noted  that  the  dt^  '/dx-term  in  Eq.  (14)  bears  no  direct  relation  to  the 
mixing  but  arises  simply  due  to  the  arbitrary  growth  rate  of  the  computational  boundary. 
The  mixing  effect  is  contained  mainly  in  tha~  dr-s/dx-term  where  re{>:)  is  evaluated  by 
inversion  of  Eq.  (13a) . 

At  each  integration  step,  the  edge  conditions  and  the  pressure  and  pressure  gradients 
at  each  grid  point  are  determined  by  direct  interpolation  (in  (x,iJ0  coordinates)  from 
the  inviscid  flow  maps.  Thus,  a  solution  to  the  inviscid  radial  momentum  equation  is 
implied  in  the  mixing  solution  by  imposing  p(x,t|i)  as  a  known  quantity.  The  pressure 
field  can  therefore  be  treated  by  fully  elliptic  methods  with  coupling  to  the  viscous 
effects  accomplished  through  the  interaction  model.  Of  course,  thi3  approach  is  formally 
justified  only  when  the  mixing-induced  perturbations  on  the  pressure  are  small.  For  the. 
cases  studied  herein,  the  waak-interaction  hypothesis  appears  to  be  quite  reasonable 
and  the  inclusion  of  inviscid  pressure  gradients  in  the  mixing  analysis  will  be  3een  to 
be  quite  important. 

The  overlaid  model  of  Ref.  8  also  allows  for  finite-rate  chemical  reactions  in  the 
mixing  layer.  To  remove  the  stiffness  associated  with  the  chemical  source  term,  w,  in 
Eq.  (9) ,  the  species  continuity  equations  are  solved  by  a  linearized,  implicit  finite- 
difference  procedure. 


COMPUTATIONAL  APPROACH 

The  use  of  the  jet  entrainment  model  within  the  framework  of  a  viscous-inviscid 
interaction  technique  requires,  first,  that  the  overall  flow  field  be  divided  into 
distinct  regions  (Fig.  7) .  Each  region  is  then  treated  by  a  computational  approach  that 
caters  to  the  physical  flow  processes  and  length  scales  occurring  within  that  region. 

For  application  to  the  problem  of  a  supersonic  jet  interacting  with  a  subsonic  flow  over 
a  nozzle  boattail,  the  following  key  assumptions  are  employed: 

Region  I;  External  Flow.-  The  external  flow  is  assumed  to  be  inviscid  and  irrota- 
tional,  i.e.,  the  velocity  may  be  expressed  as  the  gradient  of  a  scalar  potential  function. 

Region  lit  Boundary  Layer.-  The  external  boundary  layer  is  assumed  to  be  turbulent 
and  to  remain  attached  to  the  nozzle  boattail  surface.  The  internal  nozzle  boundary  laye  - 
is  assumed  to  be  thin  compared  to  the  external  boundary  layer  and  its  thickness  at  the 
nozzle  exit  is  assumed  to  be  constant. 

Region  III:  Inviscid  Jet  Exhaust.-  The  inviscid  jet  exhaust  flow  is  assumed  to  be 
supersonic  at  all  computational  boundaries,  i.e.,  upstream  inflow  (at  nozzle  exit) 
boundary,  outer  plume  boundary,  and  downstream  outflow  boundary,  except  at  the  jet  center 
line  where  the  flow  may  be  subsonic  downstream  of  the  normal  shock  (Mach  disc)  which  may 
develop  when  the  jet  is  underexpanded  (pj  >  p«) . 

Region  IV:  Mixing  Layer.-  The  mixing  is  assumed  to  be  turbulent  and  only  the  radial 
shear  stress  term  in  tne  axial  momentum  equation  is  retained.  The  pressure  field  as 
imposed  from  the  inviscid  solution. 
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The  final  assumption  needed  is  that  the  viscous-inviscid  interaction  is  weak;  i.e.,  the 
streamline  deflections  produced  by  the  boundary- layer  and  mixing-layer  displacement 
are  small  (ve/ue  <<  1) . 

Iterative  Procedure 

An  iterative  procedure  for  solving  the  complete  flew  field  is  now  established  con¬ 
sistent  with  the  above  assumptions.  This  procedure  consists  of  the  single  iterative 
loop  shown  in  Fig.  8. 

The  Region  I  solution  is  obtained  by  solving  the  full,  nonlinear,  potential  flow 
equation  by  the  relaxation  technique  of  South  and  Jameson  (Ref.  14) .  The  computational 
boundary  is  the  displacement  body  defined  to  match  the  viscous  velocity  component  ve(x) 
along  the  outer  edge  of  the  viscous  layer.  The  displaced  body  consists  of  the  combined 
body  plus  boundary-layer  displacement  thickness  from  Region  II  and  the  inviscid  plume 
plus  mixing-layer  displacement  thickness  from  Region  IV.  In  the  iteration  procedure, 
the  displacement,  thickness  is  applied  using  a  simple  underrelaxauion  technique,  i.e., 

6* (x)  =  h(6ner/)  +  6old) »  to  enhance  convergence. 

Region  II  is  solved  next  using  a  modified  version  of  the  integral  boundary-layer 
method  of  Reshotko  and  Tucker  (Ref.  15)  with  the  edge  conditions  specified  by  Region  I 
in  the  usual  manner. 

The  inviscid  jet  exhaust  (Region  III)  is  computed  by  the  shock-capturing,  inviscid 
plume  model  of  Dash  and  Thorpe  (Ref.  16).  This  model  uses  an  explicit,  two-step  marching 
procedure  to  solve  the  steady-state,  inviscid  flow  equations  in  conservative,  finite- 
difference  form.  The  pressure  along  the  inviscid  plume  boundary  is  prescribed  by  the 
Region  I  solution. 

The  mixing  region  is  solved  by  the  overlaid  model  described  earlier  with  initial 
conditions  from  Region  II  and  edge  conditions  and  pressure  from  Regions  I  and  III. 

Further  details  of  the  application  of  the  individual  computational  models  are  given  in 
Ref.  11. 

The  single  iterative  loop  in  Fig.  8  has  been  found  to  give  excellent  convergence  for 
typical  nozzle  afterbody  flows  with  mildly  underexpanded  plumes.  A  typical  convergence 
history  for  the  maximum  pressure  coefficient  and  displacement  thickness  (which  occur  at 
the  end  of  the  afterbody)  is  shown  in  Fig.  9.  Most  of  the  viscous-inviscid  interaction 
is  completed  in  the  first  three  to  four  iterations  with  a  convergence  level  of  less  than 
0.1  percent  being  achieved  in  five  to  10  iterations.  . 

3 

a 

RESULTS  * 

Basic  Viscous-inviscid  Interaction  for  Parallel  Mixing 

The  simplest  case  studied  was  the  interaction  of  a  uniform,  subsonic  stream  with  a 
simple  axisymmetric  shear  layer  (no  external  boundary  layer) .  This  case  provides  an 
illustrative  example  of  the  ba3ic  interactive  effect  since  the  inviscid  flow  is  uniform 
and  parallel  everywhere  and  any  perturbations  are  due  solely  to  mixing. 

The  entrainment  velocity  for  a  velocity  ratio,  uj/u«,  of  5  is  shown  in  Fig.  10. 

With  the  jet  velocity  larger  than  that  of  the  external  stream,  the  entrainment  velocity 
is  negative  everywhere  along  the  outer  shear  layer  boundary  and  the  resulting  effective 
inviscid  boundary  has  a  negative  slope.  The  matching  of  ve/Ug  between  the  viscous 
and  inviscid  calculations  is  very  good,  with  a  slight  disagreement  at  the  start  of  the 
shear  layer  caused  by  numerical  smoothing  of  the  slope  discontinuity  in  the  effective 
boundary  in  the  inviscid  calculation. 

Since  the  mixing  of  parallel  streams  in  the  absence  of  boundary  layers  is  essentially 
self-similar,  the  near-field  entrainment  velocity  (and  mass  entrainment  rate)  is  essen¬ 
tially  constant.  Therefore,  the  source  strength,  ver_,  can  be  used  as  a  basic  measure 
of  the  strength  of  the  viscous-inviscid  interaction.  The  computed  variation  in  source 
strength  with  mass-flux  ratio,  pjUj/p„u®,  is  given  in  Fig.  11  for  two  different 
velocity  ratios.  These  results  suggest  a  qualitative  behavior  given  by 


u  r 


j 


(15) 


That  is,  the  magnitude  of  the  source  strength  is  proportional  mainly  to  the  velocity  ratio 
while  the  sign  (positive  or  negative  displacement)  depends  on  the  mass-flux  ratio.  While 
the  usual  concept  of  entrainment  effects  is  that  of  accelerating  the  external  flow 
(negative  displacement) ,  these  predictions  show  that,  for  pjUj/p<»u«,  <1,  a  decelerating 
effect  (positive  displacement)  is  possible.  This  effect  will  later  be  shown  to  be 
important  in  predicting  nozzle  afterbody  drag. 
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Jet  Entrainment  Effects  on  Nozzle  Afterbody  Flows 

The  model  was  applied  to  the  prediction  of  the  subsonic  flow  over  a  circular-ar 
boattail  nozzle  U/D  =  1.77  and  dj,/D  =  0.51)  with  a  sonic  jet  of  exit  radius  rj/D  =  j.50. 

Basic  entrainment  effect.-  A  comparison  of  results  predicted  with  and  without  the 
entrainment  correction  are  shown  in  Fig.  12.  The  displacement  thickness  without  entrain¬ 
ment  was  obtained  simply  by  continuing  the  boundary-layer  calculation  over  the  inviscid 
plume  boundary  treated  as  a  no -slip,  solid  wall.  The  more  negative  source  strength  with 
entrainment  results  in  a  reduction  in  the  effective  "size"  of  the  plume  due  to  the 
removal  of  the  boundary- layer  defect.  The  predicted  boattail  pressures  are  thereby 
reduced  and  compare  quite  favorably  with  the  experimental  data' of  Ref.  3. 

Boundary-layer  effect.-  To  determine  the  importance  of  the  boundary-layer  defect, 
a  calculation  was  performed  in  which  the  boundary-layer  thickness  was  assumed  to  be  zero 
over  the  entire  body.  The  mixing  calculation  was  still  retained  but  was  initialized 
with  a  self-similar  profile  characteristic  of  free  shear-layer  mixing  (no  defect) .  A 
comparison  to  the  prediction  with  a  boundary  layer  (Fig,  13)  shows  that  the  dominant 
contribution  to  the  near-field  interaction  is  due  to  the  transition  of  the  wakelike 
boundary-layer  mixing  to  a  simple  shear-layer  mixing. 

Pressure  gradient  effect.-  The  influence  of  the  inviscid  pressure  gradients  on  the 
mixing  calculation  is  evident  in  the  results  of  Fig.  14.  The  zero-pressure-gradient 
results  were  obtained  by  setting  the  pressure-gradient  term  in  Eq.  (9)  equal  to  zero. 

As  shown  in  Ref.  10,  such  a  calculation  give3  essentially  the  same  mixing-layer  dis¬ 
placement  as  the  isobaric  mixing  analysis  of  Korst  and  Chow.  Significant  differences 
in  the  near-field  source  strengths  are  evident  which  vanish  downstream  where  the  pressure 
gradient  is  small.  However,  the  inviscid  pressure  distribution  shows  a  strong  sensitivity 
to  the  near-field  interaction.  Clearly,  an  isobaric  mixing  assumption  is  not  justified 
in  the  near-field  calculation. 

Comparisons  with  Data 

Comparisons  of  predicted  boattail  pressure  distributions  to  the  data  of  Ref.  3  are 
shown  in  Fig.  15  for  various  flow  conditions.  Figure  15(a)  shows  the  effect  of  free- 
stream  Mach  number  at  a  slightly  underexpanded  pressure  ratio  (Pj/Poo  =  1.1).  Since 
the  jet  velocity  is  essentially  constant,  these  data  also  show  the  effect  of  shear- 
layer  velocity  ratio,  Uj/u®.  Figure  15(b)  shows  the  effect  of  plume  underexpansion  at 
a  constant  Mach  number.  All  predictions  are  in  excellent  agreement  with  the  experimental 
data. 

The  correlation  of  the  measured  pressure  at  the  rearward-most  portion  of  the  boattail, 
cp,b'  wi,:h  uj/u«  and  Pj/p*,  is  shown  in  Fig.  16.  Increasing  the  velocity  ratio 
decreases  Cpik  due  to  the  increased  entrainment  rate,  while  increasing  the  pressure 
ratio  increases  Cp>  ^  due  to  inviscid  plume  blockage.  Both  effects  are  predicted 
correctly  by  the  theory,  although  the  predicted  magnitude  of  Cpfj)  is  slightly  higher 
than  the  data.  In  view  of  the  excellent  overall  agreement  in  Fig.  15,  the  jet  entrain¬ 
ment  model  appears  to  provide  a  valid  approach  for  predicting  jet  effects  on  nozzle 
afterbodies . 

Predictions  of  Real  Gas  Effects 


In  addition  to  providing  improved  accuracy  in  near-field  mixing  calculations,  the 
overlaid  model  of  Ref.  8  also  provides  the  capability  to  treat  the  mixing  between 
streams  of  arbitrary  gas  compositions  with  or  without  chemical  reactions.  Since  the 
entrainment  interaction  has  been  shown  to  depend  on  both  the  density  and  velocity  ratios 
(both  of  which  depend  on  composition,  temperature,  etc.),  results  are  shown  in  this 
section  to  illustrate  these  effects.  The  calculations  were  all  performed  at  a 
M®  =  0.4  and  pj/p®  =  1.1  for  the  same  circular-arc  nozzle  used  in  the  previous 
comparisons. 

Composition  effect.-  Since  the  mass-flux  ratio  pju-j/pau®  is  proportional  to 
/Wj/W®,  where  W  is  the  mixture  molecular  weight,  the  ef'-ct  of  composition  can  be  seen 
by  simply  varying  the  molecular  weight  of  the  jet  gas.  A  <  jmparison  of  the  entrainment 
interaction  for  a  pure  nitrogen  and  a  pure  hydrogen  jet  is  shown  in  Fig.  17.  Decreasing 
the  jet  density  (molecular  weight)  increases  the  entrainment  velocity  resulting  in  an 
outward  displacement  of  the  effective  plume  boundary,  an  increase  in  boattail  pressures 
and  a  decrease  in  boattail  drag  (Fig.  18) .  This  density  effect  is  in  agreement  with  the 
qualitative  model  given  by  Eq.  (15)  and  is  verified  by  the  experiments}  data  of  Peters 
(Ref.  17)  for  nitrogen  and  hydrogen  jets.  A  similar  effect  can  al30  be  seen  by  increas¬ 
ing  the  jet  temperature,  since  for  a  given  composition,  the  mass-flux  ratio  varies  as 

✓Too/Tj  (see  Ref.  11) . 

Real  jet  exhaust  --affects.-  To  further  demonstrara  the  capabilities  of  the  overlaid 
mixing  model,  a  test  case  was  chosen  with  jet  exhaust  conditions  where  real  gas  and 
afterburning  effects  were  likely  to  occur.  Calculations  were  performed  with  and  without 
chemical  tt actions.  The  exhaust  gases  were  assumed  to  consist  of  75  percent  N, ,  5  per¬ 
cent  0j,  lo  percent  H,0,  and  10  percent  CO  where  the  CO  represents  the  unburnea  "fuel." 
For  the  calculation  with  chemistry,  trace  quantities  of  C02,  OH,  H,  0  and  H,  were  also 
assumed,  and  a  standard  set  of  chemical  reactions  for  the  combustion  of  CO  and  H2 


(Ret.  18)  was  used.  A  jet  exhaust  temperature  of  1500  K  and  a  nominal  ratio  of  specific 
heats  y  *  1.27  were  used  for  the  inviscid  jet  exhaust  calculation. 

Results  for  these  two  cases  are  compared  to  those  for  a  cold-air  jet  in  Fig.  19. 

The  main  effect  is  a  simple  increase  in  the  entrainment  "blockage"  effect  due  to  the 
increased  temperature  (and  decreased  density) .  The  effect  of  CO  afterburning  is  to 
increase  the  temperature  in  the  mixing  layer  and  to  produce  an  additional  outward  shift 
in  the  effective  boundary.  However,  the  afterburning  effect  is  not  significant  until 
several  jet  radii  downstream,  since  the  burning  requires  the  entrainment  of  sufficient 
external  air  for  the  reactions  to  proceed.  In  both  cases,  the  boattail  pressures  are 
increased  with  a  corresponding  decrease  in  the  drag  (Fig.  20) . 


CONCLUDING  REMARKS 

A  .iscous-invis'dd  interaction  technique  has  been  presented  for  computing  the 
entrainment  effects  on  nozzle  afterbody- jet  exhaust  flow  fields.  The  entrainment 
interaction  is  modeled  as  a  displacement  correction  to  the  inviscid  jet  boundary  which 
accounts  for  the  mixing-induced  streamline  deflections.  The  displacement  concept  has 
been  shown  to  be  fully  analogous  to  that  used  in  standard  boundary  layer  interaction 
theory,  except  that  the  mixing-layer  displacement  can  have  either  positive  or  negative 
values  depending  on  the  density  and  velocity  ratios  between  the  jet  and  free-stream. 

An  iterative  procedure  for  matching  the  viscous  mixing  region  to  an  inviscid  outer 
flow  solution  has  beer,  developed  and  its  validity  has  been  demonstrated  by  comparisons 
with  experimental  data.  Applications  of  the  procedure  to  the  prediction  of  nozzle 
afterbody  flows  with  underexpanded  jet  exhausts  show  clearly  the  need  to  account  for 
both  non-similar  mixing  and  variable  pressure  gradients  in  the  near-field  mixing  layer. 
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Figure  2.-  Displacement  models  with  and  without  entrainment. 
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Figure  7.-  Computational  regions  for  viscous-inviscid  analysis. 


Figure  8,.-  Vif-oous-inviscid  iteration 
procedure. 


Figure  9.-  Convergence  characteristics 
of  iterative  scheme. 

=  0.4,  P-j/P,*  *  1.1. 


Figure  10.--  Matching  of  entrainment  velocity  to  equivalent  inviscid  flow 
for  parallel  mixing.  Uj/u^  *  5,  =  1. 
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RESUME 


Le  probleme  de  l'apparicion  de  singularitEs  dans  lea  equations  de  couches  limites  instationnaire 
bidimensionnelle  et  tridimensionnelle  stationnaire  est  etudie  analytiquement  A  partir  des  equations  glo- 
bales  de  quantity  de  mouvement  et  d'entrainement. 

En  mode  direct  la  vitesse  est  imposSe.  On  montre  que  contrairement  au  cas  bidimensionnel  station- 
naire,  l'apparition  d' Seoul ements  de  retour  n'engendre  pas,  en  general  de  singularity  mais  traduit  une 
influence  de  l'aval  sur  l'amont.  Dans  les  deux  cas,  l'etude  analytique  ou  numSrique  montre  que  des  lignes 
de  discontinuity  peuvent  exister  correspondant  3  des  solutions  faibles  des  Equations  mais  ces  lignes 
n'ont  aucun  sens  physique.  En  particulier,  dans  le  cas  tridimensionnel  elles  nc  doivent  pas  etre  inter- 
pretSes  comme  des  lignes  de  dEcollement. 

Le  calcul  en  mode  inverse  permet  d'Eviter  toute  singularity.  La  vitesse  est  alors  une  inconnue 
du  probleme  de  couche  limite.  Ces  mEthodes  sont  utiles  pour  traiter  le  couplage  fluide  parfait-couche 
limite  mais  sont  aussi  interessantes  pour  valider  des  modules  de  fermeture  dans  des  regions  decollees. 


SUMMARY 


The  problem  of  occurrence  of  singularities  in  boundary  layer  equations,  both  in  the  unsteady 
two-dimensional  and  steady  three-dimensional  cases,  is  analytically  studied  by  means  of  the  global  equa¬ 
tions  of  momentum  and  entrainment. 

In  the  direct  mode  the  velocity  is  given.  It  is  shown  that  in  opposition  to  the  steady  two-dimen¬ 
sional  case,  the  occurrence  of  reversed  flows  does  not  generally  create  singularities,  but  indicates  a 
downstream  influence.  In  both  cases  the  analytical  and  numerical  study  shows  that  discontinuity  lines  can 
exist,  corresponding  to  weak  solutions  of  the  equations,  but  these  lines  have  no  physical  meaning.  Parti¬ 
cularly  in  the  three-dimensional  case  they  must  not  he  confused  with  separation  lines. 

The  calculations  in  the  inverse  mode  avoid  any  singularity.  The  velocity  is  then  an  unknown  of 
the  boundary  layer  problem.  Such  methods  are  useful  to  solve  the  coupling  problem  between  viscid-inviscid 
flow  and  are  also  interesting  to  verify  closure  relations  of  calculation  models  in  separated  regions. 


NOTATIONS 
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deviation  limite  de  la  ligne  de  courant  parietale  par  rapport  3  a*.: 


pente  du  profil  de  vitesse  en  coordonnSes  polaires 
parametre  de  Clauser 

coefficient  d'entrainement  en  stationnaire 
direction  rdduite  d'une  ligne  caract£ri8tique 


1.  INTRODUCTION 

Le  calcul  du  champ  de  vitesse  autour  d'un  obstacle  peut  thSoriquement  etre  effectue  en  rgaolvant 
’es  equations  complStes  de  Navier-Stokes .  Cependant,  pour  calculer  pratiquement  des  ecoulements  3  grand 
nombre  de  Reynolds,  il  peut  etre  plus  avantageux  et  plus  commode  de  confiner  les  effets  visqueux  3  des 
regions  voisines  des  parois  ou  aux  sillages,  ce  qui  permet  de  ne  traiter  que  les  Equations  d'Euler  dans 
presque  toute  l'etendue  du  domaine  ;  on  doit  alors  rSsoudre  le  problSme  du  couplage  fluide  visqueux- 
fluide  reel  et  pour  cela  integrer  les  Equations  de  couche  limite  3  partir  de  la  connaiasance  de  la  vi- 
tesse  exterieure  (couplage  faible) .  Cependant,  meme  dans  le  cas  le  plus  simple  d'un  ecoulement  bidimen- 
sionnel  stationnaire  une  telle  technique  ne  permet  pas  de  traiter  des  regions  ddcollges  car  il  apparait 
au  point  de  frottement  nul  une  singularity  depourvue  de  sens  physique, 

Les  analyses  effectu€es  par  de  nombreux  auteurs  en  instationnaire  bidimens ionnel  ou  en  tridimen- 
sionnel  stationnaire  tendent  3  montrer  que  des  singularity  peuvent  Sgalement  apparaitre  pour  ces  types 
d'Scoulements,  sans  que  la  nature  de  celle-ci  soit  clairement  mise  en  Evidence  /I ,2,3/.  De  plus  le  carac- 
tSre  purement  numerique  de  beaucoup  d'etudes  rend  dSlicat  1' interpretation  des  resultats  ce  qui  conduit 
parfois  3  confondre  les  lignes  de  singularity  avec  de  veritables  lignes  de  dycollement  bien  que  celles-ci 
possedent  un  caractere  de  rygularitE  que  n'ont  pas  les  premieres  /4/> 

11  se  pose  alors  le  problSme  de  la  validity  des  hypotheses  de  couche  limite  au  voisinage  du  dy¬ 
collement.  En  fait,  il  est  maintenant  bien  etabli  que  dans  le  cas  bidimensionnel  stationnaire  ces  equations 
restent  valables  et  que  le  recours  aux  methodes  dites  inverses,  dans  lesquelles  la  vitesse  extyrieure  est 
une  inconnue  du  problgme,  permet  d'eviter  toute  singularity  /5,6/.  On  peut  alors  penser  qu'il  en  est  de 
meme  pour  les  cas  instationnaire  ou  tridimensionnel. 

Pour  analyser  le  probleme  de  l'apparition  de  singularitys  dans  les  equations  de  couche  limite  en 
mode  direct,  nous  proposons  une  mdthode  analytique  qui  utilise  les  equations  globales  de  quantity  de  mou- 
vement  et  d'entrainement  ainsi  qu'un  nombre  restreint  de  relations  de  fermeture.  Bien  qu'une  telle  methode 
ne  s'identifie  pas  totalement  3  la  resolution  des  equations  de  Prandtl,  le  bon  accord  toujours  observe 
entre  les  deux  methodes,  tant  du  point  de  vue  de  la  precision  des  resultats  que  des  comportements  mathema- 
tiques,  comme  par  exemple  pour  la  singularity  de  GOLDSTEIN,  permet  d'accorder  une  certaine  confiance  quant 
a  la  generality  des  conclusions  que  l'on  peut  en  attendre.  Une  telle  6tude  permet  aussi  de  preciser  la  na¬ 
ture  des  conditions  aux  limites  3  imposer  dans  un  cslcul  en  mettant  clairement  en  evidence  les  domaines  de 
dypendance  et  d'influence.  Ceci  est  particuligrement  important  en  ecoulement  tridimensionnel. 

Par  une  etude  analogue  des  equations  integrales  en  mode  inverse,  nous  montrerons  ensuite  que  ces 
methodes  eiiminent  pratiquement  le  risque  d' apparition  de  singularitys,  aussi  bien  en  tridimensionnel 
qu'en  instationnaire.  Remarquons  que  le  systSme  d'yquations  3  utiliser  en  mode  inverse  depend  de  la  posi¬ 
tion  oO  se  fait  le  raccordement  avec  le  fluide  parfait.  Notre  propos  n'etant  pas  de  traiter  de  fa;on  gene- 
rale  le  probleme  du  couplage  mais  plus  modestement  de  tester  des  modglea  de  calcul  de  la  couche  limite, 
nous  nous  interessons  plus  particulierement  3  une  classe  de  methodes  pour  lesquelles  la  donnye  du  probleme 
est  une  ou  deux  epaisseurs  de  couche  limite,  suivant  que  l'on  considgre  le  cas  instationnaire  ou  le  cas 
tridimensionnel,  et  ou  l'une  des  inconnues  principales  est  la  vitesse  extyrieure.  Pour  ces  deux  cas,  une 
comparaison  3  des  resultats  expyrimentaux  est  prysentye. 


2.  ETUDE  DU  MODE  DIRECT 

Les  methodes  que  nous  considerons  utilisent  les  yquations  integrales  de  quantity  de  mouvement  et 
d'entrainement  ainsi  qu'un  petit  nombre  de  relatione  de  fermeture.  Ces  yquations,  ycrites  pour  un  fluide 
incompressible,  sont  regroupees  sur  la  planche  1.  Avant  d'aborder  les  problgmes  bidimensionnel  instation¬ 
naire  et  tridimensionnel  stationnaire  nous  rappelons  brievement  les  rysultats  fondamentaux  relal.ifs  au  cas 
bidimensionnel  stationnaire. 

2.1.  Cas  bidimensionnel  stationnaire 

En  mode  direct  la  vitesse  exterieure  est  imposee,  les  inconnues  du  systgme  d'yquatic.is 

(la)  sont  done  les  suivantes,  au  nombre  de  5  :  C*,  ,  Cp  ,  ,  9  ,  S  .  Les  relations  suppiymentsires  de  fer- 

meture  ont  ete  obtenues  3  partir  de  solutions  de  similitude  /8/.  En-dehors  des  zones  avec  ycoulement  de 
retour  elles  peuvent  s'gcrire  sous  la  forme  'uivante  : 

*«■/*•  *  *L(»)  >  K-.ftyT 

<2>  1  /«•  =A-U“ iL.  +  J>*(G) 

x  v 

C«  =  rp(  ®) 

Fi  ,  P  et  V*  sont  des  fonctions  du  paramgtre  de  Clauser  G  lui-meme  reliy  au  paramgtre  de 
forme  H  par  : 

G-  = 


H  If 


2  D  STATIONNAIRE  2  D  INSTATIONNAIRE  3  D  STATIONNAIRE 
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L'analyse  des  solutions  de  similitude  a  permis  de  prSciser  numSriquement  les  fonctions  J?  etP1* 
et  nous  avons  retenu  les  representations  analytiques  suivantes  : 

F±  -  o,6l-b  &  -  { ♦  ?«»<  ( l/e  -  0,1  J4)* )/ G- 

P  =  O,0?4&  -  1,0357/ & 

3>*=  2.G-  -  4,25^®’  +  2,41 


Les  relations  de  fermeture  (2)  ne  se  pretent  pas  3  une  etude  analytique  du  systgme  (la)  aussi 
devons  nous  les  simplifier  en  introduisant  une  relation  entre  les  paramgtres  _H*=(S-Xi)  8  et  H  .  D’apres  la 
definition  de  et  6  ,  on  a  : 

iiSi-  h(  JLJL -i) 

e  "  1  fi  H-i  ' 

Lorsque  &  tend  vers  l'infini,  ce  qui  est  la  cas  au  decollement,  tend  vers  la  vsleur  finie  : 

1,631  et  l'on  obtient  : 

(3)  H*  =  ^.H.2  1 H.  avec  *  -0,631 

H-d 

Cette  formule  reste  en  asset  bon  accord  avec  les  solutions  de  similitude  meme  loin  du  decollement, 
comme  le  montre  la  figure  I,  pourvu  que  l'on  considSre  des  ecoulements  retardes  ;  la  relation  H*(H)  ne 
depend  alors  que  tres  faiblement  du  nombre  de  Reynolds.  De  plus,  lorsqu'il  existe  de  faible3  ecoulements 
de  retour  cette  relation  reste  en  bon  accord  avec  celles  proposees  par  LE  BALLEUR  / 9/  jusqu’8  des  valeurs 
du  parametre  de  forme  voisines  de  10. 


Compte-tenu  de  la  relation  (3)  le  systeme  (la)  se  met  sous  la  forme  (4a).  tie(*)etant  donne,  les 
inconnues  principales  sont  0  et  <*,  .  II  est  clair  que  le  determinant  (5a)  s'annule  pour  H*'=o.  En  general 
JSt/Ja.  est  alors  infini.  Cette  singularity  ne  peut  etre  evitSe  que  si  le  systgme  est  inddtermine  en  ce 
point,  ce  qui  se  produit  si  l'on  a  : 


(5) 


Ci.  _ 

l 


etui 


Jtl+ 

~7xT 


ut  4  ql  J'  Z 

En  mode  direct  cette  gventualitg  est  tres  peu  probable  et  l'on  a  done  au  point  H'rO  une  singula¬ 
rity.  La  relation  (3)  montre  que  ceci  correspond  A  une  valeur  critique  de  paramgtre  de  forme  voisine  de 
2,6.  De  plus,  la  loi  de  frottement  utilisee  indique  que  cette  valeur  est  trgs  proche  de  celle  qui  annule 
le  coefficient  de  frottement  pariStal.  II  suffirait  d'ajuster  tres  legerement  les  relations  de  fermeture 
pour  faire  coincider  les  deux  valeurs.  On  retrouve  done  bien  avec  la  methode  integrale  1 'equivalent  de  la 
singularity  de  Goldstein  pour  les  equations  locales  /6/. 


2.2.  Cas  bidimensionnel  instationnaire 


Considerons  maintenant  le  systgme  (lb)  de  la  planche  I. 

L'etude  des  solutions  de  similitude  8  nombre  de  Reynolds  infini  a  montrg  que  lee  relations  de 
fermeture  ytablies  en  stationnaire  restaient  valables  /l 0/ .  Seul  le  coefficient  d'entrainement  est  modifie 
par  l'adjonction  de  la  quantity •  En  particulier  la  relation  (3)  reste  valable,  ce  qui  permet  d'i- 
crire  les  equations  (lb)  sous  la  forme  (4b)  qui  est  un  systgme  aux  dgrivees  pavtielles  du  premier  ordre  en 
6*.  et  0  .  La  nature  de  ce  systgme  s'ytudie  8  partir  de  son  gquation  caractgristique  (6b)  oil  A  reprgsente 
une  direction  caracteristique  reduite  : 

X  -_£LE_ 

Utdk 

Compte-tenu  de  la  relation  (3),  les  deux  racines  de  liquation  caractdristique  se  calculent  expli- 
citement  (7b)  et  l'on  aboutit  aux  conclusions  suivantes  pour  le  domaine  H>1  : 

.  Les  deux  racines  sont  rgelles  et  aisliuctes,  le  systgme  «st  hyperbolique, 

•  la  premiere  racine  est  toujours  comprise  entre  0  et  1 , 

.  la  seconde  est  positive  pour  H  <  Hc 2-2,6.  Elle  est  negative  pour  H>Hc  • 

On  constate  done  que  le  point  H  =  He,  correspondent  a  C* =  o  ,  n’est  pas  en  ggngral  un  point  sin- 
gulier.  Le  changement  de  signe  de  la  pente  de  la  seconde  caractSristique  traduit  simplement  une  influence 
de  l'aval  sur  l'amont  lorsque  H  devient  supgrieur  8  He  ,  ce  qui  correspond  8  l'existence  d'gcoulement 
de  retour.  On  doit  alors  imposer  une  condition  limite  8  l’aval  pour  conserver  un  problgme  bien  posy. 


Bien  que  le  point  H  s  Ht  ne  I0it  pag  en  ggnSral  un  point  singuliA*-  it  fait  que  le  systgme  d'tqua- 
tions  puisse  se  nettre  sous  la  forme  quasi-conservative  (8b)  permet  de  penser  qu'il  peut  exister  des  solu¬ 
tions  faibles  discontinues. 


Pour  le  montrer,  supposons  que  or  soit  la  pente  par  rapport  8  l'axe  oc.  d'une  telle  ligne  discon¬ 
tinue.  Les  indices  a,  et  b  dgsignant  les  quantity*  de  part  et  d'autre  de  cette  ligne  et  le  second  membre 
de  (8b)  restant  borne  au  travers  de  la  discontinuity,  le*  relation*  de  conservation  s'gcrivent  : 
r  *lmr  -  (K+H*)»c»*r  =  [  ut  H*  0 *«r  -  (  H-t  H*)  »  cMrjk 

[U4*9  Jwr  -  ut  H  t  unr  .[  u ft  time-  -  ut  H  6  c**rjh 

d'oQ  en  divisant  membre  8  membre  : 


f  at  H*  avwt- 

-  (h->  h*)  Uo r  1 

ut  H,a*V»r  -  (H*  H*)  mbv  ] 

i  Uf,  am  f 

-  H  tnr  -1  *  ’  J 

Ut  4*»  r  _  H  cn  r 

En  adoptant  la  relation  (3)  pour  exprimer  H* 
Puisqu'elle  admet  une  premigre  racine  yvidente  Hk«  H«. 
a  bien  une  solution  discontinue. 


,  1  Equation  ci-dessu*  e»t  du  second  degry  en  H  • 
,  elle  en  admet  une  seconde  non  identique  et  l’on 
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Four  illustrer  notre  propos,  considArons  l'exemple  de  calcul  pioposA  par  NASH  et  PATEL  /II/.  A 
1' instant  tz  o  la  vitesse  extArieure  est  constante  et  nous  avons  d"\c  des  conditions  initiales  de  plaque 
plane.  Pour  6  >V  la  vitesse  evolue  conxne  indique  sur  la  figure  2.  rour  traiter  un  tel  calcul,  il  est  im¬ 
portant  d'utiliser  une  methode  numerique  capable  de  prendre  en  compte  l'existence  de  discontinuitAs.  Pour 
cela  un  schAma  de  type  prAdicteur-correcteur  (Mac-Cormackl  a  £t£  utilise  et  a  donnA  des  rAsultats  identi- 
ques  A  ceux  obtenus  par  une  mAthode  de  caractAristiques / ! 0/ .  A  l'instant  6  »  0,03  aucune  singularity  n'ap- 
parait  au  point  H  =  Ht  •  En  ce  point  la  tangente  A  la  ligne  A2  est  simplement  paraliAle  A  l'axe  des  temps. 
Pour  des  temps  supArieurs  les  lignes  caractSristiques  convergent  et  forment  finalement  une  ligne  de  discon¬ 
tinuity  sans  signification  physique  A  la  traversAe  de  laquelle  l'Apaisseur  de  dAplacement  a  une  dArivAe  in- 
finie.  II  ne  faudrait  cependcnt  pas  en  deduire  qur  les  hypothAscs  de  couche  limite  ne  sont  plus  valableo. 

En  effet,  une  situation  analogue  se  produit  en  stationnaire  A  l'approche  du  point  H=.Hc  oQ  la  derivee  de 
S*  augment**  fortement  jusqu’A  devenir  infinie.  Or  il  est  dans  ce  cas  bien  etabli  qu'il  s'agit  d'un  pro- 
blAme  li£  A  i* utilisation  d'une  methode  directe  et  que  cette  difficulty  disparait  si  l'on  utilise  un  calcul 
inverse  /5,6/. 


2.3.  Cas  t**idimensionnel  stationnaire 


2.3.1.  Equations 

La  mAthode  intSgrale  proposee  utilise  les  Aquations  glolcles  de  quantity  de  mouvement  et  de  conti¬ 
nuity  (Ic)  / 1 2/ .  Pour  faciliter  les  developpements  analytiques,  ce*;  Squations  sont  Acrites  dans  un  systAme 
d'axes  orthogonaux  lies  aux  lignes  de  courant  exterieures,  l'axe  des  at  etant  confondu  avec  la  direction 
de  la  vitesse.  Dans  les  Aquations  (Ic)  Kj.  et  sunt  les  courbures  geodesiques  des  lignes  de  courant  ex- 
tArieures  et  de  leurs  orthogonales .  Elies  sont  reliAes  aux  coefficients  mAtriques  par  les  relations  : 


K  •*  =  - 


Mj 


Wi"' 


Pour  un  Acoulement  isoenergetique  et  sans  choc,  done  en  particulier  en  incompressible,  on  a 
“Let  Vg.  ,v  Ve  =  o 

Le  vecteur  tourbillon  est  soit  nul,  soit  parallAle  A  \4  et  done  sa  composante  suivant  m  est 


nulle  ce  quj  entraine 


d'oO 


i _ 


K.  =-4 


i?  at 


Ut  9m 

Le  champ  de  vitesse  exterieur  etant  donne,  le  systSme  (Ic)  contient  10  inconnues 


Les  epaisseurs  :  S,  6±,  ,  9U  ,  ,  6 it 


cPa  >  C( r 


9, 


'u  et 


le  frottement  parietal  en  module  et  direction 
.  le  coefficient  d'entraincment  :  Ce%z 

On  ne  dispose  que  d'une  relation  dAduite  de  la  dAfinition  de 

Les  relations  de  fermeture  supplAmentaires  ont  At A  obtenues  A  partir  de  solutions  de  similitude 
/1 2/  comme  dans  le  cas  bidimensionnel .  Elies  dApendent  des  trois  paramAtres  suivant  : 

et 

Les  relations  entre  les  grandeurs  longitudinales  de  la  couche  limite  sont  identiques  A  celles  du 
cas  bidimensionnel,  et  l'on  peut  done  encore  utiliser  la  formule  (3)  reliant  H*-  (S-AiJ/en A  H  . 

Des  relations  simplifiees  entre  les  Apaisseurs  transversales  s’obtiennent  en  faisant  1'hypothAse 
que  dans  le  plan  de  l'hodographe  le  profil  a/  (u.)  est  lineaire  dans  la  rAgion  extArieure  de  la  couche  limite. 
En  posantJiL-  C  (i  -jg.  J  on  a  : 

(9)  CH  ;  .fit  =  C  (  H-iJ  ;  £li_.  _C  •  Bit  -  ■  C*(  H-A) 

9-H  9<t  '  9-h 

L'hypothAse  de  linAarite  tombe  bien  sur  en  dAfaut  prAs  de  la  paroi  A  cause  de  la  condition  de  non 
glissement.  La  rAgion  c.oncemAe  est  cependant  trop  mince  pour  que  1'erreur  introduite  soit  sensible,  meme 
si  le  maximum  de  ur  correspond  A  des  valeurs  da  u./ue  de  l'ordre  de  0,5  A  0,6. 


2.3.2.  Nature  du  systtme 

L' introduction  des  relations  de  fermeture  simplif iAes  (3)  et  (9)  ne  laisse  subsister  que  trois  in¬ 
connues  principales  dans  le  systAme  des  Aquations  globales  (Ic).  En  retenant  les  quantitAs  £lf  S^et  C  on 
obtient  le  systAme  (4c)  dont  la  nature  est  AtudiAe  comme  dans  le  cas  prAcAdent  A  partir  de  son  Aquation  ca~ 
rncteristique  (6c).  La  relation  (3)  permet  encore  d'obtenir  une  forme  explicate  pour  les  racines  de  l'Aqua- 
tion  caractAristique. 

On  observe  que  les  racines  sont  rAelles  et  distinctes,  le  systAme  est  done  hyperbolique  et  l'on 
retrouve  ainsi  qualitativement  un  rAsultat  d£jA  obtenu  par  MYRING  / 13 /  qui  a  dcveloppA  une  analyse  analogue 
A  partir  de  relations  de  fermeture  legArement  diffArentes. 

Avant  de  prAciser  la  disposition  relative  des  trois  directions  caractAristiques,  nous  allons 
montrer  que  la  ligne  peut  etre  identifiAe  avec  la  ligne  de  courant  parietale.  Pour  cela  nous  devous 

prAciser  1 'angle  que  fait  cette  ligne  avec  la  vitesse  extArieure.  Parmi  les  relations  dAduites  des  so¬ 
lutions  de  similitude,  considArons  celle  qui  permet  de  calculer  ?>.  / 12/.  Pour  des  valeurs  du  paramAtre  de 
Clauser  G  suffisamment  grandes  cette  relation  se  simplifie  et  s'Acrit  : 

<.10)  tM  ft0  =  .ZLiL’il 

,  1-tH 

ofl  g  est  un  coefficient  pour  lequel  la  valeur  0,438  a  At£  retenue/12/. 

La  ligne  caractAristique  et  la  ligne  de  courant  pariAtale  doivent  faire  le  meme  angle  avec  la 
direction  de  la  vitesse  extArieure  pour  etre  confondues,  ce  qui  entraine  : 

z  4/ 
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Comae  J/>.^=  pour  que  1' identification  soit  rigoureuse  on  devrait  avoir  f3rV  •  H  suffi- 

rait  d'un  lgger  ajustement  de  la  loi  de  proposge  antSrieurement  (y«  .382  au  lieu  de  .438)  pour  obte- 
nir  un  accord  rigoureux. 

Lea  deux  autres  directions  sont  comprises  entre  la  ligne  de  courant  parietale  et  la  ligne  de 
courant  extgrieure,  ce  qui  intuitivemeut  semble  asset  logique.  En  effet,  il  a  ete  montre  que  le  systSme 
des  equations  locales  de  la  couche  limite  tridimensionnelle  possede  une  infinite  de  directions  caractg- 
ristiques  qui  sont  les  lignes  de  courant  locales  / 1 4/ .  L'utilisation  d'gquations  globales  reduit  le 
nombre  de  directions  caracteristiques  au  nombre  d'inconnues  principales  ;  en  introduisant  des  equations 
supplSmentaires,  comne  par  exemple  pour  les  moments  de  quantity  de  mouvement,  il  serait  possible  d'aug- 
menter  le  nombre  des  inconnues  et  done  celui  des  directions  caracteristiques.  Cependant,  il  semble  que  la 
mise  en  oeuvre  de  trois  equations  globales  reflete  dgja  correctement  les  principaux  traits  de  l'ecoule- 
ment.  En  particulier,  1 ' identification  d'une  famille  de  caractlristiques  avec  les  lignes  de  courant  parie- 
tales  est  une  bonne  indication  de  la  coherence  des  relations  de  fermeture  proposees. 

La  mise  en  evidence  de  la  nature  hyperbolique  du  systSme  d'gquations  globales  a  des  consequences 
pratiques  importantes  pour  1 'application  de  methodes  de  calcul.  En  particulier  il  devient  ais6  de  prgeiser 
exactement  la  nature  des  conditions  aux  limites  a  imposer  aux  frontiSres  du  domaine  de  calcul.  On  sait  cn 
effet  que  leur  nombre  doit  etre  egal  a  celui  des  caracteristiques  entrantes  pour  avoir  un  probldme  bien 
pose.  Deux  cas  sont  particulierement  simples  a  traiter  ;  il  s'agit  de  ceux  ou  les  trois  caracteristiques 
entrent  ou  sortent  toutes  suivant  une  portion  de  frontigre.  Dans  le  premier  cas  les  trois  gpaisseurs  £1> 

9^  et  doivent  etre  imposges,  dans  le  second  aucune  condition  n'est  a  prgeiser.  Les  cas  intermgdiaires 
sont  a  eviter  dans  la  mesure  du  possible  car  leur  traitement  est  beaucoup  plus  delicat. 

La  connaissance  des  directions  caracteristiques  est  ggalement  importante  au  niveau  de  la  discre¬ 
tisation  des  equations.  En  effet,  le  schema  numerique  doit  respecter  les  domaines  de  dgpendance  et  d'in- 
fluence  ce  qui  peut  eventuellement  necessiter  de  decentrer  les  derivges  transversales  ou  entrainer  des 
limitations  des  pas  d' integration  dans  le  cas  d'un  schgma  explicite. 


2.3.3.  Probl&ne  des  singulcxitSs 


L'etude  des  singularites  se  fait  de  la  meme  fagon  qu'en  bidimensionnel  instationnaire  et  nous 
allons  retrouver  des  resultats  tout  3  fait  analogues.  En  effet,  le  point  H*rO  (h*  Hc)  n'a  aucune  raison,  en 
ggngral,  d'etre  singulier  puisqu'il  existe  toujours  en  ce  point  trois  directions  caracteristiques  distinc- 
tes.  On  a  simplement  A  t  -  c>  ce  qui  signifie  que  la  ligne  de  courant  pariitale  devient  perpendiculaire  3 
la  ligne  de  courant  extgrieure. 

Ceci  traduit  une  influence  de  l'aval  sur  l'amont. 


Les  singularites  en  tridimensionnel  n'apparaissent  geueralement  pas  de  fagon  ponctuelle,  On  doit 
plutot  les  rechercher,  comne  en  instationnaire,  dans  des  configurations  pouvant  conduire  3  une  focali ac¬ 
tion  des  lignes  caracteristiques  d'une  meme  espgce  ;  en  fait,  ce  sont  les  lignes  de  courant  parigtales 
qui,  en  s'accumulant,  definissent  une  ligne  de  '■ingularitg  sans  signification  physique  et  qui  ne  doit  pas 
etre  confondue  avec  une  ligne  de  decollement. 

Le  fait  que  les  equations  globales  puissent  se  mettre  sous  une  forme  quasi-conservative  (8c)  in- 
dique  la  possibilitg  de  l'existence  de  solutions  faibles  avec  des  discontinuities.  Voyons  sur  un  exemple 
pratique  de  calcul  comment  une  telle  situation  se  prfisente.  Pour  cela,  nous  considerons  une  gtude  expgri- 
mentale  realisge  au  NLR  reportee  partiellement  par  LINDHOUT  / 1 5 / .  XI  s'agit  d'un  raccord  gvolutif  aile 
fuselage.  Des  mesures  dgtaillees  de  la  couche  limite  ainsi  que  de  la  vitesse  extgrieure  ont  gtg  effectuges. 
Les  donnges  du  calcul  sont  la  distribution  expgrimentale  de  la  vitesse  extgrieure  en  module  et  direction, 
ainsi  que  la  couche  limite  sur  une  ligne  de  dgpart  proche  du  bord  d'attaque.  Les  relations  de  fermeture 
non  simplifies  ont  gtg  utilisges  pour  effectuer  le  calcul  afin  d'ameliorer  la  prgcisiou  des  rgsultats 
/ 1 6/ . 

La  figure  3  reprgsente  le  tracg  des  lignes  de  courant  extgrieures  en  traits  continus  et  dos 
lignes  de  courant  parigtales  calculees,  en  pointings. 

Le  tracg  des  lignes  de  courant  parigtales  calculges  est  en  bon  accord  avec  les  visualisations 
expgrioentales,  sauf  pres  de  la  ligne  de  singularitg.  L'expgrience  indique  bien  la  prgsence  d'une  ligne 
de  dgcollement  tridimensionnelle  mais  celle-ci  n'est  nullement  singulilre  et  il  ne  faut  pas  la  confondre 
avec  la  ligne  de  singularitg  du  calcul  malgrg  la  ressemblance  de  leurs  configurations. 

Nous  avons  vu  dans  le  cas  d'une  couche  limite  instationnaire  bidimensionnelle  que  la  focalisation 
des  lignes  caractgristiques  conduisait  3  la  formation  d'une  ligne  de  discontinuitg  sans  aucune  significa¬ 
tion  physique.  On  peut  penser  qu'il  en  est  de  meme  en  tridimensionnel  et  que  1 'accumulation  des  lignes  de 
courant  parigtales  donne  naissance  3  une  telle  discontinuitg.  Bien  que  nous  ne  disposions  pas  d'exemple 
numgrique  mettant  en  gvidence  une  telle  discontinuitg,  on  peut  montrer,  3  partir  des  gquations  globales, 
que  cette  gventualitg  est  tout  3  fait  plausible. 

Pour  cela  considgrons  les  gquations  intggrales  gcrites  sous  forme  conservative  (8c) .  En  introdui¬ 
sant  les  relations  de  fermeture  simplifiges  (9)  ce  syeteme  s'gcrit  : 

♦  ^(cSa(H-i)) 


(M) 


G.3,77 _ 


Fig,  1  :  Relation  H*  (H) 


unr  ».*fti7S  ¥•*’  c*'" 


:  Exemple  de  calcul  direct  avec  singula¬ 
rity  d'une  couche  limit?  bidimensionnel- 
le  instationnaire.  Trace  dee  lignee 
caractyristiques  /10/ 


»/* 

T .  I - - - 1 - — 

.1  4  J 


Fig.  4  t  Exemple  de  couplage  en  node 


Fig .  3  :  Exemple  de  calcul  direct  avec  singula¬ 
rity  d'une  couche  limite  tridlmension- 
nelle  stationnaire.  Trace  des  lignes 

de  courant  pariy tales - et  exty- 

rieures - 


iBt] 


'^***>-*£f  jyKan&K&: 


$*wt« 
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Soit  <r  1' angle  que  fait  la  a'qne  de  discontinuity  si  tile  existe,  avec  la  ligne  de  couranc  ex* 
ttrieure.  Ler  Equations  (10)  impliquent  %  H  travertin  de  la  discontinuity  la  conservation  des  grandeurs 
suivantes,  les  second  meabres  restant  bornis  . 


02; 

(13) 

(14) 

(13) 

(16) 

Les  indices  0.  et 

En  divisant  meebre 

I*? 

-  C  H- i)c**irj  ^  .  £  ${i  mwt  -  C.  (  >( -s.)  c*%  «*]j 

-  C*e«(H-i)c«<r]#  -[cen-^T  -  cr>rju 

-  C.eit  H  c#>  <r  :  [e41!l*W«r  -  C9|,«M>r  3b 
b  caractirisent  lea  deux  cot£j  de  la  discontinuity. 


My>  T  -  C  H 


Ca  :  Ck 

T  H***'*?'  -  CH  t*>r  ~] 

L  **nr  -  C  (H-i)ov>rj  b 


l  >«r  _  c  (  H-4)tnr  ]_ 

H» ,  C»  et  V  ytant  connua,  l'tquat’on  (16)  pennet  de  calculer  Hk ,  coapte  tenu  de  la  relacion 
(3)  reliant  H*  4  H  .  Cette  Equation  est  du  second  degr£  en  H  et  adoet  une  premiSre  racine  :  nt, 

II  existe  done  une  seconde  racine  distincte,  d'ou  la  possibility  d'une  ligne  de  discontinuity.  SiC  est 
petit,  liquation  (16)  se  r6duic  1  H\:  M*  ce  qui  montre  clairement  que  la  possibility  d'une  discontinuity 
provient  essentielleoent  du  caractgre  non  biunivoque  de  la  relation  N’(H)  . 


2.4.  Exemple  de  couplage  en  mode  diictt 

Nous  avons  vu  qu'une  singularity  existe  au  voisinage  du  point Cpro  dans  les  calculs  de  couches 
lioites  stationnaires  bidimensionnelles.  Aucune  singularity  n'existant  a  priori  en  ce  point  en  instation- 
naire,  on  peut  etre  tent6  de  calculer  un  dycollement  stationnaire  comae  la  limite  d'un  ytat  transitoire. 
Nous  allons  montrer  sur  un  oxemple  nua6rique  qu'il  n'en  est  rien,  car  alors  la  condition  de  compatibility 
(S)  n'est  pas  vyrifi6e.  Pour  effectuer  un  tel  calcul  sans  faire  apparaitre  de  singularity,  on  doit  imp6- 
rativeoent  tenir  compte  du  couplage  ave*  li:  fluide  parfait. 

Considyrons  le  cas  sch6matique  d'un  diffuseur  oonodimensionnel  / 1 7 / *  Pour  £<o,  la  vitesse  exty- 
rieure  est  constants  et  la  couche  limite  obyit  4  des  lois  de  plaque  plane.  A  iso  ,  la  vitesse  est  modifiye 
impulsivement  pour  d6croitre  lin6airement  comae  indiquy  sur  la  figure  4.  Au  cours  du  premier  calcul,  la 
vitesue  Ue  est  conservye  constante  et  l'on  constate  l'apparition  d’une  singularity  dans  Involution  de 
.  De  plus  aucune  solution  stationnaire  ne  s'6tablit. 

Dans  le  second  calcul,  un  couplage  trSs  simple  avec  le  fluide  parfait  est  ryalisy  en  a'imposant 
la  conservation  du  dybit  par  la  formule  : 

S*«t)  =0 

ofl  S(«0  reprysente  la  hauteur  d'une  section  du  diffuseur.  A  1' instant  initial  S(x)  est  d6terminye  pour 
que  la  distribution  de  d6duite  de  soit  en  accord  avec  celle  du  calcul  pr6c6denn.  Grace 

3  ce  couplage  tr3s  simple,  il  est  possible  d’obtenir  une  solution  stationnaire  continue  incluant  uu  bulbe 
de  dycollement.  Dans  ce  cae,  nous  avons  vbrifiy  que  la  relation  de  compatibility  (6)  dtait  ef fectivement 
v6rifiye  au  point  Hs  Ht  . 


3.  ETUDE  DU  MODE  INVERSE 

L'existence  Ue  singularites  dans  les  dquations  de  couche  litiite  est  essentiellement  liee  au  fait 
qu'en  methode  directe  on  s' impose  la  distribution  de  la  vitesse  ext6rieure.  Pour  6viter  ces  difficulty. , 
l'un  des  remSdes  possibles  evt  de  travailler  en  mode  inverse.  II  a  en  outre  6t6  montr§  que  dans  le  cas  bi- 
dimensionnel  stationnaire  ceci  fatili terait  la  mise  en  oeuvre  des  methodus  de  couplage  / 5,6/. 

De  plus,  le  recours  au  mode  inverse  permet  de  conserver  un  problJme  bien  pose  meme  si  la  frontiSre 
du  domaine  de  calcul  comporte  des  zones  avec  des  6coulements  de  reto’*r.  Ceci  autorise  la  comparaison  3 
l'expyrience  des  calculs  de  couches  limites  incluant  des  rlgions  .vec  des  vitesses  n6gatives. 


3.1.  Cas  bldimensionnel  instationnaire 

Une  grande  variety  de  rndthodes  inverses  peut  etre  envisag6e  suivant  le  choix  des  donnees  que  l'on 
s'impose  ou  la  formulation  du  probleme  coupiy  que  l'on  considlre.  Le  type  de  m6thode  de  couplage  est  ytroi* 
tement  ddpendant  du  modSle  utilisd  pour  laccorder  l'ecoulement  de  couche  limitr  3  celui  du  fluide  non 
visqueux.  Ce  raccord  se  fait  genyralement  en  imposant  une  direction  commune  aux  deux  ycoulements  sur  une 
surface  situee  dans  la  couche  limite  3  une  distance  ^  de  In  paroi. 

Nous  exs.minerons  deux  cas  uniquement  ;  celu’  du  «* rolongement  jusqu'a  la  paroi  ('l-o)  et  celui 
faisant  interver,ir  une  surface  de  dlplacement  Si.(*,'),  . 

Dans  lea  deux  cas  la  condition  de  couplage  resulte  de  l'intigration  selon  04  des  equations  de 
continuity  appliquyes  aux  fluides  visqueux  et  non  visqueux,  ainsi  que  de  I'adhirence  du  fluide  visqueux  3 
la  paroi.  L'equation  de  continuity  ne  comportant  aucun  terme  instationnaire  en  ycoulement  incompressible, 
on  peut  appliquer  i.irectement  lea  rysultats  stationnaires  /IS/.  En  posant  oi^  1' angle  d'inclinaison  du 
vecteui  vitesse  par  rapport  3  la  paroi  dans  le  fluide  parfait  3  1' altitude  ^  ,  suivant  que  le  couplage 


ect  effectue  en 

ou  en 

4 j  -  o  >  on  a  : 

(17) 

z  2k 

(18) 

•>x  u.t 

Pour  l'ytude  qui  va  auivre  nous  supposerons  que  est  une  donnee  externe  pour  la  couche  limite. 
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3.1.1.  Couplage  en  Comparaison  4  l'expferience 


Cette  miithode  revient  4  imposer  la  distribution  de  l'fipaisseur  de  deplacement  S  j.  .  Elle  eat  di- 
rertement  applicable  pour  comparer  des  modeles  de  calcul  des  couches  limites  4  des  rSsultats  experimen- 
taux,  la  distribution  de  etant  alors  fournie  par  les  mesures. 


La  relation  (3)  liant  H*  4  H  est  toujours  supposee  valable  et  le  systeme  d'£quation  (lb)  se 
met  sous  la  forme  : 


(19) 


(H  -if  h)  Je.  „  h*- h* h  pg  +  »*e  _  A 

-  ,  -.**■  SI  Ut  f* 

-2£  *  S(h»1)3u«.  put  _  (i 

s*-  .  “«  «*”,  uf  at 

A  =  Css  -  H’iii  .  i.  lii. 

<TvT  tu.  26 

lit 


ul  26 

ft  ^  f!c  .  a.  3<t 

tL  ut  Jt 

L'analyse  de  ce  systSme  aux  dSnvdes  partielles  du  premier  ordre  pour  P  ettq.se  fait  encore 
par  1 ' intermediaire  de  son  Equation  caractSristique  : 


(20)  H(  X*  -  2(H*- X  +  (H<-  HH*')(  H*i)  -  H*  -O 

ou  A  »  it  une  direction  caractSristique  rSduite  :  A  - 

ut  Jit 

Liquation  20  possSde  toujours  deux  racines  rfelles  et  distinctes  dans  le  dcaaine  M>1  ,  Le 
systSae  est  done  hyperbolique.  De  plus,  compte  tenu  de  la  relation  (3),  on  montre  que  les  deux  rtcines 
sont  toujours  positives,  merae  dans  les  regions  avec  ficoulement  de  retour,  ce  qui  est  int€ressant  pour  les 
calculs  pratiques  :  quelque  soit  l'Stat  de  la  couche  timite  dans  le  domaine  consider^,  les  seules  condi¬ 
tions  aux  limites  4  imposer  sont,  en  plus  des  conditions  initiales,  les  distributions  de  B(*.  t)et  «e(ae  (■) 
le  long  de  la  frontiere  amont.  '  ' 


L'analyse  du  probldmc  direct  a  montre  que  la  condition  d'apparition  d'une  singularity  analogue 
4  celle  de  GOLDSTEIN  dans  les  evolutions  stationnaires  etait  Squivalente  4  1 'existence  d'une  racine  nulle 
de  l'dquation  caract£ristique.  Pour  H  >  les  racines  sont  strictement  positives  et  aucune  singularity 
ne  pen*-  exister  en  stationnaire  dans  le  mode  inverse. 


Bien  qu'il  ne  semble  pas  possible  de  demontrer  1' impossibility  d'apparition  de  singularitSs  en 
instationnaire,  la  faible  variation  des  pentes  des  lignes  caractSristiques  rend  peu  probable  le  dSveloppe- 
ment  de  solutions  discontinues.  On  ne  peut  cependant  pas  exclure  que  par  le  jeu  des  conditions  initiales 
"f  aux  limites  on  puisse  arriver  4  une  telle  situation. 

Pour  illustrer  l'intfiret  des  methodes  inverses  au  niveau  des  applications  pratiques,  nous  consi- 
dSrons  une  comparaison  de  calcul  4  un  cas  experimental.  II  s'agit  d'une  couche  limite  pulsee  soumise  4  un 
gradient  de  pression  moyen  positif  suffisamment  intense  pour  induire  pr6s  de  la  paroi  des  vitesses  nega¬ 
tives  / 1 9, 20/ . 

Pour  effectuer  le  calcul,  les  relations  de  fermeture  non  simplifiSes  (2)  sont  utilisSes  dans  le 
domaine  o0  la  vitesse  reste  positive.  Lorsque  celle-ci  est  negative,  le  parametre  de  Clauser  G  n'est  plus 
adapte  pour  reprSsenter  les  profils  de  vitesse  et  la  relation  simplifiSe  H*(H)  est  alors  utilisge.  En 
remplaqant  dans  le  coefficient  d'entrainement  G  par  son  expression  en  fonction  de  H  et  \jCf/i  ,  on  obtient  : 

Ces  =  o,oH  ( H - 1)/ H 


Cette  loi  prolonge  celle  utilisee  dans  les  regions  4  vitesse  toujours  positive  et  est  en  asset 
bon  accord  avec  celle  proposee  par  LE  BALLEUR  /5 , 6/  pour  des  ecoulements  dScolles,  jusqu'4  des  valeurs  du 
parametre  de  forme  voisines  de  10. 

Les  conditions  aux  limites  nScessaires  au  calcul  sont  fournies  par  1 'experience.  II  s'agit  de  la 
distribution  de  pr6sent6e  figure  5,  et  des  conditions  initiales  UtCx.,4;  et  •  Toutes  ces 

grandeurs  sont  introduces  sous  forme  d'analyses  htrmoniques  limitSes  4  la  frequence  fondamentale.  Les 
distributions  calculees  de  la  vitesse  extSrieure  et  du  parametre  de  forme  (Fig.  6  et  7)  recoupent  assez 
bien  les  resultats  experimentaux,  v  compris  pour  les  regions  avec  Scoulement  de  retour  (x>435  mm). 

On  doit  remarquer  qu'il  r.'a  ->.3  Ste  possible  de  commencer  le  calcul  4  la  station  X  ■  50  nm  car 
4  cette  abscisse  les  conditions  experimentales  imposent  une  forte  acceleration  4  la  vitesse  extdrieure  et 
1 'absence  de  sondages  asset  resserrSs  dans  cette  region  ne  permet  pas  une  prediction  correcte  de  ut  , 

On  peut  signaler  qu'un  calcul  effectuS  en  mode  direct  a  dop.ne  des  r6  ■  .ltats  tout  4  fait  analogues 
jusqu’4  la  station  X  «  435  mm  situSe  juste  en  amont  de  la  tone  avec  ecoulement  de  retour.  En  revanche,  il 
n'a  pas  6t6  possible  de  poursuivre  ce  calcul  en  mode  direct  vers  l'aval  4  cause  de  l'apparition  de  fortes 
instabilitSs  numSriques. 


3.2.2.  Couplage  4  la  paroi 

Le  systeme  4  considSrer  comporte,  en  plus  des  deux  Equations  globales  de  couche  limite,  l'equation 
de  couplage  (18)  et  s'ecrit  : 


(21) 


J» 

3*" 


“t  94- 


4 

+  4*8  Jut 

=  Cet 

94 

«<  9a 

t  h+a  Jut  . 

it-  Jut 

.  Cp 

«t  9a 

u^-  St 

“  t 

SSt  + 

.li.  Jut 

= 

Jot 

Ut  Jx. 

v° 

La  deviation  °<^,0  de  la  vitesse  par  rapport  4  la  paroi  est  supposee  connue  et  donnge  par  le 
calcul  du  fluide  parfait.  Les  trois  directions  caractSristiques  de  ce  systSme  sont  solutions  de  l'equa¬ 
tion  :  _r 

d.fc*  [4Ae((H*’-  HH*0(  Htl)+  H  ( H*'))  -  Ut  *- i)}  =0 
Deux  de  ces  directions,  perallSles  4  l'axe  d  .  s  ,  sont  confondues. 

A  partir  de  la  relation  (3),  la  troisiSme dirv  '  ion  sa  met  sous  la  forme  s  A-jz(h»i)/1H  . 


Fig.  5  I  DonnSes  du  calcul  en  mode 
inverse  i  Evolution  de  81 
/19/ 


H  «H0  .AHsWuM^) 
U,  »U^  ♦  AU.sWwt.'Pu,) 


Fig.  7  :  Coa.paraison  calcul-expdrience. 
Faoteur  de  forme  /19/. 


Fig.  6  i  Comparaicon  calcul -experien¬ 
ce.  Vitesse  extgrieure  /19/. 


Fig.  8  i  Application  de  la  methode  inverse 
tridimensionnelle.  DonnSes  du 
calcul  /22/. 
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Cette  racine  dtant  toujours  strictement  positive,  il  n'existe  pas  d' influence  possible  de  l'aval 
sur  l'amont,  a  1 'exception  de  celle  contenue  dans  la  donate  de  la  deviation  a  la  paroi  : 

D'autre  part  aucune  singularity  n'existe  vn  ecoulenent  stationnaire,  puisque  celie-ci  est 
liee  a  une  racine  nulle  de  l'equation  caracteristique .  On  peut  ddmontrer  qu'il  en  est  de  meme  en  instation- 
naire,  bien  que  le  systeme  (21)  puisse  se  mettre  sous  urn-  forme  quasi-conservative  : 


(22) 


♦  Tt  --  ***-  -  “*  °S= 


•  r- 


i 


r  < 


i  p 


Pour  cela  on  admet  qu'une  ligne  de  discontinuity  de  prnte  i *Jv0ik  z.  f&yr  existe.  \4  est  ici  une 
vitesse  eyhitraire.  Le  second  memnre  de  (22)  etant  suppose  borne  et  0  et  h  caracterisnnt  les  grandeurs 
a  l'amont  c>  a  l'aval  de  la  discontinuity,  les  relations  de  conservation  a  la  traversee  de  la  ligne  singu- 
liere  s'acrivent  : 


(23)  [ueS^n<r  -  =  [  u.t£<a**r  -  W,w-r]u 

(24)  Stue  Votsvr]^  - 

(25)  [  itut 


En  divisant  memtre  a  membre  respectivement  les  relations  (23)  et  (24)  par  (25),  on  obtient 


(26) 

(27) 

d'ou  finalement 

(28) 


Ami'T 


-  'J. 


in  -  (fl 


<r  -  mT 


•L 


k1  *  T1  5  K**  ■^)aio 

dL1  (adn<r_  Ve  toq  (  Hh  jp\  fS_\  T  _  :2a.  tori 

Ul>'  U**£K]u  1  «JuL  ^ 


La  relation  (3)  entraine  ! 


et  la  relation  (28)  devient  : 
(29)  _2Le_  f  .»dnv  ~  . 

Ht,-i  1 


JL  -  12LH!! 

Si  H-t 


V.  ^(i^h  .  Jlo_  t  ^ 

J  "vi  L  *•  J 


C'est  une  equation  pour  H0  qui  admet  la  solution  unique  Hto s W0  .  II  ne  peut  done  exister  de  so¬ 
lution  discontinue  pour  cette  methode,  aussi  bien  en  instationnaire  que  oans  le  cas  cts  stationnaire. 


3.2.  Cas  tridimensionnel  stationnaire 


Nous  ne  nous  inters.' serons  ici  qu'aux  methodes  de  couplage  analogues  a  celles  StudiSes  dans  le 
cas  instationnaire,  le  raccord  entre  Is  fluide  parfait  et  la  couche  liroite  se  faisant  par  I'intermSdiaire 
d'une  deviation  <f  du  vecteur  vitesse  par  rapport  a  la  paroi.  Pour  obte.iir  la  relation  definissant  <S  ,  on 
doit  combiner  l'equation  globals  de  continuity  Scrite  d'une  part  pour  la  couche  limite  et  d'autre  part 
pour  le  prolongement  du  fluide  parfait  jusqu'a  la  surface  de  raccordemer.t. 

Pour  cela  il  est  cotmode  de  considerer  les  Squations  dans  un  systeme  d'axes  quelconque  liys  a  la 
paroi  et  de  coordonnees  %  et  J  ,  l'axe  etant  normal  aux  deux  autres. 


frtet  sont  lea  yidments  metriques  suivant  "J  et  =>  .  Les  hypothJses  de  coucho  limite  permettent 
de  prendre  1  comme  Clement  mytrique  suivant  -'J  .  Dans  ce  repcre  1  'equation  globalc  de  continuity  s'ecrit  : 

(30)  +  ♦  igjf*)  =  o 

avec  : 

Cette  equation  permet  de  prolonger  1 ' icoulement  de  fluids  parfait  dans  la  couche  limite  a  partir 
de  *i-S  .  Si  les  rayons  de  courbure  de  la  paroi  sent  grands  devant  g  ,  on  peut  supposer  que  la  laasne  volu- 
mique  et  la  vitesse  longitudinale  de  l'ecouiement  piolonge  sont  coustantes  et  egales  a  leurs  valeurs  a 
1'extSrieur,  respectivement  et  ut  .  etant  la  composante  verticale  de  la  vitesse  ie  cet  Ccoulcment 
en  ,  un  dyveloppement  limity  de  donne  : 

(31)  ~F  =  T  . 

Liquation  (30)  permet  d' exprimer (21£\  ,  d'ou  la  nouvelle  forme  de  (31)  ! 

J--S 
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=  A.  - jLfifcii)  +  _i — li Si*  ;)  1 

te  W  J*V  1  ,/J 

i  ,  .  _ J  '  ,|'  _ ?  <•  -■ 


Utet  W^,  sont  leg  composantes  de'  w®.  suivant  "J  et^  . 

A  la  frontiSre  S  ,  la  vitesse  ^  est  egale  A  celle  donnee  par  1 'Equation  globale  de  continuity 
Scrite  pour  la  couche  limite  : 

(33)  -  u<-  £i  *  W.  2i  __i_  S_LfJi2(  us-  ut  A1)L_Lr^lc  w*.*-  0*^71 

La  combinaison  de  (32)  et  (33)  conduit  A  la  relation  cherchSe.  II  reste  A  prSciser  la  surface  sur 
laquelle  s'effectue  le  couplage,  c'est-A-dire  .  Comae  precSdemment  nous  ne  considSrons  que  les  deux  cas 
les  plus  souvent  utilises  : 

1)  %-  (*  :  Apaisseur  de  displacement 

2)  *j:o  :  couplage  A  la  paroi 

Pour  ddfinir  l'epaisseur  de  dSplacement  LIGHTHILL  /2 1 /  a  proposS  plusieurs  interpretations  aboutis- 
sant  toutes  A  la  meme  formulation  qui,  Scrite  dans  un  systeme  d'axes  quelconques,  conduit  a  definir  &*  par 
1' equation  suivante  : 

-elsMrf -Atud]. s*Wi - 


L'equation  de  couplage  en  ij=£*  est  alors  : 
77i  Ui  as*  .  wt  iC* 


L'equation  de  couplage  en  i  est  alors  : 

(35)  _fl£  -  ui  +  -IKS-. 

Oe 

Dans  un  repere  lie  aux  lignes  de  courant  exterieures,  elle  se  simplifie  pour  devenir  : 

(36)  31= 

Remarquons  que  les  dpaisseurs  et  Aj.  ne  dependent  que  de  £t  et  .  La  relation  (34)  fait  done 
intervenir  c^s  deux  quantitds.  On  constate  cependant  que  contrairement  au  cas  bidimensionnel,  le  couplage 
en  ^=£*  n'est  pas  equivalent  A  un  calcul  de  couche  limite  pour  lequel  on  se  donne  les  epaisseurs  S^etf^  . 

Dans  le  cas  du  couplage  A  la  paroi,  il  faut  imposer  la  composante  verticale  de  la  vitesse.  Compte 
tenu  de  la  relation  (33)  qui  donne  s'obtient  A  partir  de  la  relation  (32)  6crite  pour  ^-o  : 

(37)  5i««-  *  P  1^1  £)  ^  _3_(?Lu±AA±)] 

U.  (k“e<|  J  'J 

Dans  le  systeme  lie  aux  lignes  de  courant  exterieures,  cette  relation  devient  : 


3.2.2.  MSthode  pratique  de  calcul  -  Comparaison  a  l'exp£rience 


Sans  negliger  l'interet  que  represente  la  mise  en  oeuvre  de  methodes  couplees,  le  but  de  notre 
etude  est  d'abord  de  calculer  des  couches  limites  afin  de  verifier  la  validite  des  modeles  de  fermeture 
dans  des  regions  proches  du  decollement  et  au-delA.  C'est  pourquoi  dans  la  methode  proposee,  nous  suppose- 
rons  connues  les  distributions  des  gpaisseurs  et  5^(0:,^)  .  Ceci  facilite  aussi  grandement  la  mise  en 
oeuvre  pratique  des  calculs. 

Les  equations  utilisees  sont  analogues  A  (Ic)  mais  doivent  etre  eciites  dans  un  systeme  d'axes  quel* 
conques  non  lies  a  la  vitesse  exterieure  puisque  celle-ci  n'est  pas  connue.  Les  relations  de  fermeture  non 
simplifiees  deja  utilisees  en  mode  direct  et  fitablies  a  partir  de  solutions  de  similitude  restent  valables, 
y  compris  dans  des  regions  d6collees  pourvu  que  la  vitesse  longitudinale  locale  ne  s'annule  pas,  ce  qui  est 
le  cas  pour  certaines  configurations  tridimensionnelles.  Le  point  cf4;0  definit  pratiquement  la  limite  de 
validite  des  relations  de  fermeture. 

L'analyse  du  systeme  ainsi  obtenu  peut  etre  effectuee  en  suivant  le  meme  cheminement  que  pour  le 
mode  direct.  Les  distributions  de  St  et  Et  Stant  donnees,  les  inconnues  principales  sont  e*  et  les  deux 
composantes  de  la  vitesse  exterieure.  On  obtient  ainsi  une  equation  caracteristjque  du  troisieme  degre. 
L'etude  analytique  n'ayant  pu  etre  menSe  A  bien,  nous  ne  donnerons  aucune  conclusion  generale  et  nous  nous 
limiterons  A  presenter  un  resultat  pratique  d'application. 

L'etude  experimentale  consideree  concerne  une  aile  en  flSche  infinie  17.11 .  Les  epaisseurs  expdri- 
mentales  SJ_  et  £*(< *■)  sont  utilisees  comme  donnees  du  calcul.  On  impose  la  nullitS  des  derivees  suivant  la 
direction  parallele  au  bord  d'attaque  uniquement  au  niveau  des  conditions  aux  limites. 

Puisque  la  donnee  des  deux  epaisseurs  S±  et  £*.  ne  suffit  pas  A  caracteriser  une  couche  limite  tri- 
dimensionnelle,  on  peut  valablement  juger  des  qualitSs  de  la  methode  proposSe  en  comparant  aux  valeurs  ex- 
perimentales  les  evolutions  calculees  des  autres  parametres.  Les  figures  9,  10  et  II  montrent  un  asset  bon 
accord  d'ensemble,  meme  au  voisinage  de  la  ligne  de  decollement  situee  entre  les  stations  8  et  9.  Dans  le 
cas  considere  d'une  aile  en  fleche  infinie,  la  direction  de  la  ligne  de  courant  pariStale  devient  paral¬ 
lele  au  bord  d'attaque  le  long  de  la  ligne  de  dScoIlement  ce  qui  correspond  Ao<+ f>0  »  90°,  puisque  est 
1 'angle  entre  la  direction  do  la  vitesse  exterieure  et  la  normale  A  la  paroi.  En  mode  direct  il  y  a  en  ce 
point  une  singularity  qui  se  traduit  en  particulier  par  une  pente  infinie  pour  .  En  mode  inverse  il 
n'en  est  rien  et  les  lignes  de  courant  parietales  tendent  asymptotiquement  vers  la  ligne  de  decollement. 

La  figure  12  montre  1 'evolution  de  la  vitesse  extSrieure  en  module  et  direction  par  rapport  A  la 
normale  au  bord  d'attaque.  Le  recoupement  est  assez  satisfaisant,  y  compris  aprSs  le  dScollement.  De  plus, 
on  retrouve  bien  au  niveau  des  resultats  l'hypothese  d'aile  en  fleche  infinie  :  la  composante  de  la  vi¬ 
tesse  parallAle  au  bord  d'attaque  a  une  valeur  sensiblement  constante  bien  que  cette  condition  ne  soit  pas 
imposee  dans  les  equations  mais  uniquement  pour  les  conditions  aux  limites. 


4.  CONCLUSIONS 

L'existence  de  singularites  dans  les  calculs  en  mode  direct  des  couches  limites  bidimensionnelles 
instationnaires  ou  tridimensionnelles  stationnaires  peut  etre  mise  en  evidence  A  partir  de  l'Atude  das 
propriStds  des  equations  integrates.  Bien  que  ecs  equations  ne  soient  pas  equivalent®?  A  celles  de  Prandtl, 
leur  comportement  tout  A  fait  analogue  au  voisinage  d'un  decollement  bidimensionnel  stationnaire  permet 
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d'accorder  une  certaine  confiance  quant  3  la  gSneralite  des  conclusions  obtenues.  En  particulier,  on  re- 
trouve  bien  dans  ce  cas  une  singularity  du  type  de  celle  de  GOLDSTEIN. 

Dans  les  cas  bidimensionnel  instationnaire  ou  tridimensionnel  stationnaire  le  point  Cpron'est 
plus,  en  general,  singulier  mais  indique  simplement  un  changement  d’orientation  des  domaines  d' influence 
et  de  dependence.  La  nature  hyperbolique  des  systemes  d'equations  permet  de  definir  precisement  ces  do- 
maines.  On  a  montre  que  l'existence  de  solutions  faibles  pour  ces  equations  pouvait  conduire  au  developpe- 
ment  de  lignes  de  discontinuity  correspondant  a  la  focalisation  des  lignes  caracteristiques  d'une  meme  es- 
pece.  Dans  le  cas  tridimensionnel  les  lignes  caractdristiques  susceptibles  de  donner  naissance  3  une  dis¬ 
continuity  ne  sont  autie  que  les  lignes  de  courant  parietales.  Pour  le  montrer  il  a  suffit  d'ajuster  ldge- 
rement  un  coefficient  numerique  dans  les  relations  de  fermeture.  Malgre  cette  interpretation,  la  ligne  de 
discontinuity  ainsi  formee  n'a  aucun  sens  physique  et  ne  doit  pas  etre  confondue  avec  une  ligne  de  decol- 
lement . 

La  presence  de  singularites  en  mode  direct  ne  remet  pas  en  cause  les  hypotheses  de  couche  limite 
au  voisinage  du  decollement  car  elle  provient  du  fait  que  l'on  s' impose  la  vitesse  exterieure  sans  tenir 
compte  des  eventuelles  relations  de  compatibility,  en  particulier  en  ecoulement  stationnaire.  Un  moyen 
d'eviter  de  telles  singularites  est  de  faire  appel  a  des  methodes  inverses  dans  lesquelles  la  vitesse  exty- 
rieure  est  l'une  des  inconnues  du  systeme.  Ces  methodes  facilitent  la  resolution  des  problemes  de  couplage 
avec  le  fluide  parfait.  Dans  le  cas  particulier  du  couplage  a  la  paroi  en  bidimensionnel  stationnaire,  on 
a  pu  montrer  1 ' impossibility  d'existence  de  solutions  discontinues. 

Ces  methodes  sont  egalement  interessantes  du  strict  point  de  vue  du  calcul  des  couches  limites. 
Elies  permettent  en  particulier  de  verifier  des  modeles  de  fermeture  au  voisinage  du  decollement  et  meme 
au-deia.  Pour  cela,  le  plus  simple  est  de  s'imposer  la  distribution  de  l'epaisseur  de  deplacemenl  en  bidi¬ 
mensionnel  ou  des  epaisseurs  et  en  tridimensionnel.  On  conserve  alors  toujours  un  probleme  bien 
pose  avec  un  calcul  progressant  de  l'amont  vers  l'aval,  1* influence  de  l'aval  etant  prise  en  compte  pur  la 
distribution  des  epaisseurs  que  l'on  s'impose.  Les  calculs  ainsi  effectues  sont  en  bon  accord  avec  les  re- 
sultats  experimental,  aussi  bien  en  instationnaire  qu'en  tridimensionnel,  ce  qui  justifie  Its  relations  de 
fermeture  utilisees. 
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SUMMARY 

A  simple  algebraic  model  is  developed  to  describe  the  shape  of  the  viscous  displacement  thickness  sur¬ 
face  downstream  of  a  weak  "normal"  shock  wave  (M^  <  1.3)  interacting  with  a  turbulent  boundary  layer. 
Experimental  and  theoretical  information  is  used  to  construct  the  shape  of  a  "bump."  The  "bump"  is  then 
incorporated  into  inviscid  transonic  potential  codes  to  model  the  strong  interaction  effects  of  the  boundary 
layer  in  moving  the  shock  wave  forward  and  reducing  its  strength.  Computed  results  compare  favorably  with 
two-  and  three-dimensional  experiments. 


I.  INTRODUCTION 

Inviscid  potential  flow  calculations  for  transonic  flows  over  airfoils  and  wings  often  predict  the 
appearance  of  embedded  shock  waves  which  have  subsonic  downstream  states.  The  predicted  shock  wave  location 
is  usually  farther  downstream  and  the  shock  is  stronger  than  experimental  measurements.  This  causes  a  sig¬ 
nificant  error  in  predicting  the  surface  pressures  and  forces.  Physically,  a  turbulent  boundary  layer  is 
present  on  the  body  surface  and  the  resulting  shock  wave-boundary  layer  interaction  is  believed  to  be  the 
main  reason  of  the  discrepancies. 

To  analyze  the  flow  field  under  complete  range  of  viscosity  and  compressibility  parameters  requires 
the  use  of  the  Navler-Stokes  equation  with  proper  turbulence  modeling.  At  the  present  time,  available 
computational  facilities  are  not  powerful  enough  for  these  computations  to  be  used  as  practical  engineering 
tools.  However,  for  many  design  applications,  the  flow  field  around  airfoils  or  wings  can  be  well  described 
by  the  potential  flow  with  the  viscous  boundary  layer  confined  to  a  thin  region  near  the  surface.  In 
particular,  for  weak  shocks  with  upstream  Mach  numbers  less  than  about  1.3,  the  vorticity  jump  across  the 
shock  wave  can  be  neglected  and  a  potential  flow  is  a  suitable  assumption.  Also,  for  this  range  of  Mach 
numbers  the  turbulent  boundary  layer  near  the  shock  foot  is  either  attached  or  has  only  a  small  separation 
bubble  behind  the  shock  wave.  This  is  the  range  of  parameters  considered  in  the  present  paper. 

At  the  shock  foot,  simple  consideration  of  the  conservation  of  mass  and  momentum  shows  that  the  boundary 
layer  displacement  thickness  and  the  momentum  thickness  increase  across  the  shock  wave.  The  amount  of  the 
increase  depends  on  the  strength  of  the  shock  and  the  boundary  layer  thickness  ahead  of  the  shock  wave. 

This  sudden  jump  in  the  boundary  layer  thickness  violates  the  conventional  boundary  layer  assumption  and 
also  falls  to  yield  a  consistent  inviscid-viscous  interaction  in  the  sense  of  the  conventional  boundary 
layer  theory. 

In  recent  years  several  researchers  have  tried  to  analyze  the  flow  field  near  the  shock  foot  using 
matched  asymptotic  analysis. Further  results  are  being  reported  at  this  symposium.  Both  laminar 
and  turbulent  boundary  layers  have  been  considered  with  various  assumptions  made  about  the  strength  of  the 
shock  wave  relative  to  the  friction  velocity.  Once  these  flows  are  well  understood,  their  outer  limits 
should  serve  as  boundary  conditions  for  the  outer  inviscid  computations.  Due  to  the  scale  of  the  outer 
problem,  the  boundary  condition  is  in  the  form  of  a  source  on  the  surface  of  the  airfoil.  The  strength  of 
the  source  depends  on  the  shock  strength  and  the  boundary  layer  properties  upstream  of  the  shock  wave.  The 
existence  of  the  source  deflects  the  streamline  and  the  shock  wave  becomes  an  oblique  shock  if  the  strength 
is  below  the  critical  value  for  maximum  deflection.  Indeed,  if  the  strength  of  the  source  is  beyond  the 
critical  value,  a  detached  normal  shock  will  create  a  new  source  at  its  new  position  and  the  shock  location 
cannot  be  determined. 

In  typical  numerical  computations  of  the  potential  flow  about  bodies  using  a  shock-capturing  technique, 
the  mesh  spacing  near  the  shock  foot  is  of  the  order  of  magnitude  of  the  interaction  length.'  A  suitable 
specification  of  the  source  distribution  over  the  interaction  region  is  desirable.  Yet,  the  mesh  is  coarse 
enough  that  as  long  as  the  global  properties  of  the  interaction  are  properly  determined,  the  Inviscid  solu¬ 
tion  should  be  Insensitive,  to  some  exten  -o  the  e:.a<;t  detail  of  the  distribution  of  the  source. 

In  many  applications  boundary  layer  methods  are  coupled  to  potential  flow  codes  without  any  special 
considerations  being  made  to  treat  the  shock  wave-boundary  layer  interaction.  It  is  generally  reported 
that  if  the  shock  waves  are  smeared  over  several  mesh  points,  the  boundary  layer  equations  may  be  Integrated 
through  the  shock  waves  without  i  '.fficulty.  The  boundary  layer  thickens  and  displaces  the  shock  forward 
while  weakening  it.  This  method  has  little  rational  Justification  and  probably  will  not  be  uniformly  con¬ 
vergent  as  the  mesh  is  refined  near  the  shock. 

A  less  justifiable  approach  which  is  often  adopted  is  to  use  the  Incorrect  nonconservative  solution 
of  the  inviscid  equations  in  place  of  the  correct  fully  conservative  methods.  The  nonconservative  methods 
predict  shock  waves  which  are  weaker  and  further  forward  than  the  conservative  methods  but  generally  are  . 
in  better  agreement  with  experiment.  This  effect,  however,  is  due  to  an  error  in  the  numerical  techniques^ 
and  is  not  a  rational  model  for  shock  wave-boundary  layer  interaction. 


The  present  work  was  motivated  by  the  desire  to  develop  a  simple  model  for  the  strong  interaction 
effects  which  the  turbulent  boundary  layer  has  on  the  shock  location  and  strength.  A  simple  algebraic 
formula  is  developed  for  the  above-mentioned  source  distribn  ion.  This  "bump"  is  incorporated  directly 
into  the  inviscid  calculation  in  an  iterative  manner  so  that  upon  solution  of  the  inviscid  equations,  the 
shcck  position  and  strength  have  already  been  modified  to  model  the  effects  of  the  turbulent  boundary 
layer.  This  provides  a  more  rational  model  than  the  nonconservative  method  mentioned  above  but  yet  has 
its  same  advantages.  It  also  may  be  used  as  a  first  step  in  a  complete  boundary  layer- inviscid  calculation, 
although  generally  this  has  not  proven  necessary.  An  early  version  of  the  method  was  reported  by  Murman® 
and  recently  used  by  Rizzetta  and  Yoshihara*  for  unsteady  flows. 

Tills  report  describes  the  refined  and  rationalized  bump  model  based  on  information  obtained  from 
previous  asymptotic  theories  and  experiments  for  shock  wave-turbulent  boundary  layer  interaction.  The 
model  is  incorporated  into  a  small-disturbance  code  with  wind  tunnel  efiects,  and  the  results  of  computa¬ 
tions  are  compared  to  the  experiments.  It  is  also  incorporated  in  a  two-dimensional,  full-potential, 
conservative,  finite-volume  code  and  a  three-dimensional  v  'r.k -fuselage  code.  Results  of  a  three-dimensional 
test  case  for  an  A-7  aircraft  are  reported  and  compared  to  experiments  and  computations  without  the  inter¬ 
action  model. 


II.  THE  TWO-DIMENSIONAL  BUMP  MODEL 

Yoshihara  and  Zonars  ^  proposed  that  the  thickening  of  t.ie  bourn'  ry  layer  behind  the  shock  wave  can 
be  modeled  as  a  "viscous  wedge."  The  oblique  shock  wave  is  attached  to  the  wedge  apex.  In  the  present 
model  (Figure  1),  the  boundary  layer  displacement  thickness  "bump"  starts  as  a  wedge  of  angle  0  and 
proceeds  downstream  as  a  convex  curve  which  becomes  parallel  to  the  airfoil  surface  after  a  specified 
interaction  length  £  •  This  results  in  a  jump  in  displacement  thickness  J  5* ^across  the  interaction 
region.  In  this  section,  we  shall  describe  the  parametric  dependence  of  the  bump  model  on  the  flow  con¬ 
ditions  ahead  of  the  shock  wave  and  the  rationale  behind  theu. 


* 

*s 

Figure  1 .  Bump  Model . 

Consider  the  velocity  shock  polar  for  a  given  upstream  Mach  number  (Mj  '>  1)  ,  as  shown  in  Figure  2. 
The  point  P  corresponds  to  the  maximum  deflection  angle  0raax  for  which  toe  shock  wave  can  remain 
attached  to  the  apex.  P  also  separates  the  strong  branch  and  the  weak  branch  of  the  possible  downstream 
states  for  a  given  deflection  angle  9  .  For  the  assumption  of  an  attached  oblique  shock  wave,  the  de¬ 
flection  angle  of  the  wedge  must  be  8  £  Onax  .  Furthermore,  the  weak  shock  solution  is  preferred  for  the 
locally  accelerating  flow  behind  the  shock  wave  over  the  convex  bump.  The  point  S  on  the  shock  polar 
separates  the  downstream  solution  for  which  the  Mach  number  M2  <  1  from  that  with  M2  >  1  .  If  the  flow 
at  infinity  is  subsonic,  the  flow  behind  the  shock  wave  must  recover  to  the  subsonic  state.  So,  we  assume 
that  M2  £  1  ,  or  0n,ax  >  0  £  08  . 

v/C* 


u/C* 


Figure  2.  Velocity  Shock  Polar. 
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In  Figure  3,  the  experimental  data  for  pressure  rise  P2/P1  across  shock  waves  on  an  airfoil  are 
plotted  versus  the  upstream  Mach  number  Mj  .  The  experimental  results  for  ^2^1  are  l°wer  than  the 
theoretical  values  for  the  normal  shock  waves,  and  indeed,  the  results  seem  to  fall  into  the  right  range  of 
8  if  a  viscous  wedge  is  assumed.  We  shall  select  the  wedge  angle  of  the  bump  as  the  maximum  turning 
angle  Qniajc  .  This  choice  produces  the  strongest  attached  oblique  shock.  For  Mj  >  1.3  ,  the  boundary 
layer  often  separates,  and  the  model  discussed  herein  does  not  apply.  • 


ifuiuitr:  Experiments 


Figure  3.  Pressure  Rise  Across  Shocks. 

2  W  1 

As  for  the  interaction  length,  the  length  scale  (Mj  -  1)  6C  given  by  Melnik  and  Grossman  is  used. 
Here  <50  is  the  thickness  of  the  turbulent  boundary  layer  upstream  of  the  shock  wave.  Since 
60  “  0(6*/ -Jet)  ,  where  Cf  is  the  friction  coefficient  and  6*  is  the  upstream  displacement  thickness, 
the  interaction  length  in  the  bump  model  is  chosen  as 


5  *  C(M3 


(1) 


where  C  is  a  constant  of  0(1) 
growth  law  as 


For  airfoil  and  wing  geometries,  we  approximate  6*  by  a  linear 


3  x 


10"3  x_ 


(2) 


where  xs  is  the  location  of  the  shock  wave  from  the  leading  edge.  The  flat  plate  value  for  cf  is 
chosen  to  approximate  that  on  the  airfoil  or  wing,  i.e., 


0.02666 

cf  (Rex  )  0.139  * 


(3) 


The  constant  C  will  be  chosen  by  comparison  with  experimental  results.  In  later  sections,  the  sensi¬ 
tivity  of  the  computed  results  to  these  parameters  is  explored. 

The  order  of  magnitude  of  the  jump  in  displacement  thickness  can  be  estimated  by  the  following: 


*2  ~  9max  ‘  «  +  «; 


e  •  c(m:  -  i)- 

max  1 


ft 


+  6 


1  ’ 


According  to  Melnik  and  Grossman,1  for  the  problem  under  consideration,  we  have  the  following  relation: 

m?  - 1  rr 

\  A  ■  °<1>  • 


-  i 


*  V#  “V-  W  ’•v*'-'. 
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Also,  noting  that 


6max~°  [<«1‘1)3/2]. 


then 


l6*]  E62-<  ~°  [<Ml“  »  6i] 


(4) 


This  agrees  in  order  of  magnitude  with  the  result  given  by  Green**: 


nyj.fiiLi!  «;  . 

* 


i'he  shape  of  the  bump  needs  to  be  specified.  Trial  and  error  led  to  a  cubic-shaped  function  given  by 


3  max 


(n  -  n2  + 


\ 

C 


X  <  X 

—  s 

xs  <  *  <  *s  +  5 
x  >  xs  +  c 


(5) 


where 


(X  -  x8) 


(6) 


This  has  proven  adequate  for  our  studies,  although  Rlzzetta  and  Yoshihara*  selected  a  somewhat  different  model. 


III.  SMALL-D I STU RPAN C E  CALCUIATIONS 


The  model  given  in  Section  II  !.a 3  been  incorporated  in  a  two-Ofmensional,  transonic,  small-disturbance 
code  (TSFOIL)  which  cun  also  model  wind  tunnel  wall  interference.^  Several  calculations  are  reported  to 
illustrate  the  utility  of  the  model  and  the  sensitivity  of  the  results  to  values  of  the  assumed  parameters. 
For  the  transonic  small-disturbance  theory,  the  maximum  turning  angle  is  given  by 


C 


max 


Y+  l 


(Y  +  1)  <f> 

_ 2i 

3 


(7) 


where  y  is  the  specific  heat  ratio,  $x  is  a  perturbation  velocity,  K  is  the  transonic  similarity 
parameter,  and  6  is  the  airfoil  thickness  ratio. 


An  Iterative  line  relaxation  procedure  is  used  to  solve  the  small-disturbance  equation.  In  this 
procedure,  shock  waves  smeared  over  several  mesh  points  appear  automatically  in  the  course  of  the  solution. 
At  the  completion  of  each  relaxation  cycle,  the  airfoil  surface  is  searched  to  detect  the  location  of  any 
shock  waves.  The  point  x8  is  selected  as  the  sonic  velocity  point  using  linear  interpolation  between 
the  last  supersonic  and  the  first  subsonic  mesh  point  at  the  shock  location.  The  parameters  in  Eqs.  (1), 
(2),  (3),  and  (7)  are  evaluated  using  conditions  several  mesh  points  ahead  of  x8  .  Finally,  the  airfoil 
slope  is  modified  using  Fqs.  (5)  and  (6),  and  the  next  relaxation  cycle  is  started. 

Two  symmetrical  airfoils  at  zero  angle  of  attack  have  been  selected  for  test  cases.  These  nonlifting 
airfoils  havo  pressure  distributions  which  minimize  the  viscous  effects  at  the  trailing  edge.  Both  airfoils 
were  tested  at  chord  Reynolds  numbers  of  about  4  x  10®  and  had  turbulent  boundary  layers.  Also,  the  wind 
tunnel  wall  effects  for  these  tests  have  previously  been  analyzed.^  Thus  the  effects  of  wall  interference 
may  be  separated  from  the  viscous  ef!  cts  for  the  present  study. 

In  Figure  4  results  are  presented  for  the  64A010  alrfovl  for  a  range  of  freestream  Mach  numbers.  The 
results  show  the  relative  effects  of  wind  tunnel  wall  interference  and  the  shock  wave-boundarv  layer 
inter  ictior..  At  the  lowest  supercritical  Mach  number,  the  shock  is  weak  and  the  effects  are  small  but 
measurable.  At  the  highest  Mach  number  shown,  the  Mach  number  ahead  of  the  shock  is  slightly  above  1.3. 

This  case  reflects  the  upper  limit  of  the  validity  of  the  present  model.  In  general,  the  bump  model  gives 
good  results  compared  to  the  experimental  data. 


For  the  results  shown  in  Figure  4,  the  constant  C  in  the  interaction  length  formula,  Eq.  (1), 
was  set  to  C  *  4  .  Figure  5  shows  the  sensitivity  of  the  results  to  variations  in  C  .  The  sensitivity 
of  the  results  to  the  choice  of  6  was  checked  by  using  0  ■  9son^c  ■  0.9186  Snax  >  ar,8  only  slight 
differences  were  noted.  It  was  also  checked  that  the  calculations  have  no  hysteresis  effect  by  approaching 
the  solution  from  "above"  and  "below."  It  was  found  that  by  locating  the  apex  of  the  wedge  (xs)  at  the 
sonic  point  determined  from  linear  interpolation,  the  stability  and  the  convergence  rate  of  the  calculating 
significantly  improved.  In  the  earlier  version  of  the  method,®  xs  was  assigned  to  a  mesh  point  and  the 
wedge  location  exhibited  a  flip-flop  behavior  on  a  coarse  mesh.  Lastly,  it  is  interesting  to  note  that  the 
computing  time  required  for  the  viscous  wedge  results  shown  in  Figure  4  is  actually  less  than  that  required 
without  the  viscous  wedge. 
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Figure  4.  Surface  Praaaura  Distribution*. 


Figure  6.  Sensitivity  to  Conatant  C. 


In  Figure  6  results  are  shown  for  a  NACA  0012  airfoil  wherein  the  above-determined  value  of  C  »  4  has 
been  used.  Based  upon  the  above-computed  examples,  this  appears  to  be  the  recommended  value  for  this  constant. 
We  should  note,  however,  that  fine  tuning  of  the  bump  model  for  other  flow  conditions  and  approximate  formulae 
for  6j  and  Cf  might  result  in  a  slightly  different  value  of  C  . 
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XV.  FINITE-VOLUME  CALCULATIONS 

The  above  model  has  been  incorporated  into  the  two-dimensional,  conservative,  full-potential,  finite- 
volume  code  FLO  26  by  Jameson.  For  better  flexibility  and  control  of  mesh  spacing,  the  original  parabolic 
coordinate  has  been  replaced  by  the  mesh  system  shown  in  Figure  7.  The  mesh  is  generated  by  algebraic  trans 
formations  using  superellipses. 


Hgura  7.  Math  for  Two-Dimensional  Calculation. 


To  avoid  generating  a  new  mesh  at  each  iteration  to  conform  the  coordinate  line  to  the  displaced 
airfoil  surface,  we  enforce  the  boundary  condition  by  the  local  mean  surface  approximation.  The  flow 
angle  on  the  airfoil  surface  is 


a’  |f’(x)  +  6*’  (x)  |  y  .  f  +  5*  .  (8 

Instead  of  satisfying  the  above  condition  on  y  ■  f  +  6  ,  we  enforce  it  on  the  airfoil  surface  y  *>  f(x) 
as  an  approximation.  The  variation  of  the  velocity  across  6*  , 


has  been  neglected.  ThJ3  assumption  is  justified  a  posteriori  by  performing  test  computations  with  and 
without  A6*  . 

The  boundary  condition,  Eq.  (8),  is  transformed  into  the  computational  variables  (X,  Y)  and  the 
corresponding  contravariant  velocities  (U,  V)  by  the  following  relation: 


Noting  that  the  surface  of  the  airfoil  :s  a  coordinate  line  with 
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Eq.  (8)  is  transformed  to 


(ID 


Given  rhe  displacement  thickness  6  (x)  ,  the  above  equation  is  applied  on  the  airfoil  surface  Y  «  0 
as  an  injection  boundary  condition. 

At  the  end  of  each  relaxation  sweep  through  the  field,  the  shock  location  xs  is  searched.  It  is 
defined  as  the  sonic  point  behind  a  supersonic  region  and  located  by  linear  interpolation.  The  shock  Mach 

number  Mi  is  found,  and  the  corresponding  e^x  is  computed  by  finding  the  maximum  of  the  following 

function: 

M?  sin2  6  -  1 

F(8)  *  tan  J  ■  2  cot  8  —s - ,  (12) 

Mj  (y  +  cos  26)  +  2 

where  8  is  the  shock  angle.  The  displacement  thickness  variation  6  (x)  is  given  by  Eq.  (5).  The 
value  of  the  Injection  velocity  V  is  cooouted  and  enforced  as  the  boundary  condition  for  the  next  iteration. 

Three  different  locations  of  wedge  apex  have  been  tried.  At  first,  the  last  supersonic  mesh  point 
upscream  of  a  subsonic  region  was  chosen  as  the  location.  Frequently,  tne  computations  showed  flip-flopping 
of  the  wedge  location  between  two  mesh  points.  Then,  the  sonic  point  was  chosen  as  the  location  of  the 

wedge.  It  produced  a  converged  solution  with  a  peaky  one-point  re-expansion  region  behind  the  shock. 

Since  there  is  always  an  upstream  influence,  we  experimented  with  locating  the  wedge  apex  in  the  supersonic 
region.  The  results  here  are  computed  by  locating  the  wedge  at  a  distance  0.2  £  upstream  of  the  sonic 
point.  Figure  8  shows  the  result  of  computation  for  flow  over  a  NACA  0012  airfoil  at  Mach  number  0.8  and 
zero  angle  of  attack.  The  potential  flow  computation  obviously  does  not  agree  with  the  experimental 
pressure  distribution.  With  the  present  interaction  model,  the  agreement  improves  particularly  downstream 
of  the  shock  wave.  The  remaining  discrepancy  Is  attributed  to  the  wind  tunnel  interference  effect.  This 
can  be  verified  by  comparison  with  the  small-disturbance  calculations  reported  in  Section  III. 

Figure  9  shows  the  result  of  computation  of  a  standard  case  to:  a  lifting  NACA  0012  airfoil  at  Mach 
number  0.75  and  a  2°  angle  of  attack.  The  lift  coefficient  is  reduced  by  10  percai.t.  The  shock  Mach  number 
is  1.J2,  which  is  beyond  the  applicability  of  the  present  model. 
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Figure  8.  Full-Potential  Theory. 


Figure  9.  Lifting  Airfoil. 
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V.  THREE-DIMENSIONAL  BUMP  MODEL  AND  PRELIMINARY  NUMERICAL  RESULTS 


The  two-dimensional  bump  model  discussed  above  has  been  extended  to  three  dimensions.  The  spanwise 
length  scale  of  the  variations  of  the  flow  over  an  aircraft  is  the  wing  span.  The  length  scale  of  the 
ohock  wave-turbulent  boundary  layer  interaction  is  of  the  order  of  the  boundary  layer  thickness.  By 
comparing  these  length  scales,  it  is  obvious  that  the  Interaction  is  quasi-two-dimensional  in  nature. 
Through  a  three-dimensional  shock  wave,  the  velocity  component  parallel  to  the  shock  surface  is  conserved. 
Hence,  the  jump  conditions  across  the  shock  wave  are  governed  by  the  Mach  number  component  normal  to  the 
shock  foot. 

For  the  above  reason,  the  following  quasi-two-dimen  >nal  model  is  used.  Referring  to  Figure  10,  for 
a  given  shock  foot  angle  css  and  the  flow  direction  esq  projected  on  the  x-z  plane,  the  normal  shock 
Mach  number  is  defined  as 


Figure  10.  Thraa-DImanslonal  Bump  Modal. 


Mn  -  Mj  sin  (os  -  oq)  . 


The  maximum  turning  angle  8max  corresponding  to  Mn  is  used.  The  physical  injection  velocity 
on  the  bump  surface  is  found  by  using 


*2  *» 

6  (x.z) 


where  u  and  w  are  the  velocity  components  in  the  x-  and  z-directions  und  6*  is  the  gradient  of  the 
bump  surface  in  the  direction  of  the  flow.  The  physical  injection  velocity  Vg  together  with  u  and  w 
on  the  surface  are  then  transformed  to  the  contravarient  velocity  components  (U,  Vg,  W)  on  the  wing 
surface.  Vg  is  applied  as  the  boundary  condition.  This  procedure  assumes  that  the  portion  of  the  airfoil 
where  the  shock  foot  is  located  has  small  surface  slope.  The  component  of  vertical  velocity  due  to 

the  slope  of  the  airfoil  and  vB  can  be  treated  separately,  and  the  resulting  contravarient  velocities 
can  be  superposed  there. 

For  this  preliminary  study,  ve  consider  only  the  supersonic-subsonic  shock  wave.  The  shock  foot  is 
located  by  finding  the  sonic  point  along  the  chord  and  the  bump  applied  as  in  the  two-dimensiona 
calculation. 


The  model  is  incorporated  into  the  transonic,  full-potential,  finite-volume,  wing-body  code  FLO  30. 
A  modified,  high-wing,  A-7  aircraft  calculation  which  showed  good  agreement  with  tunnel  data  except  near 
the  wing  tip  where  a  strong  shock  wave  appeared  was  reported  by  Mercer  and  Murman.l^  Figure  11  shows  a 
preliminary  result  of  the  computation  repeated  using  the  bump  model.  Comparison  with  the  experimental 
results  is  considerably  improved  over  the  potential  flow  computation  without  the  interaction  model. 


Modified  A-7 
X  Experiment 
—FLO  30 
- with  Bump 


t)  =  0.878 
r]  0.869 


Figure  11.  Three-Dimensional  Calculation. 
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VI.  CONCLUSIONS 

In  this  work,  the  bump  mod^l  previously  proposed  by  Murman®  and  Rizzetta  and  Yoshihara®  is  rationalized 
and  refined  based  on  recent  theoretical  studies.  The  empirical  interaction  length  has  been  replaced  by 
one  scaled  according  to  the  asymptotic  theory  of  Melnik  and  Grossman. *  The  boundary  layer  parameters 
necessary  in  constructing  the  model  are  the  displacement  thickness  and  the  friction  coefficient  cj 

ahead  of  the  shock  wave.  Simple  approximate  models  of  these  parameters  are  used.  For  ,  a  simple, 
linearly  growing  boundary  layer  is  employed.  The  friction  coefficient  cj  is  given  by  an  expression  for 
flow  over  a  flat  plate.  For  three-dimensional  cases,  a  quasi-two-dimensional  bump  normal  to  the  shock 
foot  is  proposed. 

Both  two-  and  three-dimensional  models  are  Incorporated  into  full-potential,  conservative,  finite- 
volume  calculations  after  validation  using  a  small-disturbance  theory.  Results  of  the  computation  agree 
well  with  experimental  measurements.  Even  though  the  present  bump  model  is  not  the  exact  outer  limit  of 
the  inner  interaction  problem,  it  is  scaled  correctly  according  to  the  inner  scale.  The  source  strength 
is  given  by  the  phenomenologically  determined  condition  0  E  ®max  *  view  of  its  simplicity  in  applica¬ 
tion  to  the  full-potential  calculation,  it  is  a  good  practical  means  of  obtaining  a  solution  for  unseparated 
shock  wave-boundary  layer  interactions.  I*  seems  to  model  the  essence  of  the  physics  i-  n  rational  way. 
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OF  THE  INTERACTION  BETWEEN  A  NORMAL  SHOCK  WAVE 
AND  A  TURBULENT  BOUNDARY  LAYER  AT  TRANSONIC  SPEEDS 
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The  University  of  Michigan 
Ann  Arbor,  Michigan  48109,  USA 


SUMMARY 

The  asymptotic  description  of  the  interaction  between  a  normal  shock  wave  and  a  turbulent  boundary 
layer  is  reviewed  briefly.  The  layers  necessary  in  a  rational  analysis  of  the  interaction  are  discussed 
with  emphasis  on  the  differences  from  an  interaction  with  a  laminar  boundary  layer,  the  uncoupling  of 
solutions  for  the  distribution  of  pressure  and  skin  friction  at  the  wall,  and  the  role  of  the  Reynolds  shear 
stress  in  these  solutions.  The  accuracy  of  asymptotic  solutions  in  flows  at  Reynolds  numbers  of  technical 
interest  is  discussed. 

Solutions  for  the  distribution  of  pressure  and  skin  friction  at  the  wall  and  the  shape  of  the  shock  are 
considered  for  the  case  where  the  flow  is  near  separation.  For  the  pressure  and  skin  friction,  it  is 
possible  to  write  two  simplified  partial  solutions,  one  valid  at  the  beginning  of  the  interaction  and  one 
valid  somewhat  downstream  of  the  shock  wave.  A  solution  composed  of  these  two  parts  and  a  linear  inter¬ 
polation  between  them  appears  to  give  good  comparison  with  experiment;  one  unknown  constant,  independent 
of  the  parameters  of  the  interaction,  must  be  found  from  experiment.  The  simplified  relations  are 
presented.  Comparison  of  numerical  computations  with  experimental  data  indicates  a  possible  value  for 
the  constant  and  shows  quite  satisfactory  results. 


1.  INTRODUCTION 


It  is  now  well  established  that  asymptotic  methods  can  be  used  for  the  description  of  the  interaction 
between  a  shock  wave  and  a  turbulent  boundary  layer  in  unseparated  transonic  flow  at  high  Reynolds  num¬ 
bers.  Specific  solutions  have  been  obtained  for  both  oblique  and  normal  shock  waves  over  a  range  of  flow 
conditions.  The  important  parameters  are  the  Mach  number  Me  of  the  incoming  flow  external  to  the 
boundary  layer  and  the  Reynolds  number  Re  based  on  the  external-flow  variables  and  the  distance  L  from 
the  beginning  of  the  boundary  layer  to  the  point  of  its  intersection  with  the  shock  wave.  Generally,  how¬ 
ever,  small  parameters  e  =  0(Me-  1)  and  Ut  =  0[(lnRe)"l]  are  introduced,  where  u,.  is  the  dimensionless 
(here  with  respect  to  the  critical  speed'  of  sound  in  the  external  flow)  friction  velocity.  Different  flow 


occur  at  transonic  speeds,  since  c  «  1  in  all  cases.  Most  of  the  solutions  are  for  flow  over  a  flat  plate, 


but  in  references  5  and  6  corrections  for  a  curved  wall  are  given;  in  addition,  solutions  for  flow  through 


an  axisymmetric  channel  are  shown  in  references  3  and  5,  A  more  detailed  discussion  of  the  cases  con¬ 
sidered  is  given  in  a  recent  review  paper.  ® 


The  present  paper  contains  simplified  versions  of  the  wall  pressure  and  skin-friction  distributions 
derived  in  references  5  and  6.  The  result  is  a  very  simple  set  of  equations  which  are  easy  to  use  and 
which  give  quite  satisfactory  results.  There  are  many  reasons  why  it  is  believed  to  be  worthwhile  to  use 
asymptotic  solutions  as  the  basis  for  approximate  descriptions  of  the  interaction.  First,  because  asymp¬ 
totic  solutions  contain  the  correct  essential  physics  at  each  stage  of  the  calculation,  the  proper  dependence 
of  flow  variables  on  parameters  is  exhibited.  Moreover,  even  without  the  additional  approximations 
described  below,  certain  significant  simplifications  are  achieved;  in  particular,  it  can  be  shown  that  calcu¬ 
lation  of  the  pressure  distribution  does  not  require  knowledge  of  the  changes  in  turbulent  shear  stresses. 

In  addition,  because  a  turbulence  model,  or  closure  condition,  is  used  in  the  derivation  for  the  skin 
friction,  it  is  possible  to  introduce  different  models  and  thus  compare  effects,  albeit  with  more  work. 
Finally,  and  perhaps  most  importantly,  because  a  rational  method  has  been  used,  higher-order  approxi¬ 
mations  can  be  found  and  one  can  estimate  the  errors  involved  in  using  a  solution  valid  to  a  given  order  of 
approximation. 


The  numerical  accuracy  of  the  asymptotic  i.olutions  for  this  problem  may  be  estimated  since  the 
error  is  of  the  same  order  as  the  first  terms  neglected.  Such  an  estimate  obviously  requires  an  under¬ 
standing  of  the  orders  of  magnitude  which  appear  in  the  expansions.  In  the  absence  of  such  information, 
no  statement  ran  be  made  in  advance  concerning  the  general  usefulness,  or  more  precisely  the  numerical 
accuracy,  of  an  asymptotic  solution  for  any  given  ranges  of  parameters.  For  example,  the  accuracy  of 
laminar  free-interaction  ("triple-deck")  theory  is  known  to  depend  on  the  flow  problem  considered  and, 
moreover,  may  be  different  for  different  flow  quantities.^  Jn  the  present  case,  it  is  desirable  to  obtain 
solutions  for  values  of  Re  in  the  range  10®  to  10®,  say,  and  for  Me  between  1  and  the  value  for  incipient 
separation,  roughly  1. 3.  For  this  range  of  parameters  the  corresponding  ranges  in  6  and  uT  are 
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0  <  e  <0,23  and  0,029  <  uT  <  0,052.  No*,  in  the  calculation  of  the  wall  pressure  in  reference  5,  the  first 
term  neglected,  and  thus  the  error,  is  of  urder  <uT2,  which  is  at  mos*-  0,00062.  In  reference  6,  the  first 
term  neglected  in  the  shin  friction  at  the  wall,  and  thus  the  error,  is  of  order  uT2 ,  which  is  at  most  0.0027. 
Of  course,  these  estimates  may  not  be  completely  reliable,  since  it  is  certainly  possible  that  the  neglected 
terms  might  be  multiplied  by  large  numerical  coefficients.  Also,  the  solutions  to  be  presented  here  are 
numerical  approximations  to  the  exact  solutions,  Nevertheless,  it  Teems  very  clear  that  asymptotic 
solutions  to  this  problem  have  Ice  possibility  of  giving  good  accuracy  in  the  range  of  parameters  of  tech¬ 
nical  importance,  even  in  approximate  numerical  form. 

In  the  following  section,  the  structure  of  the  interaction  region  and  the  governing  equations  are 
reviewed  and  discussed,  with  emphasis  on  the  differences  from  the  case  when  the  boundary  layer  is  lam¬ 
inar.  Solutions  for  the  shape  of  the  3hock  vave  and  for  the  wall  and  pressure  distributions  when  upstream 
influence  is  negligible  are  shown  also.  In  section  3,  approximate  relations  for  the  effects  of  upstream 
influence  are  derived.  Then,  in  section  4,  these  solutions  are  joined  to  simplified  expressions  shown  in 
section  2,  to  give  approximate  solutions  for  the  wall  pressure  and  skin-friction  distributions  which  hold 
throughout  the  interaction  region.  Finally,  section  5  contains  a  comparison  of  computations  with  available 
experimental  data  and  a  discussion  of  results. 

A  two-dimensional  flow  of  a  perfect  gas  is  considered.  For  simplicity,  an  adiabatic  wall  is jassumed 
and  the  total  enthalpy  is  taken  to  be  uniform.  All  lengths  are  made  dimensionless  with  respect  to  L  and 
velocities  with  respect  to  the  critical  speed  of  sound  a^in  the  flow  external  to  the  boundary  layer  (over¬ 
bars  indicate  dimensional  terms).  Thermodynamic  properties  are  referred  to  their  critical  values  in  the 
external  flow.  Rectangular  coordinates  X  and  Y  and  the  corresponding  velocity  components,  U  and  V, 
arc  measured  parallel  and  perpendicular  to  the  wall,  respectively,  with  Y  =  0  on  the  wall  and  X  =  0  at  the 
intersection  of  the  shock  wave  with  the  edge  of  the  boundary  layer.  The  term  p'  V'/ p  has  been  included  in 
V. 


2.  STRUCTURE  OF  THE  INTERACTION  REGION 


The  flow  entering  the  interaction  region  external  to  the  boundary  layer  has  a  velocity  Ue  =  1  +  e  . 
This  relation  defines  €;  for  transonic  flow,  e  «  1.  Near  the  wall,  the  incoming  flow  has  the  velocity 
profile  of  an  undisturbed  turbulent  boundary  layer.  Thus,  a  two-layer  structure  is  considered,  consisting 
of  the  velocity-defect  and  wall  layers.  Following  ideas  introduced  by  Bush  and  Fendell,  Mellor,11  and 
Ya.nik,*2  this  representation  is  considered  to  provide  an  asymptotic  description  of  the  turbulent  boundary 
layer  at  large  Reynolds  numbers,  Including  effects  of  compressibility  in  essentially  the  manner  of 
van  Driest^  and  Maise  and  McDonald,  ^  one  can  write  the  velocity  distributions  as  follows: 


where 


Uu  =  Ue  +  Ut  U01(y) 


<*»  Ug  +  ~  (lny  -  211) 
/  Tw\1/2  . 

Uu  =  Ux\Tf)  501<?> 


T..A1/2 


~t(%) 


(In  y  +  xc) 


e 

1/2 


s  ■(£)  ■«.*«> 


(1  +€)  = 


7(YU)Me2 

I+1irMe2 


y  =  r°(i) 

y  —  0 

y  =  Y/6  =  0(1) 

y  **  oo 


(la) 

(lb) 

(2a) 

(2b) 

(3a) 

(3b) 


and  where  and  pe  are,  respectively,  the  dimensionless  shear  stress  at  the  wall  at  the  point  of  inter¬ 
section  of  the  shock  wave  with  the  boundary  layer  and  the  dimensionless  density  in  the  external  flow,  both 
evaluated  for  undisturbed  conditions.  Subscripts  e,  w,  and  u  refer  to  conditions  in  the  external  flow,  at 
the  wall,  and  in  the  undisturbed  flow  upstream  of  the  interaction,  respectively:  Cf  is  the  skin  friction 
coefficient.  The  quantities  6  =  0(uT)  and  6  refer  to  the  dimensionless  orders  of  the  boundary-layer  and 
wall-layer  thicknesses,  respectively,  both  evaluated  at  the  point  of  intersection  with  the  shock  wave,  and 
k  is  the  von  Karman  constant.  Equation  (la)  is  the  (law  of  the  wake)  representation  for  U  in  the  velocity- 
defect  layer,  the  variable  part  of  which,  Ugj(y), is  that  of  a  corresponding  incompressible  boundary  layer; 
in  the  present  calculations,  the  form  presented  by  Coles is  used.  The  effects  of  compressibility  can  be 
represented  by  a  constant  which  has  been  absorbed  into  uT;  uT  is  defined  in  terms  of  pe  in  Eq,  (3).  ^As 
y -»  0,  Uqj  has  the  logarithmic  form  shown  by  Eq.  (lb).  Here,  n  is  Coles'  profile  parameter;^  c  r  5.0 
and  for  zero  pressure  gradient  n  =  0,  5.  Eq.  (2a)  is  the  (law  of  the  wall)  representation  for  U  in  the  wall 
layer,  which  as  y  -*  00  behaves  as  shown  in  Eq.  (2b).  Because  the  density  in  the  wall  and  velocity-defect 
layers  has  different  limiting  values,  an  equation  valid  for  6  «Y  «6  must  be  used  for  matching  purposes 
fsee  references  2  and  5  for  details;  this  problem  is  also  discussed  in  ref.  1).  From  matching  it  is  shown 
that 


U.*"1  In  (6/6)  =  (Te/Tv,)1/2Ui(e)-uT  pnit'^c) 
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u.(€)  =  r  sin-1  (r"1  Ue) 
r  =  [(Y  +  1)/(Y- 1)] 1/2 
-  1Sv/M1/2^_l 

(1  \T  /  u^  Re 


Another  relation  between  6  and  uT  for  8P/8X  =  0  is  found  using  the  von  Karman  integral  of  the  momentum 
equation:  ® 

1/2  2 
m.  u  (-  U  /T  \  '  .  /  T  v  oo  ,  i  u 

iHj  =  -  8  J  uQj(y)  dy  (6b) 


As  mentioned  previously,  Coles'  form  will  be  used  for  u^j! 

uQ i (y )  =  x  1  In  y  -  II  k*1  (1  +  cos  n  y) 


for  0  <  y  <  1,  with  Uqj(y)  =  0  for  y  >  1.  For  future  reference,  it  may  be  noted  that  the  nondimensional 
distance,  Y  =  6*,  from  the  wall  to  the  sonic  line  in  the  undisturbed  boundary  layer,  at  the  point  of  inter¬ 
section  with  the  shock  v/ave,  is  found  by  setting  Uu  =  1  in  Eq.  (lb)  and  expanding  for  6*/6  small;  thus 

1  r  /  1*  \  1  /  2 

utk  In  f-  fu.(e)  -  U.(0)]  -  2nK_1UT  (8) 

#  \  Ml' 


In  addition,  the  nondimensional  displacement  thickness  6  z  -.d  momentum  thickness  8  are,  for  the  same 
conditions  and  for  v^/U^  small, 
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V  T.  z) 
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Before  consideration  of  the  solutv'n*.  in  t'ie  interaction  region,  it  is  instructive  to  review  the 
structure  of  this  region  when  the  boundary  layer  is  turbulent  and  compare  it  with  that  found  when  the 
boundary  layer  is  laminar.  For  laminar  flow,  there  are  three  layers  in  the  interaction  region.  In  the 
outermost  layer,  which  has  a  thicknt.s  large  compared  to  that  of  the  boundary  layer,  the  flow  is  inviscid 
and  irrotational.  In  the  middle  'ayer,  which  has  a  thickness  of  the  order  of  the  thickness  of  the  boundary 
layer,  the  flow  is  inviscid  and  rotational,  and  finally,  in  the  viscous  sublayer  which  adjoins  the  wall,  the 
flow  is  viscous  and  the  boundary-layer  equations  hold.  When  the  flow  is  turbulent,  and  the  shock  wave 
is  weak,  there  are  also  two  outer  inviscid-flow  layers  which,  although  the  scales  of  the  layers  and  the 
velocity  components  are  quite  different,  have  the  same  essential  fluid  mechanisms;  when  the  shock  wave 
becomes  stronger,  these  two  outer  layers  merge  to  one  in  which  the  flow  is  still  inviscid.  As  the  wall  is 
approached,  however,  fundamental  differences  arise,  there  being  two  layers  in  turbulent  flow  rather  than 
one  as  in  laminar  flow.  This  can  be  explained  physically  by  noting  that  in  either  case,  the  outer  layers 
are  governed  by  inviscid-flow  equations;  hence,  a  boundary  layer  must  exist  between  the  wall  and  the 
inviscid  flow.  The  laminar  boundary  layer  has  a  single-layer  structure  and  so  in  the  interaction  with  a 
laminar  boundary  layer,  o"ly  a  single  viscous  sublayer  is  necessary.  On  the  other  hand,  the  undisturbed 
turbulent  boundary  layer  has  a  two-layer  structure,  as  noted  previously;  hence,  in  the  interaction  region 
two  inner  layers  are  necessary.  They  are  called  here  the  Reynolds-stress  sublayer  and  the  wall  layer. 
The  Reynolds-stress  sublayer,  referred  to  as  the  blending  layer  in  ref,  2,  is  the  counterpart  of  the 
velocity-defect  layer.  In  the  equation  '■f  motion  in  the  flow  direction,  inertia,  pressure  gradient,  and 
Reynolds  shear  stress  terms  are  most  important.  In  the  wall  layer,  even  though  there  is  a  pressure 
gradient,  only  two  terms  remain  in  the  governing  equation,  the  Reynolds  and  viscous  stress  terms;  that 
is,  this  equation  is  the  same  as  that  for  the  undisturbed  wall  layer. 

The  extent  of  the  effects  of  the  intei action  upstream  of  the  shock  wave,  i.  e. ,  the  upstream  influence, 
is  of  slightly  smaller  order  than  the  thickness  of  the  subsonic  region  in  the  boundary  layer.  For  weak 
(e  «  uT)  or  moderately  strong  (e  =  0(uT))  shock  waves,  the  sonic  line  lies  at  a  distance  of  order  6  from 
the  wall.  However,  for  stronger  shock  waves  (e  »ur),  the  sonic  line  lies  very  close  to  the  wall  and  so 


the  upstream  influence  is  confined  to  a  region  which  is  exponentially  small  compared  to  the  main  part  of 
the  interaction  region.  In  this  event,  in  the  main  part  of  the  boundary  layer,  the  flow  ahead  of  the  shock 
wave  is  undisturbed, 

A  sketch  illustrating  the  essential  features  of  the  interaction  region  as  found  from  an  asymptotic 
analysis  for  €  »  Ur  is  shown  in  figure  1,  The  small  region  of  upstream  influence  has  thickness  of 
order  6*  and  A*  in  the  y  and  x  directions,  respectively;  6*  is  the  dimensionless  distance  from  the  wall  to 
the  sonic  line.  The  main  part  of  the  interaction  region  has  corresponding  characteristic  thickness  6  and 
A.  The  orders  of  the  dimensionless  thickness  of  the  Reynolds-stress  sublayer  are  6*  and  6  in  the  small 
region  upstream  of  the  shock  wave  and  the  main  region,  respectively;  in  both  of  these  regions,  the  order 
of  the  thickness  of  the  wall  layer  is  6,  the  same  as  that  found  in  the  undisturbed  boundary  layer,  defined 
in  Eq.  (5c).  The  relationships  found  for  these  various  length  scales  are,^1^1  in  terms  of  uT,  6,  6*, 
and  e , 


A  =  b0  6  =  (Y  +  l)1/2ci/2  [l  -f  (2y  +  1)  +  ...}  6 

A  l/Z  A 

'-\7T )  Ut  5* 


A 

6  =  u  A 
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6*  =  uT 


(10c, d) 


A  brief  but  representative  illustration  of  the  form  of  solution  found  and  the  manner  in  which  these 
solutions  are  used  may  be  given  by  showing  the  expansion  for  U  and  governing  equation  for  the  lowest 
order  perturbation  in  each  layer.  To  this  end,  only  the  main  part  of  the  interaction  region  will  be 
considered. 

Outer  Inviscid  Layer 

In  figure  2  is  shown  a  sketch  drawn  to  the  scale  of  the  outer  inviscid  region,  for  the 
case  uT  «  e  «  1.  Because  the  upstream  influence  is  limited  to  the  inner  region  which  is  negligibly 
small  to  this  scale,  the  flow  ahead  of  the  shock  wave  is  undisturbed.  Again  to  this  scale,  the  shock  wave 
penetrates  the  boundary  layer  to  the  wall;  it  is  normal  to  the  lowest  order,  the  equation  for  the  shape  of 
the  shock  being  such  that  xg  =  0(uT/e).  In  the  flow  downstream  of  the  shock  wave,  the  shock-polar  , 
equation  suggests  the  proper  form  of  expansion.  It  is  convenient  to  separate  the  rotational  part,  which 
can  be  calculated  from  Crocco's  Theorem,  and  the  irrotational  part,  which  must  be  derived,  as  follows: 


U  =  (1  +e) 


+  u  u'  (x,  y;e)  +  .. 


+  “T  ^(x.yie)  + 


x  =  X/A 


y  =  Y/6 


(llb.c) 


The  differential  equation  for  4>j  is  found  to  be  Laplace's  equation 

*lxx  +  *lyy  8  0  <12> 

which  is  solved  by  use  of  a  distribution  of  sources  along  the  y-axis,  subject  to  the  condition  that 
<t>jy(x,0'  =  0,  where  V  =  bgUr^iy  +  •••  and  where  bg  is  defined  in  Eq.  (10a).  The  fact  that  V  =  0  in  lower 
orders  at  y  =  0  is  a  very  important  point  because  it  means  that  the  solutions  (to  and  including  0(u^) )  in 
the  outer  inviscid-flow  regions  may  be  solved  independently  of  the  solutions  in  the  inner  layers.  In  this 
sense  the  interaction  is  a  weak  interaction  when  the  boundary  layer  is  turbulent,  and  therefore  it  is 
fundamentally  different  from  the  laminar-flow  case.  The  reason  is  that  the  wall  layer  is  so  thin;  that  is, 
any  lifting  of  the  fluid  in  this  layer,  due  to  deceleration  as  a  result  of  the  unfavorable  pressure  gradient, 
is  still  so  small  in  order  of  magnitude  as  to  affect  only  terms  of  higher  order  than  those  considered  here. 
This  is  easily  checked  by  finding  the  lowest  order  approximation  for  V  in  the  inner  layers.  ° 

5 

The  solution  found  for  4>j  is 

(x,y)  =  -  ~jl  +  (Y- l)e  +  ...J  /  u01(rj)  lnjx2  +  (y-q)2!^2  dr?  (13) 

and  the  corresponding  shape  of  the  shock  is'’ 


xs(y)=^d+|  + 


){<!>! (0,y;e)  ^(0,  l;e)}  + 


=  xs(0)  +  fe  li  +  tv-£>e+— }{t  ,  +  •••}  -  y-*0 

=  %(0)+fe  {l  r(Y-i)e+...}{^i|ny  +  j/,u01Wlnndn}1 


(14c) 


where  xs(0)  is  the  value  of  xs  at  the  wall.  Now,  because  layers  beneath  the  inviscid-flow  layer  are  so 
thin,  8P/8Y  =  0  to  the  order  desired,  so  the  pressure  at  the  wall  is  simply  that  calculated  as  y  -*  0  in  the 
inviscid  layer.  Since  the  entropy  is  nearly  constant  along  a  streamline,  isentropic  relations,  the  energy 
equation,  and  the  equation  of  state  may  be  used  to  relate  the  pressure  to  U.  If  higher-order  terms  are 
included  and  the  result  is  written  for  x  »  1 ,  the  result  is  as  follows,  for  Pw,  the  pressure  at  the  wall:5 


P  -P. 
w  f 


=  *  yK  C1  +  (2Y-1)e+ •••]  mi +  ut(1  +  "')m2+  •••} 


m2  =  ^  (5 "Y  +  9)  J  Uqj  (y) dy  -  2  (Y  +  1 )  J  4»ly(0»y)dy 

where  mj  is  given  in  Eq.  (6b)  and  where  Pf/Pe  =  1  +  Y  (  2e  +  (2Y  -  l)e  +•••]  is  the  pressure  ratio 
across  a  normal  shock  wave  when  the  upstream  speed  is  Ue  =  1+6.  Thus,  the  interaction  has  the  effect 
of  a  source  on  the  pressure  distribution.  The  simplified  form  for  Pw,  i.e. ,  the  form  valid  for  x  »  1,  is 
presented  here  because  it  has  been  found  that  it  gives  numerical  results  which  agree  very  well  with  the 
exact  solution  for  x  5  2  and  this  is  all  that  is  necessary  in  the  present  application. 

Ravnolds-Stress  Sublayer 

The  Reynolds-otress  sublayer  and  the  wall  layer,  as  mentioned  previously,  may  be  thought  of  as 
being  the  two  layers  of  another,  thinner,  turbulent  boundary  layer  at  the  base  of  the  interaction  region. 
Across  each  layer  8P/8Y  =  0,  and  in  each  layer  it  is  necessary  to  specify  a  closure  condition.  Here  we 
use  a  mixing-length  model,  including  the  van  Driest  damping  factor,  to  write  an  eddy  viscosity;!? 
evidently,  this  model  gives  satisfactory  results  when  the  flow  is  unseparated. 

In  the  Reynolds-stress  sublayer,  the  important  terms  in  the  equation  of  motion  in  the  flow  direction 
are  such  that,  with  the  above-mentioned  eddy-viscosity  model,  the  equation  may  be  written  as  follows: 


„  8U  1  .  3  f  /  v  8u\2] 

U  8X  “  ‘  Y  8X  8Y  [P  V  Y  8yJ  J 


Thus,  in  this  layer,  the  damping  factor  is  unity.  The  expansion  for  U,  P,  and  p  are  written  in  terms  of 
perturbations  from  the  incoming  flow.  For  example, 

A 

U(x,y)  =  (1  +  c)"1  +  uT  ^  (In  ~  +  In  y  -  211)  +  Uj(x,y)J 

A 

+  e  uT  ~  In  Ujj  (x,y)  +  e  utUjj  (x,y)  +  •  •  •  (17a) 


x  =  X/A 


A  A 

y  =  y/6 


(17b, c) 


Solutions^for  the^various  uj  indicate  that  Uj  is  a  function  of  x  alone,  so  that  from  matching  uj  =  <t>jx(x,0), 
and  that  uj|  and  Uj  j  satisfy  a  type  of  diffusion  equation;  e.  g. ,  ® 


^  =  ~  (2  Ky 

lx  80  V  80  / 


The  resulting  solutions  for  u,.  and  Ujj  are  such  that  their  dependence  upon  y  disappears  exponentially  as 
y  -*•  to  and  they  have  a  logarithmic  dependence  upon  y  as  y  -»  0,  The  x  dependence  of  U  is  found  by  matching 
Eq.  (17a),  written  for  y  **  00,  with  its  counterpart  from  the  inviscid-flow  layer,  found  as  y  -*  0. 


exponentially  as 


Wall  Laver 


As  indicated  previously,  a  simple  ordering  of  the  terms  in  the  equation  of  motion  indicates  that  to 
the  order  desired,  the  only  terms  retained  are  the  Reynolds  and  viscous  shear  stress  terms.  The  equa¬ 
tion  is  easily  integrated  once  to  give 


(-f)2 


8U 


=  U  P  T 
Tew 


TwW  =  Tw/\vu 


.-!V /3A"2  i 


where  p  is  the  nondimensional  viscosity.  Just  as  in  the  case  of  the  undisturbed  boundary  layer,  noted 
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previously,  a  solution  for  U  based  on  a  simple  limit-orocees  expansion  will  not  match  with  the  solution  in 
the  Reynolds-stress  sublayer.  Hence,  instead  of  carrying  out  such  an  expansion,  one  notes  that  Eq.  (19a) 
has  a  range  of  validity  such  that  it  holds  for  6  «  Y  «$.  Thus,  if  one  imagines  y  continually  increasing 
until  solutions  of  U  may  be  matched  with  those  from  the  Reynolds  stress  sublayer,  the  same  equation, 
(19a),  holds  throughout;  no  additional  terms  are  necessarv.  *>2  Moreover,  as  y  -*•  oo ,  the  viscous  term 
becomes  small  compared  to  the  Reynolds-stress  term,  and  D(y)-»  1,  so  that  Eq.  (19a)  may  be  integrated 
easily  to  give,  for  y  -*  oo  , 


f  /  T  ^  2  /  T  \I  /  ^ 

U(x,y)=  T  sin{i(^)  (p“ -)  U^lny+Bfe))} 


(20) 


? 

As  pointed  out  by  Melnik  and  Grossman,  it  is  not  necessary,  then,  to  calculate  U  in  the  wall  layer  to 
find  tw  ;  instead,  tw_  can  be  found  wh  ■  Eq.  (20)  is  matched  with  Eq.  (17a)  as  y  -»  0  and  y  -*  co.  From  this 
equation,  it  is  seen  that  tw(x)  is  given  in  terms  of  Pw(x).  Thus,  for  e  »  uT,  results  presented  in 
references  5  and  6  can  be  used  to  show  that,  again  for  x  »  1, 


T  -  T  , 
W  Wf 


=  u.  “  +  £  u  (-  B  +  C  In  x)  +  •  •  • 

T  X  T 

A '  ■  S'  mi  - 1  [‘  ■ 3V  •  *  i ']} 

B  =  -  k'1  In  |  (2Y-aj)  (Y  +  |  -  ^-)  +  k"1  [2  n  (2  Y  -  aj )  (Y  +  |  -  ^- ) 

+  (2 Y  +  1  *  T)  (Y  (Ye  '  ln2x)] 


-1  al  al 

C  =  k  (2Y+1  -y)  (Y  -y) 

/yTT  .1  1  -1 
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(21a) 

(21b) 


(21c) 

(21d) 

(21e) 


In  Eq.  (21c)  Ye  =  0.57721  is  Euler's  constant  and  K  =  0.41  is  the  von  Karman  constant.  In  Eq. 
represents  the  wall  shear  stress  calculated  using  the  pressure  downstream  of  the  shock  wave, 
over  a  flat  plate,  ^  2 


(21a),  TWf 
For  flow 
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~  1  +  aj  €  +  aj  (aj 


e  «  1 


(22b) 


Again,  mj  is  defined  in  Eq.  (6b). 

The  solutions  for  Pw  (Eq.  (15a))  and  tw  (2 1*1  given  here  are  valid  for  x  »  1.  Numerically,  how¬ 
ever,  they  give  good  results  for  x  >  2,  They  are  written  in  terms  of  arbitrary  velocity  distributions, 
uQj(y).  If  Coles'*®  form  for  uqj  is  vsed,  then  mj  =  8  (1  +  n)/«.  In  order  to  calculate  m2,  an  approximation 
for  the  shock-wave  shape  is  used  to  evaluate  one  of  the  integrals;®  also,  the  function  of  II  appearing  in  this 
second-order  source  strength  is  approximated  by  a  linear  function  for  0  <  II  <  0.  5.  When  this  is  done, 
one  finds  that  =  120  (1  +  6  n).  The  large  magnitude  of  the  ratio  m2/mj  illustrates  the  possibility  noted 
earlier  that  knowledge  of  orders  of  magnitude  is  not  always  sufficient  for  estimation  of  neglected  terms. 

The  above  values  of  mj  and  m2  will  be  used  below;  addition  of  the  term  proportional  to  u^mT  can  be  seen 
to  provide  substantial  improvement  in  the  agreement  between  theory  and  experiment. 


3.  INITIAL  PART  OF  THE  INTERACTION 


The  solutions  presented  in  section  2  were  obtained  for  the  main  part  of  the  interaction  region,  with 
simplifications  derived  for  x  >  2.  These  solutions  do  not  show  the  initial  variations  from  undisturbed 
flow,  i.  e. ,  the  effects  of  upstream  influence  which,  although  small  in  the  limit,  may  still  be  significant 
numerically.  The  equations  which  govern  the  flow  in  this  small  region  where  the  shock  wave  forms  are 
nonlinear.  Hence,  a  numerical  solution  would  be  called  for,2  in  general.  However,  analytical  results 
can  be  derived  for  the  form  of  Pw  and  tw  at  the  beginning  of  the  interaction. 


Equation  (14a)  may  be  used  to  show  that,  if  Eq,  (7)  is  used  for  u^j,  xg(0)  becomes 
2  u„  bn  6 
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In  the  small  upstream  region,  the  proper  scaling  of  the  independent  variables,  and  the  expansions  for  U 
and  V,  are  given  by4. 


*  x-xs(0) 

*  a* 


*  Y 
Y  =  ? 


(24a,  b) 


u  =  n 


V  =  (Y  +  1) 


OcT  e1'2)3'2 


(24c,  d) 


where  the  factors  k  Tg  have  been  added  for  convenience.  The  governing  equations  are  then  the  tran¬ 
sonic  small-disturbance  equations  with  prescribed  vorticity: 

u*  u*,,  •  v*i  -■  0  (25a) 

*  y 

V**  -  «,**  =  -  ~r  (25b) 

X  Y  y* 

As  x*  -*  -oo,  u*  <v  In  y*,  the  undisturbed  velocity;  as  y*  ■*0,  v*  -*■  0.  Finally,  as  x*  -*■  oo  ,  y*—  oo  ,  the 
solutions  must  match  with  those  found  in  the  main  part  of  the  interaction  region. 

lie 

As  x  -*  -oo ,  the  solution  has  the  form 


u*~  lny*+  ekX  f(y*) 


*  .  -1  kx *  .  . 

v  ~  k  e  F(y) 


(2  6a,b) 


where  f"  -  (lny  )k^f  =  0  subject  to  the  conditions  that  £(0)  =  0  and  that  no  incoming  disturbances  are 
present  as  y*  -*  oo  ;  the  latter  implies  f1  <*<  -  (lny*)^^kf  as  y* -*  m  .  From  numerical  integration,  k  =  0.  59. 
Since,  from  the  equation  of  motion  in  the  flow  direction,  P**  =  -  Yu**,  the  solution  for  the  wall  pressure 
may  be  written  as 


“w^eL'^T1^  k(x*-x*)  +...J 


where  x*  is  a  constant,  as  yet  unknown.  The  corresponding  equation  for  tw  can  be  found  by  calculations 
similar  to  those  described  above  for  the  main  interaction  region.  ^  In  fact,  the  governing  equations  and 
hence  the  form  of  the  solution  are  essentially  the  same  in  each  region.  In  general,  one  find3  that1”  to 


lowest  order 


T„,  =  constant  +  u  t.  +  • .  •  (28] 

w  T  1 

In  the  main  interaction  region,  the  constant  is  rw,  and  Tj  =  -  aj  uj/2  =  aj  Pwj/2Y  ;  this  is  shown  by 
comparison  of  Eqs.  (15a)  and  (21a),  the  notation  P  j  being  self-explanatory.  In  the  small  upstream 
region  under  consideration  here,  the  constant  is  1,  since  perturbations  are  measured  from  the  undis¬ 
turbed  values,  and  Tj  =  aj  Pj*/2Y,  Thus, 

,  ,  *  *. 

Ut  aj  k(x  -xn) 

Tw=1+TTe  °  +—  (291 


4.  FORMULATION  OF  SIMPLIFIED  SOLUTIONS 

The  solutions  presented  in  sections  2  and  3  are  valid  in  the  main  part  of  the  interaction  region  and 
at  the  initial  part  of  the  interaction,  respectively.  A  complete  solution  would  require  a  numerical  solution 
in  the  small  region  where  upstream  influence  is  important,  which  could  be  joined  to  the  solution  in  the 
main  part  of  the  interaction  to  provide  a  composite  solution.  However,  it  appears  that  in  the  part  of  the 
interaction  between  the  regions  where  the  solutions  are  known,  the  variations  both  in  Pw  and  tw  are  close 
to  being  linear.  For  greatly  increased  simplicity,  without  ser.ous  loss  of  accuracy,  the  solutions  are 
completed  in  this  section  by  means  of  linear  interpolations.  Before  such  equations  can  be  used,  it  is 
necessary  to  have  a  value  for  xq.  However,  since  this  is  a  constant  in  the  dimensionless  formulat.on  of 
the  equations  and  boundary  conditions,  it  is  independent  of  the  parameters  of  the  problem,  so  that  only  a 
single  numerical  value  is  needed.  In  the  following  section,  this  value  is  estimated  from  experimental 
data. 

The  descriptions  given  so  far,  in  terms  of  Pe,  Pf,  tW(j,  etc. ,  would  suffice  for  the  idealized  case 
of  a  flat  plate  in  a  uniform  flow,  where  the  pressure  and  skin  friction  approach  constant  values  upstream 
and  downstream  of  the  interaction.  For  flow  past  an  airfoil,  these  values  may  be  replaced  by  the  actual 
variable  quantities.  In  the  case  of  the  wall  pressure,  for  example,  the  boundary-layer  effects  can  be 
expressed  in  terms  of  the  difference  from  a  potential-theory  pressure  which  continues  to  vr.ry  as  the 
distance  from  the  shock  increases.  Thus,  upstream  of  X  =  Xu,  say,  the  exponential  solution  is  added  to 
a  potential-flow  solution  Pw  =  PU(X).  Downstream  of  X  =  Xj,  say,  the  source  solution  is  added  to  a 


-<astt©?*-  y*v>* 


potential-flow  solution  Pw  =  Pd(X).  Close  to  the  shock  wave,  for  Xy  <  X  <  Xd,  Pw  is  approximated  by  a 
straight  line  drawn  tangent  to  these  upstream  and  downstream  representations.  The  tangency  conditions 
are  sufficient  to  determine  the  equation  of  the  straight  line  and  the  values  for  Xu  and  Xd. 

The  functions  PU(X)  and  Pd(X)  include  the  effects  of  nonuniform  external  flow  associated  with  non¬ 
zero  values  of  3P/3X  and  3P/3Y  ahead  of  the  shock  wave.  If  Pd(X)  were  known  very  accurately,  the 
singular  behavior  due  to  the  local  surface  curvature5  would  appear  for  X  -  0.  However,  if  the  potential- 
flow  pressure  distribution  is  found  numerically,  the  shock  wave  may  be  spread  over  a  few  mesh  points 
so  that  the  singularity  is  obscured.  The  values  of  Xu  and  Xd  are  expected  to  lie  outside  the  region  of 
rapid  pressure  rise  corresponding  to  the  shod,  w.a  in  the  numerical  computations;  if  this  is  not  true, 
some  simple  extrapolation  of  PU(X)  and/or  Pd(X)  should  be  used  so  that  the  smearing  of  the  shock  wave 
resulting  from  the  numerical  calculations  does  not  influence  the  pressures  calculated  here.  A  specific 
location  must  be  estimated  for  the  shock  wave,  so  that  the  origin  for  x  can  be  defined. 


Three  representations  for  the  wall  pressure  are  therefore  proposed,  one  for  each  of  three  intervals, 
as  follows; 

pw  Pu<X>  f  k(x*-xo)1 

X<Xu:  pf  =  “pp(1+UTe  }  00a) 


Pw  Pd  ^d* 

Xu  <  X  <  Xd!  P~  =  ~P~  4  ax  *  P  O0b) 

pw  pd'(x)  1  V  mu_ 

x>v-  pf  * -IT- -  Tt  T7T  <30'> 

where  P  =  {(V  +  l)/2}^  ^  ^  =  1. 893  for  Y  5  1.4,  and  where  Eqs.  (15)  and  (27)  have  been  used  in  Eqs. 

(30c)  and  (30a),  respectively.  In  Eq.  (30c),  m  is  the  term  in  brackets  in  Eq,  (15a)  evaluated  using  the 
approximations  mentioned  previously; 

m  =  8  — {1  +  (Y-l)e  +...)+  120(1  +  6  n)ur  (31) 

The  constants  Xu,  Xd,  a,  and  @  are  determined  from  the  requirements  that  Pw  and  d  Pw/dX  be  continuous. 
The  equations  from  which  they  may  be  calculated  are  found  to  be1^ 
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Equations  (32a)  and  (32b)  are  to  be  solved  simultaneously  for  xu  and  xd.  If  uT  «  e  ,  then  A*  «  A  ,  the 
exponential  function  is  numerically  small,  and  |xu|  «  xd.  Also  P  (Xu)  z  Pu(0)  and  Pd  (Xd)  Z  P^O),  the 
values  found  at  X  =  0  by  extrapolation,  and  terms  containing  P„(XU)  or  P^  (Xd)  are  numerically  small. 
These  estimates  can  be  used  to  give  a  first  guess  for  xd,  and  the  equations  can  then  be  solved  iteratively 
in  essentially  the  form  given.  The  constants  found  from  Eqs,  (32)  are  to  be  substituted  into  Eqs.  (30)  to 
give  the  wall  pressure  as  a  simple  function  of  distance  and  a  somewhat  more  complicated  but  known 
function  of  the  parameters. 
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An  analysis  for  the  wall  shear  stress,  similar  to  that  carried  out  for  the  wall  pressure,  leads  to 
the  following  set  of  equations,  written  here  in  terms  of  the  skin  friction,  Cf,  using  the  relation  rw  =  Cj/ Cfu; 
thus  Cfu(X)  and  Cfd(X)  are  considered  to  have  been  found  using  typical  boundary-layer  methods  and  so 
include  the  effects  of  wall  curvature: 

r  a  k(x*-xo)  -i 

X  <  X  :  c.  =  cf  (X)  1  +  u  ~  e  +  •  •  •  (33a) 

u  f  fu  L  t  2Y  J 

X  <  X  <  X  . :  cf  =  c,,  (X  ,)  +  o  x  +  p  (33b) 

u  d  f  fd  d  c  'c 

X  >  X, :  c.  =  c,,(X)  h  c,  (X  )  fu  -  leu  (-B  +  Clnx)|  (33c) 

d  f  fd  fu  U  L  T  X  T  J 


A*X  +X  (0) 

x  X  =  - - - (34) 

A  A 

It  may  be  noted  that  as  x  becomes  very  large,  the  term  -  B  +  C  lnx  does  not  approach  aero.  This  term 
evidently  indicates  that  relaxation  to  a  final  value  of  Cf  takes  place  on  a  scale  large  compared  to  a  boundary 
layer  thickness.  Because  B  is  a  large  number  -  B  +  Clnx  goes  through  zero  for  x  large  (e.  g. ,  x  5!  200). 
Moreover,  since  lnx  does  not  vary  rapidly  with  large  x,  the  contribution  of  this  term  is  not  significant 
for  a  considerable  range  of  values  of  x  about  the  point  at  which  it  equals  zero.  Hence  after  the  term 
-B  +  Clnx  has  gone  to  zero,  it  should  be  dropped  from  the  expression  for  Cf. 

The  equations  necessary  to  find  Xu,  Xd,  ac,  and  Pc  are  obtained  by  equating  the  relevant  expressions 
for  cf  and  d  Cf/dX  at  Xu  and  Xd.  They  may  be  written  as  follows: 

cfu  <XJ  •  Cfd  (Xd)  =  AxuCfd  '  **d  cfd  «d> 

+  Ur  cfu  ^Xu^  [x^  -  E  (B  +  C  (1  -  lnx^)  )J 
-Ut{Ac£u(Xu)+^:  Cfu(Xu)}'1 

•  {r  -  c/u  <V  > +  cfu  <v  (-  fz +  rj)} 

(34a) 

k(xu*-x0*)  2Y  T  ,-.,.4,  /v  .1-1 
e  =  —  I A  c;  (X..)  +  k  ~  c,  (X  ) 

U[  L  fu  U'  A*  fu  u'J 

•  (—  [cJ  (X.)  -  c*  (X  )]  +  c.  (X  )  f-  —z  +  — 1  j  (34b) 

[ut  fu  d  fu  u  fu  u  L  xd  xd  JJ 

<*  =  A  c  *  (X.)  +  c,  (X  )  {-  +  eu  —1  (34c) 

c  fu  d  fu'  u  [  x2  t  xdj 

K  -  A  xd  ck  (Xd)  +  UT  Cfu  (V  -  «  (B  +  C  (1  -  lnxd) )}  (34d) 

where  Cf  =  d  Cf/dX.  It  should  be  noted  that  the  values  of  Xu  and  Xd  calculated  for  the  skin  friction  are 
not  the  same  as  those  calculated  for  the  wall  pressure. 


5.  COMPARISON  WITH  EXPERIMENTAL  DATA 

Relatively  little  data  are  available  for  interactions  betwe- .  s'  ock  waves  and  boundary  layers  in 
unseparated  flow.  Here,  three  comparisons  are  made  with  pressure  distributions  and  one  with  skin 
friction.  Because  of  the  paucity  of  data  it  is  not  possible  to  give  a  definitive  value  for  xq  .  It  may  also 
be  noted  that  accurate  values  of  imply  an  accurate  value  for  the  location  of  the  shock  wave;  they  are 
interdependent.  As  will  be  shown,  values  of  Xq  of  -14  and  -15  give  quite  good  results  when  compared 
with  available  experimental  data;  more  comparisons  will  no  doubt  lead  to  an  improved  value  for  Xq  .  As 


o'  .- 


j  .•  'jJssat 


16-10 

already  noted,  k  =  0.  59.  In  each  of  the  comparisons  to  be  shown,  the  exponential  and  source  solutions 
were  drawn  and  then  simply  connected  by  a  straight  line  tangent  to  each  curve. 

A  comparison  with  an  experimental  wall  pressure  distribution  from  ref.  20  is  shown  in  figure  3, 
withx*  =  -  14,  for  Me  =  1.322,  (e  =  0.247)  Re  =  9.  6X105,  6  =  0.021,  ut  =  0.051,  II  =  0.28,  and 
6*/  6  =  0.26.  Effects  of  nonuniform  external  flow  resulting  from  tunnel  area  change  and  longitudinal 
wall  curvature  have  been  estimated  and  included  in  the  predicted  pressure.  For  a  circular  pipe,  a 
comparison  with  experimental  results  from  ref.  21  and  a  numerical  solution  from  ref.  3  is  shown  in 
figure  4,  again  with  Xq  =  -  14,  for  Me  =  1.12,  Re  =  6  X  10^,  6  =  0. 02,  u  =  0. 04,  II  =  0. 1,  and  6#/ 6  =  0. 45. 
Again,  the  effects  of  a  nonuniform  external  flow,  in  this  case  resulting  from  a  finite  pipe  radius  and  a 
small  area  change,  are  included.  For  these  comparisons  a  value  for  6*  or  6#/ 6  was  regarded  as  given 
and  the  value  of  II  was  cal-  ulated  using  the  approximate  form  of  Eq.  (8)  with  6*/ 6  assumed  to  be  small; 
use  of  the  complete  equal  .on  would  change  the  theoretical  curves  slightly. 

A  third  comparison  of  wall  pressures  is  shown  in  figure  5,  in  this  case  for  a  transonic  channel  flow. 
The  experimental  points  and  the  computations  represented  by  the  dashed  curve  are  from  ref.  22,  23. The 
computed  points  were  found  by  using  an  asymptotic  inviscid-flow  solution  with  a  wall  shape  given  by  the 
actual  wall  shape  plus  the  displacement  thickness  due  to  a  compressible  turbulent  boundary  layer.  The 
interaction  is  not  accounted  for  and  one  can  see  the  effects  of  the  singularity  induced  by  the  wall  curvature, 
immediately  downstream  of  the  shock  wave.  The  solid  line  shows  the  pressure  distribution  found  when 
the  interaction  between  the  shock  wave  and  boundary  layer  is  accounted  for  using  the  method  presented  in 
this  paper,  ^  with  x*  =  -  15. 

Finally,  figure  6  shows  a  comparison  of  cj  with  measured  values  from  ref.  21 ,  with  xq*  =  -  14,  for 
Me  =  1.15,  Re  =  7  X  10^,  wall  temperature  =  15°C,  Pt  =  137.9kPa  gauge,  6  =  0.305  cm.  Using  these 
values,  calculated  parameters  are“  e  =  0.120,  u^.  =  0.0397,  6  =  0.016,  II  =  0,312.  The  origin  in  this 
figure,  set  to  agree  with  that  used  in  ref.  21,  is  at  Pw/Pte  =  0.  528. 

It  is  seen  from  the  comparisons  with  experiment  that  quite  good  accuracy  may  be  obtained  with 
the  equations  presented  here.  The  obvious  simplicity  of  these  results,  when  compared  with  numerical 
computations  or  even  ad  hoc  models,  coupled  with  this  accuracy  would  seem  to  make  them  very  appealing 
to  use  in  practical  airfoil  calculations.  In  this  regard,  the  equations  presented  for  the  skin  friction 
appear  to  give  adequate  preductions  of  incipient  separation.  ^ 

The  present  results,  therefore,  (a)  are  expressed  by  simple  functions  of  distance  with  dependence 
on  parameters  shown  explicitly;  (b)  are  based  on  a  systematic  approximation  to  the  equations  of  motion; 
and  (c)  for  the  cases  shown,  reproduce  numerical  and  experimental  results  quite  well.  Furthermore,  by 
use  of  results  given  in  Ref.  5  the  pressure  distribution  away  from  the  wall  can  also  be  calculated. 

Several  comments  should  be  made,  however,  concerning  values  of  constants  and  expected  accuracy. 

(1)  The  tentative  value  x^  =  -  14  is  a  rough  estimate  based  on  a  comparison  with  two  measured 
pressure  distributions,  and  perhaps  chould  be  improved. 

(2)  Additional  uncertainties  appear  in  both  theory  and  experiment.  The  shock-wave  position  is 
unsteady  because  of  turbulent  fluctuations  in  the  boundary  layer,  and  the  largest  measured 
dPw/dX  and  dcj/dv  are  therefore  at  least  slightly  reduced.  If  even  a  very  thin  separation  bubble 
is  present,  the  be*  fining  of  the  pressure  rise  will  be  moved  somewhat  upstream.  In  the  theory, 
some  simplifying  approximations  have  been  introduced  here  in  the  expressions  derived  in 

ref.  5  for  Xs(0)  and  for  the  second  term  in  m.  Moreover,  omitted  terms  of  still  higher 
order  than  retained  in  ref.  5  might  be  numerically  important. 

(3)  The  origin  x  =  0  has  been  placed  at  the  intersection  of  the  shock  wave  with  the  edge  of  the 
boundary  layer;  the  position  estimated  from  numerical  potential-flow  solutions  alone  is 
not  sufficiently  accurate.  Perturbations  in  the  external  flow  resulting  from  the  local 
boundary-layer  displacement  effect  must  therefore  be  calculated,  so  that  x  can  be  measured 
from  the  perturbed  shock  wave  position.  For  the  simplest  correction  method,  Pw  obtained 
for  the  undisturbed  shock  wave  can  be  used  in  the  boundary-layer  equations  for  calculation 
of  the  displacement  thickness  as  a  function  of  X  in  the  interaction  region.  Calculation  of  the 
potential  flow  over  the  new  equivalent  body  then  gives  the  perturbed  shock  wave  shape,  and 
the  origin  for  Pw  can  then  simply  be  shifted  appropriately.  In  this  calculation,  the  neglect 

of  Py  is  not  justified;  however,  the  error  arises  primarily  for  Xu  <  X  <  X^,  where  the  inter¬ 
polation  formula  for  Pw  has  been  used.  In  a  sense,  then,  this  additional  approximation  can 
be  regarded  instead  as  a  kind  of  interpolation  for  the  displacement  thickness,  and  probably 
introduces  very  little  additional  error, 

(4)  The  theory  was  derived  for  unseparated  flows  with  u,.  «  €  «  1,  but  the  approximate  ver¬ 
sion,  with  the  straight-line  interpolation,  is  being  proposed  for  use  in  a  broader  range. 

For  figure  3,  as  noted  in  ref.  6,  it  is  believed  that  a  very  thin  separation  bubble  was 
present  in  the  experiment.  For  figure  4,  the  Mach  number  is  low  enough  that  uT/e  w  0.4, 
which  is  certainly  not  very  small.  More  comparisons  with  experimental  data  are  needed 

to  provide  a  better  guide  to  the  parameter  ranges  for  which  the  approximation  might  remain 
reasonable. 
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Figure  2,  Asymptotic  representation  of  flow  in  outer  inviscid  flow  layer. 


£-  # I  I  U(l 

Experiment  (20) 
Ca/cufated 
Point  of  Tangency 


x  20 - 

Figured.  Pre88ure 

PA<X)  is  cal=ulated  fr0mn8it,Udinal  curvature-  v, 

,9tC>  »  r.,“Ui-5322’  ?•  *  9.  6  x 

'  w*41*  curvature 


0.6oj~ 


Normal 

Shock 

AtH»=1.f2 


/ 

///  I'-^cQrrectedd-DimJFlow 
///  Experiment  (2f)  °W 

—  cNr,rr' soiu- «) 


Calculated  * 
Point  of  Tongency 


x  7U  20 - 

**«"•<•  Pfeesur®  at  wall  of  • 

calculated  from  solu«rCUkr  pipe:  M  =  1  12 
radi-  <V*«  reference  5* 


jf 

*s/° 


p  /p 

rw  '  ro 


o  o  oo  Experiment  (22) 

- Inviscid  Flow  (23) 

- Interaction 

Included  (23) 


2  3 

X/H 


Figure  5.  Pressure  at  upper  wall  in  transonic  channel  flow.  Ratio  of  static 

pressure  at  exit  to  stagnation  pressure  at  inlet  is  0.  81.  Me  is  1.  25, 
Reg  =  1.70  X  104  =  Reynolds  number  based  on  momcntumjhickness. 
Effects  of  interaction  calculated  using  present  method.  (H  =  throat 
height) 


WTw 


- Experiment  (21) 

- Calculated 

•  Point  of  Tangency 


4-2  0  2  4  6  8  10 

X'/8 

Figure  6.  Skin  friction  on  wall  of  circular  pipe;  Me  =  1. 15,  Re  =  7  X  106.  Here,  X*/6  s.  0 
at  Pw/Pte  =  0.528. 


17-1 


NORMAL  SHOCK-TURBULENT  BOUNDARY  LAYER  INTERACTION 
AT  A  CURVED  WALL 
by 

R.  Bohning  and  J .  Zierep 
Imtitut  fur  Sfrflmungslehre  und  Strdmungsmaschinen 
Universltdt  (TH)  Korliruhe 
Kaisersfratje  12,  7600  Korliruhe 


SUMMARY 

A  survey  on  our  investigations  of  the  interaction  between  a  weak  normal  shock  and  a  two-dimensional  compressible  turbulent 
boundary  layer  is  presented.  The  theoretical  results  are  compared  with  some  measurements. 

In  our  analytical  model  we  devide  the  flow  into  three  domains:  a  thin  viscous  sublayer  (,  which  is  different  from  the  laminar 
sublayer,)  adjacent  to  the  wall,  an  inviscld  shear  layer  and  an  inviscid  transsonic  potential  flow.  With  regional  solutions  in 
closed  form,  which  are  coupled  iteratively,  we  obtain  the  pressure  and  velocity  distribution  in  the  boundary  layer.  The 
thickness  of  the  viscous  sublayer  is  an  essential  parameter  of  the  whole  interaction  problem.  A  characteristic  behaviour  of 
the  gradient  of  the  wall -shear-stress  in  flow  direction  is  used  to  determine  the  thickness  parameter.  The  result  Is  confirmed 
by  another  independent  analytical  solution  which  we  have  derived  recently  using  the  method  of  matched  asymptotic  expan¬ 
sions.  The  theory  includes  the  prediction  of  the  incipient  shock  Induced  separation  as  a  limiting  case.  With  the  condition 
of  vanishing  wall-shear-stress  an  analytical  criterion  follows  from  the  explicit  solution  near  the  wall.  We  present  a  diagram 
which  yields  the  combination  of  Mach  number  and  Reynolds  number  which  will  result  in  separation  for  a  given  wall  curvature 
and  shape  factor  of  the  undisturbed  velocity  profile. 

1.  INTRODUCTION 

The  interaction  between  shock  waves  and  boundary  layers  is  of  importance  in  many  aerodynamic  situations  such  as  the 
transsonic  flow  around  profiles.  Often  a  shock  causes  flow  separation  and  thereby  produces  global  disturbances  of  the  flow 
field.  After  the  basic  publications  of  Ackeret,  Feldmann  and  Rott  (1946)  and  Lighthill  (1953)  recently  the  problem  of  shock¬ 
boundary  layer  interaction  has  been  treated  in  some  experimental  [e.g.  3,4 ,53  and  theoretical  investigations  [p.g.  6,7] 
considering  the  flow  along  a  plane  wall  as  a  rule.  We  include  the  wall  curvature  in  the  present  survey  on  our  investigations 
of  the  interaction  between  a  weak  normal  shock  and  a  compressible  turbulent  boundary  layer.  The  analytical  results  are 
tested  with  a  new  independent  solution  and  compared  with  measurements. 


2.  MODEL  FOR  FLUID  FLOW,  METHOD  OF  SOLUTION 

Fig.  I  illustrates  the  model  used.  The  turbulent,  compressible  boundary  layer  at  a  curved  wall  in  transsonic  slightly  super- 


shock 


Fig,  1  Schematic  flow  model 
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sonic  flow  (Fig.  I  left)  is  disturbed  by  a  weak  normal  shock  (Fig.  1  middle).  In  the  way  as  Lighthill  [23  has  done  we  divide 
the  fluid  field  into  three  domains  (Fig.  1  right).  We  distinguish  between  a  frictionless,  transsonic  flow  outside  the  boundary 
layer  (I),  an  outer  compressible  boundary  layer  (II),  in  which  the  friction  is  considered  to  be  due  only  to  the  prescribed 
velocity  profile  and  a  very  thin  compressible  boundary  layer  (III)  in  the  immediate  neighbourhood  of  the  wall  where  friction 
is  fully  efficient. 

In  the  outer  flow  near  the  shock  we  use  the  solution  for  a  shock  at  a  curved  wall  of  Oswatitsch  and  Zierep  [8]  in  a  genera¬ 
lized  form.  For  larger  distances  from  the  shock  this  solution  is  given  in  form  of  a  Fourier-expansion  of  the  transsonic  equa¬ 
tion  [9],  The  flow  in  the  outer  boundary  layer  is  given  by  a  solution  of  a  boundary  value  problem.  For  different  classes  of 
the  undisturbed,  turbulent  velocity  profile  (velocity-distribution  that  can  be  approximated  by  power  law  functions  in  the 
outer  boundary  layer)  we  can  give  the  solution  in  closed  form  by  using  confluent  hypergeometric  series  [10].  The  solution  of 
the  linearized  Navier-Stokes-equations  close  to  the  wall  giver  on  the  one  hand  the  thickness  of  the  friction  layer  6^  and 
on  the  other  hand  -  in  combination  with  a  suitable  law  of  wall  for  the  undisturbed  profile  -  the  wall  shear  stress. 

The  solutions  of  the  outer  flow  and  those  In  the  outer  boundary  layer  are  iteratively  coupled  in  the  following  way.  First  we 
state  a  pressure  jump  (pressure  distribution  0th  order)  at  the  outer  edge  of  the  boundary  layer  and  solve  the  boundary  value 
problem.  As  a  result  we  get  the  vertical  component  of  the  velocity  v  at  the  outer  edge  of  the  boundary  layer.  This  value 
v  is  used  in  the  solution  of  the  frictfonless  outer  flow.  The  resulting  pressure  distribution  (1st  order)  at  the  edge  of  the 
boundary  layer  is  quite  different  from  the  primary  pressure  jump.  In  particular  behind  the  shock  a  pronounced  deformation 
of  the  pressure  curve  appears,  the  well  known  post-shock  expansion,  which  is  due  to  the  displacement  of  the  boundary  layer 
and  the  curvature  of  the  wall;  both  effects  are  of  comparable  magnitude  as  a  rule.  This  new  pressure  distribution  is  used 
again. as  a  new  boundary  condition  for  the  outer  boundary  layer,  in  this  way  we  solve  the  boundary  value  problem  again. 

In  the  boundary  layer  we  get  the  pressure-  and  velocity  distribution  in  closed  form. 

3.  RESULTS 

Fig.  2  shows  a  typical  example  of  the  pressure  distribution  for  different  wall  distances;  y  =  0  means  the  wall,  y  =  1  the 
outer  edge  of  the  boundary  layer.  The  Reynolds  number  is  based  on  the  critical  speed  of  sound  and  the  boundary  layer  thick¬ 
ness.  The  parameter  a  represents  the  exponent  of  the  power  law  function  of  the  undisturbed  velocity  profile.  The  wall 
curvature  is  given  by  the  nondimenslonal  radius  R/6 .  The  influence  of  the  shock  reaches  over  2-3  boundary  layer  thick¬ 
nesses  upstream.  At  the  edge  of  the  boundary  layer  both  the  curvature  of  the  flow  field  and  the  displacing  effect  of  the 
boundary  layer  causes  a  post-shock  expansion.  This  behaviour  was  first  observed  experimentally  in  [1]  and  later  found  theo¬ 
retically  in  the  tnviscous  case  by  Oswatitsch  and  Zierep  [8],  too. 

The  structure  of  the  flow  field  is  given  in  Fig.  3  by  the  lines  of  constant  Mach  number.  The  isolines  are  lifted  already  up¬ 
stream  of  the  shock  and  even  more  strongly  behind  according  to  the  impressed  pressure  distribution.  Accordingly  the 
boundary  layer  thickness  increases  and  the  wall  shear  stress  decreases,  Thus  flow  separation  can  occur  if  the  Mach  number 
ahead  of  the  shock  is  too  large. 

The  consideration  of  the  lines  of  constant  density  in  the  fluid  field  allows  a  comparison  with  interferometric  measurements 
(see  chapter  7)  and  is  therefore  of  special  interest.  Fig.  4a, b  show  two  calculated  isochoric  fields,  left  for  flow  along  a 
plane  wall,  right  for  a  curved  wall.  Accordingly  the  density  ratio  p/p0  outside  the  boundary  layer  is  constant  in  y-direc- 
tion  (Fig.  4a  left)  or  dependent  on  y  (Fig.  4b  left).  Immediately  behind  the  shock  (x£0)  in  both  cases  we  register  an 
after  expansion.  Comparing  the  numerical  values  we  see  that  this  expansion  is  considerably  stronger  in  the  cose  of  a  curved 
wall.  This  has  an  influence  on  the  density  distribution  in  the  boundary  layer.  In  Fig.  4b  the  isochoric  lines  run  less  steeply 
to  the  wall  tlwn  in  Fig.  4a  and  end  there  tangentially.  Near  the  wall  these  lines  may  abruptly  changa  their  direction  (Fig. 
4a,  x  >  0).  In  this  case  we  have  separation  of  fluid  flow. 

4.  CRITERION  FOR  INCIPIENT  SEPARATION 

With  the  condition  of  vanishing  wall  shear  stress  an  analytical  criterion  [11]  for  the  beginning  shock  induced  separation 
follows  from  the  explicit  solution  in  the  neighbourhood  of  the  wall  [10],  The  result  is  shown  in  Fig.  5.  The  diagram  yields 
the  combination  of  Mach  number  and  Reynolds  number  which  will  result  in  separation  for  a  given  wail  radius  fy'fi  and 
shape  factor  a  of  the  undisturbed  velocity  profile.  We  get  different  curves  with  ( — )  and  without  ( — )  post-shock 
expansion.  Below  the  solid  curve  we  have  no  separation  at  all,  above  the  dashed  curves  -belonging  to  different  wall  cur- 
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vatures  -  the  flow  must  separate.  The  plane  wall  (limit  R/6-+00 )  corresponds  In  good  approximation  to  the  curve 
1^6  =  1000.  The  influence  of  the  wall  curvature  is  such  that  increasing  curvature  reduces  the  tendency  to  separation.  The 
reason  for  this  behaviour  is  that  the  post-shock  expansion  becomes  stronger  with  Increasing  wall  curvature,  Down  through 
the  boundary  layer  the  post-shock  expansion  influences  the  flow  parameters  at  the  wall  and  therefore  counteracts  a  possible 
separation. 

The  solution  depends  on  the  kind  of  the  incoming  velocity  profit ,  that  means,  the  upstream  history  of  the  flow  must  be  given 
as  initial  value  in  our  theory.  The  diagram  (Fig.  5)  is  valid  only  for  a  special  combination  of  the  Reynolds  number,  shape 
factor  a  and  wall  shear  stress  of  the  basic  flow,  which  represents  a  fully  developed  turbulent  flow.  For  other  classes  of  the 
undisturbed  velocity  profit  we  get  different  diagrams.  Before  comparing  the  diagram  (Fig.  5)  with  experimental  results  one 
has  to  make  sure  if  the  relation  between  the  Reynolds  number,  shape  factor  and  basic  wall  shear  stress  is  really  the  same  in 
the  experiment. 


5.  DETERMINATION  OF  THE  VISCOUS  SUBLAYER  THICKNESS 

The  solutions  in  the  three  layers  contain  the  thickness  6^  of  the  viscous  sublayer  as  a  parameter.  Therefore  the  exact 
determination  of  6^  is  of  importance  for  the  whole  problem.  An  analytical  relation  between  the  dimensionless  thickness 
y0  =  6^/6  on  the  one  hand  and  the  Reynolds  number  Reg  and  the  shape  factor  a  of  the  undisturbed  velocity  profile  on 
the  other  hand  was  derived  as  follows  in  [1 1] 


_J _ 

0)  /  1  \  2**  ,  . 

yo  =  U4  [r^J  '  5  ■  10*  &  Re6  S  5  •  105 

This  relation  differs  from  the  one  for  the  laminar  sublayer.  The  thickness  parameter  y„  depends  on  the  Reynolds  number. 
Hence  the  turbulent  character  of  the  flow  is  included  in  the  disturbance  equations,  too.  In  this  way  scaling  effects  due  to 
the  turbulent  Reynolds  stresses  are  taken  into  account  approximately. 

The  determination  of  y0  is  based  on  the  fact  that  the  gradient  of  the  wall-shear-stress  in  x-direction  at  a  fixed  position  x0 
shows  a  characteristic  behaviour  when  y0  being  varied.  For  a  fixed  y0  a  minimum  occurs.  At  this  position  the  influences 
of  the  viscous  sublayer  and  of  the  outer  shear-layer  counterbalance  evidently.  The  condition 


is  regarded  therefore  as  a  defining  equation  for  the  parameter  yg  . 


6.  MATCHED  ASYMPTOTIC  EXPANSIONS  IN  THE  BOUNDARY  LAYER 

Using  an  independent  way  solutions  in  the  outer  and  inner  boundary  layer  were  derived  with  matched  asymptotic  expansions 
in  order  to  confirm  the  described  theory.  The  solution  from  [101  for  the  limiting  case  y  -*  0  is  used  as  a  first-order  outer 
expansion.  A  suitable  inner  expansion,  which  can  be  matched  for  Y  =  y/y„  — *  00  to  the  outer  expansions,  follows  from  the 
solution  of  the  disturbance  equations  near  the  wall  in  terms  of  modified  Bessel  functions.  The  result  for  the  velocity  disturb¬ 
ance  us  parallel  to  the  wall  is  compared  with  the  theory  of  Bohning  and  Zierep  in  Fig.  6.  It  is  seen  that  the  dashed  curve 
(— )  calculated  according  to  [10]  and  both  first-order  expansions  (— )  show  good  conformity  in  the  asymptotic  behaviour 
near  the  wall  (y  -*  0)  as  well  as  at  the  edge  of  the  boundary  layer  (y  — *  1).  This  means  that  the  parameter  y#  is  deter¬ 
mined  correctly  by  the  condition  (2).  The  solution  of  8ohning  and  Zierep  can  be  called  a  "composite  expansion"  in  the  sense 
of  asymptotic  series  expansions.  An  estimation  of  the  order  of  magnitude  in  the  disturbance  equation  to  the  wail  written  in 
stretched  coordinates  (X  =  x;  Y  =  y/y0  )  Isiads  to  a  general  analytic  expression  for  the  stretching  factor  y„  in  the  form 
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where  Mfl  is  the  distribution  of  the  Mach  number  in  the  undisturbed  boundary  layer.  This  distribution  is  assumed  to  be  a 
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linear  function  of  yg  near  the  wall.  Specially  for  the  velocity  profile  used  in  [10, 1 1]  at  given  with 


W 


y0sy£i 

os  y  *=y0 


it  sollows  from  (3) 

(5) 


This  is  in  agreement  with  the  relation  (1)  for  the  thickness  of  the  viscous  sublayer,  .'he  stretching  factor  y0  is  therefore 
essentially  identical  with  the  relation  for  the  thickness  of  the  friction  layer  [1 1]. 

If  we  use  instead  of  the  linear  assumption  (4)  a  more  accurate  for  Mfl*according  to  the  logarithmic  law  for  the  velocity 
and  compare  the  result  with  (5),  we  get  only  minor  differences  in  the  domain  fog  4  1.5  •  10  . 

In  order  to  get  the  thickness  of  the  friction  layer  it  is  therefore  sufficient  to  use  (4';  only  small  errors  in  the  velocity  disturb¬ 
ances  will  occur.  Calculating  the  wall  shear  stress  however  we  must  proceed  much  more  carefully.  Here  we  use  for  the  un¬ 
disturbed  flow  a  relation  for 


d  M* 
dV  y.o 

that  results  from  the  logarithmic  law  of  the  velocity. 


7.  COMPARISON  WI.H  MEASUREMENTS 

In  the  supersonic  tunnels  of  our  institute  some  measurements  were  done  in  order  to  proof  our  theoretical  results.  In  a  two- 
dimensional  test  section  a  steady  shock  wave  was  studied  at  different  curved  walls. 

Fig.  7a  shows  a  schlierenpicture  of  one  of  these  flows.  A  nearly  normal  shock  at  the  end  of  a  supersonic  region  (left)  runs 
in  a  turbulent  boundary  layer  near  the  wall.  The  darkness  behind  the  shock  means  an  acceleration  of  the  flow  in  horizontal 
direction.  The  structure  of  that  field  of  acceleration  agrees  well  with  the  theoretical  result  [9]  (Fig.  7b)  that  is  used  as 
boundary  condition  behind  the  shock  for  outer  boundary  layer.  The  influence  of  wall  curvature  and  of  displacement  of  the 
boundary  layer  is  of  comparable  magnitude  according  to  experiments  and  theory. 

Fig.  8  shows  a  typical  example  for  the  measured  wall  pressure  distribution.  Because  of  the  wall  curvature  the  pressure  dis¬ 
tributions  for  the  plane  wall  and  the  curve  wall  differ  considerably. 

The  same  behaviour  Is  found  theoretically,  too.  In  Fig.  9  wc  see  the  calculated  wall  pressure  [ICO  for  a  plane  wall  ( — ) 
and  for  curved  wall  (-• — ).  The  second  curve  may  be  compared  with  the  experimental  result  given  by  Ackeret,  Feldmann 
and  Rott  ( — ).  The  two  curves  agree  basically.  In  the  neighbourhood  of  the  shock  there  Is  a  small  difference  in  the  pressure 
gradient.  At  some  distance  downstream  the  theoretical  pressure  distribution  lies  some  what  above  the  measured  result.  This 
seems  to  be  typical  for  those  shock-boundary  layer  problems;  we  find  them  in  other  publications,  too  [e.g.  7, 12].  The  reason 
for  this  is  evidently  the  difference  between  theoretical  assumptions  and  experimental  realizations  (e.g.  nonsteady  shock 
wave). 

For  quantitative  studies  we  have  mode  Mach-Zehnder-Differentiaiinterferograms  of  the  flow  field.  The  interferograms  Fig. 
10a  and  b  are  the  experimental  analogies  to  the  theoretical  results  Fig.  4a  and  b.  By  comparison  we  see  that  the  fluid  fields 
agree  very  well  even  in  details.  Especially  the  bending  of  the  isochoric  lines  In  the  neighbourhood  of  the  wall  is  just  the 
same  (Fig.  10a  and  Fig.  4a)  in  the  experiment.  That  means  that  we  have  separation  at  the  plane  wall  while  we  have  no 
separation  at  the  curved  wall  at  the  same  Mach  number  tag  (Fig.  10b). 

Due  to  this  different  behaviour  of  the  isochoric  lines  near  the  wall  (bending  or  tangential)  we  get  upper  and  lower  limits  for 
the  Mach  number  for  starting  of  separation  in  other  cases,  too. 
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Some  rusults  ar«  given  in  Fig.  1 1 .  The  filled  point*  (e)  represent  those  measured  values  where  separation  was  observed  with 
confidence,  the  open  points  (o)  indicate  where  no  separation  was  observed  at  a  given  Reynolds  number  and  wall  curvature. 
The  lines  between  the  points  show  the  theoretical  values  for  beginning  separation.  Within  the  accuracy  of  tho  measurements 
the  agreement  between  the  experimental  and  the  theoretical  results  is  good.  The  triangles  represent  a  new  measurement 
published  recently  by  Stanewsky  [131.  At  a  Mach  number  of  1 .24  no  separation  has  been  found  at  ail.  At  the  Mach  number 
approximately  1.3  a  very  small  separation  bubble,  visualized  with  colored  oil,  has  bon  observed.  The  separation  Mach 
number  must  have  been  therefore  slightly  under  this  value.  This  is  in  very  good  agreement  with  our  theoretical  prediction. 
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o)  Schlieren  picture  of  normal 
shock-wave  boundary-layer 
interaction 

b)  Structure  of  the  acceleration 
field  (theoretically) 


Fifl.  8  Measured  surface  pressure  distribution 
for  a  plane  and  a  curved  wall 
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Fig.  9 


Fig.  10a  Measured  lines  of  constant  density  p/p# 
for  a  plane  wall 


Calculated  surface  pressure  distribution  for  a  plane  (— ) 
and  a  curved  (-•-•-)  wall.  Comparison  with  the  measure 
ment  of  Ackeret,  Feldmann  and  Rott  ( — ). 


Fig.  10b  Measured  lines  of  constant  density  p/p( 
for  a  curved  wall 
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Abstract 

Shock-boundary  layer  interaction  can  significantly  Influence  not  only  the  local  transonic  flow  on 
missiles,  wings  and  turbine  blades  but  its  influence  can  also  extend  significantly  downstream  within  the 
boundary  layer  and  thereby  alter  the  global  aerodynamic  properties  of  lift,  drag  and  pitching  moment.  It 
is  therefore  important  that  shock-boundary  layer  interactions  and  their  Reynolds  and  Mach  number  scaling 
be  fundamentally  understood  and  appropriate  theoretical  tools  be  developed  for  their  prediction  in  engin¬ 
eering  applications.  This  paper  describes  the  features  of  an  approximate  non-asymptotlc  triple  deck  theory 
of  shock-turbulent  boundary  layer  interaction  that  accurately  describes  non-separating  two  dimensional 
flows  over  a  wide  range  of  practical  Reynolds  numbers  and  its  application  as  an  element  in  the  overall 
viscous  flow  analysis  of  the  body.  Two  main  aspects  of  the  problem  are  examined:  (1)  The  local  interac¬ 
tive  thickening  and  skin  friction  drop  in  the  shock  foot  region,  including  the  effects  of  the  incoming 
boundary  layer  shape  factor,  wall  curvature,  an  improved  "viscous  ramp"  model  of  the  interaction  and  an 
approximate  prediction  of  incipient  separation  behavior;  (2)  The  significant  influence  of  such  interac¬ 
tion  on  the  subsequent  downstream  turbulent  boundary  layer  thickening,  profile  shape  and  skin  friction 
behavior.  Comparisons  with  experimental  data  are  given  and  applications  presented  for  both  supercritical 
airfoils  and  transonic  bodies  of  revolution. 


Nomenclature 

A  Van  Driest-Cebeci  wall  turbulence  damping  parameter 

Cf  skin  friction  coefficient,  2tw/pe0  Ufi  2 

2  ® 

C  pressure  coefficient,  2  p7pe0  U 

P  en 

H  boundary  layer  shape  factor,  <5*/e* 

Hj  incompressible  shape  factor 

M  Mach  number 

p  static  pressure 

p'  interactive  pressure  perturbation,  p-p^ 

ap  pressure  jump  across  incident  shock 

Ret,Re«  Reynolds  numbers  based  on  length  *  and  boundary  layer  thickness,  respectively 
T  absolute  temperature 

T  basic  interactive  wall -turbulence  parameter  (see  Eq.  23) 

u',v‘  streamwise  and  normal  interactive  disturbance  velocity  components,  respectively 

UQ  undisturbed  incoming  boundary  layer  velocity  In  x-direction 

x, y  streamwise  and  normal  distance  coordinates  (origin  at  the  inviscid  shock  intersection 

with  the  wall) 

y.  effective  wall  shift  seen  by  Interactive  inviscid  flow  (see  Fig.  3) 
weff 

e 

Y  specific  n<at  ratio 

6  boundary  layer  thickness 

s*  boundary  layer  displacement  thickness 

«SL  inner  deck  sublayer  thickness 

ej  kinematic  turbulent  eddy  viscosity 

Gy*  Interactive  perturbation  of  turbulent  eddy  viscosity 

n  y/«0 

w  ordinary  coefficient  of  viscosity 

v  y/p 
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u  viscosity-temperature  dependence  exponent, 

p  density 

e*  boundary  layer  momentum  thickness 

t  total  shear  stress 

t*  interactive  perturbation  of  total  shear  stress 

Supscrlpts 

1  undisturh’^  »rwiscid  values  ahead  of  Incident  shock 

c  conditions  t*>;  boundary  layer  edge 

inc  incompressibl »  w.lurt 

Inv  i'iviscid  disf.»nanc,  solution  value 

o  undisturbed  inter.-,  ,g  boundary  layer  properties 


i .  IN’ '  UDUCTION 

Shock-boundary  layer  inter*..1.  iGn  ca<-.  significantly  Influence  the  transonic  flowfield  and  aerodynamics 
of  miss’’.-  wings  and  turbine  blades,  this  influence  is  not  only  local  but  can  also  extend  significantly 
downstrean  within  the  hnundary  layer  and  thereby  alte*  the  global  properties  of  lift,  drag  and  pitching 
moment.  Some  of  the  w  ’fit  effects  that  these  Interactions  may  exert  even  in  the  non-separating  case 
a. i:  '#  the  interac  iv«- •‘hickening  slignt  y  uite-’s  the  large-scale  local  inviscld  pressure  and  both  the 
shock  1  mi  'on  and  o„,ihi..  >•;  (b)  th«  Inter*. t  .on  zone  Itself  may  not  scale  with  the  local  boundary  layer 
thii:.’ .-ss,  thereby  ir.troaucing  a  kind  of  "unit  R-ynoldt  nt.'.ber"  effect;  (c)  possible  Incipient  local 
sep>'  ation  at  the  shock  ft  it  if  tre  lor.ui  .‘>ock  s'reiigcii  !c  strong  enough  (and/or  Reynolds  number  is  low), 
wh‘:h  then  drast.'tlly  *<>vges  the  entire  na'i/-'.  and  extent  of  the  interaction  to  a  larger  scale  one  involv- 
ii.j  a  hlfu- rated  -  tbock  interaction  pattern:  (d)  an  overall  increase  of  the  ooundary  layer  displacement 
-<d  momentum  thicknos »?s  down  feam;  (e)  t'ditioral  downstream  distortion  for  some  considerable  distance 
or  i"'.>.e  detailed  >-:nda',y  v  propertie..  such  as  the  shape  factor  and  skin  friction. 

In  Vi*,*  thesv  effects,  it  i?  important  that  shock-boundary  layer  interactions  and  their  Reynolds 
ar.’  Mach  .-.umber  sealing  bt  fun ’imer: tally  understood  and  appropriate  theoretics  tools  be  developed  for 
Lnt:r  prediction  in  engineerin'!  apDl ’cations.  This  paper  describes  the  feature.,  and  applications  of  an 
app-uxlmate  non-a.-ymptotic  tripir-oeck  theory  of  transonic  shock-turbulent  boundary  layer  interaction  which 
provides  such  a  jol  for  non-separating  two-dimensional  flows  over  a  wide  range  of  practical  Reynolds  numbers. 
Section  2  contains  a  brief  description  of  the  foundation  and  essential  features  of  the  theoretical  model  in¬ 
cluding  validating  comparisons  with  experiment.  It  is  shown  how  the  theory  is  constructed  to  treat  a  wide 
range  of  practical  Reynolds  numbers  and  incoming  turbulent  boundary  layer  profile  shapes,  and  how  it  may 
further  be  extended  to  treat  moderately-curved  as  well  as  flat  surfaces.  Section  3  then  describes  the  results 
of  a  comprehensive  parametric  study  showing  how  the  interact ;ve  pressure,  displacement  thickness  and  local 
skin  friction  distributions  each  depend  on  the  shock  strength,  Reynolds  number  and  shape  factor.  These  re¬ 
sults  further  provide  an  improved  "viscous  wedge"  model  of  the  local  interaction  which  embodies  proper 
seating  behavior  as  well  as  an  approximate  account  of  incipient  separation  that  is  in  good  agreement  with 
experimental  trends.  In  Section  4  we  examine  the  application  of  this  theory  as  an  element  in  glolal  viscous 
flow  field  analyses  of  both  supercritical  air-foils  and  transonic  bodies  of  revolution.  In  such  problems 
it  will  be  shown  that  even  in  non-separating  cases  the  changes  across  the  interaction  may  significantly 
alter  the  subsequent  turbulent  boundary  layer  behavior  for  appreciable  distances,  especially  when  larger 
downstream  adverse  pressure  cra<'\snt<  are  present. 

2.  OUTLINE  OF  THE  NON-ASYMPTOTIC  SMALL  DISTURBANCE 
INTERACTION  THEORY 

2.1)  Rationale  of  Non-Asymptotic  Triple  Deck  Approach 

It  is  well-known^  that  when  separation  occurs,  the  disturbance  flow  pattern  associated  with  a  nearly- 
normal  shock-boundary  layer  interaction  is  a  very  complicated  one  involving  a  bifurcated  shock  pattern, 
whereas  the  unseparated  case  pertaining  to  turbulent  boundary  layers  up  to  roughly  Mj  c  1.3  has  instead 
ti  much  simpler  type  of  interaction  pattern  which  is  more  amenable  to  analytical  treatment  (see  Fig.  1). 

With  some  judicious  simplifications,  it  is  possible  to  construct  a  fundamentally-based  approximate  theory 
A  the  problem  in  the  latter  case,  as  documented  in  detail  in  RefZ-fFor  purposes  of  orientation,  a  brief 
out. ine  of  this  theory  will  be  given  here. 

We  consider  small  disturbances  of  an  arbitrary  incoming  turbulent  boundary  layer  due  to  a  weak  exter¬ 
nal  shock  (Fig.  2)  and  examine  the  detailed  perturbation  field  within  the  layer.  We  purposely  employ  a 
non-asymptotic  triple-deck  flow  model  patterned  in  many  ways  after  Llghthill's  approach6  because  of  its 
essential  soundness6  and  adaptability  to  further  improvement,  because  of  its  similarity  to  related  types 
of  multiple-deck  approaches  that  have  proven  highly  successful  in  treating  turbulent  boundary  layer  re¬ 
sponse  to  strong  known  adverse  pressure  gradients  ”»°),  because  of  the  large  body  of  turbulent  boundary 
layer  interaction  data  that  supports  the  predicted  results  in  a  variety  of  specific  problems,  and  finally 
because  of  our  belief  (confirmed  strongly  a  posteriori)  that  asymptotic  theory  results  for  extremely  high 
Reynolds  numbers,  although  rigorous  in  this  limit,  do  not  extrapolate  down  to  ordinary  Reynolds  numbers. 

O  Q  1ft 

At  high  Reynolds  numbers  it  has  been  established  ’  ’  that  the  local  interaction  disturbance  field 
in  the  neighborhood  of  the  impinging  shock  organizes  itself  into  three  basic  layered-regions  or  "decks" 

(Fig.  2):  1)  an  outer  region  of  potential  inviscld  flow  above  ,he  boundary  layer,  which  contains  the 
incident  shock  and  interactive  wave  systems;  2)  an  intermediate  deck  of  frozen  shear  stress-rotational 
inviscid  disturbance  flow  occupying  the  outer  90%  or  more  of  the  incoming  boundary  layer  thickness;  3)  an 
inner  shear-disturbance  sublayer  adjacent  to  the  wall  which  accounts  for  the  interactive  skin  friction 
perturbations  (and  hence  any  possible  incipient  separation)  plus  most  of  the  upstream  influence  of  the 
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interaction.  The  "forcing  function"  of  the  problem  here  Is  thus  impressed  by  the  outer  deck  upon  the 
boundary  layer;  the  middle  deck  couples  this  to  the  response  of  the  inner  deck  but  in  so  doing  can  itself 
modify  the  disturbance  field  to  some  extent,  while  the  slow  viscous  flow  in  the  thin  inner  deck  reacts 
very  strongly  to  the  pressure  gradient  disturbances  imposed  by  these  overlying  decks.  This  triple  deck 
structure  also  has  been  employed  in  the  theoretical  studies  of  Gaddll,  Lighthill5,  Stratford?,  Honda'2  and 
others,  and  has  been  verified  by  a  large  body  of  experimental  evidence  and  recent  numerical  studies  with 
the  full  Navier-Stokes  equations. 13  The  essential  correctness  of  this  model  Is  further  supported  bv  its 
success  in  related  boundary  layer  perturbation  problems  involving  viscous-lnvlscid  interactions! A-17, 
turbulent  boundary  layer  response  to  sudden  changes  in  surface  roughness  or  pressure  gradient!®*!5*  and 
flow  past  various  kinds  of  surface  distortions2®’22  inrlnHInr.  eHn  frirHnn  mPAtiirinn  rfpvtrps. 23-25 


including  skin  friction  measuring  devices.2 


While  there  is  thus  general  agreement  about  the  validity  of  the  triple  deck  approach  over  a  wide 
range  of  Reynolds  numbers  and  the  well-known  qualitative  differences  in  interactive  response  between  lami¬ 
nar  and  turbulent  flow  (e.g. ,  the  much  smaller  upstream  influence  and  larger  separation-resistance  of  the 
later),  questions  have  been  raised  concerning  (a)  the  relative  interactive  Importance  of  the  inner  shear- 
disturbance  deck  and  (b)  the  accuracy  of  deliberately  using  a  non-asymptotic  treatment  of  the  details 


firmly  established  that  this  deck,  although  Indeed  very  thin,  still  contributes  quite  significantly  to  the 
overlying  interaction  and  its  displacement  thickness  growth.  Bolstered  by  these  facts,  plus  the  unanimous 
conclusion  reached  in  the  detailed  reviews  by  Green33,  Rose,  Murphy  and  Watson3'  and  Hankey  and  Holden-™ 
that  the  viscous  sublayer  is  a  very  Important  component  of  turbulent  interaction  problems,  we  take  the 
point  of  view  here  that  the  inner  deck  is  in  fact  significant  at  the  Reynolds  numbers  of  practical  interest. 

In  this  regard,  we  re-emphasize  that  this  deck  contains  virtually  al]_  of  the  skin  friction  and  incipient 
separation  effects  in  any  Interaction,  which  alone  are  sufficient  reasons  to  examine  It  in  great  detail. 
Regarding  (b),  it  is  pointed  out  that  application  of  i?“j,  *  »  asymptotic  theory  results  (no  matter  how  rigor¬ 
ous  in  this  limit)  to  ordinary  Reynolds  numbers  is  in  itself  an  approximation  which  may  in  fact  be  inaccurate, 
Indeed  even  more  so  than  a  physically  well -constructed  non-asymptotic  theory.  Direct  extrapolated- 
asymptotic  vs.  non-asymptotic  theory  comparisons  have  definitely  shown  this  to  be  the  case  for  laminar  flows 
(especially  as  regards  the  skin  friction  aspects35)  and  the  situation  may  well  be  the  same  or  worse  in  tur¬ 
bulent  flow.  For  example,  the  asymptotic  first  order  theory  formally  excludes  both  the  streamwise  interac¬ 
tive  pressure  gradient  effect  on  the  shear-disturbance  deck  and  both  the  normal  pressure  gradient  and  so- 
called  "streamline  divergence"  effects  on  the  middle  deck:  however,  physical  considerations  plus  experimental 
observations  and  recent  comparative  numerical  studies36*3’  suggest  that  these  effects  may  In  fact  be  signifi¬ 
cant  at  practical  Reynolds  numbers  and  should  not  be  neglected.  Of  course,  second  order  asymptotic  corrections 
can  be  devised  to  redress  this  difficulty  but,  as  Neyfeh  and  Regab38  have  shown,  run  the  risk  of  breaking 
down  even  worse  when  extrapolated  to  ordinary  Reynolds  numbers.  In  the  present  work,  we  seek  to  avoid  these 
problems  by  treating  the  triple  deck  using  a  deliberately  non-asymptotic  model  appropriate  to  realistic  Rey¬ 
nolds  numbers  that  Includes  the  inner  deck  pressure  gradient  terms  plus  the  middle  dtck  «p/6y  and  streamline 
divergence  effects,  along  with  other  simplifying  approximations  that  render  the  resulting  theory  tractlble 
from  an  engineering  standpoint  With  this  veiwpoint  in  mind,  we  now  examine  in  more  detail  the  nature  of  the 
disturbance  flow  problem  In  each  of  the  three  basic  decks. 

2.2)  Formulation  of  the  Disturbance  Problem  in  Each  Deck 

Outer  Potent1_aJ_  Flow  Region 

Assuming  that  the  incident  shock  and  its  reflection  system  are  weak  with  isentropic  non-hypersonic  flow, 
we  have  here  a  small  disturbance  potential  invlscid  motion  Imposed  upon  the  undisturbed  uniform  flow  U0 
outside  the  boundary  layer: 
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where  the  third  term  within  the  square  brackets  of  Eqs.  (1)  and  (3)  is  significant  in  the  transonic  case 
1  <  Mog  <  1.2  -  1.3  and  automatically  Includes  the  supersonic-subsonic  jump  conditions  to  this  order  of 
approximation35.  Since  a  variety  of  efficient  analytical  or  numerical  methods  are  presently  available  to 
solve  this  system  in  either  transonic  flow  or  In  purely  supersonic  flow  (In  which  case  Eqs.'  1-3  further 
reduce  to  an  Ackert-type  problem),  we  assume  that  such  a  solution  may  be  carried  out  for  all  x  on  the  upper 
region  y  >  60  subject  to  the  usual  far-field  conditions  as  y  +  ».  The  remaining  disturbance  boundary  con¬ 
dition  that  must  be  supplied  along  y  =  60  then  couples  this  solution  to  the  underlying  double-deck:  it 
requires  that  the  outer  disturbance  flow  pertain  to  an  effective  streamline  shape  (relative  to  the  wall) 
defined  by  the  total  Interactive  displacement  effect  of  the  inner  decks.  To  insure  physlcally-smooth 
matching  along  this  outer-inner  interface,  then,  we  require  both  v ' /U0,  and  p‘  to  be  continuous  with  their 
middle  deck  counterparts  along  y  =  60. 

Middle  Rotational -Disturbance  Flow  Deck 

This  layer  contributes  toand  transmits  the  displacement  effect,  contains  the  boundary  layer  lateral 
pressure  gradient  due  to  the  interaction  and  carries  the  significant  Influence  of  the  incoming  boundary 
layer  profile  shape.  Our  analysis  of  this  layer  rests  on  the  key  simplifying  assumption  that  for  non¬ 
separating  Interactions  the  turbulent  Reynolds  shear  stress  changes  are  small  enough  to  have  a  negligible 
back  effect  on  the  mean  flow  properties  along  the  interaction  zone;  hence  this  stress  can  be  taken  to  be 
"frozen"  along  each  streamline  at  its  appropriate  value  In  the  undisturbed  Incoming  boundary  layer.  This 
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approximation,  likewise  adopted  by  a  number  of  earlier  Investigators  with  good  results,  is  supported  not 
only  by  asymptotic  analysis^  but  especially  by  the  results  of  Rose's  several32*4'  detailed  experimental 
studies  of  a  non-separating  shock-turbulent  boundary  layer  Interaction  which  showed  that  over  the  short- 
ranged  Interaction  length  straddling  the  shock  the  Interactive  pressure  gradient  and  Inertial  forces  outside 
a  thin  layer  near  the  wall  are  at  least  an  order  of  magnitude  larger  than  the  corresponding  changes  in 
Reynolds  stress.  Furthermore,  there  is  a  substantial  body  of  related  experimental  results  on  turbulent 
boundary  layer  response  to  various  kinds  of  sudden  perturbations  and  rapid  pressure  gradients  which  also 
strongly  support  this  view  18-21,  42-46;  these  studies  unanimously  confirm  that,  at  least  for  non-separating 
flows,  significant  local  Reynolds  shear  stress  disturbances  are  essentially  confined  to  a  thin  sublayer 
within  the  Law  of  the  Wall  region  (see  below)  where  the  turbulence  rapidly  adjusts  to  the  local  pressure 
gradient,  while  outside  In  the  Law  of  the  Wake  region  the  turbulent  stresses  respond  very  slowly  and  remain 
nearly  frozen  at  their  Initial  values  far  out  of  local  equilibrium  with  the  wall  stress. 

Confining  attention,  then,  to  the  short  range  local  shock  Interaction  zone  where  the  aforementioned 
"frozen  turbulence"  approximation  Is  applicable,  the  disturbance  field  caused  by  a  weak  shock  Is  one  of 
small  rotational  Invlscld  perturbation  of  the  Incoming  non-uniform  turbulent  boundary  layer  profile  M^y), 
governed  by  the  equations 
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where  Eq.  (4)  Is  a  result  of  the  combined  partlcle-isentropic  continuity,  x-momentum  and  energy  equations. 

It  Is  noted  here  that,  conslstant  with  che  assumed  short  range  character  of  the  Interaction,  the  streamwlse 
variation  of  the  undisturbed  turbulent  boundary  layer  properties  that  would  occur  over  this  range  are  neglect¬ 
ed,  taking  Up(y),  pp(y)  and  M0(y)  to  be  arbitrary  functions  of  y  only  with  «p,  6  *  and  xWo  as  constants. 

Now  Eq.  (6)  is  a  slight  generalization  of  Llghthill's  well-known  pressure  perturbation  equation  for  non- 
uniform  flows5  which  includes  a  non-linear  correction  term  that  accounts  for  possible  transonic  effects 
within  the  boundary  layer  including  the  diffracted  Impinging  shock  above  the  sonic  level  of  the  Incoming 
boundary  layer  profile.  Excluding  the  hypersonic  regime,  Eqs.  (4)-(6)  therefore  apply  to  a  wide  range  of 
initially  supersonic  external  flow  conditions  and  the  complete  speed  range  across  the  boundary  layer  except 
at  the  singular  point  Mq  -*■  0  (which  we  avoid  by  consideration  of  the  inner  deck  as  shown  below).  In  parti¬ 
cular,  use  of  Eq.  (6)  provides  an  account  of  any  lateral  pressure  gradient  that  developes  across  the 
interacting  boundary  layer. 


As  Is  the  case  with  the  outer  deck,  a  variety  of  analytical  or  numerical  methods  may  be  used  to  solve 
this  middle  deck  disturbance  problem  (see,  e.g.,  Refs.  2,  5,  31).  Whatever  the  method  chosen,  we  Imagine 
that  it  provides  at  each  streamwlse  station  x  an  evaluation  of  the  disturbance  pressure  distribution  p‘  (x,y)^ 
then  y-integratlon  of  Eq.  (4)  gives  as 
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where  ywpff  >  0  Is  the  effective  wall  shift  or  displacement  height  associated  with  the  inner  deck  defined 
such  that  the  invlscid  v'  (x,yw  cr)  and  hence  3p'/3y(x,yw  ff)  both  vanish  (see  below). 

61 1  er T 

Equation  (7)  thus  provides  the  disturbance  streamline  slope  distribution  streamline  slope  distribution 
across  the  boundary  layer  at  any  streamwlse  station,  and  its  value  at  y  =  <5  yields  the  total  streamline 
displacement  effect  of  the  two  Inner  decks  (the  lower  limit  on  the  integrarbeing  the  inner  deck  contribu¬ 
tion).  We  then  may  obtain  the  corresponding  total  displacement  thickness  growth  along  the  Interaction  by 
streamwlse-quadrature  of  the  perturbation  boundary  layer  continuity  equation  Integral;  this  yields  to  first 
perturbation 
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The  Inner  Shear-Disturbance  Layer 

This  very  thin  Inner  deck  contains  the  significant  viscous  and  turbulent  shear  stress  disturbances 
due  to  the  interaction,  plus  the  small  upstream  influence  and  an  important  contribution  to  the  viscous  dis¬ 
placement  effect.  In  fact  it  lies  well  within  the  Law  of  the  Wall  region  of  the  incoming  turbulent  bound¬ 
ary  layer  profile  and  hence  also  (for  the  high  Reynolds  numbers  of  interest  here)  below  the  sonic  level  r 
of  the  profile47;  our  resulting  theory  indeed  confirms  this  aposteriori.  The  original  work  of  LighthillJ 
and  others  treated  the  problem  by  further  neglecting  the  turbulent  stresses  altogether  and  considering  only 
the  laminar  sublayer  effect;  while  this  greatly  simplifies  the  problem  and  yields  an  elegant  analytical 
solution,  the  results  can  be  significantly  in  error  at  high  Reynolds  numbers  and  cannot  explain  (and  in¬ 
deed  conflicts  with)  the  ultimate  asymptotic  behavior  that  must  pertain  in  the  Re^  •+  <»  limit.  The  present 
theory  remedies  this  by  extending  Lighthill's  approach  to  include  the  entire  Law  of  the  Wall  region  turbu¬ 
lent  stress-effects;  the  resulting  general  shear-disturbance  sublayer  theory  provides  a  non-asymptotic 
treatment  vihich  encompasses  the  complete  range  of  Reynolds  numbers.  It  is  noted  in  this  connection  that 
our  consideration  of  the  entire  Law  of  the  Wall  combined  with  the  use  of  effective  inviscid  wall  concept 
to  treat  the  inner  deck  displacement  effect  eliminates  the  need  for  the  "blending  layer"9  that  is  other¬ 
wise  required  to  match  the  disturbance  field  in  the  laminar  sublayer  region  with  the  middle  inviscid  deck; 
except  for  higher  order  derivative  aspects  of  asymptotic  matching, our  inner  solution  for  all  practical 
purposes  automatically  includes  this  blending  function  since  it  imposes  a  boundary  condition  of  vanishing 
total  shear  disturbance  at  the  outer  edge  of  the  deck.  In  addition,  our  retention  of  the  explicit  dis¬ 
turbance  pressure  gradient  term  for  the  inner  deck  not  only  provides  the  correct  physics  at  practical 
Reynolds  numbers  but  also  (not-withstanding  the  question  of  the  turbulence  model)  correctly  models 
the  situation  near  separation  (tw-»0)  where  this  term  becomes  of  dominant  importance. 

To  facilitate  a  tractible  theory,  we  retain  only  the  main  physical  effects  by  introducing  the 
following  simplifying  assumptions,  (a)  The  incoming  boundary  layer  is  free  from  any  post-transitional 
memory  or  low  Reynolds  number  effects  and  its  Law  of  the  Wall  region  is  characterized  by  a  constant 
total  (laminar  plus  turbulent  eddy)  shear  stress  and  a  Van  Driest-Cebeci  type  of  damped  eddy  viscosity 
model4**.  This  model  is  known  to  be  a  good  one  for  a  wide  range  of  upstream  nor.-separating  boundary  layer 
flow  histories,  (b)  For  the  weak  incident  shock  strengths  of  present  interest,  the  sublayer  disturbance 
flow  is  assumed  to  be  a  small  perturbation  upon  the  incoming  boundary  layer;  in  the  resulting  linearized 
disturbance  equations,  however,  all  the  physlcally-important  effects  of  streamwlse  pressure  gradient,  both 
streamwise  and  vertical  acceleration,  and  both  laminar  and  turbulent  disturbance  stresses  are  retained. 
Although  the  resulting  theory  necessarily  becomes  inaccurate  near  separation,  it  provides  a  valuable  physi¬ 
cal  insight  to  the  interactive  physics  close  to  the  wall  for  non-separating  flow  and  a  firm  basis  for  sub¬ 
sequent  improvement.  Moreover,  it  can  be  shown  that  the  form  of  the  particular  set  of  linear  equations 
used  here  is  in  fact  unaltered  by  non-linear  effects;  hence  even  the  quantitative  accuracy  of  the  present 
theory  is  expected  to  be  good  until  rather  close  to  separation,  (c)  For  adiabatic  flows  at  low-to-moderate 
external  Mach  numbers,  the  undisturbed  and  perturbation  flow  Mach  numbers  are  both  quite  small  within  the 
shear  disturbance  sublayer;  consequently  the  treatment  of  compressibility  effects  therein  can  be  greatly 
simplified  without  any  significant  error.  Thus,  the  influence  of  the  density  perturbations  on  the  sublayer 
disturbance  flow  may  be  neglected  altogether49,  while  the  corresponding  modest  compressibility  effect  on 
the  Law  of  the  Wall  portion  of  the  undisturbed  profile  is  quite  adqequately  treated  by  the  Eckert  reference 
temperature  method50"51*  wherein  incompressible  relations  are  used  based  on  wall  recovery  temperature 
properties*,  (d)  The  turbulent  fluctuations  and  the  small  interactive  disturbances  are  assumed  uncorre¬ 
lated  in  both  the  lower  and  middle  decks,  (e)  The  thinness  of  the  inner  deck  allows  the  boundary  layer- 
type  approximation  of  neglecting  its  lateral  pressure  gradient;  tie  wall  pressure  distribution  Pw(x)  is 
taken  equal  to  the  overlaying  pressure  perturbation  field  along  the  bottom  of  the  middle  deck. 

Under  these  assumptions,  the  disturbance  field  is  governed  by  the  following  continuity  and  momentum 
ecuations: 
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where  pWq  and  vw  are  evaluated  at  the  adiabatic  wall  recovery  temperature  and  where  it  is  noted  that  the 
kinematic  eddy  viscosity  perturbation  cj'  Is  being  taken  into  account.  The  corresponding  undisturbed  tur 
bulent  boundary  layer  Law  of  the  Wall  profile  UQ(y)  is  governed  be 
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where  according  to  the  Van  Driest-Cebeci  eddy  viscosity  model  with  y*  *  y  /r  /p  /v 

wo  wo  wo 
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♦Excluding  hypersonic  flow,  this  is  equivalent  in  accuracy  to  (but  easier  than)  the  use  of  -an  Priest's 
compressible  Law  of  the  Wall  profile.54 
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which  yields  for  non-separating  flow  disturbances  that 


eTq  =  [.41y(1-e*y+/A)]Z  3^ 
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Here,  A  is  the  so-called  Van  Driest  damping  "constant";  we  used  the  commonly-accepted  value  A  =  26  although 


it  is  understood  t 
layer  interaction. 


hat  a  larger  value  may  Improve  the  experimental  agreement  In  regions  of  shock-boundary 
52  Substituting  (13c)  into  (10)  we  thus  have  the  disturbance  momentum  equation 
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from  which  we  see  that  inclusion  of  the  eddy  viscosity  perturbation  has  exactly  doubled  the  turbulent 
shear  stress  disturbance  term. 

Wc  seel  v  aoive  tqs.  !9)  and  (14)  within  the  incoming  flow  Up(y)  governed  by  Eqs.  (12)  and  (13b)  sub¬ 
ject  to  the  impermeable  wal  »o  slip  conditions  Up(0)  =  u‘(x,o)  =  v’(x,o)  =  0  plus  an  Initial  condition 
u'(-“»y)  '  •  ‘^t  requires  all  Interactive  disturbances  to  vanish  far  upstream  of  the  impinging  shock. 
Furthermore.  ;t  some  distance  6cl  sufficiently  far  from  the  wall,  u1  must  pass  over  to  the  inviscid  solu- 
tion  u^nv  aunp  the  bottom  of  the  middle  deck,  this  latter  being  governed  by  Eq.  (9)  plus 
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with  «$L  defined  as  the  height  where  the  total  shear  disturbance  (— au l/ay>  of  the  inner  solution  vanishes 
to  a  desired  accuracy. 

Following  Lighthill5,  it  now  proves  convenient  to  convert  the  foregoing  problem  into  one  involving  the 
normal  disturbance  velocity  field  v'(x,y).  Thus,  by  differentiating  Eq.  14  w.r.t.  x,  substituting  Eq.  9 
so  as  to  eliminate  u1  and  then  differentiating  the  result  w.r.t.  y  so  as  to  eliminate  p'  by  virtue  of  Eq. 

11,  one  obtains  the  following  fourth-order  equation  for  v’ :  w 
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This  differential  equation,  which  resembles  a  "turbulent"  Orr-Sommerfeld  equation  without  critical  layer 
terms,  contains  a  three-fold  Influence  of  the  turbulent  flow:  the  profile  U0(y),  its  curvature  d2U  /dy2 
(non-zero  outside  the  laminar  sublayer)  and,  what  is  new  here,  an  eddy  disturbance  stress  term  2>eT°. 

lo 

Equation  (16)  is  to  be  solved  together  with  (11)  and  (13b)  subject  to  the  wall  boundary  conditions 
v'(x,o)  =  av'/ay(x,o)  =  0.  A  third  condition  Involving  v'  is  obtained  by  satisfying  the  x-momentum  equa¬ 
tion  (14)  right  at  the  wall;  when  this  is  differentiated  w.r.t.  x  and  Eq.  (9)  used  together  with  the  fact 
that  ey  +  0  at  v  =  0  we  obtain  the  non-homogeneous  condition 

<x’0)  =  -(2  V'1  17  (17) 

The  fourth  boundary  condition  is  the  v1  equivalent  of  the  outer  Inviscid  matching  requirement  (15),  which 
yields  v'(x,«S|_)  =  vJnv(x*{sL^  t*ie  ^viscid  solution  governed  by 
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and  pertainina  to  3  v'/3y  s  0  (i.e.,  vanishing  total  disturbance  shear)  somewhere  within  the  Law  of 
the  Wall  region. 12 

Once  this  v'(x,y)  field  is  obtained,  the  attendant  streamwlse  velocity  and  disturbance  shear  stress 
fields  may  be  found  from 
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An  Important  and  useful  feature  of  this  approach  is  the  definition  of  an  "effective  Inviscid  wall" 
position  (or  displacement  thickness)  that  emerges  from  the  asymptotic  behavior  of  v1  far  from  the  wall5: 
see  Fig.  3.  As  schematically  illustrated  in  Fig.  3a,  this  is  defined  by  the  value  yWe^  where  the  "back 
projection"  of  the  v^nv  solution*  vanishes;  physical  1  *• ,  yweff  thus  represents  the  total  mass  defect  height 
due  to  tne  shear  stress  perturbation  field  and  her  „he  effective  wall  position  seen  by  the  overlying 
inviscid  middle  deck  disturbance  flow.  As  indicated  in  Fig.  3b,  this  concept  serves  to  couple  the  inner 
and  middle  deck  solutions  in  a  direct  physical ly-obvious  way  by  providing  the  non-singular  inner  equivalent 
slip-fT'”-.*  boundary  conditions  3p'/3y  (yeff )  =  v]PV(yWeff)  =  0  at  ll0^weff)  >  0  for  the  middle  deck  solution 
of  Eq.  (6).  In  practice,  this  approach  nas  proven  quite  useful  for  creating  a  variety  of  interaction 
problems  2,20,55;  a  more  detailed  discussion  of  its  application  t'-  the  ^resent  problem  is  given  in  the 
following  section 

2.3)  Approximate  Solution  by  Operational  Methods 

An  analytical  solution  is  further  achieved  by  assuming  small  linearized  disturbances  ahead  of,  behind 
and  below  the  nonlinear  shock  jump  plus  an  approximate  treatmentrof  the  detailed  shock  structure  within  the 
boundary  layer  ,  which  gives  reasonably  accurate  predictions  for  all  the  properties  of  engineering 
interest  when  M]  >1.05;fls  described  in  detail  in  Refs.  2  and  4,  the  resulting  equations  can  be  solved 
by  Fourier  transform  methods  yielding  the  Interactive  pressure  rise  and  displacement  thickness  growth  inputs 
to  the  above  extended  theory  of  the  inner-disturbance  sublayer.  The  resulting  solution  contains  all  the 
essential  physics  of  the  mixed  transonic  viscous  interaction  field  for  non-separating  flows  Including  the 
upstream  influence,  the  lateral  pressure  gradient  near  the  shock  and  the  onset  of  Incipient  separation; 
numerous  detailed  comparisons  with  experiment56  have  shown  that  it  thus  gives  a  good  account  of  all  the  im¬ 
portant  engineering  features  of  the  Interaction  over  a  wide  range  of  Mach-Reynolds  number  conditions. 

The  matching  of  the  outer  two  decks  with  the  Inner  shear-disturbance  deck  in  connection  with  the 
Fourier  inversion  process  yields  the  determination  of  the  upstream  influence  distance;  typical  numerical 
results  for  it  showing  the  important  typical  parametric  effects  of  Reynolds  number  and  shape  factor  are 
presented  In  Fig.  4.  The  solution  procedure  (see  Ref.  4  for  details)  further  yields  the  inner  deck 
displacement  thickness 


1/3 

(21) 

t 

and  the  interactive  skin  friction  relationship 


where  K^n  =  tu"1  is  given  in  Fig.  4  while  the  functions  H(V)  and  S(T)  are  given  in  Fig.  5  and  represent 
the  wall  turbulence  effect  on  the  interactive  displacement  effect  and  skin  friction,  respectively,  of  the 
inner  deck.  Fig.  5,  in  fact,  Is  a  central  result  of  the  general  non-asymptotic  theory,  providing  a  unified 
account  of  the  entire  Reynolds  number  range  In  terms  of  the  single  new  turbulent  interaction  parameter T 
(Eq.  23a):  it  ranges  from  the  limiting  behavior  of  negligible  wall  turbulence  effect  pertaining  to  Light- 
hill's  theory  at  T+  0  (lower  Reynolds  numbers)  to  the  opposite  extreme  of  wall  turbulence-dominated  behavior 
atT  »  1  pertaining  to  an  asymptotic-type  of  theory  at  very  large  Reynolds  numbers  where  the  inner  deck 
thickness  and  its  disturbance  field  become  vanishingly  small.  The  relationship  between  these  two  hereto- 
fore-disparate  theories  has  thus  been  explained  and  established:  they  belong  at  opposite  extremes  of  a 
general  non-asymptotic  theory  that  describes  the  transition  between  them.  Another  Important  result  emerging 
from  Fig.  5  is  that  the  asymptotic  trends  occurring  at  very  large  ReK  cannot  be  extrapolated  down  to  or¬ 
dinary  Re*  values;  doing  so  can  yield  appreciable  error  in  the  inner  deck  properties  of  practical  interaction 
problems.  This  would  appear  to  explain  the  success  of  the  Lighthill  theory  in  correlating  lower  Reynolds 
number  turbulent  interactions  in  spite  of  the  mathematical  rigor  of  asymptotic  theory-  the  former  Is  simply 
much  closer  to  the  actual  physics  and  correctly  predicts  more  significant  Interaction  effects  and  scaling 
under  the  decidedly  non-asymptotic  conditions  Involved.  By  the  same  token,  the  extreme  approximation  In¬ 
volved  in  the  T  *  0  limit  significantly  breaks  down  at  larger  Re*‘s  pertaining  to  T  »  1,  clearly  warranting 
the  use  of  the  present  theory  to  account  for  the  increasing  role  of  the  wall  turbulence  effect  on  the 
interaction. 
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*1.e.,  the  (generally  non-linear)  solution  curve  obtained  by  inwardly-integrating  (18)  and  (12)  in  the 
negative  y  direction  starting  at  *Sf 

*As  far  as  the  overall  Interaction .properties  are  concerned,  this  non-linear  shock  jump  provision  plus  the 
various  non-uniform  viscous  flow  effects  within  the  boundary  layer  reduce  the  lower  Mach  number  limit  other¬ 
wise  pertaining  to  the  linearized  supersonic  theory  in  purely  inviscid  potential  uniform  flow. 
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An  Important  and  useful  final  consequence  of  the  foregoing  analysis  is  that  it  yields  an  explicit 

analytical  criterion  for  the  onset  of  incipient  separation  due  to  an  interactive  pressure  field;  thus 

setting  t  =  t  +  t  =  0,  Eq.  (22)  predicts  this  to  occur  when 
w  w_  w 


where  it  is  re-emphasized  that  Cp*  here  is  the  local  interactive  distribution.  Equation  (56)  bears  a 
general  resemblance  to  a  Stratford-type?  of  incipient  separation  relation  for  turbulent  flow,  except  that 
the  present  formula  contains  the  integrated  bistory  effect  along  the  Interaction  whereas  Stratford's  re¬ 
sult  involves  purely  local  properties  of  Cf  i  dCp^/dx.  It  is  understood,  of  course,  that  the  present 
theory  actually  breaks  down  approaching  sue  -.eparation  owing  to  the  combination  of  its  linearization 
assumptions  and  the  Van  Driest/Cebeci  wall  *  bulence  model  used;  nevertheless,  Eq.  (2  )  does  give  at 
least  a  roughly-correct  indication  of  where  .his  will  occur,  and  indeed  does  so  without  containing  any  ad¬ 
justable  empirical  constants. 

2  57 

A  computer  program  which  is  the  outgrowth  of  Mason  and  Panaras  earlier  work  has  been  constructed  to 
carry  out  the  foregoing  solution  method;  it  involves  the  middle-deck  disturbance  pressure  solution  coupled 
to  the  inner  deck  by  means  of  the  effective  wall  shift  (Eq.  21)  combined  with  an  upstream  Influence  solution 
subroutine.  The  corresponding  local  total  interactive  displacement  thickness  growth  and  skin  friction 
are  obtained  from  Eqs.  (8)  and  (22),  respectively.  If  desired  the  attendant  boundary  layer  shape  factor 
change  along  the  interaction  may  then  also  be  calculated  as  H  =  [6*0  +4S*(x)]/e*(x)  with  e*  given  by  an 
x-wise  integration  of  the  overall  momentum  integral  equation  for  the  total  local  boundary  layer  since  p(x), 

6*  and  C*  are  known.  The  incoming  turbulent  boundary  layer  is  treated  bv  the  compressible  version  of  a 
universal  composite  Law  of  the  Wall  -  Law  of  the  Wake  model  due  to  Walz5°  that  not  only  has  a  convenient 
analytical  form  (see  Appendix)  but  also  provides  a  very  general  fundamental  description  of  this  boundary 
layer  in  terms  of  three  arbitrary  parameters:  preshock  Mach  number,  boundary  layer  displacement  thick¬ 
ness  Reynolds  number,  and  the  incompressible  shape  factor  Hi . .  This  enables  us  to  assess  the  Important  but 
heretofore  -  neglected  influence  'f  the  upstream  flow  history  (pressure  gradient,  suction,  etc.)  on  the 
interaction. 

2.4)  Comparisons  of  the  Theory  wit..  Experiment 

Numerous  verification  comparisons  of  the  present  theory  with  experimental  data  from  both  wind  tunnel 
and  free  flight  experiments  have  already  been  documented;  a  sample  is  presented  in  Fig.  6  to  illustrate 
the  predicted  behavior  and  good  agreement  for  the  interactive  pressure,displacement  thickness  and  skin 
friction  distributions  in  a  typical  non-separating  case.  Note  especially  in  Fig.  6b  the  important  lateral 
pressure  gradient  effect  that  occurs  in  the  vicinity  of  the  shock.  Regarding  the  skin  friction  comparison 
shown  in  Fig.  6d,  we  note  that  the  "experimental"  values  were  actually  inferred^  from  measured  velocity 
profiles  along  the  interaction  (hence  e*  and  «*)  by  means  of  the  2-D  momentum  integral  equation;  considering 
the  well-known  uncertainties  involved  in  their  experimental  set  up  and  this  method,  combined  witn  the  present 
theory's  own  limitations,  the  agreement  is  considered  good  as  regards  both  the  magnitude  and  shape  of 
the  Cf  curve. 

Fig.  7  shows  a  comparison  of  the  predicted  local  shape  factor  change  along  an  interaction  with  some 
ONERA  measurements;  it  is  seen  that  the  theory  nicely  captures  the  characteristic  local  peaking  of  H  near 
the  shock  foot  as  well  as  the  overall  behavior. 

„  CQ 

A  particularly  interesting  comparison  with  some  very  recent  DFVLR-AVA  (Go)  experiments  is  shown 
in  Fig.  8,  where  we  compare  with  measurements  along  the  non-separating  interaction  zones  on  two  super¬ 
critical  airfoils.  The  experimental  Cf  values  were  Inferred  from  various  streamwise  station  boundary 
layer  profile  surveys  by  means  of  the  Ludwig-Tillman  relationship 
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Cf  =  ,246(T*/Te)’796  Re9*"'268  e"1,561  Hi  (25)  .  '  : 

2  T ' 

where  Hi  is  given  by  Eq.2S  and  T*/Te  =  1  +  .14  M  for  y  =  1.40  as  P  =  .7  on  an  adiabatic  wall.  Theoretical  K  | 

predictions  of  the  entire  airfoil  flow  field  wereealso  made  with  a  composite  inviscid  transconic  -  turbulent  * 

boundary  layer  -  shock  interaction  numerical  scheme  in  which  the  present  theory  was  used  as  a  iocal  interac¬ 
tive  module  astride  the  Inviscid  shock  location  (see  Ref.  59  for  details).  It  is  seen  that  the  present  i 

theory  yields  an  excellent  prediction  of  the  local  skin  friction  values  upstream  and  slightly  downstream  of  '  ; 

the  shock  (including  the  minimum  value)  and  a  good  qualitative  account  of  the  overall  shape  of  the  stream- 
wise  distribution.  Well  downstream  of  the  shock,  the  theory  clearly  over  estimates  the  post-shock  Cf  recovery 
inferred  by  the  Ludwig-Tillman  relationship.  Nevertheless,  in  view  of  the  combined  limitations  of  the 
experimental  Ludwig-Tillman  method  and  the  present  small  disturbance  theory,  the  overall  agreement  with  the 
data  here  is  regarded  as  quite  good. 

2.5)  The  Effects  of  Wall  Curvature  i 


The  influence  of  local  surface  curvature  is  of  particular  interest  since  interactions  often  occur  on 
curved  surfaces  (especially  in  cascade/turbine-blade  applications)  and  since  a  singularity  is  associated 
with  a  normal  shock  in  the  purely  inviscid  limit  of  curved  wall  flow. 60  The  present  theory  has  been  extended 
to  enable  treatment  of  the  viscous  interaction  problem  for  such  flows:  the  results  show  that  the  Inviscid 
singularity  disappears  (the  external  flow  being  now  quite  regular)  when  the  boundary  layer  displacement 
effect  Is  takeh  into  account.  Because  of  its  importance  in  the  Interpretation  and  understanding  of  theory 
and  expe  .rent,  we  present  here  a  short  overview  of  this  analysis  (see  Ref.  61  for  more  details). 
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Oswatitsch  and  Zierep  have  shown  that  normal  shock  Impingement  on  a  curved  wall  in  a  purely  in- 
viscid  flow  introduces  a  logarithmic  singularity  in  the  wall  pressure  in  the  form  of  a  sharp  post-siiock 
expansion  (Fig.  9a)  and  this  phenomenon  has  indeed  been  observed  in  inviscid  numerical  solutions.62  However, 
in  real  flows  even  at  high  Reynolds  numbers,  viscous  smearing  and  upstream  Influence  effects  arise  due  to 
the  thin  boundary  layer  along  the  surface  which  are  known  to  profoundly  Influence  the  physics  of  the  local 
interactive  flow.  In  particular,  whether  the  wall  Is  flat  or  curved,  the  local  outer  inviscid  flow  "sees" 
the  overall  viscous  effects  in  the  interaction  as  an  effective  thickening  of  the  geometrical  surface  by  the 
interactive  displacement  thickness  growth.  In  the  vicinity  of  the  shock,  this  is  seen  to  involve  both  a 
rapid  growth  in  the  effective  body  slope  at  the  shock  foot  and  an  overall  downstream  increase  of  the  effect¬ 
ive  body  thickness;  at  the  very  least,  these  two  features  must  be  included  in  any  realistic  mathematical 
model  of  the  local  outer  inviscid  flow  in  such  interactions. 


A  detailed  analysis  of  the  local  mixed  transonic  small  perturbation  field  in  the  vicinity  of  the  shock 
has  been  made  by  Sobieczky61  in  hodograph  variables  (Fig.  9b)  in  the  case  where  this  flow  pertains  to  an 
effective  body  consisting  of  the  bare  wall  =  hi  =  C-px2  plus  a  slope  jump  C2  at  the  shock  foot  followed 
by  a  further  interactive  displacement  thickness  growth,  giving  h2  =  hw,eff  =  C9X+D2X2  (Fig.  9c).  The  re¬ 
sults  yield  two  basically  different  types  of  physical  behavior  (one  regular,  tne  other  singular)  depending 
on  whether  tTuTjnteractive  deflection  effect  is  Included  (C2  >  0,  D2  C])  or  neglected  a  priori 
(C2  =  0,  D2  =  C-j),  as  follows: 

C2  >  0,  02  f  Cp  REGULAR  SOLUTION  with  i* 

Shock  Shape  Xs  =  y  +  y2  (26a) 

M2  -  1  =  K  +  Lx 

C2  *0,  D^C,:  SINGULAR  SOLUTION  without  a* 

Shock  Shape  Xs  ■  y2  (Q  +  Rt  y)  (26b) 

M2  -  1  =  -  K  (1  -  Lx  -  Fx  l  x) 

where  K,  L,  ...»  Q,  P,  R  are  constants.  Now  solution  (2£t)is  in  fact  the  aforementioned  singular  solution 
for  a  "bare"  curved  wall.  The  result  (264)showijat  least  for  non-separating  interactions,  that  the  viscous 
displacement  effect  does  Indeed  eliminate  the  singularity  (giving  in  fact  a  well-behaved  external  inviscid 
disturbance  flow).  To  be  sure,  wall  curvature  does  have  some  Influence,  as  shown  below,  but  this  is  quite 
regular  and  does  not  derive  from  any  singular  behavior  in  the  inviscid  part  of  the  flow. 


Jnner.  Boundary.  Layex  Region 


Here  wall  curvature  influences  the  solution  In  two  ways:  (1)  it  alters  the  Incoming  undisturbed 
turbulent  boundary  layer  profile  upon  which  the  perturbation  solution  depends;  (2)  It  Introduces  new  ex¬ 
plicit  terms  in  the  small  disturbance  equations.  For  the  typical  radii  of  curvature  encountered  in 
practice  ({0/Rr  <  .01  -  -02),  detailed  examination6!  has  shown  that  (2)  are  all  of  order  «0/Rb  and  hence 
completely  negligible*.  Regarding  (1),  while  the  explicit  new  curvature  terms  again  have  a  negligible 
effect,  there  is  a  significant  Influence  on  the  eddy  viscosity  relation63  which  in  turn  manifests  Itself 
as  a  slight  skin  friction  reduction  and  shape  factor  increase,  respectively,  approximately  described  by 
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(27a) 

(27b) 


where  to  this  first  order  accuracy  the  corresponding  effect  on  <5  is  much  smaller  and  therefore  neglected. 
Note  that  the  typical  value  6q/Rb  « .01  yields  a  reduction  and  increase  in  Cf  and  H-ji  of  10%  and  5%, 
respectively,  which  are  an  order  of  magnitude  larger  than  the  explicit  new  curvature  terms  in  either  the 
mean  or  perturbation  flow  equations  (including  the  outer  inviscid  disturbances).  The  use  of  Eqs.  (27) 
with  «n/Rg  as  an  additional  input  parameter  in  the  foregoing  viscous  interaction  theory  enables  a  straight¬ 
forward  appraisal  of  the  first  order  curvature  effects  on  the  non- separating  normal  shock-turbulent  boundary 
layer  interaction  problem. 


A  systematic  study  of  the  wall  curvature  effect  has  been  made  based  on  the  foregoing  extended  inter¬ 
action  theory.  Typical  results  are  presented  in  Fig.  10,  where  it  is  seen  that  the  effect  generally  is  a 
small  one  and  derives  primarily  from  the  curvature  effect  on  the  boundary  layer  shape  factor.  Since  the 
curvature  tends  to  slightly  spread  out  the  Interaction  and  thus  reduce  the  pressure  gradient,  it  slightly 
Increases  Cf  ,  and  hence  delays  incipient  separation.  The  results  for  the  interactive  pressure  distri¬ 
bution  along  ine  boundary  layer  edge  bring  out  the  farther  fundamental  point  that  a  small  subsonic  ex¬ 
pansion  region  occurs  behind  the  disturbance  shock  regardless  of  the  wall  curvature:  since  this  expansion 
was  shown  to  be  an  inherent  feature  of  the  mixed  transonic  viscous  interaction  flow  along  a  flat  surface 
by  Inger  and  Mason2  and  is  further  confirmed  by  detailed  numerical  solutions9,  we  may  conclude  (contrary 
to  what  Is  sometimes  alleged),  that  wall  curvature  £er  se  is  not  the  cause  of  such  expansion  regions  in 
non-separating  turbulent  interactions. 


*  As  regards  the  (regular)  influence  of  curvature  on  the  inviscid  outer  boundary  conditions  via  the  dis¬ 
placement  effect,  the  foregoing  analysis  shows  that  this  is  also  of  order  6  */RB  and  hence  very  small  in 
the  leading  approximation.  0  ° 
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3.  PARAMETRIC  STUDY  OF  LOCAL  INTERACTION  EFFECTS 

The  foregoing  theory  provides  a  fundamental  analytical  tool  for  examining  the  influence  of  the 

basic  physical  parameters  on  the  local  Interactive  properties  of  engineering  interest.  Such  a  study  has 
been  carried  out  and  its  results  will  be  described  in  this  section. 

3.1)  Influence  of  Mach  Number  (Shock  Strength) 

The  effects  of  increasing  Mach  number  on  the  pressure,  displacement  thickness,  skin  friction  and  shape 
factor  distributions  are  shown  in  Figs,  lla-d  for  fixed  Reynolds  number  and  shape  factor  values  typical 
of  a  practical  flight  condition  for  an  aerodynamic  body.  As  expected  on  the  basis  of  earlier  studies*:,  the 
theory  predicts  that  the  Interactive  pressure  gradient,  displacement  thickening,  skin  friction  drop  and 
local  shape  factor  peak  all  increase  with  increasing  pre-shock  Mach  number  while  the  overall  streamwise 
scale  contracts.  In  particular,  owing  to  the  increased  interactive  pressure  gradient  with  increasing  Mi, 
we  see  the  tendency  of  incipient  separation  to  occur  (i.e.,  Cfm.|n  *  0)  as  M^  t  1.30  —see  below. 

3.2)  Influence  of  Incoming  Boundary  Layer  Profile  Shape 

The  predicted  effects  of  the  incoming  boundary  layer  incompressible  shape  factor  Hi  ,  related  to  the 
adiabatic  compressible  value  to  a  good  approximation  by  the  expression  57 

H.  s  (H  -  .273  M  Z)  /  (1.0  +  .1145  M  2)  ,  (28) 

is  shown  for  a  typical  Reynolds  number  case  in  Fig.  12.  In  general  this  effect  is  seen  to  be  quite  sig¬ 
nificant:  increasing  (which  corresponds  to  reduced  profile  fullness  typical  of  an  adverse  upstream 
pressure  gradient  history  and/or  blowing  hi story64) causes  the  interaction  pressure  field  to  spread  out 
with  a  resulting  large  increase  in  its  upstream  influence  distance  (Fig.  12a)  and  displacement  thickness 
growth,  especially  downstream  (Fig.  12b).  This  displacement  thickness  sensitivity  to  H],  is  of  significant 
practical  importance  since  6*  can  have  a  significant  back-effect  on  the  inviscid  flow  and  shock  position 
on  airfoils  or  in  channel  flows. 

The  shape  factor  influence  on  the  interactive  skin  friction  (Fig.  12c)  is  also  significant  but  not 
monotone  in  the  vicinity  of  the  shock  foot;  whereas  increasing  yields  a  continual  reduction  of  the  down¬ 
stream  Cf  level,  its  effect  on  Cfmin  is  much  less  and  in  fact  reverses  at  larger  values  >  1.5  (such 
that  further  H]  •  increase  slightly  increases  Cfm^n)  owing  to  the  influence  of  the  reduced  interactive 
pressure  gradient  that  also  occurs  (Fig.  12a).  These  results  are  quite  similar  to  the  shape  factor-effects 
observed  by  Squire  et  al^  in  purely-supersonic  shock-boundary  layer  Interactions. 

3.3  Reynolds  Number  (  Scale  )  Effect 

The  predicted  Reynolds  number  effect  on  the  interaction  field  along  a  typical  M1  =1.20 
shock-boundary  layer  interaction  is  shown  in  Fig.  13,  where  it  is  noted  that  the  abscissa  of  these  curves 
has  been  normalized  with  respect  to  the  undisturbed  boundary  layer  thickness  6„  (which  Itself  contains  a 
Reynolds  number  effect).  We  observe  from  Fig.  13a  that  there  is  little  influence  of  Reynolds  number  (other 
than  that  absorbed  in  60)  on  the  upstream  pressure  distribution;  the  upstream  Influence  distance  has  the 
expected  small  value  (-1.0  to  1.5  50)  that  scales  essentially  with  f0  itself.  In  contrast,  the  downstream 
interaction  region  shows  a  Reynolds  number  effect  involving  a  contraction  of  the  non-dimensional  streamwise 
scale  with  increasing  Re^.  These  trends,  including  the  tendency  toward  a  very  short  range  nearly  step¬ 
like  pressure  rise  at  very  high  Reynolds  numbers,  are  in  agreement  with  experimental  observation  and  the 
results  of  Navier-Stokes  numerical  simulation  of  turbulent  boundary  layer-shock  wave  interaction. 

The  corresponding  displacement  thickness  predictions  in  Fig.  13b  shows  a  similar  behavior;  only  the 
downstream  thickening  exhibits  a  significant  Reynolds  number  effect  when  plotted  as  &s*/s„*  vs.  x/<50* 
Moreover,  this  effect  evidently  vanishes  at  higher  Reynolds  numbers  for  a  given  boundary  layer  shape 
factor,  implying  that  becomes  proportional  to  s0 *•  The  1ocal  shape  factor  distribution  shown  in  Fig.  13c 
also  exhibits  this  Re-independent  limiting  behavior  at  sufficiently  layer  Re5*. 

The  predicted  influence  of  Reynolds  number  on  the  Interactive  skin  friction  is  shewn  in  Fig.  13d,  where 
it  may  be  seen  that  both  Cfmin  (located  slightly  downstream  of  the  shock  foot)  and  the  value  well  downstream 
of  the  shock  (which  recovers  quite  slowly)  decrease  significantly  with  increasing  Re{*  at  the  larger 
Reynolds  numbers  pertaining  to  full-scale  flight  vehicles.  However,  this  trend  does  not  persist  at  low 

Reynolds  numbers  but  in  fact  appears  to  reverse  owing  to  the  spreading  out  of  the  interaction  and  attendant 
reduction  of  the  interaction  pressure  gradient  which  ultimately  causes  the  Cfmin  to  increase  with  reducing 
Re,  at  the  lower  Reynolds  numbers.  At  sufficiently  low  Reynolds  number  and  large  shock  strength,  the 
present  theory  in  fact  predicts  vanishing  or  slightly  negative  Cf_jn  values  and  hence  Incipient  separation 
with  a  very  small  separation  bubble  slightly  behind  the  shock  foot.  Of  course  the  present  theory  ceases  to 
be  valid  for  separated  flow;  nevertheless  it  does  give  a  useful  indication  as  to  trends  toward  this  situa¬ 
tion  and  an  approximate  idea  of  when  Incipient  separation  occurs  -  see  below  for  a  more  systematic  examina¬ 
tion  of  this  behavior. 

In  conjunction  with  the  foregoing  results,  we  have  also  made  some  comparisons  with  predictions  given 
by  the  Ludwig-Tillman  ("LT")  skin  friction  formula25  when  applied  along  the  interaction  using  the  H  and  e*  = 
6*/H  values  given  by  the  present  theory;  this  is  of  Interest  since  Eq.  25  is  frequently  used  to  empirically 
find  Cf  values  from  velocity  profile  sourveys  along  such  interaction  (see  Fig.  8  and  Ref.  59).  The  typical 
results  are  shown  in  Fig.  14,  where  it  is  seen  that  while  the  preshock  and  minimum  L-T  values  agree  fairly 
well  with  the  present  theory  for  Re4*~  105,  the  overall  L-T  prediction  trends  are  at  variance  with  the 
present  interaction  theory.  In  particular,  the  L-T  predictions  differ  in  three  Important  respects:  (a) 
in  contract  to  the  noticeable  Cfrain/Cf0  increase  with  Re{  predicted  by  the  present  theory,  the  L-T  rela¬ 
tionship  for  the  same  pressure  field  predicts  no  such  Increase,  hence  Indicating  a  higher  Cfmj,j/Cf0  ratio 
at  the  lower  Reynolds  numbers;  (b)  compared  with  the  present  prediction  of  a  gradual  but  significant  Cf 
rise  well  downstream,  L-T  predicts  virtually  no  such  recovery  and  hence  notably  lower  downstream  Cf  values; 
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(c)  the  L-T  predicts  rather  weak  Reynolds  number  effect  trends  on  the  downstream  Cf  behavior  that  are 
opposite  in  sense  to  the  much  str  nger  Re-effect  Implied  by  the  present  theory.  These  Interesting  differ¬ 
ences  must  be  borne  in  mind  when  Interpreting  theoretical  comparisons  with  experimental  Cf  values  that  have 
been  inferred  from  the  L-T  formulae  applied  along  an  Interaction  zone/* 

Apropos  the  foregoing  comparison,  we  also  evaluated  the  accuracy  of  using  a  localized  version  of  the 
well-known  Stratford  analysis  of  turbulent  boundary  layer  behavior  In  strong  adverse  pressure  gradients?* 

As  typically  illustrated  in  Fig.  14,  when  based  on  the  correct  Interactive  pressure  distribution,  this 
approach  is  unsatisfactory,  drastically  over-predicting  the  skin  friction  reduction  and  consequently  the 
appearance  of  incipient  separation  (indeed,  it  predated  incipient  separation  at  14)  —  1.10  -  1.15  at  the 
lower  Reynolds  numbers). 

3.4)  Viscous  Ramp  Modeling  of  the  Interaction 

In  certain  engineering  applications  to  global  flow  field  analysis  computer  programs  for  wings  or  tur¬ 
bine  blades,  it  has  proven  expedient  to  model  the  interaction  as  a  simple  local  inviscid  4*  -  "bump"  or 
"ramp".  A  serious  deficiency  of  this  approach  is  that  it  does  not  account  for  the  dependence  of  the  bump 
shape  and  size  on  Reynolds  number,  shock  strength  and  boundary  layer  shape  factor,  while  the  additional 
interaction  effects  on  the  downstream  boundary  layer  (such  as  Cf  reduction)  are  ignored  altogether.  With 
the  aforementioned  parametric  study  results  in  hand,  however,  the  present  theory  can  provide  (if  desired) 
a  much  improved  "viscous  ramp"  representation  of  the  interaction  whose  key  physical  features  have  the 
correct  dependence  on  M^  Remand  Hj-| . 

Results  for  these  viscous  wedge  properties6®  are  presented  in  Figs.  15,  where  the  upstream  and  down¬ 
stream  influence  distances,  the  slope  and  overall  height  of  the  4*  -  bump  are  plotted  along  with  the 

downstream  Cf/Cf# values  that  may  be  needed  along  with  4*  to  re-initialize  a  subsequent  turbulent  boundary 
layer  calculation  downstream.  We  note  in  general  that  the  overall  scale  of  the  interaction  (which  can  be 
a  sensitive  effect  in  both  steady  and  unsteady  applications  where  such  viscous  wedge  models  are  employed) 
does  not  scale  according  to  the  undisturbed  boundary  layer  thickrjss  even  in  the  non-separating  case.  It 
is  further  noted  that  the  viscous  wedge  slopes  are  in  rough  agreement  with  the  maximum  attached  shock  de¬ 
flection  value  abserved  empirically59,  although  here  of  course  there  is  a  dependence  on  Re$  and  Hi1  as  well 
as  Mach  number.  Finally,  in  all  of  these  curves  we  see  a  significant  dependence  on  the  incoming  boundary 
layer  shape  factor  that  would  appear  to  be  an  important  consideration  in  practical  applications. 

3.5)  Incipient  Separation 

As  mentioned  above  the  present  theory,  although  it  breaks  down  at  separation,  does  yield  a  useful 
indication  of  incipient  separation  where  Cfm,n  0,  i.e.,  where  Eq.  24  is  satisfied.  Since  this  occurence 
is  of  great  practical  interest,  a  parametric  study  of  incipient  separation  conditions  inherent  in  the  pres¬ 
ent  theory  was  carried  out66;  the  results  for  a  normal  shock  are  presented  in  Fig.  16,  where  the  shock 
Mach  number  M]inc  p  sep  above  which  incipient  separation  occurs  is  plotted  as  a  function  of  the  Reynolds 
number  with  thesnape  fSctor  as  a  parameter;  also  shown  in  the  Figure  is  the 

approximate  experimental  boundary  determined  by  a  careful  examination66  0f  a  large  number  of  transonic 
interaction  tests, besides  Nussdorfers6^  famous  M  **1.30  criterion  for  turbulent  flow.  It  is  seen  that 
the  theoretical  prediction  of  a  gradual  increase  in  the  Mjin(.ip  value  with  Reynolds  number  is  in  agree¬ 
ment  with  the  trend  of  the  data;  moreover,  the  theoretical  prediction  of  only  a  small  influence  of  shape 
factor  on  the  incipient  separation  conditions  is  also  bourne  out  by  the  lack  of  any  consistent  H-effect  for 
the  same  Re  discernable  in  the  data  (Squire  has  observed  a  similar  insensitivity  to  Hi i  in  purely  super¬ 
sonic  flow  interactions64).  The  absolute  values  of  Mlincfn,sep,PTed1cted  by  the  present  interaction  theory 
are  seen  to  be  consistently  slightly  lower  than  the  average  experimental  value;  this  is  attributable  to  the 
combined  effects  of  the  linearized  inner  deck  theory  (which  overpredicts  the  pressure  gradieit  effect  on 
Cf  and  hence  too  small  on  incipient  separation  shock  strength)  and  the  assumption  of  a  normal  shock  when 
in  fact  most  of  the  experiments  likely  entail  some  shock  obliquity  (which  also  delays  separation  to  some¬ 
what  higher  shock-strengths).  As  shown  above,  wall  curvature  effects  are  expected  to  play  a  neglibible 
role  since  they  lie  well  within  the  data  scatter. 

In  conjunction  with  Fig.  16,  it  is  interesting  to  note  that  NussdorJirs  original  incipient  separation 
criterion, based  as  it  was  on  a  very  limited  base,  does  roughly  go  through  the  average  of  the  data  although 
it  does  not  account  for  the  proper  Reynolds  number  effect. 

4.  GLOBAL  INTERACTION  EFFECTS 
4.1)  Downstream  Effects  of  Interactions  on  Supercritical  Wings 

In  addition  to  the  increased  displacement  thickness,  the  foregoing  discussion  shows  that  the  skin 
friction  level  following  the  interaction  is  significantly  reduced;  combined  with  the  attendant  sensitivity 
to  the  profile  shape,  this  suggests  that  the  subsequent  downstream  boundary  layer  development  may  retain 
a  memory  of  the  interaction  effects  for  a  considerable  distance  (over  and  above  a  simple  thickening),  par¬ 
ticularly  as  regards  possible  incipient  separation  in  any  adverse  pressure  gradients  downstream.  As  indi¬ 
cated  in  Fig.  17,  this  downstream  "interaction  after  effect"  in  the  boundary  layer  influences  the  sensitive 
trailing  edge  region  and  thus  may  be  important  in  the  design  and  analysis  of  rear-loaded  airfoils, 
especially  at  higher  lift  coefficients  with  increasingly-aft  shock  locations;  it  likewise  may  be  important 
on  three  dimensional  wing  configurations  where  the  shock  interaction  zones  are  weli  aft. 

The  aforementioned  "after-effect"  question  was  therefore  subjected  to  detailed  study  using  the  two- 
layer  turbulent  boundary  layer  program  of  Moses68  as  a  model  of  the  aownstream  viscous  flow;  the  program 
is  coupled  to  the  present  interaction  theory  by  initializing  it  with  the  post-interactive  flow  properties 
so  as  to  account  either  fully  (both  Cf  and  4*),  partially  (4*  only)  or  not  at  all  for  the  changes  across 
the  interaction.  Calculations  were  then  made  of  the  subsequent  downstream  turbulent  boundary  layer  be¬ 
havior  (H,  Cf,  e*,  4*)  in  various  constant  post-shock  adverse  pressure  gradients  typical  of  airfoils  for 
different  assumed  local  interactive  shock  strengths  and  positions  or  Reynolds  numbers.  The  results  serve 
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as  a  paradigm  of  the  downstream  sensitivity  question  in  real  flows. 

A  variety  of  cases  were  studied®^,  typcial  results  of  which  are  presented  in  Fig.  18  where  we  show  the 
predicted  behavior  of  the  boundary  layer  shape  factor  and  skin  friction  in  three  Increasingly-strong  adverse 
pressure  gradients  downstream  of  an  Interaction  occurring  at  a  typically  rearward 

position;  the  consequences  of  either  fully,  partially  or  negligently-treating  the  boundary 

layer  changes  across  the  interaction  are  indicated.  Generally, it  Is  seen  that  the  downstream  behavior  of 
the  boundary  layer  is  indeed  sensitive  to  detailed  modeling  of  the  interactive  effects  and  that  this  sensi¬ 
tivity  increases  with  the  strength  of  the  downstream  adverse  pressure  gradient.  The  adverse  pressure 
gradient  magnifies  the  subsequent  influence  of  the  skin  friction  (as  well  as  the  6*  rise)  across  the  inter¬ 
action  so  that  downstream  separation  tends  to  occur  earlier  than  would  be  predicted  by  either  neglecting  or 
treating  only  the  6*  effect  of  the  upstream  interaction.  As  shown  in  Fig.  19,  these  predictions  are  supported 
by  a  comparison  with  boundary  layer  measurements  downstream  of  a  non-separating  shock  interaction  zone  on  a 
supercritical  air- foil;  both  the  skin  friction  and  shape  factor  data  are  poorly  predicted  when  the  inter¬ 
action  is  neglected  but  are  reasonably  well  predicted  when  the  complete  interaction  effects  are  taken  into 
account. 

Examination  of  results  for  a  wide  variety  of  cases*1*  leads  to  the  further  conclusion  that  such  inter¬ 
active  after-effects  extend  at  least  20-30%  chord  distances  downstream  on  a  typical  air-foil  or  wing,  and 
Increases  (as  expected)  with  either  larger  shock  strength  or  decreasing  Reynolds  number.  If  the  trailing 
edge  region  lies  within  this  range  of  the  shock,  it  is  thus  seen  that  a  simple  thickening  effect  alone  is 
not  sufficient  to  account  for  the  interaction  and  may  result  in  an  inaccurate  prediction  of  the  rearward 
boundary  layer  shape  factor,  skin  friction  and  incipient  separation  properties  including  their  scaling.* 

This  is  of  practical  importance  for  two  major  reasons:  (1)  in  regions  of  sustained  adverse  pressure 
gradient  that  often  follow  the  short-scale  interaction  zone,  the  shape  of  the  velocity  profile  and  stream- 
wise  shear  stress  distribution  (as  well  as  thickness)  are  of  considerable  importance  to  the  aerodynamic 
design  of  an  airfoil  or  wing33;  (2)  the  altered  boundary  layer  properties  (especially  possible  incipient 
separation)  near  the  trailing  edge  and  into  the  wake  can  further  exert  a  powerful  effect  on  the  overall 
aerodynamics  via  their  Influence  of  the  Kutta  condition?^  and  on  possible  buffet  onset.  Consequently, 

Nandanan  et  al  have  carried  out  an  even  more  detailed  study  of  interactions  (using  the  present  theory 
as  the  local  interactive  module)  on  actual  supercritical  airfoils  including  experimental  comparisons; 
the  results  are  reported  in  a  companion  paper  (Ref.  59). 

4.2)  Multiple  Interaction  Effects  on  Transonic  Bodies  of  Revolution 

Another  important  application  of  interaction  theory  has  been  to  the  analysis  of  the  flow  field  around 
axi-symmetric  bodies  at  supercritical  transonic  speeds.  An  interesting  aspect  of  this  problem  for  the 
boat-tailed  bodies  found  in  practice  is  the  occurrence  of  two  interaction  regions  in  sequence,  as  illustra¬ 
ted  in  Fig.  20A.  The  problem  has  been  treated  by  a  composite  in viscid-boundary  layer-shock  interaction 
flow  field  analysis  utilizing  the  present  non-asymptotic  interaction  theory. 

Briefly,  the  approach  consists  of  a  global  numerical  inviscid  flow  region  calculation  based  on  the 
transonic  small  disturbance  method  of  Reklis  et  al’toupled  to  the  compressible  turbulent  boundary  layer 
code  of  Dwyer  et  al’*  (which  includes  the  influence  of  body  spin,  if  present);  the  local  transonic  shock- 
turbuler.t  boundary  layer  interaction  effects  are  treated  by  interposing  astride  the  inviscid  shock  location 
the  axi-symmetric  body  extension  of  the  above  non-asymptotic  theory,  the  required  Inputs  being  the  inviscid 
shock  location  (about  which  the  interactive  solution  is  "centered"),  the  corresponding  streamwise  component 
of  the  inviscid  flow  Mach  number  and  the  streamwise  thickness  Reynolds  numoer  plus  the  shape  factor  from 
tne  turbulent  boundary  layer  code.  The  interactive  solution  is  thus  inserted  as  a  local  "module"  at  each 
shock  location  to  produce  a  general  combined  inviscid-boundary  layer-interaction  solution  code  that  is 
fully  operational.  In  addition  to  the  resultant  rapid  displacement  thickness  growth,  the  interactive 
distortion  of  the  boundary  layer  profile  shape  and  skin  friction  are  also  thereby  accounted  for.  Further¬ 
more,  the  Influence  of  these  changes  on  the  subsequent  turbulent  boundary  layer  development  downstream  is 
included  by  appropriate  post-interaction  reinitialization  using  a  composite  Law  of  the  Wall  -  Law  of  Wake 
profile  model. 58 

Typical  results  for  a  transonic  boat-tailed  body  of  revolution  at  a  flight  member  of  M^  =  .940 
and  zero  angle  of  attack  are  Illustrated  in  Figs.  20  (b}-(d),  where  the  predicted  pressure,  displacement 
and  skin  friction  distributions  are  shown  along  with  some  supporting  experimental  data  obtained  by  Danberg  . 
Even  though  no  separation  occurs,  the  significant  local  Interaction  regions  and  their  after-effect  are 
clearly  evident  in  these  distributions.  Another  interesting  set  of  results  Ts~presented  in  Fig.  21  for  a 
slightly  lower  flight  Mach  case  (.908),  where  the  prediction'  of  the  composite  theory  are  not  only  compared 
favorably  with  data  due  to  Danberg?2  but  also  to  predictions  obtained  by  Nietubicz72  using  a 
Navier-btokes  numerical  code.  The  ability  of  the  composite  approach  to  resolve  the  physical  behavior  in 
the  smaller  scale  interaction  zones  is  clearly  evident. 

5.  CONCLUDING  REMARKS 

The  results  of  this  study  have  shown  that  it  is  now  possible  to  incorporate  as  an  interactive  module 
within  a  global  flow  field  analysis  the  correctly  -  modelled  (and  scaled'  local  shock-boundary  layer  inter¬ 
action  affects  for  the  non-separating  case.  The  non-asymptotic  triple-deck  interaction  theory  involved 
covers  a  wide  range  of  practical  Reynolds  numbers  and  turbulent  boundary  layer  profile  shape  factors  in¬ 
cluding  the  effect  of  wall  curvature;  moreover,  it  gives  an  approximate  indication  of  when  incipient 
separation  occurs.  It  was  further  shown  that  such  theory  is  generally  desireable  when  accurate  predictions 
are  desired  in  the  Important  trailing  edge  region  of  rear-loaded  supercritical  air-foils  (or  approaching 
the  base  of  axi-symmetric  projectile  bodies),  because  the  detailed  changes  across  an  upstream  interaction 
can  significantly  alter  the  subsequent  turbulent  boundary  layer  behavior  for  appreciable  distances  downstream. 


*  In  such  cases,  of  course,  it  might  be  desirable  to  employ  a  more  sophisticated  finite-difference 
turbulent  boundary  layer  code  with  a  relaxation-tyra  eddy  viscosity  model. 
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Three  areas  of  future  application  warranting  further  study  appear  to  be  of  practical  interest. 

(1)  Extension  of  the  present  interaction  theory  to  the  unsteady  case  (examining  first  the  validity  of  the 
quasi-steady  approximation)  in  order  to  study  unsteady  air  loads  due  to  flutter  at  transonic  speeds.  (2) 
Adaptation  to  three  dimensional  flow  fields  of  finite-span  wings,  at  least  outside  wing/fuselage  juncture 
or  tip  -  influence  regions.  (3)  More  detailed  study  of  the  effects  of  shock-boundary  layer  interactions 
on  transonic  internal  flows  within  engine  inlets  and  ducts  and  turbomachinery  blade  passages  and  cascades. 

The  influence  of  these  interactions  on  the  resulting  losses  and  downstream  effects,  especially  with  incipient 
separation,  is  important  to  understand  and  predict  in  practice. 
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APPENDIX 

COMPOSITE  LAW  OF  THE  WALL  -  LAW  OF  THE  WAKE 
TURBULENT  VELOCITY  PROFILE  RELATIONSHIPS 

Because  of  its  convenient  analytical  form,  accurate  blended  representation  of  the  combined  Law  of  the 
Wall  -  Law  of  the  Wake  behavior  and  generality,  we  have  adopted  Walz's  model  for  the  Incoming  turbulent 
boundary  layer  upstream  of  the  Interaction.  For  the  low  Mach  number  adiabatic  wall  conditions  appropriate 
to  transonic  Interactions,  It  may  be  satisfactorily  corrected  for  compressibility  effects  by  the  Eckert 
Reference  Temperature  method  which  under  these  conditions  1s_,1n  fact  comparable  in  accuracy  to,  but  far 
simpler  to  Implement  than,  the  Van  Driest  compressibility  transformation  approach  . 

Let  n  be  Coles'  (incompressible!  Wake  Function,  n  s  y/6  and  denote  for  convenience  R  =  .41  Re«  */ 

C(1  +  n)  (Tw/Te),+**J,  T',//Te  5  1  +  .18  Me2  MH4  #  =  .76  for  a  perfect  gas;  then  the  compressible  form 
of  Walz's  composite  profile  may  be  written 


—  2ir  +  2n.n2(3-2n) 

(A-l ) 

*»(215  +  .655  Rn)e‘‘3Rn 

subject  to  the  following  condition  1 Inking  IF to  Cf  and  Re4j  : 


2u  +  .215  +in  (1  +R) 


■41 


(A-2) 


Eqs.  (A-l)  and  (A-2)  have  the  following  desirable  properties:  (a)  For  ^fjf.lO  or  so,  rr-  is  dominated  by  a 
Law  cf  the  Wake  behavior  which  correctly  satisfies  both  the  outer  limit  conditions  U0/Ue  +  1  and  dU0/dy  f, 
as  n  -*■  li  (b)  on  the  otherhand,  for  very  small  n  values,  U0  assumes  a  Law  of  the  Wall  -  type  behavior  con-, 
slsting  of  a  logarithmic  term  that  Is  exponentially  damped  out  extremely  close  to  the  wall  into  a  lineal- 
laminar  sublayer  profile  U/Ue  =  Rn  as  n  0;  (c)  Eq.  (A-l)  may  be  differentiated  W.R.T.  n  to  .vial d  ar.  ' 

analytical  expression  for  dU0/dy  also,  which  proves  advantageous  In  solvlnq  the  middle  and  '.mer  deck  inter¬ 
action  problems  (see  text)  where  dilo/dy  must  be  known  and  vanish  at  the  boundary  layer  eugc 


The  use  of  the  incompressible  form  of  (■  -1)  In  the  defining  Int  gral  relations  for  «-;*  and  ei*  yields 
the  following  relationship  that  links  the  wake  parameter  to  the  resulting  incompressible  shape  factor  Hi]  = 
(«1*/01*)o: 


Hi]  -  1 
H, 


'  TwVfo  h  *  1.59n  +  .75  *2\ 

pm  ) 


Equations  (A-2)  and  (A-3  together  with  the  defining  relation  for  R  enable  a  rather  general  and  convenient 
parameterization  of  the  profile  (and  hence  the  Interaction  that  depends  on  It)  in  terms  of  three  important 
physical  quantities:  the  shock  strength  (Mel  the  displacement  thickness  Reynolds  number  Re{*  and  the  shape 
factor  H]<  that  reflects  the  prior  upstream  history  of  the  incoming  boundary  layer  Including  possible  pres¬ 
sure  gradient  and  surface  mass  transfer  effects.  With  these  parameters  prescribed, the  aforementioned  three 
equations  may  be  solved  simultaneously  for  the  attendant  skin  friction  value  Cf0, 'the  value  of  R  and.  If 
desired,  the  it  value  appropriate  to  these  flow  conditions. 


(a)  FULLY  SEPARATED  <b)  NO  SEPARATION  (M<IS) 

Fig,  .1  Separation  Effect  on  Transonic  .-’hock- 
Turbulent  Boundary  Layer  Interaction. 
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Mx  =  1.32  ReL  =  2 . 6x10® 


P/Ptotal 


b)  Wall  and  B.L.  Edge  Pressures 


./S„ 


c)  Displacement  Thickness 


Fig.  6  Comparisons  of  Present  Interaction 

Theory  Results  with  Experimental  Data 
or  Ackeret,  Feldman  and  Rott 


Fig.  7  Comparison  of  Theoretical  and  Experi¬ 
mental  Shape  Factor  Distributions  Along 
the  Interaction. 
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Fig.  8  Comparison  of  Present  Interaction  Theory 
with  Experimental  Data  of  Stanewsky 
(DFVLR-Go) 
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A.  Singular:  Viscous 
Displacement 
Effect  Neglected. 


B.  Regular:  Viscous 
Displacement 
Effect  Included. 


Fig.  9  Singular  and  Regular  Inviscid  External 

Flow  Models  for  Curved  Wall  Interactions 
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Fig.  17 


The  Global  Viscous-Inviscid 
Interaction  Problem  for  Super¬ 
critical  Airfoils  (Schematic) 

/K\  SHOCK-DISTORTED  DOWNSTREAM 
&  BOUNDARY  LAYER 


Fig.  18 

Sensitivity  Study  of  Interaction  Effects  on  Downstream  Turbulent  Boundary  Layer  Behavior 
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Fig.  21  Comparison  of  Composite  Interaction 

Solution  with  Navier-Stokes  Code  Results 
and  Experiment  for  a  Transonic  Body  of 
Revolution. 
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COMPUTATIONAL  ASPECTS  AND  RESULTS  OF  LOW  SPEED  VISCOUS  FLOW  ABOUT  MULTICOMPONENT  AIRFOILS* 

by 

B.  Oskam 

National  Aerospace  Laboratory  NLR 
Anthony  Fokkerveg  2 
1059  CM  AMSTERDAM 
The  Netherlands 


SUMMARY 

The  viscous  flow  about  multicomponent  airfoils  has  been  calculated  solving  incompressible  potential 
flow  and  boundary  layer  problems  iteratively.  The  presence  of  the  shear  layers  is  modeled  in  the  potential 
flow  by  an  outflow  boundary  condition  on  the  airfoil  surface  and  the  wake  centerline.  Example  solutions 
show  that  high  accuracy  of  the  potential  flow  solution  is  required  to  justify  the  correction  for  viscous 
effects,  especially  near  the  wing  trailing  edge  of  a  slotted  configuration.  A  second  element  of  the 
present  study  is  the  phenomenon  of  leading  edge  stall.  Turbulent  boundary  layer  separation  at  3  per  cent 
chord,  downstream  of  a  laminar  separation  bubble,  is  found  on  the  nose  of  a  HACA  63-009  airfoil  at  high 
Reynolds  number  indicating  the  occurence  of  turbulent  leading  edge  stall.  This  phenomenon,  being  difficult 
to  distinguish  from  laminar  leading  edge  (short  bubble)  stall,  occurs  at  such  a  small  scale  that  it  is 
observed  only  if  one  obtains  high  resolution  results.  A  third  point  being  made  concerns  the  importance  of 
the  wing  wake  of  a  slotted  configuration.  The  experimental  and  computational  results  agree  reasonably  well 
at  moderate  angles  of  attack.  At  higher  angles  of  attack  it  is  found  that  the  wing  wake  streaming  along 
the  upper  surface  of  the  flap  is  subjected  to  a  large  adverse  pressure  gradient.  The  associated  extreme 
growth  of  the  displacement  thickness  of  the  wing  wake  is  found  to  be  the  major  item  detej.'.ning  the  loss 
of  lift  due  to  viscous  effects. 


1  INTRODUCTI  'N 

Traditionally,  the  design  of  high-lift  systems  has  been  accomplished  mainly  by  wind  tunnel  testing 
The  actual  steps  taken  in  such  a  design  process  are  heavily  based  on  experimental  data  obtained  previously. 
At  the  same  time  Smith  (Ref.  l)  has  pointed  towards  a  more  scientific  approach  to  the  aerodynamic  design 
of  high-lift  devices.  One  aspect  of  sucn  an  approach  is  the  unification  of  theoretical  models  of  various 
physical  flow  phenomena,  providing  a  computational  tool  to  analyse  for  example  the  viscous  flow  about 
multicomponent  airfoils.  The  program  of  Stevens  et  al.  (Ref.  2)  represents  one  of  the  first  attempts  along 
these  lines.  Since  this  initial  effort  continued  usage  of  the  program  has  resulted  in  improved  versions, 
see  for  example  Morgan  (Ref.  3)  and  Brune  .-t  al.  (Ref.  *0. 

At  NLR  this  line  of  work  towards  the  use  of  computers  and  wind  tunnels  as  complementary  aids  to 
design  (Ref.  5)  is  also  being  pursued.  The  present  research  is  a  continuation  of  earlier  work  by  Labrujere 
et  al.  (Ref.  6)  studying  the  feasibility  of  using  potential  flow  calculations  in  the  development  of  high- 
lift  systems.  More  generally  speaking  there  have  been  quite  a  number  of  studies  concerning  the  viscous 
flow  around  multicomponent  airfoils.  For  examples  Seetohm  et  al.  (Refs  7  and  8)  and  Olsen  et  al.  (Ref.  9) 
have  presented  experimental  data  as  well  as  numerical  methods. 

One  of  the  problems  of  high-lift  aerodynamics  is  the  calculation  of  maximum  lift.  Since  flows  with 
partial  separation  are  encountered  at  angles  of  attack  well  below  the  maximum  lift  condition,  one  is  essen¬ 
tially  facing  the  problem  of  modeling  separated  flow,  e.g.  see  Maskew  et  al.  (Ref.  10).  Although  separated 
flow  models  are  also  being  studied  at  NLR,  in  the  present  paper  we  will  onxy  consider  viscous  flows  which 
remain  attached  to  the  surface  except  possibly  for  some  short  laminar  separation  bubbles.  These  viscous 
flows  are  calculated  solving  potential  flow  and  boundary  layer  problems  iteratively.  The  main  ingredients, 
such  as  the  2D  panel  method  (Ref.  6)  and  a  2D  turbulent  boundary  layer  calculation  method  (Ref.  11),  were 
developed  previously.  Evaluation  of  these  theoretical  methods  has  exposed  certain  defects,  requiring  both 
major  and  minor  modifications,  which  is  a  similar  situation  as  referred  to  above  (Refs  3  and  It ) . 

In  the  present  method  the  presence  of  the  boundary  layer  and  wake  is  modeled  in  the  inviscid  flow  by 
an  outflow  boundary  condition  which  has  also  been  employed  by  Piers  et  al.  (Ref.  12).  The  selection  of  a 
"Kutta  condition"  to  render  this  flow  unique  is  not  obvious.  Melnik  et  al.  (Ref.  13)  have  indicated  that 
one  ccnnot  obtain  an  asymptotically  correct  approximation  to  the  lift  in  viscous  flow  from  the  classical 
(weak)  interaction  theory.  To  be  consistent  one  should  take  normal  pressure  gradients  into  account  in  case 
of  turbulent  trailing  edge  flow,  in  contrast  with  laminar  flow  where  norral  pressure  gradients  result  in  a 
higher  order  effect  only,  see  Brown  et  al.  (Ref.  I1*).  At  NLR  these  asymptotically  correct  formulations  ore 
being  studied  by  Veldman  (Ref.  15).  However,  this  line  of  work  has  not  been  extended  to  turbulent  flow  as 
yet.  The  present  method,  being  formulated  in  1977»  incorporates  the  Kutta  condition  of  equal  pressure  at 
the  edge  of  upper  and  lower  trailing  edge  boundary  layer.  Asymptotically  speaking  it  is  not  a  consistent 
approximation,  although  it  appears  to  yield  a  rather  good  prediction  of  the  viscous  correction  to  lift, 
see  reference  8.  Giesing  (Ref.  16),  following  the  earlier  work  presented  in  the  book  by  Thwaites  (Ref.  17), 
also  employed  this  Kutta  condition. 

This  paper  starts  with  a  brief  description  of  the  potential  flow  and  boundary  layer  methods,  sections 

2  and  3.  The  viscous-ir.viscid  matching  conditions  and  associated  iterative  technique  to  satisfy  these  con¬ 
ditions  are  discussed  in  section  •).  Viscous  flow  solutions,  including  comparisons  between  experimental  and 
computational  data,  are  given  in  the  last  section.  A  detailed  description  of  the  method  of  analysis  can  be 
found  in  reference  18. 


*  Part  of  this  investigation  has  been  performed  under  contract  with  the  Netherlands  Agency  for  Aerospace 
Programs  (NIVH;  contract  number  1738). 
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2  POTENTIAL  FLOW  METHOD 
2.1  Preview 

The  potential  flow  panel  method  utilizes  surface  source  distributions  and  internal  doublet  distribu¬ 
tions.  In  the  original  version  of  this  panel  method  (Ref.  6)  the  cho-dw's.'  variation  of  the  internal 
doublet  strength  is  prescribed.  For  thin  geometries  it  has  been  found  .  .,„c  the  accuracy  of  the  solution 
depends  critically  on  the  particular  form  of  the  assumed  doublet  shape.  F'"  .owing  a  study  of  Rubbert  et  al. 
(Hef.  19) i  and  unpublished  work  by  Piers  at  NLR,  this  disadvantage  is  overcoat  by  applying  boundary  condi¬ 
tions  on  the  mean  line  and  solving  for  the  internal,  continuous  doublet  distributions  and  surface  source 
distributions  simultaneously. 

A  second  point  concerns  the  effects  of  compressibi ■ it, .  Although  even  in  low  speed  flow  compressibil¬ 
ity  effects  can  be  suite  important,  the  present  3tudy  <  - .  with  the  potential  flow  of  an  incompressible 
fluid  only.  A  field  panel  method,  see  Piers  et  al.  (Rei  3),  to  solve  the  full  potential  equation  is 
being  studied  at  present.  Thi3  approach  may  be  particularly  attractive  for  low  speed  flows  involving  small 
pockets  of  high  subsonic  or  transonic  sprvus. 


2.2  Mathematical  formulation 

We  shall  consider  boundaries  as  sketched  ..  gure  1.  The  inviscid,  irrotational  and  incompressible 
fluid  flow  in  the  external  domain  is  given  by  a  total  velocity  potential  C-  satisfying  Laplace's  equation 
and  the  following  boundary  conditions: 


v*  +  9* 

CO 

at  infinity,  wake  excluded 

(0 

n  .  V$+  *  v+(P) 
p  n 

n  .  9$+  »  !  v  (P) 
p  n 

P  6  TBT1,  position  known 

(2) 

fi  .  9*“  »  -}  v  (P) 
p  n 

$+(P)  -  t“(P)  =  constant 

P  6  TC1,  position  unknown 

(3) 

Kutta  condition  component  i 

(•») 

The  outflow  distribution  vn  is  either  zero  or  known  fro-  a  preceding  she \r  layer  calculation.  The  implemen¬ 
tation  of  the  Kutta  condition,  i.e.  equal  pressure  a.  edge  of  upper  and  lower  boundary  at  the  trailing 
edge,  will  be  described  in  section  U . 3 . 


To  complete  the  boundary  value  problem  we  formula,."  the  boundary  conditions  which  are  applied  to  the 
nonphysical  flow  interior  to  each  component  i: 

n  .  9*+  =  n  .  V$~  =  v  (P)  P  £  AT*,  mean  line  (5) 

p  p  n 

=  *+(p)  p  e  TBT1,  contour  (6) 

These  boundary  conditions  depend  on  the  solution  of  the  external  problem.  The  normal  velocity  on  the  line 
AT  is  defined  as  the  difference  of  the  normal  velocity  on  the  lower  and  upper  surface  divided  by  two,  con¬ 
stituting  a  mean  surface  approximation  of  the  external  lift  problem. 


It  may  be  shown,  using  Green's  third  identity  and  part  of  the  boundary  conditions,  that  the  solution 
of  the  coupled,  internal  plus  external,  boundary  value  problems  may  be  represented  by  the  perturbation 
potential  induced  by  a  distribution  of  sources  a  and  doublets  u  on  the  appropriate  boundaries,  while  the 
undisturbed  velocity  potential  is  given  by 

♦^(P)  *  (cos  a  x(P)  +  sin  a  y(P)]  .  (7) 


Perturbation  potential  due  to  sources  of  component  i: 

.;<p>  ■  ; .  #  i;Paid,a .  ^ Up,!*,, 

TBT1  TC1 

Perturbation  potential  due  co  doublets  of  component  i: 


(8) 


<P*(P)  =  / 


-  *2^  3n0  £n  ^PQ^Q  +  Sit  3nQ  in  !SPQI<UQ 
AT1  ^  TC  w 


Total  potential: 

«JP)  =  tJP)  + 


f  [>Ps(P)  +  (pd(P)) 


(9) 


(10) 


where  c  (Q)  =  nA.9(p+  -  nA.Vqf  =  v  (Q)  Q  €  TC1 

v  H  h  n 

-uw  =  ( Q)  -  <ff( Q)  =  constant  3  6  TC1 

i  :  total  number  of  components 
SpQ  =  Xq  -  Xp,  x  position  vector. 

Before  differentiating  the  integral  representations  we  will  integrate  equation  (9)  by  parts.  The  integra¬ 
tion  yields: 


i 
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xiSl 


+  niAil 


^(P)  .  -  /  8pQ  dtQ  ♦  8pA 

AT1 


where  8pQ  »  atan  x|p}  and  “  It-  ^  *  *(Q)  the  vorticity- 


(11) 


To  satisfy  the  velocity  boundary  conditions  we  differentiate  equation  (10)  to  obtain  a  linear  integral 
representation  of  the  velocity  in  terms  of  the  distribution  of  singularities.  If  the  source  distribution  in 
the  wake  vanishes,  the  boundary  conditions  reduce  to  a  set  of  linear  integral  equations  for  the  unknown 
singularity  distributions  a  and  y.  Once  the  linear  problem  is  solved  the  wake  position  may  be  determined  by 
tracing  the  streamline  from  each  trailing  edge.  The  nonlinear  problem,  ov  t  0,  may  be  solved  by  iteration. 

A  first  approximation  to  the  wake  position  is  already  known  from  the  solution  of  the  linear  problem, 
ow  =  0.  An  improved  approximation  may  be  found  by  solving  a  linear  problem  with  ow  j*  0,  but  a  known  wake 
position.  The  velocity  components  at  the  wake  centerline  may  be  found  subsequently  and  be  used  to  update 
its  josition. 


2.3  Panel  method 

The  numerical  solution  of  the  linear  boundary  value  problem  is  accomplished  by  applying  a  panel 
discretization  to  the  set  of  integral  equations.  The  geometry  is  approximated  by  flat  panels.  The  source 
distribution  on  the  contour  and  wake  is  taken  to  be  constant  on  each  panel.  The  vorticity  distribution  on 
the  mean  line  is  continuous  and  varies  linearly  on  each  panel.  Panel  midpoints  are  selected  as  control 
points  at  which  nontax  velocity  boundary  conditions  are  required  no  be  satisfied.  Upon  integration  one 
obtains  a  system  of  m  linear  algebraic  equations,  where  m  is  equal  to  the  total  of  all  contour  and  mean 
line  panels.  The  total  number  of  unknown  singularity  parameters  equals  m+p,  however,  where  p  is  the  number 
of  components.  To  close  the  system  of  algebraic  equations  we  have  to  add  the  Kutta  conditions,  whicn  are 
generally  nonlinear,  to  the  system  of  m  linear  algebraic  equations,  linearization  of  the  Kutta  conditions 
results  in  a  n  by  n  system  of  linear’  algebraic  equations,  where  n  equals  m+p.  The  matrix  of  cotl'fici.nts 
cannot  be  factorized  once  and  for  all  for  a  given  geometry  since  the  coefficients  of  the  linear  equations 
relating  to  the  Kutta  conditions  do  change.  The  first  m  equations  remain  fixed,  however,  during  the  itera¬ 
tion  process  and  during  changes  in  Reynolds  number  or  angle  of  attack. 


This  computational  effort  may  be  formulated  as  a  large  number  of  linear  systems  of  identical  order  n 
which  have  the  first  m  equations  ill  common.  Ater  initial  factorization  of  the  first  linear  system  every 
subsequent  solution  of  anoth*.  •  linear  system  takes  only  a  R/T  fraction  of  the  operational  counts  of  the 
initial  solution.  It  may  be  shown  (Ref.  13)  that,  if  n  » 1  and  p/n  « 1 ,  the  asymptotic  behaviour  of  R/T  i3 
given  by 


R  =  2  p  +  ? 

T  2  n  n  ’ 


(12) 


where  p  denotes  the  number  of  components.  This  result  is  plotted  in  figure  2  for  a  range  of  p  and  n.  The 
theoretical  fraction  of  operational  counts  is  compared  to  the  corresponding  ratio  of  the  Central  Processor 
time  on  a  CDC  Cyber  72  computer,  showing  agreement.  It  is  found  that  in  the  present  range  of  application 
every  subsequent  solution  of  a  linear  system  only  consumes  2  or  3  per  cent  of  the  Central  Processor  time 
needed  for  the  initial  factorization. 


Before  starting  the  discussion  of  the  example  solutions  we  note  that  the  classical  Kutta-Joukowski 
condition  of  finite  velocity  at  the  trailing  edge,  pertaining  to  the  first  inviscid  flow  solution,  cannot 
be  applied  in  a  numerical  procedure  as  it  stands.  The  general  approach  in  numerical  procedures  is  to 
deduce  a  flow  property,  close  to  the  trailing  edge,  from  exact  solutions  and  implement  this  related  prop¬ 
erty  numerically,  serving  as  a  Kutta  condition,  see  Hess  (Ref.  21).  One  of  the  simplest  related  properties 
requires  the  bisector  of  the  trailing  edge  to  be  a  streamline  of  the  local  flow.  Example  solutions  pre¬ 
sented  in  section  2.k  are  based  on  this  particular  Kutta  condition. 


2.k  Example  solutions 

The  first  example,  figure  3,  illustrates  the  solution  for  an  0.2  per  cent  thick  airfoil  at  an  angle  of 
attack  of  3  degrees  using  6k  contour  panels,  i.e.  N0  =  6h.  The  computational  results  and  the  corresponding 
exact  solution  of  a  flat  plate  at  3  degrees  incidence  are  indiscernible.  The  results  of  the  method  of 
reference  6,  the  original  panel  method,  clearly  show  that  this  method  is  not  applicable  to  extremely  thir. 
geometries,  ft  demonstrates  the  extended  capability  of  the  revised  panel  method. 

The  second  example  involves  the  application  of  the  present  panel  method  to  a  two-element  airfoil  for 
which  an  exact  solution  by  Williams  (Ref.  22)  is  available  for  comparison.  This  exact  solution  is  compared 
with  the  computed  pressure  distribution  in  figure  It,  where  the  last  20  per  cent  of  the  main  element  is 
displayed  on  an  enlarged  scale.  The  agreement  with  the  exact  solution  is  good.  The  lift  and  drag  coeffi¬ 
cients  at  zero  and  ten  degrees  incidence,  including  the  exact  values,  are  given  in  table  1.  The  differences 
between  compute!  and  exact  coefficients  are  found  to  be  of  the  order  of  1 0— 2 ,  which  compares  favourably 
with  other  first  order  panel  methods. 

The  final  example  is  the  NLR  7301  airfoil  with  single  slotted  flap.  Special  attention  is  being  paid  to 
the  slot  area  displayed  in  figure  5.  Two  potential  flow  pressure  distributions,  one  obtained  with  the 
original  panel  method  (Ref.  6)  ant!  the  ether  with  the  present  method,  are  plotted.  It  is  observed  that  the 
original  method  overpredictf  the  ndverso  pressure  gradient  on  the  wing  upper  surface,  which  ir.  viscous- 
invlscid  computation  invari x1  ’ v  led  to  the  prediction  of  early  turbulent  boundary  layer  separation.  This 
separation  is  not  found  expt  ■?..  •  however,  the  false  prediction  being  the  result  of  errors  in  the 

original  panel  method  solution. 

Reducing  the  number  ci  i  .riels  c  >•,  configuration,  by  a  factor  of  **,  does  not  change  the  pressure 
level  on  the  wing,  although  the  ret  ,  on  ''<‘cot.es  questionable.  The  corresponding  pressure  distribution 
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on  the  flap  near  the  slot  is  shown  in  figure  6  as  panel  distribution  A.  Panel  distribution  B  has  uhe  same 
number  cf  panels  but  distributed  differently.  The  paneling  of  distribution  B  is  more  dense  near  wing  and 
flap  leading  edges  and  sparse  near  the  trailing  edges.  The  results  using  distribution  A  have  less  resolu¬ 
tion,  but  show  a  more  accurate  pressure  level.  The  errors  in  the  pressure  distribution  on  the  flap  using 
paneling  B  with  U8  source  panels  may  be  attributed  to  the  coarse  paneling  near  th.  trailing  edge  of  the 
main  wing.  This  exercise  shows  that  fine  paneling  is  required  to  generate  accurate  potential  flow  solu¬ 
tions.  In  the  present  study  care  was  taker,  to  generate  such  accurate  potential  flow  pressure  distributions 
for  use  in  detailed  boundary  layer  analyses. 


3  VISCOUS  FLOW  ANALYSIS 
3.1  Boundary  layer  methods 

The  various  viscous  flow  calculation  procedures  have  been  chosen  with  the  aim  of  balancing  the  compu¬ 
tational  effort  required  against  the  overall  accuracy  obtained.  For  the  present  purposes  it  suffices  to 
mention  the  shear  layer  methods  used  in  the  calculations. 

-  Laminar  boundary  layer  is  calculated  by  Thwaites'  integral  method  (e.g.  Ref.  23). 

-  Natural  transition  in  the  attached  boundary  layer  is  predicted  by  the  Granville  method  (Ref.  2*0,  making 
use  of  correlations  for  the  instability  Reynolds  number  and  for  the  Reynolds  number  increment  from  the 
point  of  instability  to  the  actual  transition  location. 

-  The  treatment  of  laminar  separation  bubbles  is  based  on  a  method  proposed  by  Van  Ingen  (Ref.  25).  The 
laminar  part  of  the  bubble  i3  calculated  by  an  inverse  boundary  layer  method  of  the  integral  type  in 
which  the  position  of  the  separation  streamline  is  prescribed  by  an  empirical  relation.  The  interaction 
of  the  reattaching  transitional  shear  layer  with  the  inviscid  flow  is  approximated  by  the  Stratford  zero 
skin  friction  pressure  distribution  for  turbulent  boundary  layers,  which  may  be  interpreted  as  the 
result  of  an  inverse  boundary  layer  method  with  prescribed  skin  friction. 

-  The  turbulent  shear  layer  analysis  is  based  on  the  model  shear  stress  equation  of  Bradshaw  et  al. 

(Ref.  26). 

To  start  the  turbulent  shear  layer  calculation  method  we  employ  the  Coles'  wall-wake  formula  as  a 
two  parameter  family  of  velocity  profiles.  One  parameter  follows  from  the  requirement  of  continuity  of  the 
momentum  defect  thickness ,  which  is  known  from  the  laminar  boundary  layer  or  1  ecainar  separation  bubble 
calculation.  The  secord  parameter  is  obtained  by  assuming  that  the  turbulent  boundary  layer  is  in  equilib¬ 
rium.  The  initial  stress  profile  is  assumed  to  follow  from  the  mixing  length  formula.  The  effect  of  these 
assumptions,  concerning  the  initial  data,  on  the  results  will  be  discussed  in  section  5. 

As  a  last  point  it  needs  to  be  recalled  that  the  existing  boundary  layer  method  (Ref.  11 )  does  not 
co/er  turbulent  wakes.  To  demonstrate  the  importance  of  a  turbulent  wake  analysis  method  we  have  extended 
the  basic  boundary  layer  method,  on  a  tentative  basis,  to  treat  symmetric  naif  wakes  (Ref.  18). 


3.2  Drag 

The  most  promising  method  for  predicting  the  drag  is  to  continue  the  boundary  layer  calculation  beyond 
the  trailing  edge  83  a  turbulent  wake  analysis  up  to  some  point  for  downstream  and  then  appxy  the  Squire 
and  Young  formula  or  Jones  method  (Ref.  27).  The  most  important  parameter  of  these  two  drag  evajuation 
methods  is  the  level  of  the  pressure  coefficient  at  the  last  station  where  the  turbulent  shear  layer  is 
calculated.  If  this  pressure  coefficient  is  positive,  the  wake  downstream  will  only  experience  favourable 
pressure  gradients.  In  this  case  the  drag  coefficients  obtained  by  the  Squire  and  Young  formula  slow 
negligible  differences  with  those  obtained  by  the  method  of  Jones.  This  particular  equivalence  was  also 
found  in  a  comparative  numerical  study  by  Zwaaneveld  (Ref.  28).  This  observation  applies  directly  to  the 
evaluation  of  the  drag  of  single  component  airfoils  with  attached  flow  up  tc  the  trailing  edge.  Adding  an 
intermediate  turbulent  wake  calculation  to  the  classical  Squire  and  Young  formula  will  change  the  drag 
coefficient  only  slightly  in  these  cases,  whic.i  means  that  the  viscous  losses  in  wake  are  not  significant 
as  long  as  the  pressure  gradient  remains  favourable. 

In  case  of  multicomponent  airfoils  the  situation  is  quite  different,  however.  The  turbulent  wuke  from 
a  slat,  or  the  main  component  of  a  slotted  co [figuration,  follows  the  components  downstream  and  -s  sub¬ 
jected  to  a  considei able  adverse  pressure  gradient.  The  viscous  losses  incurred  by  the  wake  are  no  longer 
negligible,  such  that  the  wake  flow  cannot  bt  treated  as  if  it  were  inviscid  as  in  the  Jones  method.  The 
Squire  and  Young  formula  is  not  useful  either,  also  under  predicting  the  viscous  losses.  The  present 
strategy  in  case  of  multicomponent  airfoils  is  to  calculate  the  turbulent  wake  flow,  subjected  to  a  known 
pressure  distribution,  far  enough  downstream  such  that  ihe  pressure  level  at  the  las'’  station  of  the  tur¬ 
bulent  shear  layer  calculation  is  fairly  close  to  the  pressure  at  infinity. 


k  VISCOUS-INVISCID  COUPLING 
U. 1  Matching  conditions 

Viscous-inviscid  interaction  for  two-dimensional  flowB,  including  rational  asymptotic  methods  as  well 
as  numerical  matching,  has  been  discussed  by  Le  Balleur  (Ref.  29)  recently.  Let  us  consider  the  (s,  z) 
boundary  layer  coordinate  system  where  (u,  v)  is  the  solution  of  the  viscous  flow  and  4>  the  solution  of 
the  inviscid  flow.  Matching  the  two  solutions  along  their  common  boundary  requires 

u  (s,  z  =  A)  =  ~  (s,  z  =6)  (13a) 

v  (s,  z  =  4)  =  ||  (s,  r,  =  4)  .  (13b) 

These  matching  conditions  (13)  may  be  approximated  by  continuing  the  inviscid  flow  solution  $  into  the 
viscous  flow  domain.  If  this  continuation  is  represented  by  a  Taylor  series  expansion  around  the  edge  of 
the  inviscid  flow  domain,  i.e.  z  «•  4,  we  may  approximate  the  normal  velocity  component  this  way  and 
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rewrite  the  matching  conditions  (13)  as 

Ug  (s)  =  H  (s,  z  =  d) 


(lUa) 


||  (s,  z  =  0)  =  ^  (Ue  «*)  +  0  («2)  (lUb) 

d(s)  /  \ 

where  U  (s)  =  u  (s,  z  =  5)  and  5*(s)  =  /  (l  -  — 1  dz  . 

0  '  ue' 

Further  approximation  by  also  replacing  condition  (13a)  introduces  an  lower  order  truncation  error  in  the 
matching  condition  for  the  tangential  velocity  component, 

U-  (s)  =  u  (s,  z  =  5)  =  —  (s,  z  =  0)  +  0  (d)  ( 1 5a) 

“  oS 


||  (s,  z  =  0)  =  (d*  Ue)  +  0  (d2)  (15b) 

where  U„  (s)  is  the  boundary  condition  for  the  viscous  flow  and  ||  (s,  z  -  0)  the  outflow  boundary  condi¬ 
tion  modeling  the  viscous  effects  in  a  inviscid  flow  problem.  Smallness  of  the  truncation  errors  in  the 
approximate  conditions  (15),  if  applied  to  the  trailing  edge  region,  is  not  obvious,  see  section  h.3. 


b.2  Outflow  boundary  condition 

The  outflow  boundary  condition  involves  differentiation  of  the  computed  displacement  flux  Ue  d*.  This 
displacement  distribution  is  Known  from  applying  the  viscous  flow  calculation  procedures  outlined 
section  3.  These  discrete  results  are  differentiated  using  an  algorithm  based  on  spline  functions,  a 
detailed  description  and  implementation  of  the  algorithm  used  is  given  in  reference  18. 

At  present  the  algorithm  is  applied  successively  to  the  upper  surface  boundary  layer,  lower  surface 
boundary  layer  and  total  wake  of  each  component  individually.  For  completeness  it  is  recalled  that  the 
strong  interaction  of  the  laminar  separation  bubble  is  treated  heuristically.  It  is  assumed  that  the 
relatively  short  laminar  separation  bubbles  have  only  a  negligibly  small  effect  upon  the  pressure  distri¬ 
bution  except  in  the  bubble  itself  where  the  pressure  is  assumed  to  follow  from  inverse  boundary-layer 
methods.  For  this  reason  the  full  displacement  flux  of  this  local  phenomenon  is  not  represented  in  the 
potential  flow.  Instead  we  have  taken  the  displacement  flux  of  the  separation  bubble  to  be  represented  by 
a  linear  variation  between  separation  and  reattachment. 


U .3  Trailing  edge  region 

To  obtain  an  impression  of  thu  inviscid  flow  in  the  trailing  edge  region  it  is  opportune  to  look  at  i. 
realistic  example.  The  NLR  7301  plus  flop  configuration,  already  discussed  at  some  length  in  section  2.b , 
is  chosen.  The  detailed  pressure  distribution  in  the  trailing  edge  region  is  displayed  in  figure  7.  -he 
boundary  conditions  applied  to  obtain  these  numerical  results  conform  with  the  first  inviscid  solution, 
i.e.  zero  outflow  plus  classical  Kutta-Joukowski  condition  implemented  by  requiring  the  bisector  to  be  a 
streamline  (sec  section  2.3).  Figure  7  clearly  shows  the  singular  behaviour  of  the  first  potential  flow 
solution  near  the  trailing  edge,  leading  to  substantial  differences  between  the  inviscid  flow  solution  at 
the  surface  (z  =  0)  and  at  some  distance  off  the  surface.  To  preclude  the  occurrence  of  this  type  of 
singular  behaviour  in  the  boundary  condition  Ue  (s)  of  the  viscous  flow  we  use  the  matching  conditions 
(lh)  at  and  just  upstream  of  the  trailing  edge.  The  boundary  condition  Ue  (s)  immediately  downstream  of 
the  trailing  edge  is  taken  as  a  linear  variation  between  it3  trailing  edge  value  and  the  calculated  wake 
centerline  value  at  a  boundary  layer  thickness  downstream. 

It  should  be  emphasized  here  that  for  the  sake  of  computational  efficiency  one  should  rather  use 
matching  conditions  (15)  than  the  conditions  ( ih) .  The  favourable  aspect  of  conditions  (15)  is  that  they 
apply  at  the  surface  which  is  fixed  during  the  iteration  between  inviscid  and  viscous  flow  solutions,  the 
matrix  of  influence  coefficients  remaining  unchanged  as  a  result.  At  present  the  following  compromise  has 
been  made,  i)  apply  conditions  (15)  outside  the  trailing  edge  region  for  computational  efficiency, 

ii)  apply  ccnditions  Oh)  at  the  trailing  edge  to  preclude  the  occurrence  of  singularities  in  Ue, 

iii)  construct  a  smooth  blending  of  (iha)  and  (15a)  in  the  trailing  edge  regie.. 

Subsequent  potential  flow  solutions  are  obtained  by  applying  the  Kutta  condition  of  equal  pressure  at 
two  points  just  outside  the  boundary  layer.  These  points  fire  located  at  a  local  boundary  layer  thickness 
from  the  trailing  edge  measured  along  the  normal  to  the  bisector  of  the  trailing  edge  angle.  These  boundary 
conditions  are  effectively  the  same  as  those  used  by  Seebohm  et  al.  (Ref.  8).  Their  results  show  a  richer 
good  agreement  between  the  predicted  overall  lift  on  a  slotted  airfoil  and  experimental  data.  This  agree¬ 
ment  is  rather  surprising  in  view  of  a  more  recent  study  by  Melnik  et  al.  (Ref.  13)  and  asks  for  further 
examination. 

Figure  8  shows  the  details  of  the  pressure  distribution  in  the  trailing  edge  region  of  the  NTH  7301 
airfoil.  These  computational  results  pertain  to  a  potential  flew  in  which  the  viscous  effects  have  been 
modeled  by  the  outflow  boundary  condition  and  the  Kutta  condition  of  equal  pressure  outside  the  boundary 
layers  at  the  trt.  .ling  edge,  as  set  out  previously.  The  important  observation  to  be  made  is  the  variation 
of  the  pressure  o\ -r  a  boundary  layer  thickness  in  the  trailing  edge  region.  It  is  found  that  the  present 
Kutta  condition  leads  to  a  pressure  jump  at  the  trailing  edge  when  the  solution  is  continued  analytically 
to  the  surface. 

To  compare  the  results  of  Melnik  et  al.  ^Ref.  13)  to  the  present  e  observe  that  in  case  of  in¬ 
compressible  potential  flow  "the  homogeneous  solution"  of  reference  1.  solution  to  Laplace's  equation 

applying  boundary  conditions  at  the  airfoil  surface  and  wake  centerlin  uus  the  "homogeneous  solution" 
of  reference  13  is  to  some  extent  comparable  with  the  present  solution  displayed  in  figure  8.  Qualitative 
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agreement  is  found  in  the  sense  that  both  solutions  have  a  pressure  jump  at  the  trailing  edge  and  give  a 
rather  good  prediction  of  overall  lift.  However,  the  mechanism  causing  the  pressure  jump  is  widely  differ¬ 
ent.  Further  conclusions  cannot  be  drawn  because  the  normal  static  pressure  gradients  across  the  viscous 
shear  layers  have  not  be  resolved  in  any  detail  as  yet  (Ref.  29). 


5  RESULTS  AND  DISCUSSION 

This  section  summarizes  some  viscous  flow  results  obtained  by  applying  the  method  outlined  in  the  pre¬ 
vious  sections.  These  results  are  compared  with  experimental  data.  For  completeness  it  needs  to  be  remarked 
that  these  comparisons  are  based  on  experimental  data  limited  to  Reynolds  numbers  above  approximately 
2  million,  more  or  less  excluding  the  occurrence  of  large  laminar  separation  bubbles  and/or  tripped  boundary 
layers 


5.1  NACA  63-009 

Figure  9  presents  a  comparison  between  predicted  and  measured  characteristics  (Ref.  30)  of  the  NACA 
63-009  airfoil  at  a  Reynolds  number  of  5.8x1 06.  The  pressure  distributions  show  reasonable  agreement. 
Similar  agreement  has  been  found  for  lift  and  drag  values.  The  theory  does  not  predict  a  bubble  bursting, 
however.  Although  the  independent  experimental  studies  of  references  31  and  32  clearly  chow  a  maximum  lift 
coefficient  of  1.1  and  1.06  respectively,  the  present  results  show  no  tendency  towards  bubble  bursting  at 
12°  incidence  with  a  1.26  lift  coefficient.  This  failure  of  the  theory  to  predict  bubble  bursting  for  the 
NACA  63-009  airfoil  has  also  been  found  by  Von  Ingen  (Ref.  33). 

A  practical  aspect  of  the  problem  is  the  characteristic  short  length  of  the  laminar  separation  bubble, 
typically  0.1*  per  cent  chord  in  the  present  case.  Therefore  a  large  number  of  surface  panels  have  been 
employed  to  obtain  high  resolution  potential  flow  pressure  distributions  near  the  airfoil  nose,  as  dis¬ 
played  in  figure  10.  The  length  of  the  bubble  decreases  as  the  angle  of  attack  increases  while  the  Reynolds 
number  is  fixed.  This  decrease  of  the  bubble  length  is  predicted  mainly  by  the  transition  criterium  and  is 
consistent  with  the  detailed  experimental  observations  by  Gault  (Ref.  32).  At  the  same  time  Gault  concluded 
that  abrupt  stall  resulted  when  the  transitional  shear  layer  near  the  leading  edge  was  unable  to  reattach 
to  the  surface,  which  is  at  variance  with  the  present  pr.dictions  as  noted  before.  Compressibility  has  been 
considered  in  this  context,  but  its  inclusion  does  not  resolve  the  discrepancy. 

From  a  more  detailed  experimental  study  of  the  leading  edge  flow  on  a  semi-ellipse  nose  section  Ridder 
(Ref.  31*)  concluded  that  at  higher  Reynolds  numbers  the  reattachment  process  of  the  transitional  3hear 
layer  in  the  bubble  need  not  be  critical.  Above  a  certain  Reynolds  number  the  pressure  load  on  the  bubble 
does  not  increase  when  the  peak  of  minimum  pressure  increases,  but  levels  off  at  a  value  well  below  the 
critical  level  instead.  For  these  conditions  the  main  influence  of  the  bubble  is  said  to  be  on  the  initial 
conditions  of  the  downstream  turbulent  boundary  layer  flow.  The  mechanism  that  causes  the  abrupt  stall  i * 
regarded  to  be  turbulent  boundary  layer  separation  downstream.  Closer  examination  of  the  turbulent  boundary 
layer  predictions  reveals  the  development  of  a  critical  condition  at  approx.  2  per  cent  downstream  of  the 
reattachment  point,  see  figure  11.  However,  quite  a  margin  with  respect  to  separation  remains  at  12° 
incidence.  We  may  demonstrate  the  feasibility  of  the  occurrence  of  turbulent  leading  edge  stall  by  lowering 
the  Reynolds  number  from  5-8  to  5-OxlO6  to  predict  turbulent  flew  separation  between  11°  and  12°  incidence 
at  a  location  of  3  per  cent  airfoil  chord.  This  type  of  flow  mechanism  is  considered  to  be  the  most  likely 
candidate  that  causes  the  abrupt  stall  observed  experimentally  (Refs  31  and  32).  It  is  noted  that  this  con¬ 
clusion  is  at  variance  with  the  notion  that  the  abrupt  stall  of  NACA  63-009  at  a  Reynolds  number  of  about 
6  million  is  caused  by  bubble  bursting. 

Before  starting  to  discuss  the  results  for  other  airfoils  we  will  pay  some  attention  to  the.  conver¬ 
gence  history  of  the  iterative  cycle  between  inviscid  and  viscous  flow  solutions  for  single  component  air¬ 
foils.  Experience  with  the  method  indicates  that  the  numerical  solutions  converge  after  three  inviscid 
flow  solutions,  provided  no  turbulent  flow  separation  occurs  during  the  iterative  process.  In  case  of 
turbulent  flow  separation  during  the  initial  cycle  of  the  iterative  process,  as  found  for  the  NACA  63-009 
airfoil  at  11°  incidence  and  Re  =  5x10c,  convergence  is  slowed  down  considerably.  As  much  as  5  to  6  itera¬ 
tions  may  be  needed  to  obtain  satisfactory  numerical  convergence,  as  may  be  observed  from  the  results 
plotted  in  figure  12. 


5.2  NLR  7301  airfoil 

The  calculation  results  pertaining  to  the  viscous  flow  around  the  ULR  7301  airfoil  are  presented  in 
figures  13  and  I1*  and  compared  with  experimental  data  obtained  in  the  NI.R-LST  facility  at  a  Reynolds  number 
of  2.6x106  and  a  Mach  number  of  0.2  (Ref.  35).  This  airfoil  designed  for  transonic  speeds,  incurs  extensive 
turbulent  flow  separation  at  higher  angles  of  attack  occurring  in  low  speed  flow  operations.  Since  separated 
turbulent  boundary  layers  are  outside  the  scope  of  the  present  study,  the  calculation  results  are  only 
expected  to  be  accurate  up  to  the  incipient  separation  angle  of  about  6°  incidence.  The  predicted  lift  and 
drag  at  angles  of  attack  above  approx.  9°  incidence  are  indicative  of  the  failure  to  account  for  the  turbu¬ 
lent  separated  flow  near  the  trailing  edge.  Inviscid  modeling  employing  free  streamline  separation  is 
possibly  one  way  to  remedy  the  situation,  as  has  been  investigated  concurrently  at  NLR. 

One  aspect  of  the  comparisons  of  figure  1 U  which  needs  clarification  is  the  apparent  spread  in  the 
experimental  drag  data.  This  spreading  is  observed  as  a  spanwise  variation  of  the  viscous  drag  as  measured 
downstream  of  a  two-dimensional  wind  tunnel  model  by  a  total  pressure  rake.  The  calculation  results  agree 
with  the  minima  of  the  continuous  spanwise  surveys  measured  at  one  chord  distance  downstream  of  the 
trailing  edge. 

Another  aspect  of  the  experimental  data  shown  in  figure  ll*  is  the  sudden  loss  cf  lift  from  approx. 

1.6  to  1.2  at  16  degrees  incidence.  On  account  of  the  initial  revelation  of  the  possibility  of  turbulent 
leading  edge  stall  for  NACA  S3-0C?  (Ref.  18)  more  detailed  measurements  (Ref.  36)  were  made  for  NLR  7301 
to  check  whether  the  sudden  loss  of  lift  (Fig.  1**)  is  possibly  associated  with  turbulent  boundary  layer 
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separation  just  downstream  of  the  laminar  separation  bubble.  These  recent  measurements  suggest  that  turbu¬ 
lent  leading  edge  stall  does  occur,  but  in  the  presence  of  a  large  turbulent  separation  in  the  rear  leading 
to  a  mix  of  turbulent  leading-edge  and  trailing-edge  stall  for  the  NLR  7301  airfoil. 


5.3  NLR  7301 /flap 

The  NLR  7301  with  a  single  32  per  cent  chord  trailing  edge  flap,  already  mentioned  in  section  2.U, 
was  designed  such  that  no  turbulent  flow  separations  occur,  serving  as  a  test  case  for  the  evaluation  of 
the  present  method  of  analysis.  Experimental  data  as  well  as  calculation  results  have  been  presented  in 
reference  37.  From  the  comparisons  it  was  concluded  that  the  calculation  results  showed  satisfactory  agree¬ 
ment  with  the  boundary  layer  data  in  many  respects.  In  the  light  of  these  findings  (Ref.  37)  we  shall 
mainly  be  interested  in  uhe  viscous-inviscid  interaction  and  the  wing  wake  calculations.  In  addition  we 
shall  pay  some  attention  to  the  effect  of  the  assumptions  concerning  the  initial  data  of  the  turbulent 
boundary  layer  analysis  as  mentioned  in  section  3.1. 

Figure  15  shows  calculation  results  pertaining  to  the  inviscid/viscous  flow  solution  for  the  wing 
plus  flap  configuration  at  6  degrees  incidence  and  a  Reynolds  number  of  2.5  million.  The  predicted  pres¬ 
sure  distribution  agrees  with  the  experimental  data,  except  for  a  slight  deviation  at  the  suction  peak, 
which  presumably  is  due  to  the  fact  that  compressibility  effects  have  not  been  accounted  for  as  mentioned 
in  section  2.1.  The  iterative  process  to  obtain  the  solution  given  in  figure  15  is  found  to  converge  in 
about  three  iterations  between  the  inviscid  and  viscous  flow. 

As  already  mentioned  in  section  5.1  the  separation  bubble  determines  the  initial  conditions  of  the 
turbulent  boundary  layer  downstream  of  it.  A  question  associated  with  this  statement  is  how  sensitive  the 
results  of  the  turbulent  boundary  layer  calculation  are  with  respect  to  these  initial  conditions.  To  study 
this  question  in  some  detail  we  have  determined  the  sensitivity  of  the  results  to  initial  conditions  for  a 
fixed  pressure  distribution  by  independently  changing: 

a)  the  shape  of  the  velocity  profile,  i.e.  H  =  &*/6, 

b)  the  magnitude  of  the  shear  stress  profile,!  , 

c)  the  momentum  thickness. 

For  the  wing  upper  surface  turbulent  boundary  layer,  with  a  =  6  degrees  and  Re  =  2.5x10s,  it  is  found  that 
the  effect  of  the  initial  velocity  profile  and  T-profile  on  the  skin  friction  distribution  vanishes  after 
some  10  per  cent  chord  downstream  of  the  laminar  separation  bubble,  as  may  be  seen  in  figure  16.  These 
changes  a)  and  b)  have  no  effect  on  the  development  of  the  momentum  thickness,  i.e.  the  drag  of  the  confi¬ 
guration.  Changing  the  initial  momentum  thickness,  however,  does  effect  the  entire  turbulent  boundary 
layer  at  the  wing  upper  surface  significantly,  as  is  well-known.  Thus  the  main  influence  of  the  short 
laminar  separation  bubble  for  these  conditions  is  its  effect  on  the  initial  momentum  thickness  of  the 
turbulent  boundary  layer  behind  the  bubble.  Thus  it  is  important  that  the  laminar  separation  bubble  calcu¬ 
lation  predicts  the  viscous  losses  in  the  bubble  correctly  as  in  the  case  in  the  present  example,  see 
reference  37. 

Omitting  the  bubble  calculation,  by  assuming  turbulent  flow  at  the  laminar  separation  location,  is 
certainly  no  alternative  because  one  may  not  be  able  to  calculate  turbulent  boundary  layers  at  such  low 
Reynolds  numbers  reliably.  If  one  does  omit  the  bubble  the  experience  learns  that  the  momentum  defect  of 
the  downstream  turbulent  boundary  layer  is  underestimated  as  shown  by  Ridder  (Ref.  3*0  and  also  by  Gleyzes 
eb  al.  (Ref.  38). 

Results  of  the  turbulent  wake  analysis  are  shown  in  figure  17  and  compared  with  the  experimental  data 
showing  reasonable  agreement  at  6  degrees  incidence.  At  higher  angles  of  attack,  o  =  10.1°  and  13.1°,  the 
extreme  growth  of  the  disp'acement  thickness  inherent  to  the  occurrence  of  flow  reversal  is  detrimental  to 
the  convergence  of  the  present  iteration  procedure,  such  that  no  converged  solutions  would  be  obtained.  In 
order  to  assist  the  iteration  scheme  in  arriving  at  a  converged  solution  for  the  a  =  10.1°  and  13.1°  inci¬ 
dence  configurations  the  shape  factor  H  in  the  turbulent  wake  analysis  method  is  artificially  limited  to  a 
maximum  value  =  3. 

The  experimental  and  theoretical  lift  and  drag  characteristics  at  6,  10.1  and  13.1  degree  incidence 
are  shown  in  figure  18.  The  results  indicate  good  agreement  with  experimental  data  at  6  degrees  incidence. 
This  figure  also  presents  results  obtained  with  only  the  near  wake  of  the  wing  taken  into  account,  i.e. 
leaving  out  the  increase  in  displacement  thickness  due  to  the  far  wake  of  the  wing.  It  is  seen  that  the 
wing  wake  alongside  the  flap  upper  surface  is  the  major  item  in  determining  the  loss  of  lift  due  to  vis¬ 
cous  effects  above  say  6  degrees  incidence.  At  13.1  degrees  ncidence  the  predicted  loss  of  lift  depends 
critically  upon  the  displacement  of  the  wing  wake.  The  development  of  the  wing  wake  is  also  important  for 
the  drag.  With  the  present  tentative  wake  analysis  the  drag  coefficient  is  underestimated  by  100  counts 
at  a  =  13.1°.  These  findings  directly  lead  to  the  conclusion  that  the  present  tentative  wake  analysis 
method  i3  inadequate.  A  turbulent  wake  analysis  method  handling  asymmetric  wakes  in  adverse  pressure  gra¬ 
dient  is  needed  to  predict  the  drag  characteristics  of  the  NLR  7301  +  flap  configuration  at  higher  angles 
of  attack. 


6  CONCLUSIONS 

(i)  A  method  for  making  routine  and  economical  compu i.ations  of  the  viscous  flow  about  multicomponent 
airfoils  has  been  developed.  The  method  solves  incompressible  potential  flow  and  boundary  layer  problems, 
accounting  for  viscous-inviscid  interaction  through  an  iterative  scheme. 

(ii)  The  present  potential  flow  method  has  been  formulated  such  that  good  accuracy  is  obtained  in 
such  critical  areas  as  the  shroud  of  slotted  flap  configurations.  Also  a  high  computational  efficiency  of 
the  present  panel  method  is  realized  by  using  a  special  factorization  algorithm. 

(iii)  Hatching  the  viscous  and  inviscid  flow  solutions  near  the  trailing  edge  at  the  edge  of  the 
boundary  layer  is  found  to  be  a  workable  concept.  However,  there  clearly  is  a  need  for  continued  investi¬ 
gation,  both  theoretically  as  well  as  experimentally,  in  order  to  resolve  the  static  pressure  gradients 
across  the  turbulent  shear  layers  at  the  trailing  edge. 
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(iv)  The  computational  solutions  for  the  viscous  flow  show  satisfactory  agreement  with  the  experi¬ 
mental  data  in  may  respects. 

(v)  Detailed  analysis  of  the  viscous  flow  near  the  leading  edge  of  the  NACA  63-009  airfoil  at  high 
Reynolds  number  suggests  the  occurrence  of  turbulent  leading  edge  stall;  this  observation  is  at  variance 
with  the  notion  that  the  abrupt  stall  is  caused  by  bubble  bursting.  There  are  indications  that  turbulent 
leading  edge  stall  may  occur  frequently  at  high  Reynolds  numbers. 

(vi)  Further  applications  have  indicated  that  future  work  to  extend  the  range  of  applicability  of  the 
underlying  aerodynamic  models  should  concentrate  on 

-  the  analysis  of  turbulent  wakes,  particularly  asymmetric  wakes  in  adverse  pressure  gradient, 

-  the  modeling  of  extensive  turbulent  separation  and 

-  the  effect  of  compressibility  in  the  potential  flow. 
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TABLE  1 

Comparison  of  aerodynamic  coefficients  of  Williams'  two-element  airfoil, 

Configuration  A  (number  of  countour  panels:  Nc  =  70  +  82  =  152) 
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Fig.  1  Sketch  of  potential  flow  boundaries 


.  -  *z  ■  .  -  - 


NLR  7301  PLUS  32  PERCENT  FLAP 


TEST  7202  .  RUN  .1  I 
Re  *  76  .  W6  I 


|  <>  =  6°  .  Re  =  2.S  «  t06 

O  EXP.  UPPER  SURFACE  I  REF.  37  I 
j  o  EXP.  LO*ER  SURFACE  |  0-19  ] 

j  -  INVISCID  /  VISCOUS  THEORY 


EXP.  PROFILE  ORAG 


— 4  SPAN*  I  St  VARIATION 
O  MINIMA  OF  CONTINUOUS 


0  4  8  12  16  1  SPANWSE  SURVEY 

o  i degrees) 


0  --fc - 


f  INCIPIENT  TURB  StP. 


/j  AT  T  t.  U1S6*' 

j  ”*0  EXPERIMENT* "7 REF.  35 >  I 

J - FIRST  INVlSClD  APPROX  I 

-  ' - INViSCiO/VISCOUS  theory  I 


0  0?  0.4  0  6  0  8  0.9  1  |.|  1.2 


jFLAP  DEFL.  XI® 

!  GAP  i  6  ♦« 

j  OVERLAP  5.3  ♦, 


0  4  9  12  16  0  0.02  0  04 


0  0.2  0  4  0.6  0.8  1  1.2 

X 


l‘i  Lift  and  drag  characteristics  of  NLn  7301  Fig.  15  NLR  7301  +  flap  configuration;  comparison 

of  pressure  distribution 


o - BASE  LINE 

u-»-*Tre  -  PROFILE  HALVED 
♦-♦—♦rRE -PROFILE  DOUBLEO 


/\ 


LAMINAR 

BOUNDARY 

LAYER 


*  TURBULENT  B.L. 


LAMINAR  SEP.  BUBBLE  — 

0 - L - 1_ 

0  0.1 


A)  INFLUENCE  OF  VELOCITY  PROFILE  SHAPE  AT  REATTACHMENT 


0  0.1  0*  5 

B)  INFLUENCE  OFT -PROFILE  AT  REATTAOA4ENT 


Fig.  16  Effect  of  different  initial  conditions  on  the  computed  local  skin  friction  of 
turbulent  boundary  layer  of  wing  upper  surface  (Fig.  15) 


20-1 


SEPARATION  AND  RE ATTACHMENT  NEAR  THE  LEADING  EDGE  OF  A  THIN  AIRFOIL 

AT  INCIDENCE 

by 

Tuncer  Cebeci 
Aerodynamics  Research 
Douglas  Aircraft  Company 
Long  Bea^h,  California  90846,  U.S.A. 
and 

Mechanical  Engineering  Department 
California  State  University  at  Long  Beach 
Long  Beach,  California  90840,  U.S.A. 

and 

Keith  Stewartson  and  P.  G.  Williams 
Department  of  Mathematics 
University  College 
London  WC1E,  England 


SUMMARY 

The  paper  is  concerned  with  the  calculation  of  the  leading-edge  separation  which 
occurs  on  tnin  airfoils  with  increasing  angle  of  attack.  To  develop  a  general  method 
and  provide  a  basis  for  its  evaluation,  the  simplified  problem  of  a  parabola  at 
incidence  is  considered.  The  boundary-layer  equations  are  solved,  in  finite-difference 
form,  with  the  Mechul  method  to  allow  the  determination  of  the  external  velocity 
distribution  and  a  Hilbert  integral  to  allow  the  modification  of  the  external  velocity 
distribution  by  the  displacement  thickness.  The  results  show  that,  if  the  separation  is 
laminar,  reattachment  occurs  in  a  very  limited  range  of  the  reduced  angle  of  attack. 
With  prescribed  transition,  and  an  algebraic  eddy- viscosity  formulation,  the  trend  of 
the  results  are  ir.  line  with  experiment  and  help  to  confirm  that  the  solution  method  is 
appropriate  for  application  to  real  airfoil  geometries. 


1 .  INTRODUCTION 


Local  regions  of  separated  flow  are  common  on  thin  airfoils  at  an  angle  of  attack 
and  they  are  important  because  of  their  association  with  the  phenomenon  of  stall.  For 
thin  airfoils  the  laminar  boundary  layer  grows  from  the  stagnation  point  and  is 
subjected  to  an  adverse  pressure  gradient  when  still  near  the  leading  edge,  causing 
separation  and  subsequent  transition  to  turbulent  flow.  Reattachment  occurs  and  a 
turbulent  boundary  layer  extends  to  the  trailing  edge.  As  the  angle  of  attack  is 
increased,  the  separation  region  moves  towards  the  leading  edge,  and  eventually  the 
bubble  of  the  separated  flow  bursts.  Reattachment  does  not  occur  and  stall  sets  in. 

Here  we  examine  a  simple  leading-edge  separation  problem  as  an  initial  step  towards 
the  development  of  a  method  for  calculating  the  properties  of  the  flows  described  in  the 
previous  paragraph.  A  parabola  at  incidence  has  been  chosen  because  it  requires  only 
two  parameters  in  the  formulation  of  the  problem,  namely  the  reduced  angle  of  attack  50 
and  the  interactive  parameter  E  and  provides  a  pressure  distribution  which  resembles 
that  found  in  practice.  The  numerical  approach  of  reference  1,  which  involves  the 
Mechul  method,  is  used  to  solve  the  boundary-layer  equations  and  to  determine  the 
variation  of  the  freestrean  velocity.  In  addition,  the  displacement  thickness  is 
allowed  to  modify  the  freestream  velocity  through  a  Hilbert  integral  and  is  determined 
by  the  procedure  of  Veldman  (ref.  2),  with  some  modifications.  The  results  for  laminar 
flow  show  that  reattachment  occurs  for  a  very  limited  range  of  e0.  The  prescription  of 
transition  and  the  use  of  the  algebraic  eddy-viscosity  formulation  of  Cebeci  and  Smith 
(ref.  3)  to  remove  the  closure  problem  leads  to  results  which  show  trends  in  qualitative 
agreement  with  experiment. 


Early  investigations  of  separation  bubbles  have  been  reviewed  by  Tani  (ref.  4)  who 
showed  that  the  sequence  of  events  from  the  first  appearance  of  upper-3urfaoe  separation 
to  the  bursting  of  the  bubble  depends  on  many  factors  but  of  particular  importance  are 
the  geometric  properties  of  the  airfoil  and  on  the  chord  Reynolds  number.  More  recent 
experiments  have  been  reported  by  Arena  and  Mueller  (ref.  5)  and  computational 
investigations  by  Briley  and  McDonald  (ref.  6),  Kwon  and  Plotcher  (ref,  7),  Van  ingen 
(ref.  8)  and  Crimi  and  Reeves  (ref.  9).  The  last  two  investigations  made  use  of 
integral  methods  and  ‘he  first  combined  solutions  of  the  boundary-layer  elsewhere.  Kwon 
and  Fletcher,  like  the  present  contribution,  combined  use  of  th'--  boundary-]  \yer 
equations  with  a  Hilbert  integral.  Their  calculations  were  confined  to  mid-V-crd 
separation  situations  where  curvature  effects  are  less  important  and  the  iter..i}i«.n 
procedure  was  carried  out  in  a  different  way. 

These  studies  have  the  disadvantage  that  a  number  of  approximations  of  uncertain 
validity  are  made  in  deriving  the  basic  equations  used  and  it  is  desirable  that  where 
possible  a  more  rational  approach  be  used.  For  this  purpose  we  can  take  advantage  of 
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the  significant  advances  in  the  theory  of  laminar  flows  at  high  Reynolds  number  that 
have  taken  place  in  recent  years  using  the  concept  of  the  triple-deck  (see  Stewartson 
(ref.  10)  for  a  recent  review).  Previously  the  existence  of  the  Goldstein  singularity 
at  separation  when  the  pressure  gradient  is  prescribed  had  effectively  brought  such 
studies  to  an  end  at  this  point  and  prevented  the  development  of  a  rational  theory  of 
separated  flows.  The  triple-deck  enables  the  pressure  gradient  to  be  related  to  the 
displacement  thickness  and  now  the  singularity  must  disappear.  Indeed  Dijkstra  (ref. 
11)  and  Smith  (ref.  12)  were  able  to  carry  out  extensive  integrations  into  the 
rever sed-flow  region.  In  particular  Smith  (ref.  13)  was  able  to  analyze  the  laminar 
flow  around  a  circular  cylinder  at  large  values  of  the  Reynolds  number  R  using  the 
Kirchhoff-Sychev  theory  and  obtained  good  agreement  with  observation  when  R  ~  100. 

In  this  paper  the  procedure  we  have  adopted  is  in  general  only  guasi-rational  i.e. 
as  in  the  earlier  studies  we  make  a  number  of  approximations  that  cannot  be  fully 
justified.  There  is,  however,  one  set  of  circumstances  in  which  the  theory  can  be 
completely  justified.  This  is  when  the  angle  of  attack  of  the  parabola  is  very  close  to 
that  needed  to  provide  separation  and  the  Reynolds  number  based  on  the  later  section  of 
parabola  is  large.  Then  an  application  of  the  triple-deck  theory  leads  to  an 
interactive  problem  of  the  type  we  shall  discuss  in  the  present  paper.  Thus  by  taking 
e  and  Cq  -  Soc  to  be  very  small,  where  Soc  is  the  reduced  angle  of  attack  which 
just  provokes  separation,  we  should  obtain  results  close  to  those  of  this  rational 
theory. 


2.  GOVERNING  EQUATIONS 

For  two-dimer.sional  steady  incompressible  flows,  the  boundary-layer  equations  are 
well  known  and  can  be  written  in  the  following  form: 


22  +  22  _  0 

3s  3n 

(1) 

3u  .  3u  due  .  1  3t 

u  —  +  v  r—  =  u  -x — —  +  —  t-i- 
3s  3n  e  ds  p  3n 

(2) 

where 

3u  — r—r 

T  «  „  _  _  puTvT 

(3) 

Usually  the  boundary-layer  calculations  for  the  above  equations,  with 
-pu’v1 ,  are  performed  for  prescribed  boundary  conditions  given  by 

a  model  for 

u(s,0)  »  0,  v(s,0)  a  0,  u(s,ne)  *  ue(s) 

(4) 

For  convenience  we  shall  refer  to  this  as  the  atandati-StQblfiiBA  In  Eq.  (4)  ,  the 
external  velocity  distribution  ue(s)  is  given  either  from  experiment  or  from  inviscid 
flow  theory.  In  the  latte  •  case,  it  is  often  necessary  to  consider  the  effect  of  the 
boundary-l^yer  on  the  calculated  external  velocity  distribution.  This  can  be  done  in 
several  ways.  One  procedure  is  to  write  the  edge  boundary  condition,  with  ue°  denoting 
the  inviscid  velocity  distribution,  as 

u(s,ne)  *  ue(s)  ■  ue°(s)  +  uc(s) 

(5) 

and  compute  uc  from  the  so-called  Hilbert  integral, 

CO 

u  is)  =  -  f  (u  {*)  — 

c  it  J  do  '  e  '  s  —  o 

(6) 

where  d/do  (ue5*)  is  the  blowing  velocity  induced  by  the  boundary  layer.  Equation  (6) 
is  valid  only  for  straight  walls.  The  effect  of  the  boundary  layer  is  accounted  for  by 
solving  the  governing  equations  subject  to  the  wall  boundary  conditions  in  Eq.  (4)  and 
the  edge  boundary  condition  given  by  Eq.  (5).  Several  sweeps  over  the  flow  field  are 
made  until  the  solutions  converge.  There  are  several  difficulties  or  questions  which 
arise  in  this  procedure  and  require  further  study. 

One  question  concerns  the  Hilbert  integral.  When  computing  its  contribution  to 
u§»  we  must  benr  in  mind  that  generally  the  blowing  velocity  is  small  and  has  little 
effect.  This  i~  not,  however,  the  case  in  the  interaction  region  especially  when  the 
flow  has  separated,  but  the  iteration  process  will  be  laborious  and  slow  if  at  each 
stage  we  have  to  compute  anew  the  effect  of  the  blowing  velocity  over  the  entire 
airfoil.  It  would  be  convenient  and  indeed  in  some  practical  problems  necessary  to 
assume  that  the  interaction  region  is  limited  to  a  finite  range  sa  <  s  <  of  s.  As 
a  result,  numerical  problems  arise  in  evaluating  Eq.  (6)  when  s  “is  near  the  limit  of 
integration  but  they  may  be  reduced  if  a  smooth  function  is  subtracted  from  the  blowing 
velocity.  In  other  words  we  may  rewrite  Eq.  (6)  as 


: 
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Ue(s) 


1  r8b  (u e«*)  '  -  K(o) 

*  J  8-0 


(7) 


where  K(o)  is  a  suitable  function  of  a  and  A  denotes  the  residue  of  the  Hilbert 
integral,  namely 


(us*)'  -  K  (o)  (us*)  *  -  K(o) 

— - -  do  +  /  — = - 

s  —  c  J  s  —  o 

8b 

Clearly  the  limits  sv  Sb  of  o  must  be  chosen  so  that  (ueS*)  1  varies  slowly 
outside  the  range  of  integration  and  in  addition  we  would  like  to  choose  K  so  that  the 
effect  of  A  on  ue(s)  is  negligible. 

A  second  difficulty  is  that,  as  already  pointed  out,  Eq.  (6)  is  only  valid  for 
straight  walls.  Modifications  should  be  introduced  when  curvature  effects  are  taken 
into  account  and,  once  we  have  chosen  appropriate  values  of  sa,  Sb,  we  must  consider 
whether  these  effects  can  be  reduced  to  a  simple  multiplicative  factor  in  Eq.  (7)  or  are 
more  fundamental. 

A  third  difficulty  arises  if  the  boundary-layer  solutions  contain  regions  of  flow 
reversal  across  the  layer.  Appropriate  modifications  must  be  made  in  the  numerical 
method  to  compute  such  flows.  There  are  several  inverse  boundary-layer  procedures  that 
can  be  used  to  cope  with  this  difficulty  (ref.  1,  7,  14-16)  but  all  are  limited  to  small 
regions  of  separation  of  size  which  remains  to  be  explored. 

The  turbulence  model  required  to  describe  the  Reynolds  shear  stress,  pVv',  in 
terms  of  known  properties,  presents  a  fourth  difficulty.  As  shown  in  (ref.  17),  the  CS 
model  is  adequate  for  attached  boundary-layer  flows  but  greater  uncertainty  exists  in 
regions  of  separation,  where  the  transport  of  tubulence  properties  may  be  important. 
Even  with  existing  "nigher  turbulence  models"  the  problem  of  wall  functions  remains.  In 
particular,  existing  wall  functions  are  based  on  the  law  of  the  wall  which,  itelf,  does 
not  allow  revere  pressure  gradients  and  is  deduced  from  the  properties  of  attached 
boundary  lexers.  In  addition,  and  with  the  exception  of  the  earlier  attempt  of  Jones 
(ref.  18),  only  the  CS  model  has  been  tested  in  such  comparatively  low  Reynolds  number 
flows  as  those  found  near  the  leading  edge  of  airfoils. 

Transition  from  laminar  to  turbulent  flow  introduces  a  further  difficulty. 
Although  methods  such  as  e9  have  been  used  (ref.  8),  and  offer  some  promise,  they  must 
be  regarded  as  untested  and  need  further  exploration.  Since  the  transitional  region  is 
large  at  low  Reynolds  number  flows,  and  is  important,  it  is  necessary  to  calculate  the 
onset  of  transition  and  modify  the  turbulence  model  for  -pu‘ v'  to  represent  the  flow 
through  and  downstream  of  the  transition  region. 


/  do  (8) 


3 .  MODEL  PROBLEM 

The  study  reported  here  is  one  phase  of  a  larger  effort  on  interactive  flows.  In 
this  paper  we  investigate  the  computational  problems  arising  in  leading-edge  separation 
and  use  the  CS  model  to  represent  the  Reynolds  shear  stress  term. 

Vt  consider  a  thin  ellipse  of  major  axis  2a  and  minor  axis  2at  at  an  angle  of 
attack,  a,  in  a  uniform  stream  of  speed  u,, .  We  take  (x,y)  axes  to  be  at  the  center 
of  the  ellipse  and  with  6  denoting  a  polar  angle  (see  fig.  1),  we  represent  the 
ellipse  by 

x  =  -a  cose,  y  =  at  sine  (9) 


Figure  1.  Flow  Configuration  for  the  Model  Problem. 

In  the  classical  inviscid  flow  theory  of  attached  flow,  the  circulation  is  adjusted  so 
that  the  rear  stagnation  point  occurs  at  6  =  it  ,  and  the  velocity  distribution  can  be 
calculated  from  the  expression  given  by  Lamb  (ref.  19), 


u 


o 

e 


u 


00 


sin(e+a)  +  sina 


(10) 


We  now  assume  that  the  interaction  region  is  confined  to  a  region  near  the  nose  in  which 


•  *famm. 
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8  ■  0(t).  In  this  region  Eq.  (9)  becomes 

x  -  -all  -  1/2  e2(l  +  0 (t2) ]  ,  y  -  atetl  +  0(fc2))  (11) 

so  that  both  x  and  y  are  0(at2).  Thus  neglecting  terms  where  the  relative  error  is 
0 ( t 2 ) ,  we  can  approximate  the  ellipse  locally  by  the  "nose-fitting"  parabola 


x  ■  -a(l  -  1/2  o2),  y  *  ate 

If  we  let 

c  *  e/t 

then  the  relations  given  by  Eq.  (12)  can  also  be  written  as 

x  *  -a(l  -  1/2  c2t2) ,  y  *  at2£ 

Expanding  Eq.  (10),  we  have  to  leading  order 

c 


u 


-  (1  +  t) 


«  +  C 


(1  +  C) 


o 


(12) 


(13) 


(14) 


(15) 


where  £0  *  «/t. 


To  find  the  surface  distance  s  needed  for  the  boundary-layer  equations,  we  use 
the  relations  given  by  Eq.  (14)  and  write 


s  =  at2  j  (1  +  e2)*dC  +  const 
0 


(16) 


With  Ra  ■  2au,/v,  we  now  introduce  a  dimensionless  normal  distance,  y,  defined  by 

1%. 


V1  +  t) 


[2t  (1  +  K  ) 

a  dimensicniess  stream  function,  f(?,y),  defined  by 

*  ■  1(1+  t) 2uwavt2/*  f(C,y) 
and  the  of  eddy  viscosity,  defined  by 


(17) 


(18) 


-pu' v’ 


pe 


3u 
m  3n 


(19) 


By  means  of  Eqs.  (16)  to  (19),  the  boundary-layer  equations  given  by  Eqs.  (1)  and  (2) 
can  be  written  as 


(bf")  + 


1  +  r 


(f • ) 2  +  (1  +  S2)u 


du 


'e  dc 


e  _  f,  3fj_  _  f„  3f 


3C 


(20) 


where  primes  denote  differentiation  with  respect  to  y.  The  boundary  conditions 
corresponding  to  Eq.  (20)  follow  from  Eq.  (4), 


f  =  f'  =  0  at  y  =  0,  f'  +  (1  +  K2)h  ueU) 


as  y 


Here 


u  f?> 


ue*s)  =  uji  +  t) 


S  +  So  ,  uc 
(1  +  U« 


(21) 


(22) 


We  now  use  parabolic  coordinates  (5,o)  cho3en  so  that  the  nose  fitting  parabola  is 
n  =  1  and  the  fluid  region  is  defined  by  n  >  1.  Then  as  is  shown  in  reference  20, 


e  _ 


u-  tK^u  +  er  (1  +  5  ) 


i  r  4'(5)  "4» 

TX  J  - = — dc 


(23) 


e  -  5 


Here  the  prime  denotes  differentiation  with  respect  to  £,  =  1.2168  and  the 

parameter  4(  5)  is  defined  by 


&(C)  -  11a  |yue(5)  (1  +  f2)*8  -  f(?,y)] 


(24) 


Thus  the  "edge"  boundary  condition  in  Eq.  (21)  can  be  written  as 


'-V-- 


E 


tR.ir  (1  +  t)  ' 

The  eddy-viscosity  (e^)  formulation  used  here  is  the  algebraic  CS  model  described 
in  reference  3  and  is  given  by  two  separate  formulas.  In  the  so-called  inner  region  of 
the  boundary  layer  em  is  defined  as 


t2  3u| 

L  357  Kr 


L  =  0. 4n [ 1  -  exp (-n/A) | , 

s 

Ytr  =  1  -  exp  -G<8  -  str)  /  , 


In  the  outer  region/  em  is  defined  by 


A  =  26V/-)*5 

\ t /max 

-  _  ue  „-1.34  1 

G  7  \r  ™ 


<em>o  =  “1  /  (ue  “  u)< 


where/  with  z\  =  R0/425  -  1/ 

0jL  =  0.C168  irrf,  n  =  0.55[i  -  exp(z^  -  0.298^)]  (30) 

The  inner  and  outer  regions  are  established  by  the  continuity  of  the  eddy-viscosity 
formulas. 

In  terms  of  dimensionless  parameters  defined  by  Eqs.  (17)  and  (18),  Eqs.  (27)  to 
(30)  can  be  written  as 

(e*) i  =  0.16y2  />jRa  t/TTt  [l  -exp(-n/A)]2  ! f " | Ytr 


where  eJi  =  ej/v  and 


mo  j. 


/5T-  t/TTT  (f;ye  -  feWtr 


The  relation  between  s  and  5  needed  for  the  s-term  appearing  in  Eq.  (20)  is  given 
by  Eq .  ( 16 )  . 


4 .  ASYMPTOTIC  STRUCTURE 

In  section  2  we  discussed  some  of  the  difficulties  associated  with  the  use  of  the 
Hilbert  Integral  in  interaction  boundary-layer  studies.  For  one  of  these,  namely  the 
estimate  of  A,  Eq.  (8) ,  the  laminar  studies  are  especially  useful  in  giving  us  firm 
information  about  the  behavior  of  the  displacement  thickness  when  5  is  large.  We  may 
set  up  a  consistent  asymptotic  expansion  of  the  solution  in  the  form 


U  *<«  1  +  - —  +  — sp  + 

e  5  52 


with  a  corresponding  form 


f  =  CfB(y)  +  fx(Y)  +  (yf£  _  fB)  +  c'^ty)  +  ...  (35) 

for  f  where  y  .is  a  constant  to  be  found.  Here  £3  is  the  Blasit  .  function 
satisfying  fg  +  fefs  =  0  with  the  usual  boundary  conditions  while  fy,  satisfy 
linear  equations  of  which  the  second  can  only  ba  solved  if 

V  =  -0.499  -  4. 329$2  _  l.204u2 

The  corresponding  form  for  A  is 


(36) 


^  »  **^*ggg£vt 


,***  -v 
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L  .j*—  ■  .>.  .-  •  ■X— 


20-6 


A  =  e4B+  4X  +  liA^T'  log?  +  ?'A2  + 


(37) 


where  =  3.79650.  We  now  see  that  the  integral  Eq.  (23)  converges  for  all  ?  and  the 
error,  by  truncating  at  a  large  value  of  ?, “Aj/C.  It  also  follows  from  Eq.  (23)  that 


a2  =  -1/2  (38) 

and  it  may  be  shown  that  further  terms  in  Eq.  (34)  are  different  according  as  £  *  0. 


NUMERICAL  METHOD 


We  use  the  Box  method  coupled  with  the  Mechul  function  approach  to  solve  the 
boundary-layer  equations  given  by  Eqs.  (20),  (21)  and  (25).  The  application  of  this 
method  to  the  solution  of  inverse  boundary-layer  flows  with  prescribed  displacement 
thickness  has  been  described  in  several  references,  see  for  example  references  1  and  14, 
so  the  present  description  is  brief. 


where  D(5)  =  A(  ?)  -  A*? .  Except  for  the  evaluation  of  the  integral  in  Eq,  (41c),  the 
system  of  equations  given  by  Eqs.  (39)  and  (41)  are  tailor-made  for  the  Mechul  function 
method.  We  assume  that  the  initial  conditions  which,  in  this  case,  correspond  to  the 
stagnation  point  solutions  and  are  known  at  ?  “  ?  0  a»<3  then,  on  ?i  <_?’<.  ?N»  0  <.  Y< 
ye,  we  choose  a  possibly  nonuniform  net 


4  "  "xi 


5n  =  5n-l 


+  k 


y  =  0 
Jo 


yi  “  yj-l  + 


2  <_  n  £  N 
1  <  j  <  J 


(42) 


yJ  =  ye 


Here  li  is  a  large  number,  which  in  our  calculations  was  varied  up  to  as  much  as  50. 
More  will  be  said  of  the  net  selection  in  Section  6. 


If  we  temporarily  postpone  the  evaluation  of  the  inteqral  in  Eq.  (41c),  we  can 
proceed  to  write  difference  approximations  to  Eqs.  (39)  as  described  in  reference  14. 
The  resulting  nonlinear  difference  equations  are  then  linearized  by  Newton's  method. 
For  each  fixed  n  in  2  <  n  <_  N  the  system  with  1  <  j  <_  J  contains  4J  equations 
and  with  the  four  equations'resulting  from  the  boundary  conditions,  this  yields  4J  +  4 


equations  for  as  many  unknowns  sf-f,  4u-j,  4v-t  and  Sw-j  and  are  solved  by  the 

l.  a _ 1.  _  *  1  s _ j _ _ i_  1 _ j  j _ ■  u  j  1  _  r  _  i _ mi _ _  r  a  ^  1 _ a.  1 _ _ _  u  n 


block-elimination  method  described  in  reference  21.  The  solution  algorithm  can  be 
arranged  so  that  the  solutions  are  obtained  for  standard  (specified  external  velocity 
distribution)  and  inverse  problems.  For  flows  with  separation,  where  regions  of 
negative  velocity  occur,  it  is  necessary  to  overcome  the  stability  problem  in  order  to 
continue  the  calculations  past  the  separation  point.  In  our  scheme  we  use  the 
approximation  first  suggested  by  Reyhner  and  Fliigge-Lotz  (ref.  22).  Tbi3  approximation 
neglects  the  u9u/3x  term  in  the  region  of  negative  u-velocity.  If  the  separated 
region  is  not  extensive,  this  approximation  is  satiofaccory  and  there  is  no  need  to 
improve  the  calculations  by  the  DUIT  procedure  described  in  reference  23.  All  separated 
flow  calculations  reported  here  were  performed  without  the  DUIT  procedure. 


In  order  to  write  Eq.  (41c)  ir.  a  form  which  relates  to  cur  boundary-layer  method, 
we  use  a  procedure  due  to  Veldman  (ref.  2)  with  3ome  changes  in  detail. 


According  to  the  Mechul  function  method,  we  treat  the  pressure  or,  as 
the  "edge"  velocity  as  a  function  of  y  as  well  as  5  and,  by  defining 

in  this  case, 

f'  =  u 

(39a) 

u'  =»  G 

(39b) 

» 

1 

w'  *  0 

(39c) 

y 

we  write  Eq.  (20)  as 

V 

i 

(bG)'  +7T7  (u'  w2)=uh‘gh  wh 

Here 

(39d) 

i 

i 

W  a  Ue(l  +  S2)5-/^ 

(40) 

! 

i 

The  wall  boundary  conditions  in  Eq.  (21)  become 

i 

f  o  u  =■  0 

(41a) 

t 

Similarly  the  "edge"  boundary  conditions,  with  f'  at  edge  now  denoted  by 

fe,  are 

fe  “  «e 

(41b, 

we  =  5  +  ?0  +  e  /  D  U)dt 
—  €  “  ? 

(41c) 
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As  a  first  step  the  tails  of  the  Hilbert  integral,  i.e.  the  contributions  from  the 
ranges  (-»,£].)  and  were  neglected.  Some  tests  were  carried  out  to  check  the 
validity  cf  this  approximation  and  it  was  concluded  that  errors  in  ue  from  this  source 
would  be  typically  of  order  10“4,  and  negligible. 

To  evaluate  the  integral  at  5  “  cn  over  (51, Cn)  we  split  it  up  as  follows: 


I  = 


k=2  «k-l 


D 1  dC  + 
5  -  ? 


tn+l 


/  I 


D'd£ 
5  ~  ? 


(43) 


For  the  integrals  in  the  two  sums,  i.e.  over  intervals  outside  the  two  enclosing  £n, 
we  take  D'  to  be  approximated  in  each  interval  by  the  constant  value 


D' 


(44) 


Thus 


where 


o'  dr  „ 

°k  “  °k-l 

1  n 

5n  5k-l 

n  ”  * 

r— 

1 

1 

u* 

W 

1 

c 

k  =  («k 

-  )_1 

In 

5n  5k-1 

r  —  r. 

-Vi> 

(k  f  n  or  n  +  1 ) 


For  the  double  interval  containing  £n,  because  of  the  cancellation  in  the  constant 
term,  we  take  account  of  the  linear  variation  in  D1  and  obtain 


where 


rl -  V  i.^ow-v 

Vi  ” 


(45) 


if 


nn  _  Wl  ~  V+  a  _V«n-W“2 


«n  “  Vl 


n+1 


Ln  =  -  W"1  ln 


5n+l  5n 


gn  gn-l 


5n  “  en+l 


When  n  =  1  or  N  we  need  values  for  D  at  neighboring  stations  outside  the  range 
(?1,  tfj) .  These  are  obtained  by  quadratic  extrapolation,  which  is  consistent  with  the 
assumption  of  linear  behavior  for  D'. 

Using  these  results  the  integral  in  (41c)  may  be  expressed  in  the  form 

N 

I  °k,nDk  (46) 

k=l 


where  the  Ck,n  are  coefficients  which  need  calculating  only  once  if  the  mesh  is  fixed. 
They  have  the  property  that 

’ 0  fei  -  J-  " 0  (tt) 

We  now  set  up  a  global  iteration  for  coupling  the  "elliptic"  boundary  condition, 
Eq.  (41c)  with  the  system  given  by  Eqs.  (39)  and  (41a, b) .  After  the  ith  iteration  has 
been  completed  we  may  suppose  that  we  have  estimates  d(D  for  the  Dn  and  an  estimate 
Cy-)  for  the  stagnation  point  where  the  current  ue  distribution  is  zero.  We  assume 
that  f  =  0  for  all  y  at  this  point  and  integrate  away  from  it,  first  along  the 
upper  surface  (5  >  5^  Jm  and  then  along  the  lower  t£  <  5  A*)].  Since  the  stagnation 
point  moves  as  the  iterations  proceed  and  also  there  is  no  profile  to  store,  we  do  not 
use  it  as  a  regular  5-station;  we  essentially  use  its  position  to  determine  a  profile 
at  the  first  5-station  to  the  right  of  Cjl',  say  where  n  =  nj,,  then  continue  the 
integration  for  n  =  nj  +  1,  ...,  N-l.  Similarly  on  the  lower  surface  we  start  by 
determining  a  profile  at  n  =  ni  -  1,  then  continue  the  integration  for  n  »  nj  -  2, 
. . . ,  2 . 

At  each  5-station  we  take  advantage  of  the  key  feature  of  Veldman's  method,  which 
is  to  use  an  inverse  boundary  condition,  derived  from  (41c),  which  prescribes  neither 
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(ue)n  not  Dn,  but  a  linear  combination  of  them.  This  is  obtained  by  writing  (41c)  as 


>e>ni+1) 


—  C  D  = 
n,n  n 


5n  +  «o 


,  ck , nDk 


1 


c, 

k,n  k 


(47) 


where  the  overbar  denotes  values  that  are  computed  during  the  current  double  sweep. 
3£l  denotes  a  sum  over  those  5-stations  that  have  already  been  updated  and  £  2 
denotes  a  sum  over  those  5 -stations  that  remain  to  be  dealt  with.  Since 


A  =  y  w(i+1) 
n  yewn,J 


we  can  write  Eq.  (47)  in  the  form 


f(i+l) 

n,J 


(48) 


(49) 


where  gn  is  the  right-hand  side  of  Eq.  (47)  and  can  be  computed  before  the  start  of 
the  current  Newton  iterations. 


Since  we  avoid  computing 


for  n  =  1  and  N  by  stopping  the  above  calculations  short  of  and  5n»  we 
determine  D^  and  D^  by  quadratic  extrapolation  for  interior  values.  The  (i4l)th 
iteration  is  then  completed  by  using  overrelaxation  to  update  the  D(i): 


o(i+D  =  T5n  +  w[ffn  -  J 
n  n 


(50) 


Thus  our  experience  is  similar  to  Veldman’s  in  that  we  find  overrelaxation  to  be 
possible.  Also  we  find  that  Veldman’s  preferred  value  of  w  =  1.5  is  close  to  optimum 
for  the  cases  we  have  tested.  However,  since  slightly  higher  values  prevented 
convergence  and  near  optimum  convergence  could  be  obtained  with  values  nearer  unity,  we 
tended  to  use  smaller  values,  mostly  1.1.  As  50  approached  a  critical  value  (for 
given  £),  this  global  iteration  did  ultimately  fail  to  converge  and  no  new  choice  of  “ 
or  the  limits  5i,  5n  appeared  to  be  of  any  avail. 


6.  RESULTS  AND  DISCUSSION 
Laminax_£lawa 

Using  the  numerical  method  discussed  above  we  performed  calculations  for  laminar 
flows  taking  Ra  =  2  x  10*>  and  t  »  0.1  i.e.  e  *  ej  (■  0.003035)  which  are  presented 

in  Figures  2  to  7 .  In  addition  some  data  was  obtained  for  e  =  0.03183  for  checking 

purposes.  In  these  calculations  the  spacing  in  the  5 -grid  was  uniform  and  equal  to  0.2 
while  that  in  the  y-grid  was  either  uniform  and  equal  to  0.1  or  nonuniform,  varying  from  I 

0.01  at  the  wall  with  a  geometrical  ratio  of  1.14.  The  smoothness  of  the  approach  to  i 

the  limit  u  we  as  y  +  ye  was  monitored  at  each  5-station  and  the  boundary-layer  * 

edge  ye  adjusted  accordingly.  The  number  of  points  used  in  the  y-grid  for  these  *; 

calculations  varied  from  30  to  40. 

It  was  pointed  out  in  Cebeci,  Khattab  and  Stewartson,  reference  24,  that  if  e  =  0 
and  50  <  1.155  =  50c  the  boundary  layer  does  not  separate  and  we  may  then  expect  A 
to  take  on  moderate  values.  Hence  with  the  small  values  of  e  chosen  here  the 
converged  values  of  ue,  should  be  little  different  from  those  with  e  =  0.  This  proved 
to  be  the  case  and  so  we  shall  concentrate  on  the  flow  properties  when  50  >  5<>c* 

The  variation  of  f#  with  5  for  various  50  is  shown  in  fig.  2.  Separation 
first  occurs  when  Co  =  1.205  the  difference  from  5oc  being  accounted  for  partly  by 
the  mollifying  effect  of  A  on  the  pressure  gradient  but  also  by  a  slight  loss  of  ^ 

accuracy  due  to  the  omission  of  an  extrapolation  procedure  to  the  limit  of  zero  step 

size.  There  is  no  reason  to  believe  that  the  addition  of  such  a  procedure  would 

materially  alter  our  conclusions.  Once  separation  occurs  the  Hilbert  integral  is  of 
central  importance  to  the  prevention  of  the  Goldstein  singularity  and  the  skin  friction 
passes  smoothly  into  negative  values.  Further,  provided  5o  -  1.205  is  small, 
reattachment  is  achieved.  Outside  the  range  of  5  in  the  graphs  we  note  that  the  skin 
friction  is  almost  linear,  the  boundary  layer  taking  on  a  Blasius  form  and  showing 
little  dependence  on  5o  or  e.  The  variation  of  displacement  thickness  with  5  is 
displayed  in  fig.  3  and  is  seen  to  be  more  marked  once  separation  has  occurred. 

However,  the  convergence  of  the  iteration  procedure  now  becomes  much  slower,  fails 
marginally  at  50  =  1.219  and  altogether  when  50  =  1.220.  Various  tests  were  then 
carried  out  to  test  the  validity  of  this  procedure  but  they  made  little  impact  on  these 
conclusions.  In  figures  4  and  5  we  show  the  strong  contrast  between  convergence  of  the 
iterations  when  5o  =  1.218  and  their  divergence  when  5o  =  1.220. 

This  phenomenon,  which  we  believe  to  be  genuine,  is  associated  with  a  nonexistence 
of  solution  and  is  preceded  by  a  rapid  downstream  motion  of  the  reattachment  point.  We 
can  see  from  fig.  3  that  A  achieves  a  maximum  near  reattachment  and  so  its  effect  on 
ue  reverses  from  that  near  separation.  Instead  of  reducing  the  pressure  gradient 
increases  it,  inhibiting  and  ultimately  preventing  reattachment. 
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The  value  C0c  =  1*155  of  £0  is  critical  in  the  theory  of  laminar  flows  at  high 
Reynolds  number  as  it  marks  the  largest  possible  value  of  £0  for  which  attached  flow 
is  possible  according  to  classical  rules/  i.e.  inviscid  attached  flow  together  with  an 
associated  boundary  layer  as  the  leading  term  in  the  asymptotic  expansion  in  descending 
powers  of  R  for  the  flow  past  a  properly  designed  body  with  a  parabolic  nose  whose 
thickness  ratio  is  proportional  to  the  angle  of  attack  and  small.  For  £0  »  Z  oc  the 
boundary-layer  separated  with  a  singularity.  The  only  alternative  which  stands  up 
sufficiently  "ell  to  study  for  it  to  be  plausible  is  now  the  Kir chhof f-Sychev 
free-streamline  flow.  However/  in  this  theory  the  free  streamline  must  spring  off  the 
body  at  the  pressure  minimum.  According  to  attached  theory  this  occurs  at  £  =  C"1 
whereas  separation  takes  place  at  £  =  3.26  =  £os  and  so  an  abrupt  discontinuity  must 
occur  in  the  limit  flow  as  50  passes  through  £oc.  There  are  still  some  queries  to  be 
answered  about  the  free-streamline  theory  and  the  present  study  is  useful  in  throwing 
new  light  on  its  plausibility. 

For  when  e  0  and  £0  -*•  £oc  our  formulation  is  equivalent  to  that  of  a 
triple-dtoK  theory  {Stewartson  and  Cebeci,  ref.  20)  which  in  turn  may  be  interpreted  as 
part  of  the  leading  term  in  the  asymptotic  expansion  of  the  solution  of  the 
Navier-Stokes  equations  in  descending  powers  of  R.  According  to  this  theory  solutions 
can  exist  if  50  -  is  negative  or  sufficiently  small  in  comparison  with  e,  but 
not  for  larger  positive  values  of  £0  -  £oc.  This  conclusion  is  entirely  in  accord  with 
our  present  numerical  results  and  reinforces  previously  held  views  (Stewartson/  ref.  10) 
that  the  onset  of  separation  heralds  an  abrupt  change  from  one  class  of  flows  to 
another.  It  should  be  emphasized  that  in  the  present  instance  this  change  is  not 
strictly  due  to  difficulties  at  separation  -  the  displacement  thickness  effectively 
presents  them  -  but  to  the  failure  of  the  flow  to  reattach.  In  this  connection  Kraemer 
(ref.  25)  reports  that  at  R  =  42/000  laminar  separation  was  not  followed  by 
reattachment  whereas  at  R  =  75,000,  reattachment  did  occur.  It  is  possible  that 
transition  occurred  in  the  separated  flow  at  the  higher  Reynolds  number. 

Besides  these  studies  at  R  =  2  x  10®  some  additional  studies  were  carried  out  at 
the  higher  values  of  e.  They  confirmed  that  solutions  can  only  be  found  for  a  limited 
range  (^0.02)  of  values  of  £0  greater  than  that  (1.210)  at  which  separation  occurred 
and,  reasonably  enough/  the  mollifying  effect  of  c  is  greater. 

A  number  of  tests  designed  to  help  choose  the  most  convenient  values  of  s^,  sa,  K 
in  Eq.  (7)  were  also  carried  out.  Figures  6  and  7  show  the  effect  of  limits  of 
integration  on  wall  shear  parameter/  f£  and  displacement  thickness  s*,  respectively 
for  Kq  =  1.215.  In  the  calculations  was  not  set  equal  to  zero  and  the  interaction 
region  was  confined  to  a  small  region  of  the  upper  surface.  It  was  found  that  varying 
the  lower  limit  of  integration  in  the  Hilbert  integral  somewhere  between  the  stagnation 
point  and  the  separation  point  did  not  have  much  effect/  so  it  was  set  at  5  «*  0.  It  is 
clear  that  the  results  in  the  interaction  region  are  converging  satisfactorily  as  the 
upper  limit  increases,  and  that  an  upper  limit  of  5  *  10  would  be  adequate  for  most 
purposes.  Possibly  smaller  limits  could  be  used  if  some  smoothing  procedure  could  be 
used  to  avoid  the  effects  of  the  sn.:-l.;  jump  at  the  end  of  the  interaction  region. 

We  have  also  investigated,  tc  ..jms  extent,  the  effects  of  ignoring  the  curvature  at 
the  leading  edge.  Using  the  usual  boundary-layer  variables,  arc  length  and  scaled 
normal  distance,  and  with  the  Hilbert  integral  expressed  directly  in  terms  of  arc 
length,  we  found,  for  example,  that  for  £0  =  1.18  the  effect  on  the  skin  friction 
amounted  to  less  than  2%  over  most  of  the  region  and  rose  to  about  8%  in  the  center  of 
the  interaction. 


Iur.huleat_r.lQwa 

We  have  also  performed  calculations  for  turbulent  flows  with  the  CS  turbulence 
model  discussed  previously.  It  should  be  noted  that  these  calculations  are  of  an 
exploratory  nature  and  are  performed  to  test  the  numerical  method  for  turbulent  flows 
with  separation.  Additional  calculations  are  needed  and  will  be  performed  to  test  the 
turbulence  model  by  comparing  numerical  calculations  with  available  experimental  data. 
It  is  likely  that  the  CS  model  will  have  to  be  modified  or  even  replaced  since,  for 
examples  (1)  the  wall  function  in  this  formulation  may  not  be  satisfactory  for  flows 
with  separation,  (2)  the  intermittency  factor  used  for  the  transitional  region  is  based 
on  flews  where  it  occurs  in  entirely  attached  flows  and,  (3)  in  turbulent  flows  preceded 
by  laminar  separation,  the  Reynolds  number  is  rather  low. 

The  calculations  in  figures  8  and  9  are  for  £q  =  1.22  and  were  obtained  by 
assuming  laminar  flow  from  the  stagnation  point  up  to  £  =  4.4  at  which  point  the 
turbulent  flow  calculations  were  started.  For  comparison  purposes,  we  also  show  the 
distributions  of  the  wall  shear  parameter  f"  and  the  displacement  thickness  for  a 
laminar  flow  with  £0  =  1.21.  As  can  be  seen,  'there  is  a  drastic  change  in  the  variation 
of  these  parameters  with  slight  increase  in  angle  of  attack.  Laminar  flow  results  could 
not  be  obtained  with  £0  =  1.22  but  were  readily  obtained  with  turbulent-flow 
assumptions.  The  solutions,  however,  and  in  common  with  those  for  laminar  flow  with  £0 
=  1.22,  break  down  as  £0  increases  beyond  1.22. 

The  results  shown  in  figures  10  and  11  are  similar  in  nature  to  those  in  figures  8 
and  9  except  that  the  transition  location  has  been  moved  forward  to  £  =  3.2.  This 
enabled  the  calculations  to  be  performed  for  larger  angles  of  attack;  with  this 
transition  assumption,  the  solutions  break  down  for  £0  =  1.32. 
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The  numerical  calculations  for  turbulent  flow,  as  is  evidenced  by  these  results, 
indicate  the  strong  influence  which  the  transition  location  plays  in  the  solutions. 
This  may,  however,  be  less  important  in  practice  since  transition  usually  occurs  very 
soon  after  laminar  separation.  It  is  probably  much  more  important  to  correctly  model 
the  transition  region  in  low  Reynolds  number  turbulent  flows.  It  is  clear,  however, 
that  the  numerical  procedure  is  satisfactory  for  the  calculation  of  these  flows  and  that 
future  investigations,  with  new  turbulence  assumptions,  can  proceed  without  further 
numerical  development. 
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Figure  2.  Variation  of  Laminar  Wall  Shear 
Parameter  f£  with  5  for  Various 
Reduced  Angles  of  Attack,  $  . 
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Figure  3.  Variation  of  Laminar  Displacement 
Thickness  S*  with  5  for  Various 
Reduced  Angles  of  Attack,  ?  . 


Figure  4.  Variation  of  Laminar  Wall  Shear 
Parameter  in  Various  Iterations 
for  ?  “  1.218. 


Figure  10.  Variation  of  the  Wall  Shear 
Parameter  f"  with  £  when 
Transition  Is  Set  at  £  =  3.2. 


Figure  11.  Variation  of  the  Displacement 
Thickness  6*  with  £  when 
Transition  is  Set  at  £  >=  3.2. 
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BULBE  DE  DECOLLEMENT  LAM1NAXRE  AVEC  TRANSITION 
-  Essai  de  provision  avec  couplage  locil  - 
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RESUME 

On  ddcrit  les  rdsultats  experimentaux  obtenus  dans  l'etude  du  bulbe  de  dScollement  de  bord  d'attaque 
sur  un  profil  de  type  peaky.  Des  mesures  de  couche  limite.  vitesse  moyenno  et  intensity  longitudinale  de 
turbulence,  one  dtd  effectudes  pour  plusieurs  valeurs  du  nombre  de  Reynolds  (105  ^  Rc  10®). 

On  prdsente  dgalement  utie  etude  du  processus  de  transition  dans  un  bulbe  long.  Deux  mdthodes  de  cal- 
cul  applicables  aux  bulbes  courts  sont  proposdes.  Elies  font  toutes  deux  e.ppel  3  un  schdma  simple  de  cou¬ 
plage  local.  Leurs  rdsultats  sont  compares  3  ceux  de  nos  expdriences. 

SUMMARY 

The  experimental  results  of  a  study  of  a  leading  edge  separation  bubble  on  a  peaky  airfoil  are  presen¬ 
ted.  Boundary  layer  measurements,  mean  velocity  and  longitudinal  turbulence  intensity,  were  carried  out 
for  several  values  of  Reynolds  number  (10®  <  Rc  <  10®).  We  also  present  a  study  of  the  transition  pro- 

cess  in  a  long  bubble.  t 

Two  calculation  methods  for  short  bubble  are  proposed.  They  both  use  a  simple  local  viscid-inviscid  ! 

interaction  scheme.  These  results  are  compared  to  our  experimental  ones. 
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I.  INTRODUCTION 
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^extrapolation  des  rdsultats  obtenus  en  soufflerie  aux  conditions  rdelles  de  vol  s'avSre  tr3s  deli¬ 
cate  quand  le  nombre  de  Reynolds  est  assez  faible  pour  modifier  la  configuration  gdndrale  de  l'ecoule- 
ment.  Ainsi,  par  exemple,  dans  l'etude  des  profils  de  type  peaky  en  subsonique,  1 'existence  d'une  pointe 
de  survitesse  iraportante,  meme  3  faible  incidence,  donne  naissance  3  un  dScollement  laminaire  et  un  bulbe 
transit ionnel  si  le  nombre  de  Reynolds  est  trop  faible  ;  en  revanche,  3  grand  nombre  de  Reynolds,  la  cou¬ 
che  limite  rapidement  turbulente  ne  subit  pas  de  dScollement.  Des  Studes  antSrieures  ont  dSj3  montre 
que  l'effet  du  bulbe  sur  le  dSveloppement  de  la  couche  limite  est  tr3s  important,  et  qu'il  faut  en  tenir 
conpte  dc  maniSre  tr8s  prScise  pour  etre  capable,  par  exemple,  de  prSvoir  le  dScollement  Sventuel  de  la 
couche  limite  sur  l'arri&re  du  profil. 
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Le  problSme  du  bulbe  de  bord  d'attaque  n'est  pas  cependant  lig  uniquement  aux  essais  en  soufflerie. 
Kn  effet,  il  peut  se  rencontrer  ggalement  en  vol,  par  exeraple  au  voisinage  du  bord  d'attaque  d'entrees 
d'airou  dans  l'aerodynamique  dcs  turbomachines. 

II  s'agit  done  13  d'une  question  d'un  grand  intgret  qui  avait  dej3  justifie  plusieurs  gtudes  ante- 
rieures.  Nous  nous  sommes  proposes  en  fait,  de  reprendre  ce  travail  en  essayant  de  prgeiser  certalnes 
donnges  expgrimentales  manquantes  ou  difficilecent  disponibies  et  de  les  rendre  systgmatiques. 

Une  etude  dgtaillge  de  la  transition  dans  un  bulbe  de  dgcollement  du  type  "long"  nous  a  permis,  au 
moyen  de  visualisations  alliees  3  une  ananlyse  spectrale  du  signal  fluctuant,  de  caractdriser  ce  proces¬ 
sus  de  transition  et  d'gtudier  son  influence  sur  la  couche  limite  turbulente  aval.  Une  gtude  systgmati- 
que  en  fonction  du  nombre  de  Reyno'ds  nous  a  donng  les  informations  ngeessaires  pour  la  confrontation 
des  methudes  que  nous  proposons  pour  le  calcul  des  bulbes  de  type  "court". 

La  premiSre  mgthode  fait  appel  3  la  resolution  en  mode  direct  des  equations  locales  instationr.aires 
de  la  couche  Unite,  l'elimination  de  la  singularity  au  point  de  dgcollement  gtant  rSalisee  a  l'aide 
d'un  schema  de  couplage  local. 

La  deuxiSme  mgthode  reprend  les  meraes  hypothSses  de  couplage,  mais  associges  3  la  rgsolution  en  mode 
inverse  des  Equations  globales  de  la  couche  limite.  Dans  les  deux  cas,  la  repartition  de  vitesse  en  flui- 
de  parfait  est  une  donnee  du  problSme. 


2.  ETUDE  EXPERIMENTALE 

2.1.  Dispositif  experimental. 

Nous  avons  choisi  pour  cette  etude  un  profil  ONERA  LC  100  D  de  200  cm  de  corde.  Ce  profil  est  montg 
entre  les  parois  de  la  veine  de  300  x  400  mm^  de  section,  d'une  soufflerie  subsonique  de  type  Eiffel. 

Des  essais  preliminaires  nous  avaient  conduit  3  retenir  une  incidence  de  7.5°  de  faqon  3  pouvoir  etudier 
les  diffgrentes  configurations  de  bulbe  par  simple  variation  de  la  vitesse  amont  (entre  3  et  80  m/s). 
Suivant  le  type  de  mesures  realises,  un  nombre  plus  ou  moins  important  de  vitesses  d'essai  a  gtg  retenu  ; 
nous  prgeiserons  les  valetirs  lors  de  la  description  des  rgsultats. 

Le  taux  de  turbulence  de  l'ecoulement  est  ports  ,  figure  1,  en  fonction  de  la  vitesse  3  1' inf ini 
amont.  On  constate  qu'il  diminue  quand  la  vitesse  augmente.  II  est  certain  que  ce  paramgtre  peut  agir  sur 
le  processus  de  transition  et  ef fectivement  certains  critSres  (dont  nous  reparlerons  au  chapitre  des  mg- 
thodes  de  calcul)  le  font  intervenir.  Cependant,  on  peut  penser  que  dans  le  processus  general  de  tran¬ 
sition  le  paramStre  gradient  de  pression  esc  dominant.  Neanmoins,  l'gtude  experimental  de  l'influence 
du  taux  de  turbulence  est  3  envisager. 

Globalement,  l'ecoulement  a  6tg  caractgrise  par  la  distribution  de  pression  3  la  paroi  ;  pour  celi, 
on  disposait  d'un  profil  equipg  de  prises  tic  pression. 

En  fait,  la  partie  essentielle  de  l'gtude  erperimentale  a  consists  en  une  analyse  dgtaillge  du  de- 
veloppement  de  la  couche  limite  et  notammenl  du  processus  de  transition  et  de  son  influence  sur  la  tur¬ 
bulence.  Les  mesures  realisdes  3  ce  jour  sont  la  determination  du  champ  de  vitesse  moyenne  et  d' inten¬ 
sity  longitudinale  de  turbulence  3  l'aide  d'un  angmooStre  3  fil  chaud.  De  cette  faqon,  on  peut  dgj3  avoir 
une  vue  gengrale  des  phenomSnes.  Une  gtude  plu«  approfondie  permettant  de  prgeiser  la  nature  de  la  tran¬ 
sition  a  yty  effectuge  par  le  biais  de  1' analyse  spectrale  du  signal  fil  chaud.  conjointement  3  une  visua¬ 
lisation  de  1 'gcoulement  par  la  technique  du  plan  de  lumiSre. 

2.2.  Mesures  de  pression 

La  variation  systgmatique  de  la  vitesse  amont  fait  apparaitre  sur  la  figure  2  differents  types  de 
rgpartition  de  vitesse  dans  la  rggion  du  bord  d'attaque  du  profil  : 

.  Pour  uoo  “  80  m/s  (soit  Rc  ”  10®)  les  visualisations  par  bouillies  ne  semblent  pas  indiquer  la 
presence  d'un  dgcollement .  Cela  veut  probablement  dire  que  la  transition  a  lieu  avant  le  dgcollement,  ou 
bien  que  le  bulbe  est  trop  petit  pour  Stre  dgtecte.  Dans  nos  calculs,nous  utiliserons  cette  distribution 
comme  approximation  de  celle  du  fluide  parfait. 

.  Pour  les  mesures  3  39.8  et  34.0  m/s  (P.c  >  0.45  10®)  apparait  une  petite  zone  perturbge  de  l’or- 
dre  de  10  3  15  mm  (soit  5  J  15  X  de  la  corde).  On  ne  dispose  malheureusement  que  de  deux  3  trois  prises 
de  pression  dans  cette  rggion,  mais  au  vu  des  travaux  antgrieuri  (GASTER/9/),  on  peut  penser  qu6  ces 
distributions  devraient  faire  apparaitre  un  plateau  de  pression  constante.  Une  diminution  de  la  pointe 
de  survitesse  est  ggalement  visible. 

.  Entre  34.6  et  33.2  m/s (Rc  —  0.45  10®),  un  changement  assez  brusque  de  configuration  de  ces  dis¬ 
tributions  apparait.  Certains  auteurs  (OWEN  et  KA.NFER  /I5/  ,  CASTER  /g/  )  ont  prgsentg  ce  phgnom3ne 
comme  l’gclatement  du  bulbe  court  en  un  bulbe  long  ("Short  bubble  Bursting").  Nous  dirons  que  la  zone 
de  perturbation  s'est  brutalement  gtendue  et  que  la  maximum  par  rapport  3  la  rgpartition  du  fluide  par¬ 
fait  marque  ggalement  une  brusque  diminution. 

.  Au  dessousde  33.2  m/s  (Rc  <  0.45  10^),  cette  zone  continue  son  extension  vers  l'aval.  A  la  per¬ 
turbation  locale  due  au  dgcollement,  doit  probablement  se  superposer  une  modification  globale  de  la  cir¬ 
culation  autour  du  profil  jssocide  au  rapide  dfplacement  du  point  d'arrgt  enregistrg  au  moment  de  l'gcla- 
timent  du  bulbe. 

Le  qualificatif  de  "bulbe  court"  sera  rgservg  aux  zones  de  perturbation  du  premier  type,  celui  du 
"bulbe  long"  3  1' autre  type. 
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2.3.  Mesures  de  couche  limite 

Des  mesures  de  vitesse  moyenne  et  d 'intensity  longitudinal?  ae  turbulence  ont  Ete  rEalisEes  pour  cinq 
valeurs  de  la  vitesse  amont  : 

13,  19.8  et  26.9  o/s  pour  les  bulbes  longs 
38.7  et  53  n/s  pour  les  bulbes  courts 

II  faut  d'abord  remarquer  que  les  profils  sent  reprEsentEs  sous  la  forme  et  tyo.  .  Du  fait  de  la 

courbure  de  paroi  on  acn  effet  un  gradient  normal  de  la  vitesse  potentielle,  et  il  est  alors  prEfErable 
d'utiliser  la  quantite  extrapolation  i  l'interieur  de  la  couche  limite  de  la  vitesse  potentielle 

mesuree  a  l'exterieur.  L'extrapolation  jusqu'A  la  paroi  donne  la  vitesse  potentielle  A  la  paroi  Up,  qui 
est  en  bon  accord  avec  les  rfsultats  des  oesures  de  pression.  D'autre  part,  lorsque  la  vitesse  instantan- 
n/e  devient  nlgat.'ve,  les  valeurs  que  dunnent  1 'anfroomAtre  a  fit  chaud  sont  erronfes.  Nous  les 

avons  done  pas  reportEes. 

Nous  avons  done,  cocpte-tenu  de  tcutes  ces  remarques,  reportE  les  rfsul  tats  obtenus  dans  le  cas  d'un 
bulbe  long  a  13  m/s  sur  lea  figures  3  et  A. 

Aux  stations  x/c  ■  3.5,  5  et  8%,  existent  des  vitesses  negatives  prAs  de  la  paroi.  Au  desses  de  cette 
zone  de  retour  se  dEveloppe  une  couche  de  cisaillement  trSs  fort.  Celle-ci  correspond  a  un  pic  tr&s  marquE 
de  1'intensitE  de  turbulence,  de  niveau  ttls  ElevE  (jusqu'A  25  2  en  x/c  •  1 1  2)  pour  des  profils  de  vi¬ 
tesse  apparemment  laminaires.  La  forme  ce  ces  profils  d'intensitE  de  turbulence  n'est  en  effet  pas  cclle 
que  l'on  trouverait  en  couche  limite  turbulente  ;  il  faut  la  rapprocher  de  celle  obtenue  dans  les  etudes 
de  transition  avec  gradients  de  pression  assez  intenses  (AKNAL,  Jl'ILLEN  / 1  /  -  COUSTEIX,  PAILHAS  /8/  ). 

Les  modifications  dans  la  forme  des  profils  de  vitesse  notEes  prAs  de  la  paroi  (x/c  *8,  It  et  152) 
s'Etendent  ensuite  progressivement  a  la  partie  aupErieure  de  la  couche  limite,  ct  l'on  tend  ainsi  assez 
lentement  vers  un  profil  turbulent.  Des  observations  analogues  sont  a  faire  quant  aux  profils  d'intensitE 
de  turbulence.  L'ficoulement  n'atteint  un  caractSre  turbulent  que  vers  x/c  -  65  2. 

Dans  le  cas  de  bulbes  courts,  le  phfnom&nc  observE  est  analogue,  quo!  que  plus  rapide.  Le  bulbe  est 
en  effet  de  petite  dimension,  ct  l'Ecoulemenl  de  retour  est  trAs  difficile  a  caractEriser.  On  retrouve 
cependant  la  raeme  Evolution  au  niveau  des  profils  de  turbulence  (le  maximum  est  cependant  un  peu  plus 
faible  de  1,'ordre  de  15  2)  ainsi  que  des  profils  de  vitesse  moyenne.  L'Ecoulement  atteint  la  un  caract8re 
turbulent  dAs  15  2  de  la  corde. 

A  partir  des  prof t Is  de  vitesse  moyenne,  on  a  pu  Sgalement  determiner  les  diffErentes  grandeurs  intE- 
grales  caractfristiques  de  la  couche  limite.  Sur  la  planche  5  est  reportEe  Involution  du  pnramAti,.-  de 
force  H  pour  les  diffErentes  valeurs  de  UM.  On  retrouve  en  amont  les  valeurs  ElevEes  de  H  correspondent 
a  la  zone  dEcoliEe,  en  aval  les  valeurs  de  H  correspondent  a  une  couche  limite  turbulente  classique. 

Entre  ler,  deux.  Involution  de  ce  paramStre  est  d’autant  plus  lente  que  la  vitesse  est  faible.  Notons 
cependant  que  si  pour  les  bulbes  courts  les  Evolutions  de  H  sont  pratiquement  indEpendantes  de  la  vitesse 
il  n'en  est  plus  de  mEmepour  les  bulbes  longs  j  en  particulier,  on  ne  retreuve  plus  la  discontinuity  qui 
apparait  sur  les  repartitions  de  vitesse  extErieure,  les  rEsultats  a  26,9  m/s  prEsentant  une  Evolution 
intermEdiaire. 

Cette  remarque  est  confirmE'  par  la  figure  6  cO  est  reportEe  en  fonction  de  UM  l'Epaisseur  de  quan¬ 
tity  de  mouvement  menurEes  au  point  x/c  ■  75  2  du  profiJ .  On  a  reports  Egalement  !e  rEsultat  d'un  cal- 
cul  effcctuE  en  supposant  une  transition  brutale  au  point  de  decollement,  1'  Ecart  entre  las  deux  courbes 
correspondant  a  l'accroissement  de  9"  provoquE  par  le  bulbe.  Celui-ci  est  faible  et  assez  peu  dEpendant 
de  la  vitesse  pour  les  bulbes  courts  (U„  )  3A  m/s),  boauccup  plus  ElcvE  pour  les  bulbes  longs  sn  dessous 
de  20  m/s,  mais  ne  prEsenU  pas  de  discontinuity  au  niveau  de  1 'Eclatement  ;  la  courbe  Evolue  assez  rapi- 
dement,  mais  rEguliArement,  lorsque  la  vitesse  diminue  d  ;  35  a  20  m/s. 

Une  autre  faqon  de  mettre  en  Evidence  le  sur-Spaiosissement  dd  au  bulbe  est  prSsentEesur  la  figure  7 
oil  on  a  reprSsentE  pour  les  diffSrentes  vitesses  choisies,  l'Svoiution  du  paramStre  (^4)  Rj,*  le  long 

du  profil.  Cette  quantity  est  pratiquement  indEpendante  de  la  vitesse  amont  lorsque  1'Ecoulement  est  sup- 
posE  turbulent  depuis  le  point  de  decollement  laminjire.  L'Ecart  qui  avparait  sur  les  courbes  expErimen- 
tales  est  done  slgnificatif  du  seul  sur-Epaississement  dQ  au  bulbe,  et  on  peut  faire  les  memes  remarques 
que  prEcEdemment. 

2. A.  Analyse  spectrale  et  visualisations. 

A  ce  niveau  nous  avons  essayfe  d 'examiner  plus  en  dEtail  le  processus  de  transition,  et  ceci  au  moyen, 
d'une  part  d'une  analyse  spectrale  du  signal  fluctuant,  ct  d'autre  part  de  visualisations  par  plan  de  lu- 
miAre.  Nous  n'avons  malheureusement  pas  pu,  sur  ce  montage  expErimem.nl,  nous  pencher  sur  le  probleme  du 
bulbe  court.  Du  fait  de  la  petite  tailie  de  ces  bulbes,  les  sondages  au  fil  chaud  n'Staient  possibles 
qu'A  paitir  d'un  point  situS  au  voisinage  du  re.collement,  «»?  ne  pouvaient  done  nous  donner  aucune  infor¬ 
mation  sur  la  transition  elle-meme  ;  d'autre  part,  du  fait  des  limites  de  la  camSra  que  nous  utilisions, 
nous  n'avons  pu  obtenir  de  visualisations  exploitables  que  pour  des  vitesses  faibles. 

La  suite  de  ce  paragraphe  ne  concerne  done  que  le  processus  de  transition  dans  un  bulbe  long,  1 'Etude 
de  la  configuration  bulbe  court  Etant  actuellement  en  cours  sur  un  oord  d'attaque  agrandi. 

Le  principe  d'obteation  du  plan  vertical  de  lumiAre  dans  l'axe  de  Is  soufflerie,  A  partir  d'un  fais- 
ceau  laser  de  18  W,  est  expliquS  sur  le  schEma  de  la  figure  8.  Une  injection  de  fumSe  d'encens  reclisEe 
i  en  aval  du  point  d'arret,  tanger.tiellement  A  la  paroi  permet  1 'ensemencement  de  la  couche  limite  en  amont 

du  dEcollement.  Une  camEra  rapide  (maximum  5000  images/s)  nous  a  permis  d'oltenir  un  ralenti  suffisant 
pour  apprEhender  le  phEnomSne. 

Les  photographies  de  la  figure  8,  bien  que  correspondant  A  des  vitesses  de  l'ordre  de  3  m/s  donnent 
une  image  quali  tativosuent  en  trAs  bon  accord  avec  les  rEsultats  de  1 'anEmomStrie  fil  chaud  reportSs  sur 
la  figure  9. 
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Examinons  ces  rEsultats  en  parallSle  : 

Sur  les  lignes  iso  -  %p  tout  comme  sur  les  photographies,  on  retrouve  sur  la  gauche  la  couche 
do  cisaillenent  et  l'Ecoulement  de  retour.  Cette  couche  de  cisaillement  Evolue  vers  l'aval  en  se  desta- 
bilisant  et  en  donnant  naissance  3  des  tourbillons  rEguliErement  espacEs,  ceci  expliquera  la  presence 
d'une  frequence  privilEgiEe  aux  stations  1  et  2  de  la  figure  9. 

Si  on  suit  le  tourbillon  repErE  par  une  flSche  sur  les  deux  images,  on  voit  qu'il  s'enroule  sur  le 
tourbillon  Emis  juste  avant  pour  donner  une  structure  plus  importante  (apparition  du  sous-harmonique  aux 
stations  3  et  4)  ;  cette  structure  va  persister  un  certain  temps  (stations  5  et  6)  puis  fir.it  par 
se  dfsagrEger.  Sur  le  spectre,  on  voit  les  frequences  privilEgiEes  disparaitre  par  une  augmentation  g £- 
nErale  du  r.iveau  de  l'ensemble  du  spectre.  Remarquons  que  si  dbs  la  station  8  (x/c.  —  i SZ)  le  spectre 
du  signal  a  une  allure  turbulente,  les  profils  de  vitesse  moyenne  ne  seront  turbulents  qu'3  partir  de 
x/c  -  65  2. 

II  est  3  noter  que  l'ensemble  de  ces  constatations  est  3  rapprocher  de  celles  effectuEes  3  propos  du 
processus  de  transition  dans  les  gradients  de  preasion  (ARNAL,  JUILLEN  / l /  ,  COUSTEIX,  PAILHAS  /8/>. 

En  particulier,  on  n'observe  3  aucun  moment  la  formation  de  spots  bien  dEfinis  comme  dans  le  cas  de  tran¬ 
sition  avec  gradient  de  pression  nul. 

3.  ETUDE  THEORIQUE 

3.1.  Essais  d'application  de  mEthodes  simples 

Nous  avons  tout  d'abord  essayE  d'appliquer  3  nos  experiences  deux  mEthodes  simples  de  calcul  des  bul- 
bes  courts. 

Ces  deux  mEthodes  (HORTON  / 1 1 /  et  VINCENT  DE  PAUL  / 1 8/)  supposent  connues  3  l’avance  la  repartition 
de  vitesse  en  fluidt  parfait,  la  position  du  point  de  decollement  et  la  valeur  de  ■#9,  en  ce  point. 

On  dSfinit  alors  le  point  T  dit  de  "fin  de  trarsition"  par  la  relation  : 

ou  k  est  une  constante  Egale  3  4.1 0^  pour  HORTON,  une  fonction  de  Re*  comprise  entre  3  et  5.104 
pour  VINCENT  DE  PAUL.  L'indice  s  correspond  au  point  de  decollement,  l’indice  t  au  point  de  fin  de 
transition. 

Dans  la  zone  ST,  la  vitesse  est  supposee  constante  et  Egale  3  Ut  (Ut  «  Ug  pour  HORTON,  Ut  -  Us/1.03 
pour  VINCENT  DE  PAUL),  on  determine  alors  les  quantites  necessaires  au  calcul  en  T. 

On  suppose  alors  que  le  recollemert  a  lieu  au  point  R  que  l'on  cherche  8  determiner.  Pour  cela,  on 
utilise  entre  T  et  R  des  equations  integrates  (quantite  de  mouvement  et  6nergie  cinetique  pour  HORTON, 
entrainement  et  €nergie  cinetique  pour  VINCENT  DE  PAUL)  et  moyennant  certaines  hypotheses  simplif icatrices 
(vitesse  dEcroissant  lineairement  entr“  T  et  R  en  particulier),  on  obtient  une  Equation  du  lieu  («5o) 
des  points  possibles  de  recollement  dans  le  plan  (U,  x) .  L' intersection  de  (ofi  )  et  de  la  courbe  de  repar¬ 
tition  de  vitesse  en  fluide  parfait  donne  le  point  de  recollement  R.  "L'€clatement"  du  "bulbe  court"  en 
"bulbe  long"  correspond  3  la  position  limite  oQ  la  courbe  («?  )  est  tangente  3  la  courbe  u(x). 

Si  on  applique  ces  deux  mEthodes  3  nos  rEsultats  expErimentaux,  la  position  du  point  de  dEcollement 
et  les  valeurs  des  paramEtres  nEcessaires  en  ce  point  Etant  determines  au  prEalable  au  moyen  d'une  mEthode 
intEgrale  laminaire  /  5  /,  on  obtient  les  rEsultats  pr€sent6s  sur  la  planche  (10  ).  La  m6thode  de  HORTON  prE- 

voit  que  l'on  ne  peut  avoir  de  bulbe  court  que  pour  des  vitesses  Un  supErieures  3  120  m/s.  En  revanche, 

la  mEthode  VINCENT  DE  PAUL  prEvoit  un  Eclatement  du  bulbe  pour  une  vitesse  voisine  de  27  (a/s,  la  valeur 

expErimentale  Etant  comprise  entre  32  et  33  m/s.  De  plus,  la  valeur  de  ©•  au  point  R  obtenue  dans  le 

cas  ou  U«,  •  40  m/s  est  assez  voisine  de  la  valeur  expErimentale. 

Cependant,  cette  mEthode  prEsente  quelques  inconvEnients  ;  en  particulier  le  schEraa  proposE  pour  la 
rEpartition  de  vitesse  en  prSsenca  du  bulbe  est  assez  simpliste  puisqu'il  suppose  dos  variations  linEaires 
de  la  vitesse  entreles  diffE,  ents  points  caractSristiques  ;  de  plus,  clle  est  incapable  de  prEvoir  Invo¬ 
lution  du  bulbe  au  del3  du  jint  d'Eclatement  du  bulbe  court  ;  er.fin,  1’intEgration  des  Equations  intE- 
grales  fait  appel  3  un  certain  nombre  d'hypothEses  simplificatrices. 

II  nous  a  done  semble  nEcessaire  de  mettre  au  point, des  method  de  calcul  qui  soient  capables  de, 
dfiterminer  avec  plus  de  rigueur  et  de  prEcision  1' Evolution  des  dif. .rents  paramStres  de  la  couche  limite 
dans  le  bulbe  court,  et  que  l'on  puisse  Stendre  au  calcul  des  zones  dEcoJlees  de  plus  grande  dimension 
moyennant  1 'utilisation  de  schEmas  plus  Elabores. 

3.2.  Position  du  probl6me, 

Le  but  des  mEthodes  que  nous  avons  dSveloppEes  est  de  permettre  le  calcul  de  l'Svoluciun  d'une  cou¬ 
che  limite  au  passage  d'une  zone  decollEe  de  faibles  dimensions. 

II  eat  bien  connu  que  la  prEsence  d'un  bulbe  de  dEcollement,  meme  mince,  am§ne  une  modification  de 
la  rEpartition  de  pression  que  l'on  aurait  sur  un  profil  en  1 'absence  de  bulbe  ;  en  fait,  si  l'on  intro- 
duit  comme  conditions  aux  limites  d'un  calcul  de  cojehe  limite  la  rEpartition  de  vitesse  exterieure  obte¬ 
nue  par  un  calcul  de  fluide  parfait  par  exemple,  or  se  heurte  au  niveau  du  point  Cf  «  0  3  une  singularitE 
de  type  GOLDSTEIN  /  10 /.  II  n'est  done  pas  pcssibte  de  calculer  une  couche  limite  en  aval  du  point  de 
dEcolleraent  au  moyen  d'une  mEthode  direct?  classique  ofl  l'on  impose  la  rEpartition  de  vitesse  extErieure. 

II  est  done  nEcessaire  de  faiie  intervenir  un  couplage  entre  la  couche  limite  et  l'Ecouleraent  extErieur. 

D'autie  part,  un  autre  problEme  pose  par  les  Ecoulements  de  cetour,  est  lie  au  changement  de  direc¬ 
tion  de  la  vitesse  longitudinale  dans  la  zone  dEcollEe.  Bien  que  les  Equations  de  couche  limite  demeu- 
rent  paraboliques  en  x,  nous  ne  nous  trouvon-.  1ns  devant  un  problSme  de  conditions  initiates,  mais  il 
faut,  aprEs  le  point  de  dEcollement,  faire  >  •  <  enir  les  conditions  aval.  Si  de  plus  on  fait  intervenir 
le  couplage,  l'interaction  a  nEcessairement  .raetere  elliptique. 
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„  Pol!r  t‘g80l,dre  ces  probUmes,  certains  auteurs  (CATHERAlLet  MANGLER  /  4  /,  KLIKEBERG  et  STEGER  / 12/ 
CARTER  ,  3/,  LE  BALLEUR  / 1 3/ )  ont  dgveloppg  des  mgthodes  de  calcul  dans  lesquelles  une  distribution  de' 

ou  b,  est  spgcifige,  la  Vitesse  extgrieure  gtant  solution  du  problAme  de  couche  limite.  La  singula- 
rite  au  point  de  dgcollement  se  manifestant  dans  les  raSthodes  directes  par  des  valeurs  infinies  des  de¬ 
rives  suivant  x  de  1  gpaisseur  de  dgplacement  et  du  coefficient  de  frottement,  ces  mgthodes  dites 
inverses  permettent  de  1  gliminer.  Ces  mgthodes  peuvent  gtre  associges  par  exemple  a  une  technique  de 
calcul  inverse  du  fluide  non  visqueux.  (m  obtient  alors  une  mgthode  complete  permettant  de  traveler  des 
zones  avec  recirculation, 

D  autres  auteurs  ont  prgfgrg  utiliser  l'approche  instationnaire  du  problAme  .  COUSTEIX  et  HOUDEVILLE 
/  6/,  par  exemple,  ont  utilise  une  mgthode  iutggrale  instationnaire  pour  le  calcul  des  couches  limites 
stationnaires  turbulentes  avec  dgcollement,  et  ont  montrg  qu'une  loi  de  couplage  simple  (loi  de  section 
pour  un  diffuseur  mor.o-dimensionnel)  permettait  d'gliminer  la  singularitg.  Mac  DONALD  et  BRILEY  /  2  /  se 
sont  intgressgs  au  problgme  du  bulbe  de  dgcollement  laminaire  et  rgsolvent  les  equations  locales  insta- 
tionnaires  de  la  couche  limite  en  termes  de  fonction  de  courant  et  de  vorticitg,  Un  couplage  local  leur 
perraet  de  franchxr  le  point  de  dgcollement. 

Nous  avons  utlisg  les  deux  approches  pour  determiner  1' evolution  de  la  couche  limite  dans  un  bulbe 
transttionnel.  La  premiere  a  gtg  mise  en  oeuvre  en  faisant  appel  A  une  mgthode  de  resolution  des  equations 
globales  de  la  couche  limite.  La  seconde  a  gtg  dgveloppge  en  rgsolvant  les  equations  locales  de  la  couche 
limite.  Nous  dfcrirons  d'abord  cette  technique. 

3.3.  Calcul  avec  les  Equations  locales  de  la  couche  limite. 

La  mgthode  employge  s'inspire  de  celle  dgveloppge  par  BRILEY  et  MAC  DONALD  /  2/.  La  couche  limite  est 
calculee  par  une  mgthode  instationnaire  et  A  chaque  pas  en  temps,  la  distribution  de  la  vitesse  extgrieure 
est  modifige  suivant  un  achgrna  star ionnairo. 

3.3.1.  Interaction  fluide  parfait-fluide  visqueux. 

La  prise  en  compte  du  couplage  entre  la  couche  limite  et  le  fluide  non  visqueux  repose  sur  les 
hypothAsej  suivantes  de  faihle  interaction  locale  : 

-  La  repartition  de  vitesse  extgrieure  ne  diffgre  de  la  rgpartition  de  fluide  parfait  que  dans  une 
rggion  limitge  au  voisinage  du  bulbe. 

^ette  perturbation  par  rapport  A  la  vitesse  potentieile  est  uniquement  due  A  la  distribution  de 
1  gpaisseur  de  dgplacement. 

On  peut  alors  gcrire  :  Ue  (x)  -  U£p  (x)  +  U,  (x)  o&  Ufp  est  la  vitesse  que  l’on  obtient  par  un 
calcul  de  fluide  parfait  (c  est  une  donn£e  du  probldme)  et  Ui  est  la  vitesse  induite  par  le  couplage. 

La  rgsolution  de  ce  problAme  au  moyen  d'une  fonction  de  GREEN  nous  donne  alors  : 

uxM.j.r  dx 

*  J-oo  *3 

qui  moyennant  les  hypothAses  faites,  permet  d'gcrire  en  tout  point  M  d'abscisse  curviligne  xM 

£<s-u‘> 


oh  Ue  :  vitesse  que  l'on  a  au  point  d'abscisse  x,  et  au  temps  t. 

•  gpaisseur  de.  dgplacement  au  point  d'abscisse  x,  et  au  temps  t, 

AC®  :  abscisse  du  point  d'arrSt, 

3tf  :  abscisse  d'un  point  en  aval  du  bulbe  situg  A  une  distance  suffisante  pour  que  son  influence  en 
tout  point  du  domaine  soit  nggligeable. 

Si  ki  et  x 2  sont  les  bornes  du  domaine  de  calcul,  on  peut  alors  gcrire  : 

vUx‘L.  Vi 

4  (3) 

Le  premier  terme  de  l'intggrale  est  une  fonction  de  M  qui  ne  dgpend  que  de  Involution  de  la  couche 
limite  laminaire  en  amont  du  domaine  de  calcul.  II  est  done  indgpendant  de  involution  du  calcul  et  est 
dgterming  lors  de  1 ' initialisation.  Le  troisiA.me  terme  est  calcule  en  supposant  A  1'aval  du  domaine  une 
couche  limite  turbulente  da  plaque  plane  ayant  pour  gpaisseur  de  deplacement  initiale  celle  calculge  en 
X2,  et  ceci  A  chaque  pas  en  temps. 

Enfin  le  deuxiSme  terme  qui  ect  le  terme  prgpondgrant,  peut  s 'gcrire  ! 

T.  Ot(  m  f  (S,. uo  t  (K'C  t  ~ 

Les  deux  termes  extremes  sont  dgfinis  et  s'intSgrent  numgriquement  sans  aucune  difficultg.  Le  terme 
central,  moyennant  un  dgveloppement  au  premier  ordre  de  la  fonction  >  Peut  s'gcrire  sous  la 

forme  : ^ 

j  ce  1ui  *n  definitive  se  rgduit  A  :  t) 


. . - 


3.3.2.  Equations  de  couche  limite. 

Lcs  Equations  que  nous  avons  3  rgsoudre  dans  le  cas  d’un  gcoulement  instationnaite  incompressible 
sont  les  suivantes  : 

(E.l.)  Continuity  :  jL  /Om  uAsO  (E . 2 . )  Navier-Stokes  :  /u*  -iij  \  ^  ( fjlL <  n)^ 

^■\  4  V  Ot'  *  V  f  ^il-  v  ‘  ' 

oQ  Ui  est  la  moyenne  d'ensemble  de  la  vitesse  dans  ia  direction  i,  u'i  gtant  la  fluctuation  turbulente 
autour  de  cette  moyenne. 

Les  hyoothSse..  que  nous  adoptons  (couche  limite  bidimensionnelle)  permettent  de  simplifier 
ces  equations.  En  prenant  la  moyenne  d'ensemble,  on  en  dgduit  alors  : 

(E.3.)  £l  -  ^  ,  ll'  -  o  (E.4.)iy+  uiHw  :£ii  *  ko'j'A  .  -  jL  If  t  \>  — 

0*.  Dij  3*  3ij  "it  ba,  3^.  3* '  *  ^3*.  d*)2- 

<E-5->  -£•  * 

De  plus,  si  l'on  suppose  que  les  corrSlations  <u'v'>  et  <v'2>sont  du  oSme  ordre  de  grandeur, 

1  'Equation  (E.S.)  devient  :  _P  __  Pe  +  r  j 

f  fa.  H  "J  i  |-  (  ^  V  1 

En  reportant  dans  (  E.4.)  en  en  nggligeant  le  terme  :  >-|<W  >  tl _ du  I  ,  0n  obtient 

alors  pour  le  mouvement  moyen  les  equations  :  *  ''S 

(E-M  (E-70  f °S. 4V^  *  ~r7§  *  &(‘)4|*<uV>^  ,  , 

Ce  systgme  d'gquations  ne  diffgre  de  celui  d'un  gcoulement  stationnaire,  que  par  le  terme 
Nous  avons  done  un  systSme  de  deux  gquations  pour  les  trois  inconnues  U,  V  et  -<u'v'^  .  II  est  done 
ngeessaire  de  dgfinir  un  schgma  de  turbulence  pour  determiner  le  frottement  turbulent  -<u'v'>  . 

3.3.3.  CritSre  de  transition.  Module  de  turbulence. 

Lorsque  la  couche  limite  n'est  pcs  dgcollge,  l'appel  3  la  thgorie  de  1 ' instability  laminaire  peut 
permettre  de  determiner  le  debut  de  la  region  de  transition.  Dans  ce  cas,  on  peut  supposer  que  1' interac¬ 
tion  avec  l'ecouleraent  non  visqueux  est  negligeable  et  la  distribution  de  vitesse  extdrieure  est  done 
fixge.  Grace  a  cette  distribution,  on  calcule  la  couche  limite  laminaire  comae  s'il  n'y  avait  pas  de  tran¬ 
sition.  Les  profils  de  vitesse  de  couche  limite  ainsi  obtenus  sont  utilises  comme  profils  de  base  moyens 
dans  la  thgorie  de  1' instability  laminaire.  Suivant  cette  thgorie,  on  calcule  1 'amplification  d’une  per¬ 
turbation  superposee  3  ces  profils  de  base,  et  en  utilisant  un  crit&re  empirique  formulg  a  partir  d'un 
taux  d'amplification  de  cej  pertubations,  on  est  en  mesure  de  prgvoir  le  dgbut  de  la  region  de  transition. 
Cette  technique  devrait  s'appliquer  aisgment  quand  la  transition  commence  avant  le  point  de  dgcollement. 

Lorsque  le  dgbut  de  transition  so  situe  aprSs  le  point  de  dgcollement,  le  probl3me  est  beaucoup 
plus  dglicat,  En  effet,  on  doit  alors  s'attendre  3  une  interaction  non  nggligeable  avec  l'gcoulement  non 
visqueux.  En  particulier,  la  determination  dec  protils  laminaires  de  base  ngeessite  le  recours  3  un  calcul 
couple  avec  l'gcoulement  extgrieur.  Mais  le  rgsultat  de  ce  calcul  dgpend  de  ce  qui  se  passe  3  l'aval, 
e'est  3  dire  de  la  position  de  la  rggion  de  transition.  II  faudrait  done  imaginer  un  processus  itgratif 
dans  lequel  on  vgrifierait  3  chaque  gtape  si  le  point  de  dgbut  de  transition  fixg  pour  le  calcul  de  la 
couche  limite  et  de  l'gcoulement  extgrieur  est  en  accord  avec  la  thgorie  de  l'instabilitg.  Un  tel  calcul, 
trSs  lourd  a  priori  est  tout  3  fait  concevable ,  mais  il  n'a  pas  encore  gt6  entrepris.  Pour  l'instant,  on 
sc  limite  3  utiliser  un  critSre  beaucoup  moins  glaburg  pour  fixer  la  rggion  de  transition. 

Nous  avons  done  utilisg  un  schgma  simple  de  longueur  de  mglange  dont  la  formulation  est  tr6s  di- 
rectement  dgduite  de  celle  gtablie  en  stationnaire.  Le  frottement  tutbulent  est  donng  par  la  relation  : 

t  F  l  )JLy|  *  V>t  oQ  ?  est  supposg  fonction  universelle  de  !/ /<$  : 


If  F  t  1~-|  r—  *  v* t  oQ  ?  est  supposg  fonction  universelle  de  !/ /<£  : 

r—  iO.OS5  et  F  est  une  fonction  qui  tient  compte  des  effets  de  viscosite  : 

F  m  A  -  exp  f  ~  —  1  et  Y  est  une  fonction  de  la  position  du  point  de  transition. 

r  [ii.O.Wf  vj  0 

La  mgthode  employge  pour  dgtermir.er  suppose  que  la  distance  entre  le  point  de  dgcollement 
et  le  point  de  fin  de  transition  T  e»t  une  fonction  de  f?8$  .  Le  point  de  dgbut  de  transition  D  es 

alfs  dgterming  de  telle  sorte  que  le  rapport  P&r/  *?&,,  ait  une  valeur  donnge.  La  fonction  Y  passe 
alors  de  031  entre  D  et  T. 

3.3.4.  Methode  numgrique 

Afln  de  rendre  les  gquations  adimensionnelles,  on  utilisera  les  variables  rgduites  suivantes  : 

*«  ‘/l  j  T-  Vh.  ) 1 1  t/r  i  u  =  U/Uc  i  7  =  i  7  -  Vvt  i  v*/vc. 

oQ  T  et  L  sont  les  constantes,  h  une  fonction  de  x  seulement,  Ue  et  des  fonctions  de  x  et  t. 

Les  gquations  s'Ccrivent  alors, 

.  Continuite  :  2.  (  V  _  s  il  AH  +  U  ( fill  ►  ik.  ,  \ 

h) V  1  l  3K  '  <>«•  L.Ut.  JX  ) 

.  Quantity  de  mouvement  suivant  X  : 


(0  +  i;,')  y*  1  —  K  /  JJc  Stic  _£  au«  \ 
>q{  h.ucj  "u?  (  u ‘ax  t'  bl  ) 


+  U 

(  dk 

\  Jt 

do 

K 

b  E 

T.Uc. 

K 

/Us. 

1  L. 

I*  [  K.lSe  '  1 
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L'equation  de  quantise  de  mouveraent  peut  s'Scrire  sous  la  forme  : 

a ♦  a f  c  —  +D^IiC.u  r  f 

Bb  3  <lji  3^  3X 
On  discrStise  alors  cette  Squation  en  utilisnnt  un  schSma  de  differences  centrSes  du  premier  ordre. 


oO  A,  B,  C,  D,  R  et  F  sont  des  fonctions  de  U,  X,  <n  et  t. 


Les  dSrivees  et  !»s  quantites  A,  B,  C,  D,  E,  et  F  sont  alors 
Sorites  au  point  p  represents  sur  le  schSma  ci-  contre  et  dSfini 
par  : 

X(P).X(H)  j  oj(p).  ^(K)  ;  t(P).  «£ 

Pour  simplifier  les  notations ,  nous  Scrirons  la  variable 
quelconque  (K(H) sous  la  forme 

,es  dSrivSes  partielles  suivant  t  et  O'}  s'Scrivent 

alors 


Les  dSrivSes  partielles  suivant  t  et  nrj 
(  O  H,K,i  -  )/(  -^®) 


n 


'M.kK 


\57jyM  k,i 


Su\ 


De  meme  pour  les  dSrivSes  seconder  en  OJ 

Le  problSme  de  l'Scoulement  de  retour  pour  lequel  le 
calcul  doit  etre  fait  en  tenant  compte  des  conditions  3  l’aval 
a  amenS  de  nombreux  auteurs  3  utiliser  deux  expressions  diffe- 
rentes  pour  les  dSrivSes  suivant  x  selon  le  sens  de  la  vitesse 
locale  u  (BRILEY,  Me  DONALD  /  2/).  Nous  avons  prSfSrS  utiliser 
ici  un  schSma  un  peu  diffSrent'et  qui  permet  de  conserver  la 
meme  discrStifietion  quelque  soit  le  sens  de  u  : 

("bxI.KA  "  [VH>1,*yO  "  °  "■«■<’ )/%*'•**)  4  (Uh,*S<  -^a,K.t)/()<«-Vt) 

Ce  schSma  permet  alors,  connaissant  des  conditions  initiales  dans  le  plan  t  ■  0  et  les  conditions  aux 
limites  dans  le  plan  X  “  0,  de  calculer  la  solution  au  point  XM  et  au  temps  N  +  1  3  partir  de  la  solution 
en  XM  +  |  au  temps  N  et  en  X^_j  au  tem?6  N  +  1. 

Pour  chaque  point  en  X  on  est  done  en  prSsence  d'un  systSme  tridiagonal  de  la  forme  s 
/ lo  ^8a  UhK  .,  +C0  •  A  <lue  r°n  r5®out  P”  “ne  mSthode  de  chasse. 

3.4.  Calcul  avec  les  Squations  globales  de  la  couche  limite. 

3.4.1.  Principe.  Couplage. 

La  rSsolution  des  Squations  globales  de  la  couche  limite,  effectuSe  en  mode  inverse  permet,  en  con- 
sidSrant  Involution  suivant  x  de  l'Spaisseur  de  dSplaccoent  comme  une  donnSe,  de  dSterminer  l’Svolution 
suivant  x  de  la  vitesse  Ue.  Les  memes  hypotheses  qu'au  paragraphe  3.3.1.  permettent  alors  de  dSfinir  une 
vitesse  induite  Uj  «  Ue  -  Ufp  oh  la  renartition  de  vitesse  en  fluide  parfait  Ufp  (x)  est  une  donnSe  du 
probl8me. 

'.es  hypotheses  de  couplage  Stant  toujours  les  memes  qu’au  paragraphe  3.3.1,  on  se  retrouve  devant  le 
meme  type  de  problSme  mais  ici,  sous  forme  de  rSsoluti'-n  inverse,  3  savoir,  dSterminer  Involution  de  8* 
connaissant  la  vitesse  induite  Uj. 

On  rSsout  13  aussi  le  problSme  3  l’aide  d’une  nouvelle  fonction  de  GREEN  qji  nous  donne  la  vitesse 
verticale  Vp  (x)  sous  la  forme  :  ■  /+0* 


Of*.  .  , 

Moyennant  nos  hypotheses  et  en  gardant  les  memes  notations  qu’au  paragraphe  3.3.1.,  on  peuc  reduxte 
cette  intSgrale  3  :  ^ 

TT  Jtto  *  -  * 

L’intSgration  3  chaque  itSration  est  alors  realisSe  suivant  le  mSme  principe  qu'au  paragraphe  3.3.I.. 
Enfin  la  relation  de  couplage  Scrite  3  la  paroi  nous  donne  : 

45l  «  *£.  „  li  . 

qui  permet  d'obtenir  une  nouvelle  rSpartition  de  l'Spaisseur  de  dSplacement.  Celle-ci  est  alors  rStntroduite 
comme  donnSe  du  calcul  de  couche  limite,  moyennant  une  sous  relaxation  importante  nScessaire  3  la  stabilitS 
des  itSrations  (LE  BALLEUR  / 1 3/) . 


Le  schSma  du  calcul  peut  done  Stre  prSsentS  sous  la  forme  suivante 

A **(*) 


-«•«. -^1 
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3.4.2.  Equations  ue  couche  limitc 

Le  systAme  de  deux  Squations  globales  que  nous  avons  choisi  se  compose  de  l'gquation  globale  de 
quantity  de  mouvement  et  de  1* Aquation  d'entrainement  : 

£t  =  dj-  ♦  S>  (  h  4-0  .  ± 

Si.  d-  sc  Ue  d*. 

Ce  r  d 


Ue  3* 


:s  rgsultats  de  cette  solution  sont  constitufs  par  une  famille  de  profils  U/Ue  de  jyfx .  ■J  Rx'  de- 
I'un  paramAtre.  Pour  l'utilisation  pratique  de  ces  rgsultats,  nous  avons  utilisg  le  paramAtre  de 


C'est  un  systAme  de  deux  Equations  pour  les  six  inconnues  suivantes  : 

Cf/X)  C «,  «("**)  ,  U*  e+  Ue. 

Le  couplage  fournissant  une  Aquation  supplAmentaire,  il  est  done  ngeessaire  d'obtenir  trois  rela¬ 
tions  complAmentaires  entre  ces  diffgrentes  inconnues.  C'est  Sexploitation  de  solutions  de  similitude, 
tant  en  laminaire  qu'en  turbulent  qui  les  fournit., 

a)  Domaine  laminaire 

* 

Pour  le  rAgime  laminaire,  nous  avons  utilisA  des  solutions  calculees  A  partir  de  1'hypothAse  de 
FALKNER-SKAN.  Pour  les  valeurs  nAgatives  du  paramAtre  de  gradient  de  pression,  on  sait  que  la  solution  de 
l'gquation  de  similitude  est  double  :  l'une  correspond  A  la  solution  non  dgcollAe,  l'autre  A  la  solution 
dgcollAe.  La  prise  en  compte  de  cettfc  seconde  solution  nous  permet  done  d'inclure  des  profils  de  vitesse 
avec  Acoulement  de  retour  nAcessaires  pour  le  calcul  d'un  bulbe. 

Les 

pendant  d' 

forme  H.  L'analyse  des  propriAtAs  de  ces  profils  permet  alors  d'exprimer  les  trois  relations  de  fermeture 
mandates  sous  la  forme  :  jE»£l.  Rp  *  <&  R,  ( UL)  f  •*  *4*  «!  ( 

oQ  1' indice  L  correspond  au  rAgime  laminaire. 

Il  est  A  remarquer  que  ce  type  de  relations  faisant  intervenir  le  coefficient  d'entrainement  est 
assez  pen  utilisg  dans  le  cas  de  mAthodes  intAgrales  laminaires,  et  qu'en  gAnAral  l'Aquation  que  l'on 
rAsout  en  plus  de  l'Aquation  de  KARMAN  est  l'Aquation  globale  d'Anergie  cingtique.  Nous  avons  en  fait  prg- 
fAre  utiliser  l'gquation  d'entrainement  pour  conserver  le  meme  systAme  en  laminaire  et  en  turbulent, 

b)  Domaine  turbulent 

Nous  avons  utilisg  les  solutions  de  similitude  proposges  par  MICHEL,  QUEMARD,  DURANT  / 14/  et 
gtendues  aux  gcoulements  de  retour  (H,.^  10)  (COUSTEIX,  LE  BALLEUR,  HOUDEVILLE  /  ;/). 

De  la  meme  maniAre,  nous  disposons  d'une  famille  A  deux  paramAtres  (gradient  de  pression  et  nombre 
de  Reynolds)  qui  nous  permet  d'gtablir  1A  aussi  les  relations  : 

%  .  qT(  Mr,R»)  ,  Cer  =  ft,  (  ef  H*r  .  «•) 

oQ  1' indice  T  correspond  au  rggime  turbulent. 

C)  Calcul  de  la  region  de  transition 

A  ce  niveau  se  pose  un  certain  nombre  de  problAmes,  et  en  particulier  la  dgtermination  de  la 
rggion  de  transition.  Nous  verrons  plus  loin  les  tentatives  que  nous  envisageons  de  faire  pour  rgsoudre 
ces  problAmes. 

On  suppose  done  connue  une  certaine  fonction  (x)  appelge  "fonction  de  transition",  dont  la  valeur 
passe  de  0  A  1  dans  la  rggion  de  transition.  Nous  verrons  au  paragraphe  suivant  la  dgtermination  de  cette 
fonction. 

En  tout  point  d'abscisse  XM  on  connait  done,  en  plus  des  inconnues  du  problAme,  la  valeur  (XM) , 
On  connait  done  en  particulier  le  rapport  Oi j $  .  On  fait  alors  1'hypothAse  qu'en  ce  point  M  on  a  deux 
couches  limites  fictives,  laminaire  et  turbulente,  correspondant  au  meme  ■paramAtre  S  • 

On  peut  done  dgterminer  tous  les  paramAtres  laminaires  et  turbulents  ngeessaires  A  la  fermeture  du 

systAme.  On  gcrit  alors  que  dans  la  region  de  transition,  les  grandeurs  intggrales  dgfinissant  la  couche 
limite  transitionnelle  peuvent  se  dgduire  de  la  maniAre  suivante  A  partir  des  deux  couches  limites  fictives 
H«  (A-  V)  Ht  .  Cp  *•»  <*r  ;  Ce  .  (-i-O  CtL  *  <  CcT 

Cette  hypothAse  a  gtg  vgrifige  de  faqon  trAs  satisfaisante  au  DERAT  pour  le  calcul  de  la  transition 

dans  des  gcoulements  non  dgcollls. 

3.4.3.  Dgtermination  de  la  rggion  de  transition. 

Les  problAmes  demeurent  les  memes  que  ceux  exposAs  au  paragraphe  3.3.3.  Nous  avons  done  pour  le  mo¬ 
ment  utilisg  le  meme type  de  dgtermination  de  la  rggion  de  transition  :  nous  avons  ici  fait  appel  A  un  cri- 
tAre  un  peu  moins  empirique,  proposg  par  VAN  INGEN  /  17/  et  partiel lenient  dgduit  de  la  thgorie  de  l'ins- 
tabilitg  laminaire  (il  suppose  en  particulier  que  1 'amplification  des  perturbations  ne  devient  significa¬ 
tive  qu'aprAs  le  point  de  dgcollement) .  On  dgfinit  alors  une  constante  Of  fonction  d'un  taux  de  turbu¬ 
lence  effectif  qui  permet  de  dgterminer  un  point  de  fin  de  transition  A  partir  du  point  de  dgcollement  par 
la  relation 
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est  le  point  de  fin  de  transition. 


X  s  est  le  point  de  dgcollement. 
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3.5.  Comparaison  avec  1 'experience 

Du  fait  des  hypotheses  utilisEes  concernant  la  mEthode  de  couplage,  nous  nous  sonnies  pour  le  moment 
limitEs  3  des  essais  de  calcul  de  couche  limite  en  presence  de  bulbes  courts.  Le  dEplacement  du  point 
d'arret  dans  le  cas  des  bulbes  longs  impose  probablement  I'utilisation  d'un  calcul  du  fluide  parfait  plus 
complet. 

Nous  avons  done  effected  une  sErie  de  calculs  3  diffErentes  valeurs  de  la  vitesse  U„.  Dans  les  deux 
mEthodes,  le  domaine  de  calcul  a  Etc  choisi  de  telle  sorte  qu'il  comprenne  une  region  oil  le  gradient  de 
vitesse  est  constant  ;  ceci  permet  1' introduction  de  conditions  aux  limites  plus  prEcises  :  on  s' impose 
en  x  -  x0  de  partir  d'une  solution  de  point  d'arret  (donnEe  par  exemple  par  les  solutions  de  similitude). 

Nous  prEsentons  ici  deux  exeoples  de  calcul  effectuEs  avec  nos  mEthodes. 

3.5.1.  MEthode  locale. 

Sur  la  planche  11  est  prSsentEe  une  sErie  de  rEsultats  caractSristiques  obtenus  pour  une  vitesse 
IIm  ■  40  m/s. 

Dans  la  rEgion  du  bulbe,  quelques  hearts  sont  3  noter  :  la  correction  de  vitesse  est  en  effet  assez 
faible  et  ne  semble  pas  corresoondre  aux  rEsultats  expSrimentaux  dEduits  des  mesures  de  preesion.  Ceci  est 
probablement  dfi  3  la  representation  de  la  region  de  transition,  qui  a  une  grande  influence  sur  1 'Evolution 
de  Ci  et  0-  dans  la  region  du  bulbe,  et  done,  qui  influe  de  maniSre  importante  sur  la  vitesse  induite. 

Ces  Hearts  sont  Egalement  visibles  sur  devolution  de  H  et  ©-  mais  peuvent  13  etre  en  partie  imputa- 
bles  aux  mesures,  etant  donnEe  la  trSs  faible  Spaisseur  de  la  couche  limite  dans  cette  region. 

3.5.2.  MEthode  globale. 

Le  critSre  de  transition  que  nous  avons  employe  fait  appel  3  un  taux  de  turbulence  effectif  ;  nos 
experiences  nous  fournissent  un  taux  de  fluctuation  longitudinale  de  la  vitesse  ^u^l/lUo  >  nous  avons  done 
introduit  dans  les  calculs  un  taux  de  turbulence  Tu  dEduit  de  W*  /U»  en  supposant  une  turbulence  isotrope, 
et  nous  avons  adaptE  la  loi  de  pour  que  nos  calculs  recoupent  une  sErie  de  rEsultats  expErimentaux 

(pour  une  valeur  fix€e  UM  -  40  m/s).  Les  calculs  aux  autres  valeurs  du  nombre  de  Reynolds  ont  EtE  alors 
effectuEs  en  prenant  un  taux  effect'if  de  turbulence,  et  en  conservant  la  meme  loi  de  7S  • 

La  planche  12  montre  un  exemple  de  calcul  pour  U^*  -  53  m/s.  Les  rEsultats  concernant  l'Epaisseur 
de  quantitE  de  raouveraent  sont  en  tr6s  bon  accord  avec  nos  valeurs  expErimentales  ;  de  meme,  pour  la  vitesse 
extErieure,  pour  laquelle  on  peut  verifier  a  posteriori  la  validitE  des  hypothSses  de  couplage  local.  Le 
paramStre  de  forme  H  prEsente  par  contre  des  Evolutions  moins  rapides  que  dans  nos  experiences  dans  la 
rEgion  de  dEcollement.  Ceci  provient  probablement  de  la  difficultE  que  nous  avons  eue  3  determiner  une  loi 
de  transition,  du  fait  des  nombreux  paramEtres  entrant  en  jeu  (debut  et  fin  de  transition,  forme  de  la 
tonction  )  j  ce  calcul  y  est  en  effet  extremement  sensible  et  de  petites  variations  de  cette  loi  ont 
des  consEquences  importantes  au  niveau  de  Involution  des  diffErents  paramEtres. 

Si  on  prolonge  ce  calcul  avec  une  mEthode  intEgrale  turbulente  classique ;en  prenant  les  conditions 
initiales  3  la  fin  du  domaine  de  calcul  du  bulbe,  et  en  introduisant  comme  conditions  extErieures  la  vi¬ 
tesse  en  fluide  parfait,  les  rEsultats  report€s  sur  la  planche  !3  montrent  que  la  prise  en  compte  du  bulbe 
de  dEcollement  laminaire  permet  une  representation  tr3s  correcte  de  la  couche  limite  3  l'aval  ;  on  voit 
trSs  nettement  le  progrEs  par  rapport  3  un  calcul  supposant  une  couche  limite  turbulente  depuis  le  point 
de  dEcollement. 


4.  CONCLUSIONS 

Nous  avons  prEsentE  ici  une  premiSre  s6rie  d' experiences  concernant  un  profil  de  200  mm  de  corde. 

Nous  avons  pu,  dans  les  diffErentes  configurations  €tudi€es,  prEciser  Involution  de  la  couche  limite  en 
aval  d'un  bulbe  de  dEcollement  laminaire  avec  transition,  mais  nous  n'avons  oas  pu,  du  fait  de  la  taille 
du  profil,  obtenir  de  rEsultats  dEtaillEs  sur  le  bulbe  court  lui-meme. 

Une  deuxiEme  sErie  d 'experiences  est  actuellement  en  cours  afin  d'Etudier  en  detail  le  processus  de 
transition  dans  un  bulbe  court.  Le  montage  utilisE  est  un  bord  d'attaque  agrandi  correspondant  3  un  profil 
de  2500  ms  de  corde.  L'Epaisseur  de  la  couche  limite  laminaire  avant  le  dEcollement  ainsi  que  la  taille  du 
bulbe  nous  permettront  d'une  part,  d'obtenir  par  vElocimEtrie  laser  des  rEsultats  dEtaillEs  sur  la  couche 
limite  dans  le  bulbe,  et  d'autre  part,  de  rEaliser  des  visualisations  par  plan  de  lumiEre. 

Ces  rEsultats  dEtaillEs  nous  permettront  d'une  part,  d'obtenir  des  donnEes  expErimentales  dans  le 
bulbe  lui-meme,  afin  de  mieux  valider  nos  mEthodes  de  calcul  ;  et  d'autre  part,  les  informations  dEtaillEes 
sur  la  transition  que  nous  comptons  obtenir  nous  permettront  d'amEliorer  la  reprEsentation  de  cette  rEgion 
dans  nos  mEthodes  de  calcul.  Des  amEliorations  devraient  Egalement  etre  apportEes  3  ce  niveau  par  1 'Etude 
que  nous  avons  entreprise  concernant  la  stabilitE  des  profils  de  vitesse  ave.-.  ecoulement  de  retour.  Elle 
porte  sur  les^profils  de  similitude  des  solutions  de  FALKNER  SKAN  que  nous  avons  prEsentSes  prEcEdemment, 
et  est  destinEe  3  1 'Elaboration  d'un  critere  de  transition  dans  les  zones  dEcollEes.  Nos  rEsultats  de  calcul 
nous  ont  en  effet  montre  que  1 'Evolution  de  la  couche  limite  au  passage  du  bulbe  Etait  trSs  fortement  dEpen- 
dante  de  la  maniSre  dont  Etait  dfifinie  la  fonction  de  transition, 

D'une  faqon  gSnerale,  on  peut  conclure  que  l’emploi  d'une  hypothSse  simple  de  couplage  local  peut 
permettre  un  calcul  peu  couteux  d'uns  rEgion  dEcollEe  de  faible  dimension,  les  hypotheses  de  faible  per¬ 
turbation  dans  une  rEgion  limitEe  au  voisinage  du  bulbe  Etant  bien  vErifiEes  tant  au  niveau  expErimental 
qu'a  posteriori  au  niveau  des  rEsultats  de  calcul. 
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1 .  GOALS  OF  1  HI.  CONFERENCE 

The  Conference  has  three  related  goals: 

(1 )  To  reach  consensus  in  the  research  community  on  trustworthy  data  sets  that  can  l .  used  as  input  for  modeling 
of  turbulence  in  complex  flows  ar.d  as  the  basis  for  standard  “trials"  for  checking  output  of  computations. 

(2)  The  creation  of  a  “date  library”  on  magnetic  tape.  This  library  will  hold  the  data  selected  as  trustworthy  in 
standard  normalized  form.  The  data  will  be  computer-readable  and  widely  accessible  at  a  moderate  fee. 

(3)  Comparison  of  the  ou'put  of  current  methods  of  computation  for  turbulent  flows  for  a  set  of  “basic  test 
cases”  covering  a  broad  range  of  flows. 

The  first  objective  is  the  result  of  the  effort  of  nearly  200  workers  during  1979-80  culminating  in  the  1980  meeting  of 
the  Conference.  The  second  objective  is  an  ongoing  project  that  is  intended  to  continue  for  at  ivast  some  years.  The 
third  oojectivc  wiii  be  the  focus  of  the  19S!  meeting  cf  the  Conference. 

The  word  “conference”  is  somewhat  misleading  for  this  project,  albeit  no  better  term  seems  to  be  available.  It  is 
more  accurate  to  think  of  the  project  as  a  scveral-year-research  effort  by  a  considerable  traction  of  the  research 
community  aimed  at  establishing  r>  more  solid  data  base  and  clarifying  both  the  situation  in  the  data  and  the  state-of-the- 
art  in  computation.  Such  a  clarification  should  be  of  assistance  to  both  users  of  computational  methods  and  to  the 
research  community  in  perceiving  more  clearly  what  can  now  be  done,  and  profitable  roads  to  further  advances. 

It  has  been  my  privilege  ‘o  coordinate  these  efforts  as  Chairman  of  the  Organizing  Committtc.  The  experience  has 
been  educational.  The  purpose  of  this  introduction  i.  to  share  some  of  that  education  with  the  readers  of  this  and 
subsequent  volumes  dealing  with  the  Conference  and  the  Data  Library.  It  will  perhaps  be  most  useful  to  begin  with  a 
brief  history.  This  is  followed  by  a  discussion  of  some  current  difficulties  in  turbulence  research  and  fluids  engineering. 
The  third  and  final  topic  is  a  description  of  the  Conference  and  how  it  plans  to  ameliorate  some  of  the  difficulties 
described. 


2.  A  BRIEF  HISTORY 

From  .!’  early  years  of  this  century  until  the  late  !  960s  the  problem  of  computation  of  turbulent  shear  layers  was 
considered  a  classic  unsolved  problem.  With  the  advent  of  wide  accessibility  to  digital  computers  a  number  of  individuals 
began  to  construct  codes  for  solution  of  shear-layer  problems.  By  the  late  1960s,  25  methods  had  been  generated,  but 
there  was  no  con.„nsus  that  any  of  them  were  trustworthy  •  This  lack  of  consensus  was  evidenced  by  the  continued 
effons  to  construct  new  methods,  and  by  the  funding  ^f  such  efforts  by  governments  in  several  countries. 

in  tnder  to  clarify  this  situation,  a  number  of  individuals,  including  D.E.Coles,  M.V.Morkovin,  W.C. Reynolds,  r 

G. Sovran  and  'he  writer,  conceived  cf  the  idea  of  holding  a  meeting  at  which  as  i  lany  methods  as  possible  would  be 
tested  against  carefully  standardized  and  trustworthy  data.  D.E.Coles,  with  E.Hirst  assumed  the  task  of  standardizing 
the  data.  The  remainder  of  the  group  with  assistance  from  D.J.Cockrell  and  many  others,  organized  the  meeting  and 
coordi..ated  efforts  among  the  research  groups.  The  results  are  recorded  in  the  two-volume  Proceedings  of  the  1968 


*  The  sponsorship  of  the  US  Air  Force  Office  of  Scientific  Research  under  Contract  F49620-80-C-0027  and  the  Industrial  Affiliates  of  the 
"tarford  Thermoscu.ues  Division  is  gratefully  acknowledged.  Suggestions  by  Gino  Sovran,  Brian  Launder,  Peter  Bradshaw,  Jim  Johnston, 
Brian  Cantwell,  Geoffrey  Lrlley ,  and  John  Eaton  on  an  earlier  draf.  led  to  significant  improvements  and  are  also  gratefully  acknowledged 
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AFOSR-IFP  Stanford  Conference  on  Computation  of  Turbulent  Boundary  Layers.*  The  conference  was  highly 
structured  and  involved  some  unique  organizational  features  that  arc  described  by  Kline,  et  al.  (1969), 

The  most  significant  result  of  the  1968  conference,  from  the  perspective  of  this  volume,  is  that  the  result  radically 
altered  the  common  wisdom  concerning  the  ability  to  compute  turbulent  shear  layers.  Before  the  1968  Conference,  the 
general  belief  was  that  no  satisfactory  method  existed.  The  excellent  report  of  the  Evaluation  Committee*  in  the  1968 
Conference  showed  that  seven  methods  were  quite  satisfactory,  within  well-defined  limits,  and  that  nine  more  had  useful 
properties  for  some  applications.  Another  nine  were  deemed  inadequate,  and  have  been  for  the  most  part  abandoned. 

As  a  direct  result  of  the  1968  Conference,  the  bulk  of  work  on  d  i  eloping  programs  for  attached,  incompressible, 
turbulent  boundary  layers  ceased,  and  the  research  community  moved  on  to  mere  complex  problems. 

Within  a  few  years  following  1968,  NACA  (1969,  1972)  organized  similar  conferences  for  compressible  boundary 
layers  and  for  free-shear  layers.  These  conferences  demonstrated  reasonable  simulation  for  compressible  boundaty  layers 
and  the  far  zones  of  free-shear  layers,  but  indicated  a  lack  of  both  data  and  simulation  for  the  near  zone  of  wakes,  jets 
and  mixing  layers. 

The  1968  Conference  had  also  shown  that  available  methods  were  successful  for  attached  zones,  but  generally  failed 
or  required  ad  hoc  “fixes”  in  regions  of  detachment.  All  the  methods  presented  in  1968  failed,  qualitatively,  in  the 
prediction  of  a  reattached  free-shear-layer.  Subsequent  experiments,  particularly  that  of  Kim  et  al.  (1979),  have  shown 
that  such  a  reattached  layer  does  not  follow  'he  type,  of  correlation  used  by  most  methods  in  1968.  Moreover,  all  the 
successful  methods  in  the  1968  “trials”  employed  the  “law”  of  the  wall,  indicating  a  heavy'  dependence  on  data  correla¬ 
tion  and  hence  a  lack  of  fundamental  input  in  turbulence-closure  modeling. 

During  the  1970s  a  considerable  effort  at  improving  numerical  methods  and  turbulence-closure  modeling  has  been 
carried  out  in  many  research  centers  around  the  world.  The  resulting  computation*  methods  have  moved  beyond  the 
“postdiction”  of  thin  shear  layers  to  the  computation  of  entire  flow  fields,  in  some  cases  involving  unsteadiness, 
appreciable  zones  of  separated  flow,  and  other  complexities.  By  the  la:e  1970s,  we  again  find  ourselves  in  a  situation 
where  many  methods  exist,  but  there  is  no  consensus  on  what  problems  they  will  succeed  or  which  methods  have 
advantages  for  what  flows.  Since  about  1976,  in  the  words  of  the  old  cliche,  wc  have  been  literally  “confused  on  a 
higher  level”.  As  a  result,  a  number  of  workers**  who  had  been  involved  in  the  1968  Conference  again  began  to  discus* 
what  needed  to  be  done.  The  1980  81  Conference  grew  from  those  discussions. 

Because  the  1980-8 1  Conference  concerns  “Complex  Turbulent  Flows”,  that  is,  complete  flow  fields  with  such 
complications  as  shock/boundary -layer  interactions,  detachment,  reattaenment  of  shear  layers,  large  zones  of  separation, 
blowing/suction,  strong  wall-curvature  and  other  phenomena,  the  task  is  at  once  far  more  complex  and  far  larger  than  in 
1968.  In  order  to  understand  these  tasks,  and  hence  the  motivations  for  the  structure  cf  the  Conference,  it  will  be 
useful  to  give  a  brief  overview  of  some  current  difficulties  in  turbulent  flow  research,  both  technical  and  institutional. 

One  other  historical  remark  is  in  order  before  discussion  of  these  difficulties. 

Preparatory  work  for  the  1980-81  Conference  during  1979  and  1980,  has  already  shown  that  an  important  element 
of  the  common  wisdom  does  not  stand  up  to  detailed  examination.  At  the  beginning  of  the  work,  every  member  of  the 
Organizing  Committee  was  concerned  with  the  question,  'Are  there  enough  trustworthy  data  sets  of  the  needed  type  to 
form  a  basis  for  a  conference  of  the  1968  type  on  complex  turbulent  flows?”  The  Committee  believed  that  if  as  many 
as  10  or  15  such  sets  of  data  could  be  identified,  a  meeting  would  be  we'l  worthwhile.  As  data  evaluations  hat 
accumulated,  more  than  50  cases*t  have  been  identified,  and  something  like  that  many  more  exist  but  have  n  cn 

fully  evaluated.  Moreover,  as  the  work  progressed  and  evaluation  reports  were  circulated  for  review,  workers  in  .  .us 
parts  of  the  world  volunteered  still  furt',ar  data  sets;  that  process  is  still  continuing. 

This  disclosure  of  data  has  obvious  benefits,  but  has  also  overloaded  the  finite  manpower  available  for  entering  the 
data  onto  magnetic  tape  checking,  and  providing  the  needed  descriptions  for  each  magnetic  tape  file.  As  a  result,  it  is 
the  intention  of  the  writer,  and  Prof.  B.J .Cantwell  who  is  supervising  the  data  library  work,  to  continue  inputs  into  the 
library  for  at  least  a  few  years  after  1980  until  the  backlog  of  exiting  data  is  substantially  “caught  up”.  In  this  work 
priority  has  gone  to  recording  the  “basic  test  cases”  for  the  1981  meeting  (see  below).  After  September  1980  priorities 
will  be  assigned  primarily  so  that  the  data  collection  is  balanced  and  rounded  out,  and  secondarily  on  a  first-come,  first- 
served  basis.  Further  details  appear  in  the  section  on  Organization  of  the  Conference  below. 


*  Available  for  purchase  from  the  Thermosciences  Division  of  the  Department  of  Mechanical  Engineering,  Stanford  University,  CA  94305, 
USA.  Price  for  both  volumes,  including  mailing,  $17.50. 
t  Chaired  by  H.W.Emmons;  see  1968  Proceedings  for  detail. 

**  Particularly,  M.V.Morkovin,  P.Bradshaw,  H.W  Emmons,  W.C.Reynolds.and  the  writet. 

ft  In  this  volume  a  “(low"  denotes  a  class  of  situations  usually  related  to  geometries.  A  “case”  is  one  experimental  realization  of  a  flow,  or 
a  synthesis  of  realizations,  amalgamated  into  a  single  “trial”  for  computations. 
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3.  SOME  DIFFICULTIES  IN  TURBULENT  FLOW  RESEARCH 
A.  Technical  Difficulties 

1.  The  Complexity  and  Variety  of  Flows 

Thin  shear  layers  form  a  relatively  cohesive  class  of  flows.  Even  when  one  restricts  consideration  to  one-phase  flow 
of  a  single,  pure  Newtonian  substance,  the  totality  of  complex  turbulent  flow  fields  known  to  exist  is  quite  diverse  and 
far  from  cohesive.  In  early  research,  turbulence  was  implicitly  considered  as  a  single  state  or  condition  (hopefully) 
describable  by  a  few  simple  models.  As  data  fr.  m  hot  wires  became  widely  available,  largely  after  WW  II,  it  became  clear 
that  turbulence  is  not  a  single  state,  but  a  complex  of  behaviors  that  is  affected  by  many  parameters.  This  complexity  is 
well  demonstrated  by  a  list  of  the  things  that  can,  and  sometimes  do,  affect  the  behavior  of  turbulence.  Such  a  list, 
collected  over  some  time  by  the  author,  is  given  in  Table  1 .  All  the  effects  of  Table  1  are  known  to  be  appreciable  in 
some  instances;  however,  there  is  "o  guarantee  the  list  is  complete.  (Every  time  the  author  has  read  the  lis  at  a  technical 
meeting  someone  has  commented  on  still  another  item  -  at  least  thus  far.) 

The  complexity  of  turbulent  flow  fields  is  also  exhibited  by  the  variety  of  problems  or  classe  'f  flows  that  have  been 
considered  by  the  Organizing  Committee  for  the  1980-81  Conference.  This  list  is  exhibited  as  7V;.:.  2,  which  shows  the 
categorization  of  flow  problems  for  the  Conference.  These  categories  are  neither  unique  nor  entirely  complete.  They 
have  been  reorganized  several  times  and  updated  as  more  information  appeared.  The  version  shown  in  Table  2  is  the 
status  as  of  July  1 980.  Very  probably  further  updating  will  occur  as  a  result  ie  meeting  on  data  for  which  this 
volume  will  form  the  Proceedings. 

Still  a  third  indication  of  the  complexity  of  turbulent  flow  fields  is  given  by  the  variety  of  levels  of  modeling  that 
are  currently  employed  for  simulation  of  turbulent  flows  in  computer  models.  One  taxonomy  by  Kline  et  al  (1978)  is 
given  in  Table  3.  Most  current  modeling  is  at  level  three  in  this  taxonomy.  Level  3  contains  a  number  of  subcategories  of 
models  from  simple  mean  strain  to  “many-equation”  models.  Since  both  the  mean  flow  and  the  turbulence  can  be 
modeled  locally  (zone  by  zone)  or  globally  (uniformly),  four  combinations  of  global  and  local  modeling  exist.  An 
excellent  taxonomy  of  level  3  models  is  given  by  Reynolds  (1968).  However,  the  totality  of  modeling  is  not  confined  to 
level  3;  appreciable  current  efforts  exist  at  all  five  levels  for  some  problems. 

A  fourth  taxonomy  of  turbulent  flows  has  been  suggested  in  several  papers  by  Bradshaw  (1975).  This  taxonomy 
arranges  flows  according  to  the  type  of  strains  the  flow  undergoes;  it  is  a  very  fruitful  idea  for  organizing  model  assump¬ 
tions  for  tubulence  closure  and  suggesting  experiments  that  will  give  needed  model  information.  A  number  of  such 
experiments  have  been  provided  by  Prof.  Bradshaw’s  group,  and  some  are  included  in  Table  2.  However,  examination  of 
Table  1  shows  that  categorization  via  strain  type  does  not  include  all  the  effects  that  we  shall  ultimately  have  to  be  able 
to  model  if  we  are  to  say  that  we  have  adequate  models  for  the  computer  simulation  of  all  kinds  of  complex  turbulent 
flows.  Table  1  provides  a  warning  for  those  who  would  claim  too  much  too  early  and  thereby  do  disservice  to  the 
insightful  and  continuing  efforts  of  the  turbulence  research  community  as  a  whole. 

In  1980,  we  still  lack  a  viable  method  for  relating  the  severa1  taxonomies  just  discussed.  We  do  not  know  what 
methods  are  best  applied  to  a  given  flow  configuration  of  Table  2,  nor  do  we  know  what  level  of  computation  will 
ultimately  be  needed  to  model  various  kinds  of  strains  and  effects  accurately.  As  long  as  that  remains  the  case,  we  shall 
not  have  what  is  needed  for  engineering  work  in  complex  turbulent  flow  fields.  It  is  hoped  that  the  1981  meeting  of  the 
Conference  will  begin  to  clarify  the  situation.  More  discussion  on  this  point  appeals  in  the  final  section. 

2.  The  Measurement  Problem  -  Accuracy  Control 

Measurement  of  turbulence  is  inherently  difficult,  ’.Ve  have  lacked  instruments  to  measure  some  important 
quantities,  for  example  vorticity,  pressure  fluctuations,  pressure-strain  correlation,  local  temporary  flow  reversals,*  and 
some  components  of  the  Reynolds  stress  tensor.  Fixed  hot-wire  data  taken  at  X/D  <  5  behind  bluff  bodies  and  in  the 
edges  of  wakes  and  jets  ar  •  far  more  uncertain  than  has  been  generally  recognized  owing  to  very  large  fluctuations  (see  for 
example:  evaluation  by  B.J.Cantwell,  Flow  0410;  Tutu  and  Chevray,  1975;  Coles  et  a!.,  1978).  Even  where  we  have 
instruments,  the  uncertainty  in  many  quantities  is  high,  for  example;  the  rate  of  dissipation  of  turbulent  energy, 

Reynold'-  stresses  and  higher  order  correlations.  We  have  lacked  adequate  means  for  calibration  of  hot-wires  for 
fluctuations  (see  Young  et  al.,  1976).  As  a  result,  what  is  called  the  N^-order  uncertainty  in  the  paper  that  follows  has 
remained  relatively  high  for  turbulence  data  of  nearly  every  kind.  It  is  salutary  in  this  connection  to  read  the  remarks  of 
J.B.  Jones  concerning  comparisons  of  turbulence  data  in  the  inlet  zone  of  smooth,  round  pipe  in  turbulent  Flow  0130, 
and  jf  J.H.Fcrziger  on  strained  homogeneous  fields,  Flow  0370. 

The  neophyte  worker,  moreover,  is  faced  with  a  lack  of  unified  literature  describing  instrument  techniques.  The  idst 
attempt  at  complete  coverage  of  fluid  instrumentation  seems  to  be  that  of  R.C.Dean,  Jr  (1952).  Dean’s  work  was 
excellent  for  its  time,  but  is  badly  in  need  of  updating.  Publishers  have  been  unwilling  to  underwrite  or  even  undertake 
this  task,  ana  no  institution  seems  to  assume  the  responsibility  for  seeing  that  such  needful  technical  tasks  are  carried  out. 


*  This  problem  is  coming  under  control  via  laser  anemonietry  and  recent  instrument  innovations  by  Westphal  et  al.  (198C)  and  Owen  and 
Johnston  (1 980),  but  there  are  as  yet  few  data. 
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Many  engineering  schools  have  never  had,  or  have  abandoned,  advanced  courses  in  thermal  and  flow  measurements  that 
would  provide  the  student  with  solid  preparation  for  careful  data-taking  and  reduction.*  The  result  is  that  all  too  often 
our  data  sets  are  generated  by  an  untrained  research-internee  supervised  solely  by  a  single  overworked  and  overcommitted 
faculty  person. 

The  only  known  method  for  reliable  control  of  accuracy  is  via  uncertainty  analysis  of  experients.t  However,  the 
results  of  the  data  evaluations  show  that  uncertainty  analysis  is  still  not  used  by  many  workers  The  experienced  worker, 
in  a  known  situation,  can  perhaps  produce  trustworthy  data  without  formal  uncertainly  analysis.  For  a  neophyte  or  a 
peison  designing  an  experiment  of  a  really  new  type,  however,  it  would  seem  e.  tical  to  the  production  of  trustworthy 
data.  For  this  reason,  a  separate  position  paper  on  experimental  uncertainty  has  been  prepared  by  R.J .Moffat.  Looking 
to  the  future,  we  are  fortunate  that  this  paper  is  a  major  contribution  to  several  long-standing  conceptual  problems  and 
also  provides  a  means  by  which  the  formal  derails  of  uncertainty  analysis  are  made  trivial  for  any  experiment  employing 
data  reduction  in  a  computer.  This  paper  is  strongly  recommended  to  any  individual  intending  to  produce  data  for 
possible  future  “trials”  of  computation  or  input  to  turbulence  modeling. 

B.  Institutional  Difficulties 

No  one  in  the  turbulence  research  community  needs  to  be  told  that  the  number  of  papers  has  grown  in  recent  years 
;n'd  that  with  growth  has  come  a  compression  of  both  presentation  times  in  meetings  and  the  length  of  papers  acceptable 
to  many  journals.  This  compression  of  presentation  times  and  paper  lengths  has  direct  impact  on  the  data  base  available 
for  “trials”  of  computations. 

The  length  requirement  of  papers  in  most  journals  usually  prevents  discussion  of  experimental  difficulties  in 
adequate  detail  and  in  most  cases  suppresses  full  publication  of  data.  This  means  that  data  must  often  be  read  from  too- 
small  graphs,  and  details  are  sometimes  omitted.  As  a  result,  data  evaluators  for  the  Conference  have  often  had  to  refer 
to  the  originators  of  data  to  complete  the  necessary  files.  Such  a  task  is  not  insuperable  for  a  person  focusing  on 
evaluation  of?  single  class  of  flows,  but  is  normally  not  feasible  forcomputors**  who  might  want  to  test  models  against 
a  variety  of  flows.  This  need  to  resort  to  the  originators  of  data  is  one  reason  why  a  collective  effort  of  the  research 
community  has  been  needed  in  order  to  bring  the  data  base  into  usable  form.  Moreover,  without  such  a  system  as  the 
data  library  now  being  established,  the  personal  knowledge  and  files  of  tlu  individual  researchers  would  have  been  lost  to 
accurate  recapture,  over  time. 

The  now-common  ten-minute  presentation  time  effectively  prevents  fully  carrying  through  discussion  on  points  of 
disagreement  in  technical  meetings.  Individual  workers  may  carry  out  su;h  discussions,  but  they  are  no  longer  part  of  the 
publicly  accessible  record.  As  Ziman  (1968)  told  us  at  book  length  some  time  .go,  what  one  of  us  believes  is  not 
“science”.  Information  and  hypotheses  become  “science”  only  when  they  are  subjected  to  full  public  discussion  and 
become  accepted  by  the  large  majority  of  workers  in  the  relevant  field. 

Still  another  institutional  difficulty  has  arisen  from  what  one  might  characterize  as  the  “ten-thousand-card  program”. 
Such  large  programs  have  not  been  accessible  to  review  in  the  older  sense  of  “review”  for  publication.  The  typical 
reviewer  can  devote  a  matter  of  hours,  or  perhaps  days,  to  a  given  review.  This  is  grossly  insufficient  to  unravel  a  large 
program,  even  if  a  printout  of  the  code  is  provided.  This  problem  compounds  with  the  difficulties  of  the  data  base 
already  cited.  The  usual  test  for  the  output  of  computation  has  of  necessity  been  comparison  with  one  or  mere  sets  of 
data.  Even  this  is  sometimes  foregone,  but  let  us  assume  for  this  discussion  that  comparison  with  a  few  sets  of  data  is 
given  in  a  papei  that  is  sent  to  a  reviewtr.  What  is  the  position  of  this  reviewer?  About  a”  he  (or  she)  can  do  in 
“reviewing”  is  to  examine  the  generai  statements  provided  about  the  code  and  see  whether  agreement  with  the  data  is 
obtained.  It  is  nearly  impossible  for  the  reviewer  to  penetrate  to  the  implications  of  the  inevitable  assumptions  made  in 
the  turbulence  closure  and  numerics.  He  (or  she)  cannot  take  the  time  to  unravel  the  code.  Moreover,  the  1968 
experience  showed  clearly  that  comparison  with  as  few  as  three  data  sets  has  little  meaning  in  verifying  the  utility  of 
codes. tt  Even  for  the  restricted  class  of  flows  studied  in  the  1968  meeting,  it  became  clear  that  the  16  mandatory  flows 
constituted  something  like  a  “minimum”  test  of  viability.  Moreover,  since  the  computer  rarely  has  the  time  to  assess  data 
sets,  it  is  altogether  possible  that  untrustworthy  data  will  be  employed;  ste  remarks  of  Owen  and  Johnson  (1980). 

This  combination  of  difficulties  was  known  to  the  Organizing  Committee  for  the  Conference  in  principle  when  the 
planning  began  in  1978.  Experience  gained  since  that  time  hi.s  tended  in  nearly  every  instance  to  reinforce  the  signifi¬ 
cance  of  these  problems.  Data  that  evaluations  showed  were  wrong  by  half  an  order  of  magnitude  have  been  used  as 

*  The  writer  is  aware  of  only  two  sequences  of  such  courses  at  the  graduate  level  -  both  at  Stanford.  He  would  welcome  knowledge  of 
other-,,  and  has  several  times  so  stated  in  public  meetings. 

t  P..v  w  riter  is  a  biased  observer  on  this  topic,  having  wrl'ten  a  base  paper  in  the  field.  However,  any  other  approach  leaves  significant 
questions  unanswered  and  fails  to  previde  numerical  criteria  by  which  comparisons  between  data  sets  or  between  data  and  computations  can 
be  made  quantitative.  Similar  remarks  have  been  made  independently  by  D. A  Humphreys  and  B.  van  den  Berg  in  the  evaluation  of  data  for 
three-dimensional  turbulent  boundary  layers,  Flow  0250. 

**  The  word  ‘computor"  denotes  a  person  doing  numerical  fluid  dynamics,  as  opposed  to  a  “computer”,  which  denotes  hardware  for  doing 
numerical  calculations. 

tt  This  difficulty  is  also  revealed  and  emphasised  by  the  questions  of  managing  engineers  responsible  for  utilizing  computational  codes.  In  a 
numbei  of  instances,  such  managers  have  expressed  to  the  writer  perplexity  concerning  how  to  judge  codes  offered  to  them  by  consulting 
firms  which  creatt  numerical  codes. 
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input  to  models  in  some  cases.  Questions  and  requests  for  further  information  have  had  to  be  referred  by  data  evaluators 
to  the  originators  of  the  data  in  many  instances  where  the  published  record  was  not  sufficient.  Many  deficiencies  in  both 
planning  and  detailed  execution  of  experiments  have  come  to  light  that  could  have  been  avoided  had  the  experience 
available  in  the  research  community  on  provision  for  accuracy  and  on  the  difficulties  of  laboratory  control  of  fluid  flow 
been  brought  to  bear  in  a  timely  manner. 

The  Conference  was  designed  to  ameliorate  some  of  these  difficulties,  and  thus  hopefully  to  improve  matters  in  the 
future.  The  steps  taken  are  described  in  the  next  section. 


4.  ORGANIZATION  OF  THE  CONFERENCE 


Some,  but  not  all,  of  the  difficulties  recited  in  the  previous  section  could  be  significantly  reduced  by  three 
accomplishments: 

(1 )  Provision  of  a  trustworthy  data  base  backed  by  consensus  of  the  research  community  on  its  reliability  and  on 
its  possible  difficulties.  To  be  fully  effective,  tnis  data  base  needs  to  be  computer-readable  and  widely 
accessible. 

(2)  Clarification  of  data  needs  for  constructing  and  checking  computer  models  including:  types  of  new  or 
improved  data  required;  data  standards;  the  methodology  for  quantitative  comparison  of  data  and  computation 
accounting  for  residual  uncertainty  in  the  data.  To  be  fully  effective,  this  knowledge  needs  to  be  implemented 
via  thorough  review  processes. 

(3)  The  public  comparison  of  the  standard  “trials”  with  at  least  a  large  number  of  different  kinds  of  computer 
simulations  in  order  to  test  several  questions: 

(a)  Does  an  adequate  “closure”  model  exist  that  can  be  utilized  in  feasible  running  times,  or,  on  the  contrary, 
will  it  be  necessary  for  engineering  computation  to  utilize  distinct  “fine-tuned”  models  that  are  “tailored” 
to  specific  problems  or  to  classes  of  problems  in  order  to  obtain  reliable  results  of  engineering  accuracy? 

(b)  What  kinds  of  turbulence-closure  models  and  numerics  are  more/less  successful,  and  in  what  classes  of 
flows? 

(c)  What  are  the  limits,  if  any,  for  successful  computer  simulation  of  complex  turbulent  flows  in  one-phase 
Newtonian  substances  in  1981? 

Initially,  the  Organizing  Committee,  reasoning  from  the  1968  experience,  thought  that  it  might  be  possible  to  establish 
the  data  base  in  a  suitable  closed  form.  As  work  progressed,  it  became  clear  that  both  improved  data  and  data  of  new 
kinds  are  still  needed.  As  a  result,  the  concept  of  a  data  library  as  a  separate,  ongoing  function  evolved.  Agreements  have 
been  made  with  two  organizations  in  Europe  and  one  in  the  United  States  to  hold  the  tapes  produced  for  the  data  library 
to  sell  them  for  a  fee  not  to  exceed  approximately  SI  00.  The  addresses  of  these  organizations  are  given  in  Appendix  I. 
Similar  arrangements  in  other  pruts  of  the  world  will  be  considered. 

Procedures  were  instituted  to  insure  against  the  inclusion  of  data  on  review  by  only  one  worker,  that  is,  to  create 
consensus  on  the  data  base.  Each  data  evaluation  was  reviewed  by  a  committee  of  three  to  five  other  workers,*  and  in 
most  instances  this  resulted  in  significant  revisions  and  improvements.  In  addition,  as  each  final  evaluation  report  and  its 
summary,  plus  a  “specification  for  computations”,  was  received  at  Stanford,  it  was  sent  to  at  least  two  other  attendants 
of  the  1980  meeting  for  review  and  possible  comment.  As  in  the  1968  Conference,  the  attendants  were  asked  in  advance 
to  agree  to  assist  with  the  work  as  a  condition  for  attendance,  and  almost  without  exception  that  agreement  has  been 
honored  to  the  extent  requested  by  the  Organizing  Committee.  Also,  as  in  1968,  procedures  to  drive  discussion  to  full 
completion  will  be  employed;  such  completion  need  not  imply  agreement,  disagreements  will  also  be  focused  ana 
recorded  as  the  basis  for  further  investigations.  These  meeting  procedures  have  been  recorded  in  an  advice  to  Session 
Chairmen  and  are  bound  into  this  volume  as  Appendix  II  to  this  paper. 


In  addition  to  the  procedures  of  the  preceding  paragraph,  one  member  of  the  Organizing  Committee  acted  as  a 
liaison  person  for  each  flow  evaluation  in  Older  to  coordinate  information  and  assist  in  formation  of  standards.  Initially, 
the  Organizing  Committee  was  not  able  to  provide  detailed  standards  for  the  data  evaluators,  since  the  character  of  the 
various  flows  is  so  diverse.  Only  general  guidance  was  given  the  data  evaluators.  The  most  critical  task,  that  of 
formulating  a  data  base,  is  thus  the  result  of  the  efforts  of  the  data  evaluators.  Their  task  was  made  even  more  difficult 
by  the  fact  that  the  shape  of  the  work  process  was  evolved  as  information  accumulated,  and  the  evaluators  were  only  l2ter 
asked  to  formulate  summaries  (for  publication)  and  specifications  (for  trial  computations).  The  field  owes  a  considerable 
debt  to  the  arduons  and  insightful  work  of  these  experts  on  the  various  flow  classes. 

These  procedures  do  not  guarantee  infallibility;  science  as  a  process  is  not  infallible.  When  it  comes  to  establishing 
matters  of  truth,  however,  the  full  public  discussion  of  science  is  much  better  than  any  other  known  method.  Th n  public 
discussion  of  science  is  the  best  we  have,  and  it  is  at  least  an  order  of  magnitude  better  than  the  assessment  by  individual 
data  takers  with  respect  to  their  own  output.  Evei.  „  cursory  review  of  the  full  data  evaluations  for  this  Conference  and 
the  comments  on  them  sho’  -s  this  clearly.  For  this  reason  and  also  to  make  them  available  to  future  “data  takers”,  the 

*  A  few  evaluations  were  received  too  late  for  prior  review,  and  were  mstead  discussed  in  the  1980  meeting. 
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full  evaluation  reports  are  being  held  in  file  at  Stanford  and  can  be  obtained  without  charge  by  writing  to  the  Thermo- 
sciences  Division,  Department  of  Mechanical  Engineering,  Stanford,  CA,  USA  94305.  Some  will  be  published  in  serials 
accepting  long  articles  or  condensed  for  journals;  one  already  has  been  (Eaton  &  Johnston,  1980);  another  (Launder  & 
Rodi)  has  been  accepted  for  publication. 

A  different  lesson  also  emerged  from  study  of  the  data  evaluations  as  they  were  formulated  over  time.  Initially,  the 
common  wisdom  suggested  that  tests  of  computaiions  should  be  concerned  with  detailed  comparison  with  single  flow 
fields  of  high  complexity,  for  example  the  data  of  Cantwell  and  Coles  (Flow  0410).  However,  it  became  clear  from 
discussions  with  computors  and  the  results  of  the  data  evaluators  that  at  least  two  other  types  of  comparisons  are 
important.  The  first  is  limits  on  physical  behavior,  for  example:  the  cessation  of  turbulence  production  when  a  flow 
passes  through  a  lower  critical  Reynolds  number  (Flow  0280);  or  the  reduction  to  similarity  solutions  for  asymptotic 
flows,  as  in  a  mixing  layer  or  tube  flow  (Flows  01 10, 0170, 0260).  Finally,  the  use  of  composites  of  data  on  first-order 
results  over  a  wide  range  of  parameters  is  an  important  check,  for  two  ;easons.  First,  testing  over  a  range  verifies 
turbulence  models  independently  from  “tuning”  processes  imoived  in  setting  up  particular  flows.  Second,  the  use  of 
composite  data  insures  estimates  of  n^-order  uncertainty  in  the  sense  defined  in  the  paper  in  this  volume  by  R.J. Moffat, 
and  thus  avoids  the  difficulties  of  “one-lab”  experiments.  These  three  kinds  of  checks  are  all  in  addition  to  checks  on 
mathematical  consistency  as  emphasized  by  a  number  of  workers,  for  example  Coleman  Donaldson  and  John  Lumley 

As  in  1968,  the  Evaluation  Committee  for  study  of  the  comparison  of  the  data  with  the  computations  will  be 
chaired  by  Prof.  H.W.Emmons  of  Harvard  University.  After  input  from  the  1 980  meeting  and  the  Organizing  Committee, 
the  methods  of  assessment  are  the  responsibility  of  Prof.  Emmons  and  his  committee.  They  are  left  so  in  order  to  provide 
assessment  independent  from  the  organizers,  data  takers,  and  computors,  and  because  they  cannot  be  properly  realized 
until  the  results  are  themselves  in  Mid. 

A  problem  that  was  foreseen  but  not  initially  understood  was  th  •  qu  jstiou  of  how  to  review  codes.  In  1968  every 
program  utilized  was  cbecKed  by  graduate  students  at  Stanford  to  insure  completeness  and  repeatability.  Given  the  size 
of  current  codes  and  the  time  required  to  adapt  them  to  specific  problems,  such  a  procedure  is  not  feasible.  Moreovei, 
the  basic  problem  of  how  to  “review”  codes  needed  some  form  of  answer.  The  Organizing  Committee  dealt  with  this 
problem  by  designing  a  questionnaire  that  we  hope  will  assist  in  this  problem.  The  questionnaire  will  appear  in  the 
Proceedings  for  the  1 98 1  meeting.  It  is  worth  aoting  that  it  took  six  rc\  Isions  to  create  this  questionnaire.  It  was  only 
after  it  was  found  that  new  language  had  to  be  invented  to  properly  dr, cribe  the  hierarchical  structure  often  used  in 
computations  that  an  apparently  usable  questionnaire  war  j  1  he  Organizing  Committee  hopes  that  the 

questionnaire  will  assist  in  reviews  of  codes  by  journals  and  >. .  trial  personnel,  and  will  accordingly  furnish  copies  on 
request. 

These  steps  will  hopefully  relieve  somr  of  the  problems  that  currently  exist  in  computational  fluid  dynamics. 
However,  several  problems  mentioned  in  the  prior  section  he  outside  the  scope  of  work  on  the  Conference  and  remain 
unanswered.  In  particular,  the  lack  of  adequate  description  of  experimental  uncertainty  and  the  lack  of  experimental 
control  it  implies  remain  continuing  problems.  They  are  well  evidenced  by  the  data  scatter  in  the  evaluations. 

Another  problem  that  'ic»  cv/ond  the  scope  of  the  Conference  is  the  need  for  an  adequate  treatise  on  experimental 
methods  tnat  will  assist  the  datd-iakc-'  in  avoiding  known  pitfalls  in  mensuration. 

Still  another  remaining  problem  is  the  matter  of  oversight  in  what  are  intended  to  Ke  record  experiments  as  the  basis 
for  possible  future  “trials”  of  e  .mputer  output.  The  nature  of  data  needed  for  this  use  is  significantly  different  from  the 
needs  for  past  uses  of  data.  These  new  needs  have  been  little  discussed  and  hence  are  the  subject  of  a  spearate  paper  in 
this  volume.  These  new  needs,  the  lack  of  an  up-to-date  treatise  and  the  paucity  of  formal  courses  in  aerodynamic 
measurements,  all  speak  to  the  need  for  increased  oversight  in  planning  experiments  beyond  faculty  persons  working 
alone  (or  with  untrained  assistants)  who  are  contractually  obligated  to  produce  results  on  a  short  time-table.  How  this 
may  be  accomplished  is  not  clear  at  this  time.  A  start  in  this  direction  has  recently  been  made  by  two  sets  of  monitors 
for  government  bureaus,*  and  these  examples  may  serve  as  at  least  a  partial  model. 

Finally,  the  1980-81  Conference  will  differ  from  the  1968  Conference  in  an  important  regard  that  needs  to  be 
clearly  stated.  In  1968  the  timing  was  fortunate.  The  state  of  the  art  was  such  that  the  1968  Conference  essentially 
finished  one  stage  of  work  and  'ed  to  another  by  showing  th:'.  the  problem  was  essentially  solved.  No  such  outcome  can 
be  expected  from  the  1080-81  Conference.  The  data  will  not  be  complete.  Moie  flows  will  need  to  be  added  to  the 
library.  Data  are  needed  on  additional  classes  of  flows;  improved  data  are  needed  in  many.  Nor  is  it  reasonable  to  expect 
that  computational  methods  will  be  finished.  Computational  fluid  dynamics  is  a  young  and  rapidly  improving  field,  The 
most  that  can  be  expected  is  the  beginning  of  a  broad,  trustworthy  data  base  and  a  snapshot  of  the  state  of  the  art  that 
will  aid  assessments  of  utility  for  industrial  “consumers”  of  programs  and  provide  us  with  a  better  guide  to  profitable 
ave  ues  for  further  researches.  Finally,  it  needs  to  be  remembered  that  the  class  of  flows  covered  in  the  current  data 
library,  and  hence  the  basic  test  cases  for  the  1 98 1  meeting,  are  not  yet  universal,  as  a  comparison  of  Tables  1  and  2 
shows.  It  must  follow  that  even  a  successful  model  for  a  large  number  of  basic  test  cases  will  not  yet  be  verified  as 
“universal”.  Moreover,  an  almost  unblemished  record  of  past  failures  in  extrapolation  of  turbulence  models  to  new 
classes  of  flows  should  warn  us  against  easy  assumptions  concerning  generality. 


*  M.Rubesin  and  I.Marvin  of  NASA-Ames  and  J.McCroskey  and  LW.Carr  of  Air  Mobility  Command,  Moffett  Field,  CA. 
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Editorial  Note:  Figures  use  in  presentation  on  this  conference  are  included  as  Appendix  III. 

TABEL  1 

Some  Effects  that  can  Influence  Characteristics  of  Turbulence 

A.  Nature  of  Fluid 

1 .  Viscosity  (i.e.,  Re) 

2.  Constitutive  (e.g..  polymers) 

3.  Energy  release  (e.g..  chemical  reactions) 

4.  Surface  tension  (e.g.,  oil-slick  calming) 

5.  Cryogenic  effects 

6.  Multiphase  fluid  (several  subcases) 

B.  Nature  of  Outer  Flow 

7.  3p/3x,  3p/3z 

8.  Free-stream  fluctuations  (noise,  turbulence) 

9.  High  Mach  number  (hypersonic) 

C.  Wall  Effects 

10.  Blowing/suction 

1 1 .  Roughness 

12.  Compliant  walls 

13.  Moving  wall 

D.  Body  Forces 

14.  Coriolis 

15.  Centrifugal 

16.  Density  gradients 

17.  EHD,  MHD 

18.  Wall  curvature:  convex,  concave  (could  be  placed  in  type  E) 

19.  Curvature  in  free-shear  layers  (could  be  placed  in  type  E) 

E.  Strain  and  Interaction  Effects 

20.  Shear  rate  and  type 

2).  Dilatation;  transverse  stretching/compression 

22.  Turbulence-turbulence  interactions 

23.  Downstream  effects  of  transitions 


TABLE  2 
Flow  Cases 

The  1980-81  AFOSR-HTTM-Stanford  Conference  on  Complex  Turbulent  Flows: 
Comparison  of  Computation  and  Experiment 

Group  1  -  Basic  Test  Cases  (see  comments  at  end) 

Group  a.  Numerical  Checks 

1 .  Potential  flow  in  90°  corner 

2.  Howarth  flow  (solution  by  Briley) 

3.  Axisymmetric  jet  flow  (solution  in  Rosenhead) 

4.  Flow  in  square  cavity  with  a  moving  lid 


Group  b.  Simple  Test  Cases  - 


Flow* 

Number 

Evaluator 

5. 

Sheared  homogeneous  turbulence 

0370 

J.H.Ferziger 

0. 

Attached  boundary  layer  -  Wieghardt  from  ’68  Conf. 

0620 

D.E.Coles  (68) 

7. 

Attached  boundary  layer  -  Bradshaw  Case  C  from  ’68  Conf. 

0630 

D.E.Coles  (68) 

8. 

Planar  mixing  layer  (including  SABIN-ABRAMOV1TZ  relation  for 

mixing  parameter  versus  velocity  ratio) 

0310 

S. Birch 

9. 

Subsonic  axisymmetric  wake 

0360 

V.C.Patel 
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Flow* 

Number 

Evaluator 

Group  c.  Entry  Test  Cases  -  Incompressible 

'0. 

Boundary  layer  with  blowing/suction 

0240 

L.Squire 

11. 

Free  shear  layer  with  streamwise  curvature 

0330 

P. Bradshaw 

12. 

Boundary  layer  with  streamwise  wall  curvature 

0230 

T.Simon/S.Honami 

13. 

Wall  jet  -  tangential  blowing  (plane  case  and  curved  cases  including 

rate  of  growth  of  layer  width) 

0260 

B.Launder/W.Rodi 

14. 

Pressure-driven  (skewed)  secondary  flow  (fully  established  flow  in  duct) 

0510 

R.B.Dean 

15. 

Entry  into  rectangular  duct  -  up  to  fully  established  flow 

0110 

F.Gessner 

16. 

Predictive  case  a  (fully  established  duct  flow  enters  region  with  added 

“internal”  walls) 

Org.  Committee 

17. 

Backward-facing  step  (includes  reattached  boundary  layer) 

0420 

J.Eaton/J.  Johnston 

18. 

Predictive  case  (3  (systematic  variations  in  downstream  geometry  of  a 

backward -facing  step) 

Grg.  Committee 

19. 

Separating  diffuser:  two-dimensional  planar  (may  include  overall 

recovery  as  function  of  divergence  angle  for  one  non-dimensional 
length:  potential  core  flow) 

0430 

R. Simpson 

20. 

Predictive  case  y  (separated)  planar  diffuser  with  inviscid  rotational 

inlet  flow 

Grg.  Committee 

21. 

Axisymmetric  boundary  layer  with  strong  streamwise  and  transverse 

curvature 

0390 

V.C.Patel 

Group  d.  Simple  Test  Cases  -  Compressible 

22. 

Flat  plate: 

Variation  in  Cf/Cfo  versus  Mach  number  (insulated  plate) 

0810 

M.Rubesin/C. Horstman 

23. 

Variation  in  Cf/Cf0  versus  Tw/T0  (fixed  M) 

0820 

MR/CH 

24. 

Variation  in  Cf/Cf0  with  blowing  (fixed  M,  Tw=Tf) 

0830 

L.Squire 

25. 

Boundary  layers  in  adverse  pressure  gradient: 

Considering  two  or  three  cases  from  the  following  Femholz-Finley 
Collection  (AGARD-AG-223 ) : 

Peake,  Brakman,  Romeskie  (axisym.),  Cat.  710-2 

0840 

MR/CH 

Lewis,  Gran,  Kubota  (axisym.),  Cat.  770  ' 

0841 

MR/CH 

Zwarts,  F.J.  (planar),  Cat.  700-7 

0842 

MR/CH 

Horstman  and  Kussoy  (new  data) 

0843 

MR/CH 

26. 

Spreading  parameter  a  as  a  function  of  M  for  mixing  layer 

0850 

P.  Bradshaw 

Group  e.  Entry  Test  Cases  -  Compressible 

27. 

Impinged  normal  shock  wave,  boundary  layer  interaction  at  transonic  speeds 

0860 

MR/CH 

28 

Transonic  flow  over  “bump”,  induced  shock  wave  boundary  layer 

interaction 

0861 

MR/CH 

29. 

Transonic  airfoils 

0862 

R. Melnik 

30. 

Two-dimensional  compression  corner  (supersonic) 

0863 

MR/CH 

31. 

Reattaching  planar  free  shear  layer  (supersonic) 

0864 

MR/CH 

32. 

Axisymmetric  shock  impingement  (high  supersonic) 

0865 

MR/CH 

33. 

Three-dimensional  shock  impingement  (supersonic) 

0866 

MR/CH 

34. 

Pointed  axisymmetric  bodies  at  angle  of  attack  (supersonic) 

0867 

D.Peake 

35. 

Axisymmetric,  supersonic  near-wake 

0868 

Favre 

36. 

Non-lifting  transonic  airfoil,  shock-separated 

0869 

MR/CH 

Comments  on  Basic  Test  Cases 

(1)  The  general  form  will  be  as  shown  and  will  include:  (i)  numerical  checks;  (ii)  shear  layers  and  other  “simple”  cases; 
(iii)  incompressible  entry  flows;  (iv)  predictive  cases;  and  (v)  compressible  entry  cases.  The  details  may  be  altered 
depending  on  results  of  data  evaluations  under  way  and  other  comments  received. 

(2)  Most  flow  types  will  involve  one  specific  flow;  a  few  will  involve  two  or  more  flows.  For  example,  a  “slow”  and 
“fast"  shear  rate  for  homogeneous  flows  may  be  called  for;  several  wall  jet  flows  will  be  included  and  four  blowing/ 
suction  cases  will  be  recommended  to  cover  various  aspects  of  modeling. 

(3)  Hach  flow  case  in  Section  c  will  have  an  associated  numerical  test  case  from  flows  1  -4  requested. 

(4)  Details  of  format ;  starting  and  ending  sections;  output  variables  requested,  and  specific  stations  for  output  will  be 
presented  to  the  1980  meeting  and  modified  just  after  that  meeting. 


(  Continued) 


Flow”  denotes  a  geometry  or  class  of  related  geometries;  “case”  denotes  a  recommended  realization  of  a  given  geometry. 
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(5)  ENTRY  REQUIREMENTS:  See  also  Appendix  A,  Part  3.c. 

(a)  Incompressible  flows:  one  case  from  among  flows  10-21,  inclusive. 

(b)  Compressible  flows:  one  case  from  among  flows  27-36,  inclusive. 


Flow* 

Number 

Evaluator 

Group  II  -  Other  Cases  under  Evaluation 

1. 

Two-dimensional,  planar  channel  with  wave  perturbation 

0150 

M.Acharya 

2. 

Effect  of  free-stream  turbulence  on  boundary  layer 

0210 

P.Bradshaw 

3. 

Circular  cylinder  and  related  bluff  bodies 

0410 

B.Cantwell 

4. 

Flow  over  the  trailing  edge  of  blades  and  airfoils 

0470 

P.Drescher 

5. 

Three-dimesional  boundary  layers 

0250 

D.Humphreys/ 

B.  van  den  Berg 

6. 

Complex  wakes  (inadequate  data  found) 

0350 

V.C.Patel 

7. 

Laminar-turbulent  transition  (inadequate  data) 

0290 

E.Reshotko 

8. 

Unseparated  diffuser  flows 

0140 

R.Simpson 

9. 

Stalled  airfoil 

0440 

A.Wadcock 

10. 

Relaminarization,  laminarescent  and  retransitional  boundary  layers 

0280 

K.R.Sreenivasan 

11. 

Flows  with  buoyancy  forces 

0900 

J.C.Wyngaard 

12. 

Entry  zone  of  round  tube 

0130 

J.B.Jones 

13. 

Tillman  ledge  flow  from  ’68  Cont. 

0610 

D.E.Coles 

Group  III  -  Some  Cases  Warranting  Further  Study 

1 .  Full  details  of  several  blunt  bodies  including  wakes:  (ships,  buildings, 

bumps, . . .) 

2.  Radial  wall  jet  flows 

3.  Wall  jets  impinging  at  angles  to  surface 

4.  Unsteady  mean  flows  (detailed  report  to  be  presented  by  L.t  arr  at 

1980  meeting) 

5.  "Momentum-less”  wakes 

6.  Jets  in  cross  and  counter  flow 

7.  Two-dimensional  separated  flows  (airfoil  flaps) 

8.  “Low”  Reynolds  number  boundary  layers 

9.  Rough  wall  cases 

10.  Laminar-turbulent  transition 

1 1 .  Airfoil  cases  other  than  transonic 

12.  Two-dimensional  wakes 

13.  Flows  with  swirl 

Comments  on  Group  III  Cases 

(1 )  Data  on  several  flows  in  this  group  were  called  to  the  attention  of  the  Organizing  Committee  too  late  to  provide 
evaluation  or  a  suitable  “Evaluator”  has  not  been  found.  Hence  they  remain  for  future  possible  “evaluation”  and 
inclusion  in  the  data  library. 

(2)  Comments  to  the  Organizing  Committee  will  be  appreciated  on  other  cases,  where  data  exist  and  need  study,  or 
where  important  need  for  the  data  exists.  Such  cases  will  be  included  where  appropriate  in  “Comments”  in  the 
Proceedings  of  the  1980  Meeting. 
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TABLE 3 

(from  JFE,  [00, 1978) 


Level 

Example 

Comments 

1 .  Nondimensional  correlation 
of  data. 

f  versus  Re  for  pipe  flow;  Cp*asa 
function  of  geometry  for  straight- 
walled  diffusers;  Cp  versus  Re  for 
flow  normal  to  cylinders,  over  spheres, 
etc. 

Slow,  expensive,  accretive;  high 
reliability  within  carefully  defined 
class  of  flow  situation. 

2.  Zonal  models. 

(a)  Conventional  boundary  layer 
theory  for  attached  flows, 
matched  to  external  flow  via  8*. 

(b)  Hyper-boundary  layer  viscid- 
inviscid  zonal  models,  for  strong 
interactions  such  as  detaching 
flows. 

The  major  class  cf  engineering 
solutions  currently. 

Advancing  rapidly,  good  promise 
for  many  more  classes  of  practical 
solutions  and  design  tools  by  1988. 
Computing  costs  well  within 
engineering  feasibility.  A  number 
of  research  groups  currently  active. 

3.  Numerical  solutions  for 
Reynolds  equations 
(time-averaged  Navier- 
Stokes  equations). 

A  number  of  codes  now  exist.  Can  be 
used  for  part  of  flow  and  matched  to 
external  flow  like  2b  or  over  entire 
field. 

Also  advancing  rapidly.  To  date 
methods  don’t  appear  to  extra¬ 
polate  well;  as  in  Class  2  need  to  be 
fitted  to  specific  classes  of  flows. 

4.  Large  eddy  simulation 
with  subgrid  closure. 

Current  research  -  few  solutions  yet 
available. 

Computing  costs  still  relatively  high. 
Outcome  highly  dependent  on 
further  advances  in  large  computers. 

5.  Complete  solutions  to 
Navier-Stokes  equations 

(a)  Analytic.  A  dozen  or  so  closed 
solutions  (for  very  simple  cases) 
exist  as  the  results  of  1 50  years’ 
work. 

(b)  Numerical.  Only  the  very  simplest 
cases,  which  have  few  applications, 
so  far  accessible  via  numerical 
methods. 

New  solutions  likely  •  i  be  scarce, 
slow;  restricted  to  laminar  flows. 

All  but  these  simples*  cases  at  very 
modest  Reynolds  numbers  still  too 
large  for  existing  computers; 
progress  dependent  on  rate  of  growth 
of  computers  and  decrease  in 
computing  costs. 

Bradshaw,  P. 

Coles,  D.E. 

Cantwell,  B.J. 
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Eaton,  J.K. 
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Dean,  R.C.,  Jr,  (Ed.) 

KUne,  S.J. 
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Johnston,  J.P. 
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Appendix  I 

SOURCES  FOR  DATA  LIBRARY  ON  TAPE 


1 .  Harold  G.Hale,  Jr 
COSMIC 

1 1 2  Barrow  Hall 
University  of  Georgia 
Athens,  GA  30602 

2.  DFVLR  Bunsenstrasse  10,  340  Gottingen,  Germany 

Forschungsbereich  Stromungsmechanik  Institut  fiir  Experimented  Stromungsmechanik 
c/o  H.U.Meier 

Telefon  (05  51)  70  91;  Telex  096  839  (avagoe  d) 

3.  Netherlands  National  Aerospace  Laboratory 
c/o  Mr  F.J.Heerema 

P.O.  Box  153 
8300  AD  Emmeloord 
The  Netherlands 
Tel.  05274-2828 


Appendix  II 


THE  OPERATION  OF  SESSIONS  -  THE  ROLE  OF  EVALUATORS,  SESSION  CHAIRMEN 
AND  TECHNICAL  RECORDERS:  1980  Meeting  on  Data 


Goals  of  Sessions: 

(1 )  Reach  consensus  on  flows  within  the  Basic  Test  Cases  and  as  many  other  flows  as  time  and  available  evaluations 
allow. 

(2)  Complete  discussions  by  the  end  of  the  Meeting. 

Each  flow  case  will  be  presented  by  the  Data  Evaluator.  The  Evaluator  will  be  asked  to  cover  the  following  points: 

(i)  Selection  criteria 

(ii)  Flows  selected 

(iii)  Specific  computations  (zones  and  output)  for  each  selected  flow 

(iv)  Advices  for  future  data  takers;  Data  needs,  cautions,  checks,  etc. 

A  number  of  attendees,  in  addition  to  the  review  committee,  will  have  been  asked  to  study  each  evaluation  and 
prepare  comments.  These  comments  when  offered  will  take  priority  in  discussions.  (Review  Committee  comments  will 
have  already  been  taken  into  account  by  the  Data  Evaluators.) 

Each  session  will  be  about  90  minutes  in  length  and  will  typically  cover  three  flows.  All  sessions  will  be  recorded  on 
tape.  Each  session  will  have  two  “Technical  Recorders”  to  assist  the  Chairman. 

In  the  evening  following  a  given  session,  a  committee  on  that  session  will  convene  to  complete  the  discussion  and 
clarify  points  under  question.  Normally  this  committee  will  include  the  Session  Chairman,  Evaluator,  Review  Committee 
Chairman,  Technical  Recorders,  and  a  few  others.  The  task  of  this  committee  will  be  to  produce  a  succinct,  clear  record 
of  the  significant  points  of  the  session  -  in  general,  this  will  not  be  a  verbatim  transcript. 

The  tapes  will  not  be  transcribed ;  this  is  an  enormous  but  seldom  valuable  task.  Rather,  the  operators  of  the  tape 
machines  will  be  instructed  to  create  a  footage  log  showing  where  various  persons  speak  in  order  to  provide  access  for 
checking  remarks  where  needed. 

Given  these  resources,  the  Chairman’s  task  will  be  to  moderate  the  discussion  and  be  sure  that  points  are  completed 
and  accurately  reduced  to  writing  by  the  Recorders.  It  is  nearly  always  important  in  this  process  to  keep  asking  questions 
of  the  persons  expressing  position  until  full  clarity  is  reached,  and  then  have  the  recorder  read  back  the  statement  for 
concurrence  by  the  worker  cone  i.ed;  the  process  should  be  iterated  to  closure.  As  noted  above  in  this  packet, 
consensus  as  used  herein  implies  not  only  agreements,  but  also  sharply  focused  disagreements  with  the  name(s)  of  each 
individual  holding  a  given  position  stated.  The  iterative  process  just  mentioned  is  particularly  important  in  registering  and 
focusing  disagreements  about  specific  ideas  or  matters  of  fact. 

The  Conference  will  provide  sufficient  secretarial  assistance  so  that  the  typed  version  of  the  output  from  the 
committee  on  each  session  can  be  produced  and  posted  by  the  end  of  lunch  on  the  following  day.  Individuals  will  be 
asked  to  approve  (by  initialling)  or  alternatively  comment  in  writing  to  the  Session  Chairman  by  the  evening  of  iuat  day. 
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Appendix  III 

FIGURES  USED  IN  PRESENTATION  OF 
“AN  OVERVIEW  OF  1980-81  AFOSR-HTTM-STANFORD  COriFERENCE  ON 
COMPLEX  TURBULENT  FLOW:  COMPARISON  OF  COMPUTATION  aND  EXPERIMENT” 


ORGANIZING  COMMITTEE 


AN  OVERVIEW  OF  THE 

1980-81  AFOSR-HTTM-STANFORD  CONFERENCE  ON  COMPLEX  TURBULENT 
FLOWS;  COMPARISON  OF  COMPUTATION  AND  EXPERIMENT 

I .  GOALS  OF  THE  CONFERENCE 


1.  TO  REACH  CONSENSUS  IN  THE  RESEARCH  COMMUNITY  ON  TRUST¬ 
WORTHY  DATA  SETS  THAT  CAN  BE  USED  AS  INPUT  FOR  MODELING 
OF  TURBULENCE  IN  COMPLEX  FLOWS  AND  AS  THE  BASIS  FOR 
STANDARD  "TRIALS*  FOR  CHECKING  OUTPUT  OF  COMPUTATIONS. 


2.  TO  CREATE  A  "DATA  LIBRARY"  ON  MAGNETIC  TAPE,  THIS 
LIBRARY  WILL  HOLD  THE  DATA  SELECTED  AS  TRUSTWORTHY  IN 
STANDARD.  NORMALIZED  FORM.  THE  DATA  WILL  BE  COMPUTER- 
READABLE  AND  WIDELY  ACCESSIBLE  AT  A  MODERATE  FEE. 


3.  TO  COMPARE  THE  OUTPUT  OF  CURRENT  METHODS  OF  COMPUTATION 
FOR  TURBULENT  FLOWS  FOR  A  SET  OF  "BASIC  TEST  CASES" 
COVERING  A  BROAD  RANGE  OF  FLOWS. 


STEPHEN  KLINE.  STANFORD  UNIVERSITY.  CHAIRMAN 

PETER  BRADSHAW.  IMPERIAL  COLLEGE,  LONDON 
BRIAN  CANTWELL.  STANFORD  UNIVERSITY 
BRIAN  LAUNDER,  UNIVERSITY  OF  MANCHESTER 
ELI  RESHOTKO.  CASE-WESTERN  RESERVE  UNIVERSITY 
MORRIS  RUBESIN.  NASA-AMES  RESEARCH  CENTER 
BIND  SOVRAN.  GENERAL  MOTORS  RESEARCH  LABORATORIES 


EVALUATION  COMMITTEE.  1981  MEETING 

H.  W.  EMMONS.  HARVARD  UNIVERSITY.  CHAIRMAN 

D.  R.  CHAPMAN.  NASA-AMES  RESEARCH  CENTER 
P.  G.  HILL.  UNIVERSITY  OF  BRITISH  COLUMBIA 
G.  M.  1 11  LEY,  UNIVERSITY  OF  SOUTHAMPTON 
MARVill  LUBERT.  GENERAL  ELECTRIC,  KAPL 
M.  V.  MORKOVIN,  ILLINOIS  INSTITUTE  OF  TECHNOLOGY 
W.  C.  REYNOLDS.  STANFORD  UNIVERSITY 
J.  STEGER.  STANFORD  UMVERSITY 
P.  J.  ROACHE.  CONSULTANT 


Figure  1  Figure  2 


SOURCES  OF  CONFUSION,  DIFFICULTIES  IN  TURBULENCE  RESEARCH 
(LATE  1970'$) 


HISTORY  IN  BRIEF 

BELIEF  BEFORE  19b8.  TURBULl.'T  BOUNDARY  LAYER  AN  UNSOLVED  PROBLEM 

AFTER  1968  (1969.  1972);  SKAR  LAYERS  COMPUTABLE 

(WllH  SOME  EXCEPTIONS:  DETACWNT,  REATTACHED  LAYERS, 
NEAR-ZONE  FREE-SHEAR  LAYERS) 

1972-1980:  GREAT  ADVANCES,  MFW  CONFUSIONS 

Figure  3 


TECHNICAL: 

•  DIVERSITY,  COMPLEXITY  OF  FLOWS 
(DATA  EVALUATION  OF  -  NO  CLASSES) 


•  TURBULENCE  NOT  A  SINGLE  "STATE" 

23  KNWN  PHYSICAL  EFFECTS  MODIFY  TURBULENCE 
(TYPE  OF  STRAIN  ONLY  ONE) 


*  MEASUREMENT  DIFFICULTIES 

»  (LACK  MEANS  TO  MEASURE  «.  ftl.  FLOW  REVERSALS) 

*  UNCERTAINTY  ANALYSIS,  CALIBRATION  CHAINS,  CLOSURE 
CHECKS  -  TOO  SELDOM  USED 

»  NO  COMPLETE.  UP-TO-DATE  TEXY  MATERIALS  01  EXPERI¬ 
MENTAL  METHODS. 


RESULTS:  NO  TRUSTWORTHY  DATA  BASE 

Figure  4 
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more  SOURCES  OF  CONFUSION.  DIFFICULTIES 


INSTITUTIONAL 

•  TEN-MINUTE  PRESENTATIONS 

•  TEN-PAGE  PAPERS 

•  10.000  CARD  PROGRAM 

*  LACK  OF  MEANS  FOR  REVIEW 

1EJULIS.:  INADEQUATE  EVALUATIONS,  NO  MEANS  TO  FORM 
UNIFIED  PICTURE  OF  FIELD, 

CONCLUSION.:  TOTAL  PROBLEMS  TOO  LARGE  FOR  INDIVIDUAL 
RESEARCH  GROUP. 

Figure  5 


A  RESPONSE: 

1980-81  AF0SR-HT1M-STANF0RD  CONFERENCE  ON 
COMPLEX  TURBULENT  FLOWS: 

COMPARISON  OF  COMPUTATION  AND  EXPERIMENT 


ATTITUDE: 

A  COOPERATIVE  LEARNING  PROCESS  INVOLVING  A  URGE 
FRACTION  OF  RESEARCH  COMMUNITY 

Figure  6 
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CONTENTS  OF  PROCEEDINGS,  VOL.  I 


COMPLEX  TURBULENT  FLOWS:  COMPARISON  OF  COMPUTATION  AND  EXPERIMENT— 
THE  1980-81  AFOSR-HTTM-STANFORD  CONFERENCE 


mutuum 

A.  INTRODUCTION 

B.  TABLE  OF  FLOWS.  INCLUDING  ORGANIZATION, 
RANGE  OF  PARAMETERS,  ETC. 

C.  EXPERIMENTAL  DATA  NEEDS  FOR 
COMPUTATIONAL  FLUID  DYNAMICS 

0.  CONTRIBUTIONS  TO  THEORY  OF  UNCERTAINTY 
ANALYSIS  FOR  SINGLE-SAMPLE  EXPERIMENTS 

E.  THE  DATA  LIBRARY 

F.  A  1-3  PAGE  SUMMARY  OF  EACH  FLOW. 
INCLUDING: 

1.  VARIABLES  AND  THEIR  RANGES, 

2.  LOCATIONS  OH  TAPE  OF  DATA, 

3.  MIN/MAX  DATA. 

R.  PROVISOS  ABOUT  DATA  SET, 

5.  CAUTIONS  FOR  FUTURE  DATA  TAKERS,  AND 
QUESTIONS  NEEDING  RESOLUTION, 

G.  COMMENTS  FROM  1980  MEETING 

H.  REPORTS  OF  COMMITTEES 

I.  CONCLUSIONS 


AUTHORS 
S.  J.  KUNE 

S.  HONAMI/S,  KUNE 
P,  BRADSHAW/B, CANTWELL/ 
J.  FERZIGER/S,  KLINE 

R.  J.  MOFFAT 
B.  CANTWELL 
DATA  EVALUATORS 
(AND  COMMITTEES). 

B,  CANTWELL 


S,  J.  KUNE 


CONTENTS  OF  PROCEEDINGS,  VOL.  II 


COMPLEX  TURBULENT  FLOWS:  COMPARISON  OF  COMPUTATION  AND  EXPERIMENT — 
THE  1980-81  AFOSR-HTTM-STANFORD  CONFERENCE 


VOLUME  II:  COMPUTATION 

A.  INTRODUCTION 

B.  LEVELS  OF  COMPUTATION  AND 
MORPHOLOGY  OF  TURBULENCE  MODELS 

C.  COMPLEX  STRAIN  FIELDS 

D.  A  USER'S  VIEW 

E.  TABULATION  OF  RESULTS  OF  COMPUTATION; 

EACH  COMPUTOR'S  RESULTS  WILL  INCLUDE 
A  COMPLETED  SET  OF  EXTENSIVE  QUES¬ 
TIONS  DESCRIBING  ASSUMPTIONS, 

MODELS,  NUMERICS,  ETC. 


AUIliCBi 

S.  J.  KLINE 

J.  H,  FERZIGER  AND 
W.  C.  REYNOLDS 

P.  BRADSHAW 

G.  SOVRAN,  A.D.  WELUVER 


F.  REPORT  OF  EVALUATION  COMMITTEE  H.  W.  EIYIONS/COMMITTEE 

6.  COMMENTS  FROM  MEETING 


K,  REPORTS  FROM  AD  HOC  COMMITTEES 


Figure  7 


Figure  8 
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ORGANIZATION 

MEETING  CM  DATA  BASE--SEPTEMBER  3-6.  1980 

PROCEDURES 

•  EVALUATIONS  (INPUT  FROM  DATA  TAKERS  SOLICITED) 

(THREE  TYPES  OF  EXPERIMENTS:  ENGINEERING  RESULTS;  MODEL 
BUILDING/TESTING  COMPUTATIONS;  MEN  KNOWLEDGE) 

•  REVIEW,  REVISE  EVALUATIONS 

•  PREPARE; 

‘  SUMMARY 

CHARACTER  OF  FLOW 
CRITERIA  OF  SELECTION 
ADVICES  TO  FUTURE  DATA  TAKERS 

*  SPECIFICATIONS 

»  PREPARE  MAGNETIC  TAPE:  DESCRIPTION  AND  DATA 

•  MEETING: 

*  PRESENTATION 
»  DISCUSSION 

*  CLOSURE  VIA  EVENING  COMMITTEES 
»  AD  HOC  COMMITTEES 


SPECIFIC  DECISIONS  FROM  1980  MEETIN6 

JEST  CASES. FOR .1981 

-  30  INCOMPRESSIBLE 

-  20  COMPRESS  I ELE 

USE  STANDARD  MIN/MAX  CHARTS 

(THREE  TYPES  OF  CASES:  DETAILED,  PARAMETRIC,  LIMITS) 


8  UNDER  MAY 
3' A  PROBABLY  USABLE 


RESPONSE 

-  AS  COMPUTOR  GROUPS 

-  16  INTEND  TO  DO  10  OR  MORE  FLOWS 
RESPONSE  RELATIVELY  FLAT 


CENTRAL  CASES  -  REQUEST:  .f  POSSIBLE  DO 
•  INCOMPRESSIBLE  SO  •  COMPRESSIBLE 

‘  BACK-STEP  ♦  PREDICTIVE  *  TRANSONIC  AIRFOIL 

CASE  *  COMPRESSION  CORNER 

»  CURVED  FREE-SHEAR  LAYER 


Figure  9 


Figure  10 


1980  DECISIONS  (CONT.) 


NUMERICAL  CHECKS: 

•  ONE  MESH-REFINEMENT,  IF  POSSIBLE  ON  CENTRAL  CASE 

•  LAUNDER/RODI  GROUP 

•  FERZI6ER/STE6ER/REYS0LDS  GROUP 


STUDIES  AND  TAXONOMY 

•  RESULTS  TO  BE  SENT  IN  AS  FINISHED 

•  QUESTIONNAIRES:  THE  DISCLOSURE  PROBLEM 

•  COMPILATIONS/STUDIES — *  TAXONOMY 

•  PRESENT  BY  METHOD  (IN  GROUPS)  AND  BY  FLOWS  (IN  GROUPS) 


SCHEDULING 

30  NOVEMBER  1980  -  30  CASES 

31  JANUARY  1981  -  20  CASES 


RESULTS  ON  STANDARD  PLOTS 
$  15  JULY  1981  -  ALLOWS  STUDY,  PREPARATION 


SOME  MAJOR  CONCLUSIONS  FROM  THE  PREPARATORY  WORK 
AND  1980  MEETIN6 


I .  FAR  MORE  USABLE  CASES  EXIST  THAN  WAS  INITIALLY  BELIEVED 
-  50  fix  1981 
20  MERE  FOR  LIBRARY 
(PLUS  OTHERS  NOT  YET  EVALUATED! 


IN  MANY  CUSSES  OF  FLOW,  TWO  KINDS  OF  ADVICES  TO  FUTURE  DATA 
TAKERS  HAVE  ARISEN  TROPI  SYSTEMATIC  REVIEW 

•  IMPROVED  EXPERIMENTS  AND  EXPERIMENTAL  CONTROL 

•  DATA  MEEDS  FOR  CFD 


III.  SOME  PROBUMS  CONCERNING  APPROPRIATE  SPECIFICATION  OF  TEST 
CASES  HAVE  BEEN  CLARIFIED: 

WALL  FUNCTIONS,  BLOCKAGE  INTERACTIONS,  DOWNSTREAM  B.C.'S 
IN  ELLIPTIC  FLOWS,  «  ON  C.S.  -  SEE  DATA-NEEDS  PAPER 


I  "? 


Figure  1 1 


Figure  12 


mm 
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IV.  MORE  REGULAR  AND  COMPLETE  USE  OF  UNCERTAINTY  ANALYSIS.  CALI¬ 
BRATION  CHAINS.  CLOSURE  CHECKS,  AND  MULTIPLE  EXPERIMENTS 
NEEDED  TO: 

•  CLARIFY  EXISTING  UNCERTAINTY  INTERVALS 

•  REDUCE  MAGNITUDE  OF  UNCERTAINTY 
(PARTICULARLY  IN  COMPRESSIBLE  CASES) 

•  GUARANTEE  EXPERIMENTAL  CONTROL 


V.  INADEQUATE  KEANS  CURRENTLY  EXIST  FOR  SEPARATING  KWERICAL 
ERRORS  FROM  TURBULENCE  MODELING  ERRORS 


VI.  A  NEED  EXISTS  FOR  INCREASED  INTERACTION  BETWEEN  COMPUTORS 
AND  EXPERIMENTS  TO: 

•  CLOSE  LOOP  ITERATIVELY  BETWEEN  COMPUTATION  AND 
EXPERIMENT.  AND  THEREBY  TO 

•  CREATE  IMPROVED  DATA  FOR  COMPARISON  WITH  COMPUTATION: 

•  DECREASE  USE  OF  REPRESENTATIONS  (MODELS)  LACKING  BASES 
IN  MEASURABLE  QUANTITIES. 


VII.  SOME  FLOWS  WITH  NO  (OR  INSUFFICIENT)  TEST  CASES  INCLUDE: 

•  THREE-DIMENSIONAL  CASES  (OTHER  THAN  BOUNDARY  LAYERS) 

•  COMPLEX  HAKES 

•  TURBULENCE-TURBULENCE  INTERACTIONS 

•  STRONGLY  NOR  EOUILIBRIUM  FLOWS 

•  LAMINAR-TURBULENT  TRANSITION 

•  RELAMINARIZING  AND  RE TRANSITIONAL  FLOWS 

•  FLOWS  WITH  DISTRIBUTED  BUOYANCY  EFFECTS 


Figure  13  Figure  14 


CONCLUSIONS 

THE  1980-81  MEETING 
WILL: 

•  PROVIDE  USABLE  DATA  BASE  CLARIFYING  STATE  OF  THE  ART 

•  IMPROVE  COMMUNICATIONS  BETWEEN  EXPERIMENTALISTS  AND 
COMPUTORS 

•  FOCUS  REMAINING  EXPERIMENTAL.  COMPUTATIONAL  PROBLEMS 

•  SUG6EST  IMPROVED  EXPERIMENTS,  METHODOLOGY 

WILL  NOT: 

•  FINISH  THE  DATA  BASE 

OR 

•  THE  COMPUTATION  METHODS 

•  MANY  NEEDFUL  EXTENSIONS  WILL  REMAIN 

Figure  15 
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THEORETICAL  AND  EXPERIMENTAL  INVESTIGATIONS  OF  TWO-DIMENSIONAL 
FLOWS  WITH  SEPARATED  REGIONS  OF  FINITE  LENGTH 

K.  Gersten,  H.  Herwig,  P.  Wauschkuhn 

Instltut  fUr  Thermo-  und  Fluiddynamik 
Oniversitat  Bochum 

4630  Bochum,  Federal  Republic  of  Germany 


SUMMARY 

Theoretical  and  experimental  investigations  of  two-dimensional  incompressible  flows  con¬ 
taining  separated  regions  of  finite  length  have  been  carried  out.  Separation  of  both 
laminar  and  turbulent  boundary  layers  have  been  considered.  However,  in  the  case  of 
laminar  separation  it  was  assumed  that  the  separated  free  shear  layer  remains  laminar. 

The  separation  bubbles  were  originated  by  backward  facing  steps  with  sharp  or  rounded 
edges  or  by  dents  in  a  flat  plate.  The  flow  along  a  flat  plate  having  a  backward  facing 
step  with  sharp  or  rounded  edges  has  been  generalized  to  flows  in  channels  with  sudden 
enlargements  or  to  flows  in  diffusors,  respectively. 

In  all  cases  considered  the  theoretical  modelling  of  the  flow  fields  has  taken  into 
account  the  strong  mutual  viscous-inviscid  interaction  between  outer  flow  and  separated 
flow  region. 

All  flow  problems  considered  depend  essentially  on  two  or  more  independent  Reynolds 
numbers.  These  Reynolds  numbers  are  assumed  very  large  (asymptotic  theory).  However,  the 
way  the  Reynolds  numbers  tend  to  infinity  may  be  different  and  can  be  characterized  by 
the  ratio  of  the  thickness  of  the  oncoming  boundary  layer  and  the  step  height  (dent  depth) . 
The  two  limiting  cases  when  this  ratio  is  very  small  or  very  large  have  been  treated 
theoretically. 

1 .  INTRODUCTION 

Flows  are  considered  where  a  boundary  layer  separates  followed  by  a  separated  region  of 
finite  length.  Examples  of  flows  with  those  characteristics  are  shown  in  Fig.  1.  They  can 
be  found  in  many  technical  applications.  In  the  following,  two-dimensional  incompressible 
and  stationary  flow  will  be  assumed.  The  oncoming  boundary  layer  leading  to  separation 
can  be  laminar  or  turbulent.  However,  in  tne  case  of  laminar  separation  it  is  assumed  that 
the  flow  will  remain  laminar  even  beyond  the  reattachment  point.  So-called  t -ansitional 
separation  bubbles  are  explicitly  excluded. 

Fig.  2  shows  the  basic  geometries  which  will  be  considered  in  detail.  In  the  laminar  case 
the  separation  bubble  is  originated  by  a  dent  in  a  flat  plate  at  zero  incidence  (Fig.  2a) , 
whereas  in  the  turbulent  case  backward  facing  steps  with  sharp  edges  (Fig.  2b)  or  round 
edges  (Fig.  2d)  induce  the  separation.  The  latter  cases  could  be  generalized  to  flows  in 
channels  with  sudden  enlargement  (Fig.  2c)  and  to  flows  in  diffusors  (Fig.  2e) .  Cases  2b 
and  2c  can  be  considered  as  limiting  cases  l  -*•  0  of  cases  2d  and  2e  respectively. 

When  the  form  of  the  contoured  walls  in  cases  2a,  2d  and  2e  are  prescribed  the  flow 
characteristics  depend  on  certain  independent  dimensionless  parameters,  for  instance  Rey¬ 
nolds  numbers  based  on  the  reference  velocity  (UM  or  U1 )  and  the  various  lengths  given  in 
Fig.  2.  Hence,  case  2b  depends  on  two,  cases  2a,  2c  and  2d  on  three  and  case  2e  on  four 
Reynolds  numbers.  It  is  assumed  that  all  Reynolds  numbers  involved  are  very  large,  in 
other  words,  the  asymptotic  behaviour  of  the  flows  in  the  limits  Re  -*■  »  will  be  considered. 
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However,  the  way  the  Reynolds  numbers  tend  to  infinity  may  be  different  and  can  be 
characterized  by  the  ratio  of  the  thickness  of  the  oncoming  boundary  layer  and  the  step 
height  (dent  depth) . 


For  the  two  limiting  cases  when  this  ratio  is  very  small  or  very  large,  theoretical  in¬ 
vestigations  have  been  carried  out,  the  results  of  which  will  be  compared  with  experi¬ 
ments  where  possible. 
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Figure  1 .  Flows  with  Closed  Separated  Regions 
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Figure  2.  Basic  Geometries 


2.  LAMINAR  SEPARATION  BOBBLES 

2.1.  Classification 

To  produce  separation  bubbles  of  finite  length  a  dent  in  a  plane  wall  was  chosen  for  the 
model  geometry.  Its  general  shape  is: 

y  =  -  |  {cos  2ir(£  -  j)  -  I}2  (1) 

There  are  three  geometric  parameters  as  shown  in  Fig.  3a:  1  (length  of  the  dent),  H  (depth 
of  the  dent)  and  L  (distance  to  the  leading  edge).  Together  with  the  Reynolds  number  of 
the  problem  three  dimensionless  parameters  appear: 

(i)  f  '•  (ii)  t  '  (iii)  ReL  = 

Asymptotic  theory  is  applied  (Re^  -*■  »)  but  nevertheless  the  Reynolds  number  is  still  an 
essential  parameter  of  the  whole  problem  when  viscous-inviscid  interaction  occurs. 

To  clarify  this  point  Fig.  3b  shows  the  plane  H/l  =  0,003  of  the  three-dimensional  para¬ 
meter  field.  There  are  two  limits  which  must  be  treated  in  quite  a  different  manner: 

(I)  The  oncoming  boundary  layer  is  large  compared  to  H  (depth  of  the  dent);  in  Fig.  3a 
beneath  surface  (?)  . 

(II)  The  oncoming  boundary  layer  is  small  compared  to  H;  in  Fig.  3a  above  surface  (2)  . 

These  two  regions  also  appear  in  Fig,  3b,  each  of  them  divided  into  attached  and  separated 
areas. 

Knowledge  of  the  two  limiting  cases  serves  as  a  guide  to  understand  the  general  case. 
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Figure  3a.  Three-Parameter  Field 
of  Flow  Past  a  Dent  in  a  Plane  Wall 


Figure  3b.  Plane  H/l=0,003  of  Fig.  3a 


2.2.  Boundary  Layer  Thickness  Large  Compared  to  H;  Case  (I) 

In  this  case  the  deformation  of  the  wall  and  (if  separation  occurs)  also  the  separation 
bubble  are  imbedded  in  the  lower  region  of  the  oncoming  boundary  layer.  Conventional 
boundary  layer  theory  fails  for  two  reasons: 

1 )  When  separation  occurs  the  boundary  layer  exhibits  a  singularity  at  the  separation 
point,  the  well  known  "Goldstein  singularity".  This  can  be  avoided  by  use  of  an  in¬ 
verse  boundary  layer  method:  The  displacement  thickness  is  prescribed  as  a  regular 
function  which  leads  to  a  non-singular  behaviour  of  the  boundary  layer  as  a  whole  even 
through  he  point  of  separation. 

2)  The  perturbation  of  the  potential  outer  flow  by  the  dent  is  much  stronger  than  second 
order  effects  of  the  boundary  iayer  and  this  must  be  taken  into  account. 


Therefore  the  usual  hierarchy  of  inviscid  outer  flow  and  boundary  layer  calculation  does 
not  work:  both  must  be  solved  simultaneously  by  an  iteration  process. 

In  doing  this,  the  Reynolds  number  is  kept  as  an  interaction  parameter.  In  a  more  rigorous 

asymptotic  theory,  the  so-called  triple  deck  theory  (Stewartson,  ref.  1),  Re^  drops  out 

of  the  problem  thus  reducing  the  three  independent  parameters  by  one.  The  scaling  para- 

—  1  /8 

meter  of  the  triple  deck  is  e  =  Re.  '  ,  the  substructure  of  the  flow  field  is  the 

JLi 

following,  (ref.  1): 
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Dependent  variables  are  correspondingly  scaled.  The  boundary  layer  equations  are  solved 
in  the  lower  deck  with  an  inverse  method  to  avoid  the  Goldstein  singularity;  the  boundary 
conditions  come  from  the  upper  deck  as  a  consequence  of  the  interaction  process.  The  outer 
potential  flow  in  the  upper  deck  can  be  treated  by  linearized  theory  (thin  airfoil  theory) . 
It  should  be  pointed  out  that  each  triple  deck  solution  covers  an  infinite  number  of  so¬ 
lutions  in  the  three-parameter  field  of  Fig.  3a.  As  a  consequence  of  the  triple  deck 
scaling  the  two  parameters 


(i) 


H  -.1/4 
1  ReL 


(ii)  |  Re^3/8 


cover  the  whole  field  of  solutions  of  region  (I)  in  Fig.  3a. 


In  Fig.  4a  the  areas  of  attached  and  separated  flow  are  marked.  Fig.  4b  shows  the  details 
of  one  attached  flow  example  (point  A  in  Fig.  4a);  Fig.  4c  shows  the  example  of  separated 
flow  (point  B  in  Fig.  4a).  The  broken  lines  in  Fig.  4b  apply  to  the  same  flow  treated  with 


a  conventional  direct  boundary  layer  method  (pressure  prescribed  from  potential  flow) 


without  taking  interaction  into  account.  Separation  occurs  and  the  Goldstein  singularity 
marks  the  end  of  the  calculation. 


Figure  4a.  Boundary  Between 
Attached  and  Separated  Lami¬ 
nar  Flow  Past  a  Dent 
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Fig.  4b.  Attached  Flow 
Point  A  in  Fig. 4a 


Fig.  4c.  Separated  Flow 
Point  B  in  Fig. 4a 


2.3.  Boundary  Layer  Thickness  Small  Compared  to  H;  Case  (II) 

In  this  case  the  small  oncoming  boundary  layer  will  separate  as  a  whole  and  will  be  con¬ 
tinued  as  a  free  shear  layer  still  small  compared  to  H.  Two  main  problems  arise: 

1)  How  to  describe  the  flow  near  the  point  of  separation? 

2)  What  kind  of  interaction  occurs  between  the  separation  bubble  and  the  potential  outer 
flow? 

The  shear  layer  leaving  the  wall  is  thin  in  an  asymptotic  sense.  Thus,  as  the  Reynolds- 
number  goes  to  infinity,  this  free  layer  becomes  a  singular  surface  with  a  finite  jump  of 
velocity  across  it.  The  shape  of  this  singular  surface  which  separates  the  bubble  from 
the  outer  potential  flow  must  be  known  before  the  inviscid  outer  flow  can  be  calculated. 

To  start  a  boundary  layer  calculation  at  some  point  upstream  of  the  dent  the  inviscid 
solution  for  the  potential  outer  flow  must  be  known.  As  soon  as  separation  occurs  this 
solution  is  no  longer  unique  as  it  is  with  attached  flow  because  the  shape  of  the  dividing 


streamline  is  not  known  a  priori. 

It  is  obvious  that  information  about  the  dividing  streamline  must  come  from  modelling  the 
flow  inside  the  separation  bubble. 

no  pressure  jump  324>,  q 

As  a  first  term  of  an  asymptotic  expansion  of  the  Pt'P2  [_J  0X2  3y2 

flow  field  the  approach  of  G.K.  Batchelor  (ref.  2)  _ \  ^  ~~  3  _ 

seems  quite  promising.  He  suggests  constant  vor-  y|— - - (f) _ 

ticity  inside  the  closed  bubble.  This  model  is  y////////A^J^-^~ 

physically  reasonable  and  when  adapted  to  the  dent  ''vYK  i  i 

)  /7Y  3Jd)  02tl> 

problem  gives  the  flow  picture  in  Fig.  5.  V/Kh '  //// TT * Ti  = 
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0fy  3^  M 


There  are  two  inviscid  flow  regimes:  One  regime  out¬ 
side  the  separation  bubble  with  zero  vorticity  froe  parameters 

governd  by  the  Laplace  equation,  and  the  separation  1)  vorticity  too 

bubble  itself  governed  by  the  Poisson  equation  with  2)  location  of  point  S 

a  constant  but  nonzero  right  hand  side.  A  velocity  Figure  5.  Inviscid  Flow  Struc- 

distribution  is  sketched  with  the  jump  across  the  ture  After  G*K*  Batchelor 

dividing  streamline.  Across  this  line  the  pressure 

condition  holds;  chat  is  che  pressure  is  the  same  on  both  sides  though  it  varies  of  course 
along  this  zero-streamline. 


Free  parameters  in  the  model  are: 
(1)  the  constant  vorticity  w  , 


(2)  the  location  of  the  separation  point  S. 


A  detailed  study  of  the  flow  in  the  region  around  the  separation  point  S  fixes  one  para¬ 
meter.  As  suggested  by  V.V.  Sychev  (ref.  3)  and  worked  out  by  F.T.  Smith  (ref.  4)  triple 
deck  theory  describes  separation  as  a  non-singular  process  of  strong  viscous-inviscid 

interaction.  There  is  no  adverse  pressure  gradient  upstream  of  the  separation  point  except 
/ 1 6 

in  a  region  of  0(he_  ).  According  to  this  the  free  streamline  leaves  the  surface  with 

r*  i  /t  _i  c  /o 


5/2  -1 

x  '  for  Re.  =  0.  As  a  consequence  of  this, 


definite  powers  of  x:  x  '  for  Re.  +  0  ;  x  '  for  Re.  =  0.  As  a  consequence  of  this, 

L  -  h  -1/2  1/2 
the  pressure  gradient  ahead  of  separation  (for  x  -*•  S  )  is  -  (-x)  '  and  is  -  (-x)  res¬ 
pectively  as  Fig.  6  shows.  From  this  a  condition  for  the  validity  of  the  Batchelor  model 

as  a  first  term  of  an  asymptotic  expansion  arises: 
UPPER  DECK  the  pressure  gradient  at  S  must  be  zero;  that  is 

y  =  Q j(Re) X 3,2*a2XS/2*...  the  free  streamline  must  leave  the  surface  with  x6/^2. 
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Figure  6.  Triple  Deck  Structure 
Around  the  Separation 
Point  S 


Unfortunately  no  combination  of  the  two  parameters, 
wQ  and  location  of  S,  can  be  found  that  gives 
dCp/dx=  0  at  S-.  Fig.  7  shows  variations  of  both 
parameters. 
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Figure  7.  Pressure  Distribution  Around  the 
Separation  Point 
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A  more  detailed  study  shows  that  the  zero-pressure  gra¬ 
dient  condition  can  only  be  fulfilled  if  the  pressure 
at  some  point  upstream  of  separation  is  at  a  higher  level 

than  c„  at  S  .  In  this  sense  the  Batchelor  model  fails 
P 

for  the  simple  dent  in  the  plane  wall. 

To  form  an  example  that  works  in  this  sense,  a  "pre-hump" 
has  been  added  to  the  simple  dent  as  shown  in  Fig.  8. 

The  effect  of  this  is  to  retard  the  oncoming  flow.  This 
pressure  comes  down  from  a  higher  level  with  dc^/dx  =  0 
sc  S  for  a  proper  choice  of  o>0  and  location  ot  S.  With¬ 
in  the  separation  bubble  a  vortex  core  with  constant  vor- 
ticity  a)Q  creates  an  internal  circulating  boundary  layer 
which  in  the  lower  part  follows  the  wall  and  above  the 
vortex  core  is  part  of  the  free  shear  layer.  This  cir¬ 
culating  boundary  layer  must  be  periodic,  a  condition  which  fixes  the  second  parameter, 
ioQ  for  example.  Here  a  contradiction  arises: 

(i)  The  Batchelor  model  leads  to  a  finite  vorticity  within  the  separation  bubble  in  the 
limit  Re^1  =  0  from  physical  arguments. 

(ii)  Finite  vorticity  inside  the  separation  bubble  always  leads  to  secondary  separations 
of  the  internal  circulating  boundary  layer.  As  a  consequence  of  the  two  inner  stag¬ 
nation  points  (at  S  and  R  in  Fig.  5)  fluid  in  the  inner  boundary  layer  is  brought 
to  rest  which  inevitably  leads  to  (secondary)  separation.  This  exempts  the  circulat¬ 
ing  boundary  layer  from  a  periodic  behaviour.  The  constant  vorticity  therefore 
should  either  be  0(Re^c) ,  a  >  0  or  =  0  either  of  which  contradicts  (1) . 

Thus  we  conclude  that  the  Batchelor  model  with 
u 4  O  at  the  limit  Re  1  =  0  is  inadequate  as  a  first 

O  ii 

term  of  an  asymptotic  expansion  of  the  flow  field. 

The  way  out  of  this  dilemma  is  to  set  o>0  =  0  for 
Rer ^  =  0  and  that  is  what  we  suggest:  the  first 
term  of  an  asymptotic  expansion  should  be  the  dead- 

water  separation  area  with  a  streamline  leaving  the 

5/2 

surface  with  a  power  of  x  larger  than  3/2,  i.e.  x  ' 
for  the  dent  with  a  pre-hump.  Fig.  9  shows  the  dead- 
water  region  with  constant  pressure,  the  value  of 
which  is  simply  Cp  =  0  for  the  dent  alone,  or  the 
constant  non-zero  value  comes  out  of  the  calculation 
for  the  dent  with  a  pre-hump.  Nonzero  flow  velocities 
inside  the  separation  bubble  are  effects  of  higher 
order  in  the  asymptotic  expansion. 


Dent: 

Cp*^  Free  Streamline 

777/7/7/?  77^. - “Jr — -^7777777777 

Dent  with  Pre-Hump: 


Figure  8 .  Pre-Hump  and 
Pressure  Distributio: 


3.  TURBULENT  SEPARATION  BUBBLES  WITH  FIXED  SEPARATION  POINT  (SHARD  EDGE) 

3.1.  Backward  Facing  Step 

As  a  typical  example  for  a  turbulent  separated  region  of  finite  length  the  incompressible 
turbulent  flow  past  a  backward  facing  step  is  considered.  It  is  assumed  that  the  thickness 
&2  of  the  oncoming  boundary  layer  is  small  compared  to  the  step  height ( <52/H< 1 ) •  For  one 
particular  example  (62(°)/H  =  0,11)  the  distributions  of  wall  pressure  and  boundary  layer 
characteristics  are  shown  in  Fig.  10.  Due  to  the  step  and  the  separation  bubble  the  pres¬ 
sure  is  not  constant  along  the  wall,  but  shows  a  decrease  in  front  of  the  step  and  beyond 
reattachment.  The  upstream  effect  of  the  separation  region  is  not  included  in  the 
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classical  boundary  layer  theory  and  hence  follows 
from  a  strong  mutual  interaction  between  the  sepa¬ 
ration  bubble  geometry  and  the  outer  flow.  Devia¬ 
tions  from  flat  plate  occur  in  the  region  forty  step 
heights  in  front  of  the  step  to  about  fifty  step 
heights  beyond  the  step.  The  additional  drag  of  the 
step  compared  to  the  flat  plate  friction  drag  is  not 
a  constant  but  dependent  on  the  length  of  the  plate 
beyond  the  step.  Only  the  pressure  drag  character¬ 
ized  by  the  dimensionless  base  pressure  coefficient 
Cp0  is  a  constant.  It  should  be  noted  that  the  dis¬ 
placement  thickness  far  downstream  of  the  step  is 
larger  than  the  displacement  thickness  of  the  un¬ 
disturbed  flat  plate  by  a  constant  value  ,  which 
can  be  interpreted  as  an  effective  reduction  of  the 
step  height.  As  a  consequence,  the  pressure  distri¬ 
bution  will  be  determined  by  the  effective  step 
height 


He  =  H 


which  again  shows  the  strong  mutual  interaction 
between  the  shear  layers  and  the  outer  flow. 
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Figure  10.  Wall  Pressure  and 
Boundary  Layer  Characteristics 
at  a  Backward  Facing  Step 


(ReL  =  2,0-10 


=  2,6-10’) 


A  prediction  method  for  flows  past  backward  facing  steps  has  been  developed  by  using  the 
following  assumptions: 


a)  From  the  available  experiments  it  could  be  concluded  that  there  exists  one  universal 
displacement  line  for  all  backward  facing  step  flows  when  the  x-coordinate  is  bases 
on  the  reattachment  length  x„  and  the  height  based  on  the  effective  step  height  H  . 

b)  There  are  universal  displacement  line  contours  on 
which  the  corresponding  pressure  distribution  can 
be  calculated  by  means  of  potential  theory  methods. 

In  particular,  the  pressure  coefficients  at  sepa-  0.5  i - | 


ration  cpB  and  at  reattachment  cpR  can  be  deter¬ 
mined.  In  Fig.  11  these  values  are  shown  as  func- 
:ions  of  Hg/xR  and  H2e/H1e  ,  where  the  latter 
parameter  is  the  effective  aspect  ratio  of  an 
equivalent  two-dimensional  channel  with  a  sudden 
enlargement  of  ratio  Hj/H^  .  The  single  backward 
facing  step  correspondends  to  the  limiting  case 

H2e/HTe  -  1  - 
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c)  Following  a  concept  of  J.F.  Nash  (ref.  5)  it  was 
assumed  that  the  free  shear  layer  between  sepa¬ 
ration  and  reattachment  behaves  like  a  free  shear 
layer  in  constant  pressure  where  the  velocity 
jumps  from  UR  (outer  flow  velocity  at  station 
x  =  O)  to  zero  (separated  region) .  At  the  sepa¬ 
ration  point  the  boundary-layer  velocity  profile 
was  replaced  by  a  free  shear-layer  profile  having 
the  same  displacement  and  momentum  thickness.  The 
further  assumption  was  madethat  the  pressure  at  the 
reattachment  point  is  equal  to  the  total  pressure 
of  the  dividing  streamline  at  that  point.  Due  to 


0.1  0.3  r„  0.5 

CpR 

j  -  CpR  -  Chart 

—  =  const.  Potential  Theory 

—  He/x„  =  const.  Potential  Theory 

—  6,0!/xp  =  const.  Reotfachment 

Criterion 


Figure  11.  cpB  -  cpR  Chart 
for  Enlargement  and  Step 
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these  assumptions  the  momentum  thickness  62(0)  of  the  oncoming  boundary  layer  at  the 
step  is  given  by 


<5,( 0)  0,334  -  c  _  +  0,666  c  _ 

=  °'027  - c — ^“c - 25 

R  CpR  CpB 


(3) 


In  the  cpB  -  cpR  -  chart  (Fig.  11)  the  curves  62(0)/xR  =  const  are  straight  lines  as 
shown  in  Fig.  1 1 . 

d)  According  to  the  characteristics  of  the  free  shear  layer  the  increase  of  displacement 
thickness  is  proportional  0  the  separation  bubble  length: 


A61  =  0,013  xR 


(4) 


where  the  numerical  factor  was  found  from  experiments. 
Combining  Eqns.(2)  and  (4)  leads  to 

XR 

H  =  He  (1  +  0,013  jp) 
e 

i.e.  the  ratio  H/Hg  can  be  determined  in  Fig.  11. 


(5) 


e)  The  ratio  62(°)/62s  can  be  foun<*  com“ 
paring  two  simple  boundary  layer  calcula¬ 
tions  one  with  constant  pressure  and  one 
with  the  given  pressure  distribution. 

Using  a  power  law  formula  for  the  momentum 
thickness  leads  in  a  first  approximation 
to 

6,(0) 

- 4 -  =  1  +  1,5  cdH  (6) 

52s  pB 

where  &2s  is  the  momentum  thickness  of  the 
oncoming  boundary  layer,  which  would  exist 
at  the  location  of  the  step  in  the  absence 
of  the  step. 

The  results  of  the  prediction  method  de¬ 
scribed  have  been  compared  with  experi¬ 
ments  as  shown  in  Fig.  12.  The  absolute 
value  or  the  base  pressure  is  reduced 
whereas  the  reattachment  length  is  in¬ 
creased  due  to  boundary  layer  thickness. 
Comparison  with  experiments  of  different 
authors  shows  reasonable  agreement. 


Figure  12.  Base  Pressure  and  Rea«tachment 
Length  for  Backward  Facing  Step 


3.2.  Effect  of  Suction  at  the  Step 

The  preceding  analysis  can  be  “asily  extended  to  cases  where  there  is  a  suction  slot  in 
the  corner  of  the  step,  Fig.  13.  A  certain  layer  of  height  h  of  the  free  stream  will 
finally  be  sucked  into  the  slot.  As  a  consequence  the  separation  ljne  and  the  dividing 
streamline  are  different.  Results  of  a  modified  analysis,  where  these  facts  are  taken 
into  account,  are  shown  in  Fig.  13  for  a  particular  value  62g/K.  Comparison  with  experi¬ 
ments  by  Arnold  (ref.  6)  are  also  made  in  Fig.  13. 
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3.3.  Sudden  Enlargements 


The  analysis  can  also  be  extended  to  sudden  enlarge¬ 
ments  of  two-dimensional  channels.  When  =  61/62 
is  the  shape  parameter  of  the  oncoming  boundary 
layer  the  area  ratio  of  the  sudden  enlargement  is 
given  by 


2*.  ,^-,,(0.0,3^-  2 


1e 


1e 


(7) 


From  Fig.  11  it  can  be  seen  that  the  analysis  leads 
to  results  only  for  area  ratios  up  to  about 
Hj/H.!  =  1,3.  For  higher  area  ratios  the  flow  might 
become  unsymmetrical  (ref.  7) ,  whereas  in  the  ana¬ 
lysis  presented  Symmetrical  flow  was  assumed.  The 
results  of  the  analysis  for  62g/H  =  0,1  are  shown 
in  Fig.  14. 


vf,cv2*p. 


Figure  14.  Base  Pressure  and 

Reattachment  Length 
for  Sudden  Enlarge¬ 
ment 


Figure  13.  Backward  Facing  Step 
with  Suction 


Although  no  experimental  data  are  available  for 
direct  comparison  (the  available  experiments 
show  much  higher  ratios  62s/H  >  °'2^  the  f°llow“ 
ing  tendencies  can  be  found  in  agreement  with 
experiments.  Increasing  the  area  ratio  leads  to 
longer  separation  bubbles  (see  ref.  8)  and  to 
decreasing  absolute  values  of  the  base  pressure. 
The  loss  coefficient  (dimensionless  dissipation) 
as  a  function  of  area  ratio  is  shown  in  Fig.  15 
and  compared  with  the  classical  Carnot  formula 
for  sudden  enlargements.  It  can  be  seen  that  the 
Carnot  formula  fails  for  H^/H2  ♦  0  (single  back¬ 
ward  facing  step)  and  that  prediction  could  be 
improved  considerably  by  the  present  analysis. 
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Figure  15.  Friction  Coefficient 

for  Sudden  Enlargement 
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predicted  for  almost  half  the  step  height  to  critical  step  height  ratios.  There  is  ob¬ 
viously  good  agreement  of  the  theoretical  result  with  experiment,  because  measurements 
of  configuration  (2)  showed  separation,  whereas  in  configuration  (T)  ,  which  corresponds 
to  the  example  shown  in  Fig.  16,  no  separation  occurs.  According  to  Fig.  17  separation 
may  appear  when  the  step  height  and/or  the  thickness  of  the  oncoming  boundary  layer  are 
increased.  The  smaller  the  thickness  of  the  oncoming  boundary  layer,  the  larger  the  cri¬ 
tical  step  height  of  incipient  separation. 


4.2.  Diffusors 

The  procedure  described  was  applied  to  predict  incipient  separation  in  subsonic  diffusors. 
That  is  the  flow  regime  was  divided  into  boundary  layer  and  rotational  or  irrotational 
outer  flow  depending  on  whether  the  inlet  velocity  profile  of  the  diffusor  was  rotational 
or  not.  For  1/H^  >>  1  ,  see  Fig.  2e,  a  simple  formula  was  adapted  to  calculate  the  pres¬ 
sure  distribution  of  irrotational  outer  flow  along  the  wall  contour: 


("y~)2[1  + !  *K  y'k  - 1  yf  + 1  y2K  yk  y'P 


(8) 


p*ro  ,  w*^  are  pressure  and  velocity  values  a  distance  H1  upstream  of  the  diffusor  en¬ 
trance,  yR(x)  is  the  fictitious  diffusor  geometry  where  dashes  refer  to  differentiation 
with  respect  to  x.  Eq.  (8)  is  based  on  a  quadratic  Ansatz  for  the  pressure  profile  perpen¬ 
dicular  to  the  diffusor  axis. 


Interaction  was  taken  into  account  as  described  in  Section  4.1.  By  means  of  this  procedure 
critical  values  of  H2/H 1  could  be  calculated  in  very  good  agreement  with  experiment 
(ref.  9).  Line  a-a  in  Fig.  18  marks  the  onset  of  incipient  separation.  In  the  theoretical 
prediction  of  this  line  necessarily  interaction  has  to  be  taken  into  account. Calculations  of 
this  line  without  interaction  gives  noticeable  deviations  from  l.'ne  a-a,  as  Fig.  18  shows. 


Further  important  results  of  these  calculations  are: 

-  Viscous-inviscid  interaction  obviously  decreases  the  effect  of  expansion  in  diffusors 
with  free  discharge.  The  diffusor  can  be  continued  in  a  pipe  or  channel  which  numeri¬ 
cally  is  much  easier  to  nandle  than  the  case  of  free  discharge. 

-  If  interaction  is  not  taken  into  account,  wall  curvature  in  the  entrance  region  of  the 
diffusor  has  a  strong  influence,  extremely  small  radii  produce  pressure  peakes  which 
lead  to  early  separation.  Viscous-inviscid  interaction  smooths  the  effective  wall  con¬ 
tour  and  thus  effectively  eliminates  the  influence  of  a  change  in  the  local  wall  contour. 

-  In  accordance  with  experimental  observations  the  influence  of  the  Iteynolda  number  on 
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the  critical  value  of  H2/H1  for  example  is  small. 

It  is  intended  to  extend  the  theoretical  approach  including: 

-  inhomogeneous  inlet  velocity  profiles 

-  small  areas  of  separated  flow 


4.3.  Turbulent  Separation  Bubbles  of  Finite  Length 


In  principle,  a  prediction  method  for  turbulent  flows  including  separated  regions  would 
work  the  same  way  as  the  method  described  ii:  Section  4.1.  The  main  additional  difficulty 
arises  in  the  modelling  of  the  separated  region.  One  connection  between  the  displacement 
line  and  the  pressure  distribution  is  given,  as  before,  by  the  inviscid  potential  theory. 
The  other  connection  is  supplied  by  the  "boundary  layer"  calculation  of  the  viscous  part 
of  the  flow.  In  case  of  flows  with 
separated  regions  this  "boundary- 
layer  calculation"  is  divided  into 
three  parts,  see  Fig.  19,  namely 
the  region  in  front  of  the  separa¬ 
tion  bubble,  the  region  of  the 
separation  bubble,  and  the  region 
beyond  the  separation  bubble.  The 
1  st  and  3rd  region  can  be  covered  by 
ordinary  prediction  methods  for 
attached  turbulent  boundary  layers. 

The  main  problem  left  is  a  pre¬ 
diction  method  for  calculating  the 
displacement  distribution  within 
the  bubble  region  and  the  bubble 
length.  Analogous  to  the  separa¬ 
tion  bubbles  in  Section  3  the  Atf-cota.  of  MM-rt  MM* 

following  assumptions  are  made  Fi9ure  19 *  Viscous-Invxscid  Interaction  for  Turbulent 

3  r  Flows  with  Separated  Regions  of  Finite 

that:  Length  (H/l  =  0,25) 


a)  The  geometry  of  the  bubble  (dividing  streamline)  is  universal  if  properly  scaled.  This 
geometry  is  shown  in  Fig.  19,  taken  from  experiment.  The  ratio  of  height  to  length  of 
the  bubble  is  assumed  to  be  a  constant,  namely  0,08.  This  is  in  agreement  with  the  re¬ 
sults  in  ref.  10  . 

b)  The  free  shear  layer  between  the  separated  region  and  the  inviscid  outer  flow  is  appro¬ 
ximated  by  the  simple  shear  layer  solution  of  a  free  jet  boundary  where  the  displace¬ 
ment  thickness  increases  proportional  to  the  coordinate,  the  gradient  being  approxi¬ 
mately  d6^/dx  =  0,05. 

c)  The  location  of  the  reat.tachment  point  and,  hence,  the  bubble  length  are  determined 

by  using  the  same  reattachment  criterion  as  in  Eq. (3) ,  in  which  it  is  assumed  that  the 
total  pressure  on  the  dividing  streamline  is  constant  near  reattachment. 


The  final  result  of  the  iteration  process  is  reached  when  the  distributions  of  pressure 
and  displacement  thickness  generate  each  other,  by  inviscid  theory  as  well  as  by  "bound¬ 
ary  layer"  calculation  including  modelling  of  the  separated  region.  Application  of  the 
reattachment  criterion  Eq. (3)  gives  the  correct  solution  of  the  problem,  which  is  shown 
in  the  insert  of  Fig.  19  (example  (2)  in  Fig.  17). 


t 
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More  sopnisticated  models  of  the  separated  region  are  now  under  consideration.  This  pro¬ 
cedure  is  be'.ng  applied  to  diffusors  in  order  to  calculate  optimal  diffusors  which  have 
optimum  efficiency  for  a  given  ratio  of  length  to  inlet  width  or  for  a  given  area  ratio 
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Summary 

Tnis  paper  describes  an  experimental  and  theoretical  investiga¬ 
tion  of  turbulent  flow  over  a  two-dimensional  backward-facing 
step.  A  Laser  Doppler  Anemometer  { L DA )  was  used  to  measure  the 
time-averaaed  flow  properties  and  their  fluctuations  in  an  open- 
.<■  •henra'  test  section.  Experimental  results  Include  the 
J iow  and  normal  -direction  velocities  (mean  and  root  mean  square), 
Reynolds  st.jr  stress,  and  separated-flow  length.  The  variation 
v f  the  reattachment  location  was  also  obtained  as  a  function  of 
Reynolds  number  and  flow  expansion  ratio.  Flow  visualization 
vas  employed  to  gain  further  understanding  of  the  flow  structure. 
The  paper  also  describes  numerical  results  obtained  with  a  method 
known  as  discrete  vortex  dynamics.  This  method  provides  a 
Lagrangian  description  of  fluid  flow  in  which  the  distribution 
of  vorticity  Is  discretized  and  its  time-dependent  motion  is 
calculated.  Thus,  unsteady  flow  phenomena  can  be  included  with¬ 
in  this  time-dependent  computational  method.  From  comparison  of 
the  experimental  and  numerical  results  we  conclude  that,  while 
qualitative  agreement  has  been  obtained,  for  close  quantitative 
agreement  with  separated-flow  data,  a  purely  two-dimensional 
calculation  requires  a  dissipation  model.  This  model  must  pro¬ 
vide  the  dissipation  caused  by  small-scale  three-dimensional 
vortici ty . 


Nomenclature 

h  =  upstream  water  height 

H  B  sLep  height  (=4C  mm) 

L  =  numerical  reference  length 

Re^  =  Reynolds  number  (=  U0H/v) 

U0  =  freestream  reference  velocity 

/uT  =  root-mean-square  velocity  in  longitudinal  direction 

U  =  mean  v-’oeity  ir.  longitudinal  direction 

/v7  =  root-muan-square  velocity  in  normal  direction 

-uv  =  Reynolds  shear  stress 

V  =  mean  velocity  in  normal  direction 

Xr  =  mean  reattachment  location 

x  =  longitudinal  coordinate 

y  =  normal  coordinate 

z  =  spanwise  coordinate 

z  =  spanwise  coordinate  normalized  to  channel  half-width 
v  =  kinematic  viscosity 

p  =  density 

a  =  standard  deviation  of  random  walk 

(a  =  vorticity 


Introduction 

Turbulent  separated  flows  occur  in  nature  and  in  many  engineering  flow  situations. 
They  are  generally  caused  by  adverse  pressure  gradients  generated  by  changes  in  the 
geometry  of  the  flow  boundaries.  Such  changes  result  in  highly  turbulent,  recirculating 
flows  with  high  pressure  losses  and  augmented  heat  and  mass-transfer  rates.  Many  of 
these  properties  of  separated  flows  are  extensively  utilized  in  engineering  equipment 
irrespective  of  the  fact  chat  little  is  known  about  the  details  of  the  flow  inside  the 
separation  zone.  The  acquisition  of  such  knowledge  has  so  far  been  hampered  by  the  lack 
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of  suitable  measuring  techniques,  and  it  is  only  recently  that  advances  in  laser-Doppler 
anemometry  have  resulted  in  Instruments  suitable  to  study  highly  turbulent,  recirculating 
flows. 

The  first  part  of  this  paper  describes  an  experimental  investigation  of  the  flow 
ov<=>"  a  backward-facing  step  In  the  flow  regime  designated  as  fully  turbulent.  The  step 
was  located  in  a  two-dimensional  open-channel  flow.  I.aser-Doppl er  measurements  and  flow 
visualization  studies  were  carried  out  to  obtain  insight  into  the  physics  of  backward¬ 
facing  step  flows.  Accurate  measurements  of  the  mean  and  root-mean-square  velocity  com¬ 
ponents,  the  Reynolds  shear  stress,  and  the  reattachment  location  were  obtained.  Consid¬ 
erable  effort  was  spent  to  create  a  flow  with  nominally  two-dimensional  time-averaged  pro¬ 
perties  in  the  mid-plane  of  the  test  section,  and  to  insure  that  this  two-dimensional  flow 
extended  beyond  the  separated  flow  region.  Two-dimensional  behavior  was  also  maintained 
at  the  upstream  and  downstream  flow  boundaries.  Desoite  all  this  experimental  care,  the 
region  directly  behind  the  backward-facing  ^tep  exhibited  three-dimensional  flow,  as 
observed  in  the  dye  injection  experiments.  However,  the  extensive  measurements  that  have 
been  obtained  will  be  valuable  in  developing  and  testing  prediction  methods  for  two- 
dimensional,  separated,  turbulent  flow. 

The  second  part  of  this  paper  concerns  the  numerical  simulation  of  the  backward¬ 
facing  step  flow  using  the  method  of  discrete  vortex  dynamics.  This  method  is  a  Lagrang- 
ian  description  of  fluid  flow  in  which  the  governing  equation  of  motion  Is  obtained  from 
the  vector  curl  of  the  Navier-Stokes  equation.  These  calculations  are  purely  two- 
dimensional,  and  the  lack  of  fluctuations  in  the  third  dimension  appears  to  cause  dis¬ 
agreement  between  the  calculations  and  experimental  results.  A  previous  simulation  of 
the  planar  mixing  layer  did  show  the  ability  of  the  vortex  method  to  reproduce  the  coher¬ 
ent  flow  structure  experimentally  found  In  turbulent  mixing  layers  [l].  It  was  also 
found  that  the  measured  Reynolds  shear  stress  could  be  predicted  if  the  vortex  short-range 
behavior  includes  diffusion  due  to  molecular  viscosity.  Computations  have  now  been 
extended  to  the  experimentally  studied  backward-facing  step  flow.  The  numerical  results 
are  compared  with  the  experimental  data.  Existing  discrepancies  are  pointed  out  and 
reasons  for  them  are  given.  Conclusions  are  given  with  respect  to  the  modification 
required  of  the  two-dimensional  discrete  vortex  dynamics  method  for  predicting  turbulent 
separated  flows. 

Experimental  Investigation 


The  two-dimensional  backward-facing  step  is  a  simple  geometry  which  can  produce  a 
complex  turbulent  flow.  Therefore,  a  careful  experimental  Investigation  will  provide  a 
basis  for  developing  flow  prediction  methods.  Such  experiments  have  been  done  at  the 
University  of  Karlsruhe,  and  this  section  describes  the  experimental  apparatus  and  mea¬ 
suring  technique.  The  experimental  results  and  observations  are  also  given. 

The  experiments  were  carried  out  in  a  600-mm-wide  open-water  channel  with  major 
dimensions  given  in  Figure  1.  The  test  section  was  situated  near  the  downstream  end  of 
the  channel  and  consisted  of  a  second  floor  with  a  leading  edge  for  initiating  a  new 
floor  boundary  layer.  A  raised  backward-facing  step  40  mm  high  was  placed  at  a  downstream 
position  from  the  leading  edge  such  that  the  boundary  layer  at  separation  would  be  fully 
turbulent  for  all  Reynolds  numbers  investigated.  Considerable  effort  was  expended  in 
placing  flow  straighteners  and  screens  upstream  from  the  test  section  so  that  a  nominally 
two-dimensional  approach  flow  in  the  mean  properties  was  insured.  The  success  of  the 
flow-straightening  devices  is  shown  in  Figure  2,  which  presents  spanwlse  profile  of  the 
mean  longitudinal  velocity  component  and  It'  root-mean-square  at  five  locations  in  the 
test  section.  These  data  show  that  the  freestream  turbulence  is  approximately  three 
percent. 

The  wall  boundary  layer  before  the  step  edge  also  has  spanwlse  uniformity  and  obeys 
the  law  of  the  wall  over  at  least  the  center  half  of  the  channel.  Figure  3  shows  the 
boundary  layer  profile  in  normalized  coordinates  at  three  spanwlse  locations,  all  2  mm 
upstream  from  the  step. 

Velocity  was  measured  with  a  one-component  forward-scatter  laser-Doppler  anemometer 
( LDA )  equipped  with  frequency  shifting.  Severa’  features  of  the  IDA  system  make  it  one 
of  the  few  devices  suitable  for  velocity  measurement  in  recirculating  flow:  1)  nonintru- 
siveness,  2)  instantaneous  velocity  direction  resolution,  3)  single  velocity  component 
measurement  without  contamination  from  other  components,  4)  high  spatial  and  temporal 
resolution,  5)  accurate  measurement  in  regions  with  very  high  turbulent  levels,  and  6) 
no  calibration  necessary  (especially  advantageous  in  the  presence  of  temperature  fluctua¬ 
tions.)  The  LDA  was  mounted,  in  the  present  experiment,  on  a  cradle-type  traversing 
carriage  which  straddled  the  water  channel  on  rails  and  thus  permitted  three-dimensional 
movement  of  the  measuring  volume  to  almost  any  desired  position  within  the  flow.  The 
measuring  volume  is  approximately  0.25  mm  in  diameter  and  1.5  mm  long.  Further  details 
are  given  in  reference  [2]. 

Signals  were  processed  with  a  digital  processor  based  on  a  transient  recorder  that 
was  developed  at  the  University  of  Karlsruhe  and  is  described  in  detail  in  reference  [3]. 
This  processing  system  can  accurately  determine  the  frequencies  of  individual  Doppler 
bursts.  Sampling  procedures,  as  outlined  by  Tropea  and  Durst  [4],  ensured  nonbiased  esti¬ 
mates  of  the  velocity.  Measurement  times  at  each  point  varied  from  one  region  of  the 
flow  to  another,  but  were  generally  15-20  minutes  inside  the  recirculating  zone  and  about 
5  minutes  in  the  potential  flow  region. 


24-3 


For  a  determination  of  the  velocity  component  normal  to  the  flow  direction,  it  Is 
necessary  to  measure,  at  each  measuring  point,  the  mean  Doppler  frequency  and  root-mean- 
square  (RMS)  values  of  the  Doppler  frequency  fluctuations  using  three  different  orienta¬ 
tion  angles  with  respect  to  the  flow  direction  (beam  plane  at  ±30°  and  0°  to  the  channel 
floor).  The  normal  direction  mean  and  fluctuating  velocities  and  the  correlation  of  fluc¬ 
tuating  velocities  and  the  correlation  of  fluctuations  of  the  two  velocity  components, 
i.e.  the  Reynolds  shear  stress,  were  calculated  in  a  manner  similar  to  that  used  for  the 
decomposition  of  time-averaged  Inclined  hotwire  signals.  The  laser  beams  were  not  paral¬ 
lel  to  the  channel  floor,  and  thus  it  was  not  possible  to  traverse  all  the  way  to  the 
floor  for  all  the  turbulence  quantities  of  interest. 

Detailed  measurements  of  the  mean  and  fluctuations  of  the  two  velocity  components 
are  given  in  reference  [2].  Examples  are  presented  in  Figure  4  for  flow  conditions  of 
Reynolds  number  Ren  =  12,000  (ReH  =  U0H/v)  and  an  expansion  ratio  (H  +  h)/h  equal  to  1.14, 
where  U0  is  the  mean  free  stream  velocity,  H  the  step  height,  and  h  is  the  upstream  water 
height.  In  the  figures,  velocities  have  been  normalized  by  U0  and  lengths  by  step-height 
H.  Figure  4a  shows  the  distribution  of  the  mean  longitudinal  velocity  component  at  sev¬ 
eral  equally  spaced  stations  downstream  of  the  step.  From  the  mean  velocity  data  one  can 
deduce  that  the  recirculation  region  extends  over  a  distance  of  six  step  heights.  From 
the  mean  velocity  component  normal  to  the  channel  floor  (Figure  4b)  one  can  see  that  the 
mean  flow  at  the  step  edge  is  upward,  indicating  an  upstream  influence  of  the  separating 
flow. 


The  RMS  profiles  of  the  two  velocity  components  (Figures  4c  and  4d)  have  similar 
distributions  throughout  the  entire  flow  field,  both  in  shape  and  magnitude.  The  maximum 
values  reached  in  these  normal  stress  terms  compare  favorably  with  similar  data  taken  by 
independent  workers  [5]  and  [5], 

The  Reynolds  shear  stress,  Figure  4e,  reaches  a  maximum  value  about  midway  between 
the  step  and  mean  reattachment  location.  Note  that  the  locations  of  maximum  Reynolds 
shear  stress  and  maximum  mean  velocity  gradient  do  not  coincide. 

Data  were  also  taken  at  several  stations  far  downstream  from  the  reattachment  loca¬ 
tion,  and  the  mean  velocity  for  the  reattached  boundary  layer  is  presented  in  Figure  5 
in  "log-law"  coordinates.  Near  the  y+  of  100  there  is  a  small  dip  away  from  the  log  law 
evident  in  all  these  profiles  and  indicates  that  the  boundary  layer  has  not  yet  recovered 
to  its  unperturbed  state,  even  after  35  step  heights  downstream  of  the  step.  This  result 
is  in  good  agreement  with  the  findings  of  Bradshaw  and  Wong  [7].  The  Reynolds  shear 
stress  also  shows  a  tendency  to  remain  at  high  levels  in  this  downstream  region.  The 
boundary  layer  departure  from  the  log  law  is  thought  to  be  caused  by  remnants  of  vortex 
structures  which  were  created  upstream  in  the  free  shear  layer.  Evidence  for  this  inter¬ 
pretation  comes  from  flow  visualization  studies. 


Flow  visualization  was  achieved  by  injecting  small  amounts  of  dye  into  the  boundary 
layer  one  step  height  upstream  of  the  step  edge.  Photographs  were  taken  from  above  and 
from  the  side  of  the  step  to  record  the  shear  layer  development  after  separation.  Typi¬ 
cal  results  of  these  dye  studies  are  shown  in  Figure  6  in  which  traces  of  the  photographs 
are  given  for  several  different  Reynolds  numbers.  The  size  of  the  individual  vortices  at 
first  increases  with  Reynolds  number  and  then  decreases  until,  at  the  highest  Reynolds 
number,  no  particular  large  structure  in  the  flow  is  recognizable.  The  changes  in  the 
sizes  of  the  vortex  structures  are  strongly  coupled  to  changes  in  the  measured  separation 
length.  Figure  7  presents  the  measured  variation  of  separation  length  with  Reynolds  num¬ 
ber  and  expansion  ratio. 

The  Reynolds  number  at  which  the  minimum  reattachment  length  occurs  corresponds 
closely  to  the  largest  observed  vortex  structure  in  the  shear  layer.  As  the  structuies 
decrease  in  scale,  the  reattachment  length  approaches  a  fully  turbulent  value  which,  from 
previous  studies,  is  known  to  be  Reynolds-number  independent  [8].  Because  of  the  apparent 
influence  of  large  scale  structures  on  this  flow,  the  vortex  dynamics  method  of  computa¬ 
tion,  which  can  generate  structures  very  similar  to  those  observed,  appears  to  be  an 
appropriate  numerical  technique  for  simulating  this  flow. 


Finally,  there  were  observations  from  the  flow  visualization  study  which  suggested 
that  there  was  augmented  three-dimensional  activity  in  the  flow  region  immediately  Jown- 
stream  of  the  step.  Viewed  from  above  the  step,  a  portion  of  the  dye  injected  into  the 
shear  layer  was  seen  -.o  enter  the  region  of  the  secondary  vortex  next  to  the  step  face 
and  then  spread  symm  trically  away  from  the  centerline  towards  the  wall  boundaries.  This 
spreading,  however,  as  confined  to  a  zone  within  about  one  step  height  downstream  of  the 
step,  and  the  dye  remained  there,  apparently  mixing  little  with  the  primary  separation 
zone.  It  was  also  found  that  only  in  this  region  did  the  velocity  vector,  as  calculated 
from  the  mean  velocity  components,  deviate  from  the  streamline  tangent  formed  by  inte¬ 
grating  the  U  velocity  profile  from  the  floor.  It  appears,  therefore,  that  within  the 
first  downstream  step  height  assuming  two-dimensional  behavior  may  not  be  appropriate. 

Vortex  Dynamics  Method 


For  a  discrete-vortex  calculation,  several  numerical  parameters  must  be  selected: 
discrete  time-step  size,  maximum  vortex  strength,  vortex  short-range  behavior,  and  method 
of  vortex  creation  at  flow  boundaries.  Some  of  these  have  been  chosen  by  comparing  numer¬ 
ical  simulation  of  a  planar  mixing  layer  with  experimental  results  [)].  This  study  showed 
that  the  vo*tex  method  can  reproduce  the  coherent  flow  structure  found  experimentally  in 
turbulent  m  .ing  layers.  Also,  the  measured  Reynolds  shear  stress  can  be  predicted  if 
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the  vortex  short-range  behavior  Includes  diffusion  due  to  molecular  viscosity.  Since  the 
application  of  the  discrete  vortex  dynamics  method  is  somewhat  new,  its  computer  imple¬ 
mentation  will  be  briefly  described. 

The  discrete  vortex  dynamics  method  is  a  Lagrangian  description  of  fluid  flow.  Vor- 
ticity  is  kinematically  defined  as  the  vector  curl  of  velocity,  w  =  v  x  u.  In  the  vor¬ 
tex  dynamics  method  the  distribution  of  vorticity  is  discretized  and  the  trajectory  of 
each  discrete  vortex  is  calculated.  The  governing  equation  of  motion  is  obtained  by  tak¬ 
ing  the  vector  curl  of  the  Navier-Stokes  equation,  yielding 
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for  constant  density  p.  The  symbol  D/Dt  is  the  material,  or  Lagrangian,  derivative.  The 
change  in  vorticity  per  unit  mass  is  given  by  two  terms:  (a)  vortex  stretching  and  rota¬ 
tion,  (w/p)  •  7  u,  and  (b)  vorticity  diffusion  by  molecular  viscosity,  v  72  w.  For  two- 
dimensional  flow  the  vorticity  vector  is  normal  to  the  velocity  vector  and  thus  w*7  u 
is  always  zero.  For  large-Reynolds-number  flows  (small  v)  Chorln  [9]  has  suggested  that 
the  diffusion  effect  be  approximated  by  a  random  walk.  Each  discrete  vortex  is  given  a 
random  component  of  motion  (at  each  time  step)  which  is  taken  from  a  Gaussian  distribu¬ 
tion  of  random  numbers.  The  standard  deviation  of  the  random  numbers  is  specified  by  the 
numerical  time  step  At  and  the  kinematic  viscosity  v  (or  Reynolds  number): 

o  =  /TaF'v  =  l/2(^)(^)  . 

To  advance  the  vorticity  to  the  next  time  step  one  requires  the  velocity  of  each  dis¬ 
crete  vortex.  There  are  two  ways  to  determine  the  vdrtex  velocity:  direct  vortex  inter¬ 
action  or  solution  of  the  Poisson  equation  for  the  streamfunction.  The  direct  interaction 
method  is  given  by  the  Biot-Savart  law,  which  determines  the  velocity  at  a  point  from  a 
volume  integral  over  all  regions  that  have  nonzero  vorticity.  Because  only  the  discrete 
vortices  have  nonzero  vorticity,  each  vortex  velocity  is  given  by  direct  interaction  of 
all  the  other  vortices.  The  calculational  cost  will  be  proportional  to  the  number  of 
vortex  interactions,  which  is  (N  -  1)  •  N/2,  or  ~  N2,  for  N  discrete  vortices.  Only  the 
vortex  locations  and  strengths  are  needed  to  determine  the  velocity  field.  Thus  spatial 
resolution  of  the  flow  field  is  automatically  treated.  There  is  no  loss  of  resolution 
due  to  finite  mesh  spacing.  Of  course,  the  core  size  of  the  discrete  vortex  is  the  lower 
limit  of  spatial  resolution  and  the  finite  time  step  is  the  upper  limit  to  resolvable 
frequencies. 

The  second  way  to  calculate  the  velocity  field  requires  a  solution  of  a  Poisson  equa¬ 
tion.  Since  any  vector  field  may  be  described  in  terms  of  a  scalar  potential  0  and  a 
vector  potential  ff,  the  velocity  field  is  written  as  u  =  7  M  ?  <  I,  From  the  kinematic 
relation  of  vorticity  and  velocity  (w  =  7  x  u)  the  vector  potential  Poisson  equation  is 
obtained:  V2  A  =  -  co;  and,  in  2  dimensions,  72  Az  =  -  wz.  Thus  the  velocity  is  given  as 
u  =  V  x  Az  where  Az  is  the  stream  function.  Calculational  cost  of  the  Poisson  solution 
is  proportional  to  M  log  ii,  where  M  is  the  number  of  mesh  points.  The  cost  of  putting 
the  discrete  vorticity  onto  the  mesh  and  finding  the  velocity  from  the  streamfunction  will 
be  proportional  to  N,  the  number  of  vortices.  The  cost  of  this  method  is  M  log  M  +  N; 
and  for  large  N,  this  method  will  be  faster  than  the  direct  method  which  cost  N2. 

2 

However,  the  discrete  numerical  approximation  of  7  does  not  produce  the  point  vor¬ 
tex  velocity  field.  Instead  of  an  infinite  velocity  at  the  vortex  location  with  a  r-1 
decay  (where  r  is  the  distance  from  the  vortex)  the  velocity  is  zero  at  the  vortex  loca¬ 
tion,  increases  with  r  until  a  maximum  is  reached,  and  then  decays.  The  r*l  behavior  is 
achieved  only  when  r  is  large  compared  with  the  mesh  spacing.  The  short-range  velocity 
is  also  nonisotropic.  These  nonphysical,  numerical  effects  are  removed  by  artificially 
expanding  the  vorticity  to  cover  many  mesh  cells  when  the  vorticit,  distribution  is  deter¬ 
mined  for  the  Poisson  equation  [10].  This  spreading  of  vorticity  results  in  an  Isotropic 
velocity  field  which  approaches  the  r_1  behavior  within  a  few  mesh  cells  (three  cells  in 
this  work).  The  incorrect  velocity  behavior  can  be  replaced  with  the  desired  behavior 
for  all  interactions  that  occur  within  the  short-range  region.  During  the  creation  of 
the  vortlciiy  distribution  a  linked  list  is  made  so  that  only  those  vortices  that  are  near 
each  other  must  be  examined  for  the  velocity  correction.  If  all  the  pairs  were  examined, 
the  cost  would  become  the  same  as  for  the  direct  method,  i.e.,  proportional  to  N2. 

The  choice  of  which  method  to  use  for  the  velocity  determination  also  depends  on  the 
flow  problem  being  considered.  For  exterior  flows  (e.g.,  a  bluff  body  shedding  vorticity 
into  a  wake)  the  direct  method  allows  easy  treatment  of  the  outer  boundary  conditions. 

For  interior  flows  (e.g.,  a  channel  with  flow  separation)  the  outer  boundary  conditions 
can  be  Included  in  the  Poisson  solution.  In  addition,  the  solid  wall  boundaries  act  as 
sources  and  sinks  of  vorticity  when  the  condition  of  zero  relative  velocity  is  enforced. 
Thus  for  some  exterior  flows  the  direct  method  might  be  selected  where  as  for  interior 
flows  the  Poisson  method  is  faster. 

A  previous  study  treated  both  symmetric  and  asymmetric  planar  sudden  expansion  flows 
[11].  The  numerical  simulation  reproduced  the  asymmetric  flow  which  can  occur  within  the 
symmetric  sudden-expansion  geometry.  The  calculated  time-average  unequal  separated  flow 
lengths  also  agreed  well  with  experimental  data.  This  study  concentrates  upon  the  single 
backward-facing  step  flow  and  presents  detailed  comparisions  with  the  velocity  profiles 
already  presented  in  Figure  4.  The  geometry  is  a  channel  with  a  step  increase  in  flow 
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cross-sectional  area,  which  ensures  that  flow  separation  occurs  at  a  fixed  location.  The 
boundary  layer  before  the  step  Is  used  as  the  calculation  entrance  boundary  condition. 

The  boundary  layer  vortlclty  Is  discretized,  and  this  flux  of  vorticity  is  added  at  each 
time  step.  New  discrete  vortlclty  is  also  Introduced  along  the  channel  side  walls  at 
each  time  step  so  that  a  no-slip  velocity  boundary  condition  is  maintained  [12].  In  a 
calculation  of  flow  over  a  backward  facing  step  by  Clements  and  Maull  [13]  the  freestream 
vorticity  was  removed  when  the  vortices  reached  a  certain  dis  nee  from  the  wall.  They 
found  that  this  artificial  viscous  wall  had  the  most  realistic  comparison  with  experiment 
when  the  removal  distance  was  0.125  step  heights.  However,  their  wall  model  does  not 
entrain  the  wall  boundary  layer  into  the  recirculating  flow  region. 

For  convenience  at  this  time,  the  confined  channel  flow  program  has  been  used  to 
calculate  the  open  water  channel  flow.  The  free-surface  boundary  condition  has  been 
approximated  as  an  inviscid  rigid  wall  instead  of  the  correct  condition  of  constant  pres¬ 
sure  with  variable  height.  In  an  open  channel,  as  the  velocity  decreases  because  of  the 
expanding  flow  area,  the  surface  rises  in  order  to  conserve  energy  at  constant  pressure. 

An  estimate  of  the  surface  height  change  can  be  obtained  by  analysis  of  an  inviscid  flow 
over  a  smooth  step.  Assume  a  smooth  bottom  shape  with  slope  such  that  over  a  long  dis¬ 
tance  the  change  in  bottom  elevation  equals  the  step  height.  °Tn  order  to  conserve  energy 
at  constant  pressure  and  flow  rate  (q),  the  free  surface  slope  must  be 


i  where  u(x)  is  the  local  average  velocity  and  g  is  the  acceleration  of  gravity.  For  the 

I  expansion  ratios  of  interest  the  free  surface  will  rise  about  3  to  6  percent  of  the  step 

height.  Thus,  with  a  constant  height,  the  calculated  flow  will  have  a  freestream  veloc¬ 
ity  that  will  be  a  few  percent  greater  than  the  experimental  results  downstream  of  the 
separated  region.  It  is  possible  to  incorporate  a  free  surface  with  the  vortex  method, 

5  and  preliminary  work  has  been  done  by  Zaroodny  and  Greenberg  [14]  for  the  time-dependent 

i  motion  of  a  water  wave. 

f 

Discussion  of  Vortex  Dynamics  Results 

i - 

This  discussion  focus  on  how  the  numerical  results  depend  upon  the  modelling  of 
different  sections  of  the  flow  field.  It  will  be  shown  that,  in  a  pure  two-dimensional 
!  calculation,  the  inlet  model  affects  the  separated  flow  length  and  the  Reynolds  shear 

stress  while  the  longitudinal  normal  stress  is  sensitive  to  the  magnitude  of  the  vorticity 

created  at  the  viscous  wall  boundary.  To  illustrate  these  effects,  results  from  many 
different  calculations  are  described  and  some  typical  examples  presented.  The  first 
numerical  result  was  a  computer-generated  flow  visualization  of  the  vorticity  motion. 

These  movies,  having  qualitative  agreement  with  experiment,  showed  that  Lagrangian  track¬ 
ing  of  the  upstream  wall  boundary  layer  vorticity  combined  with  a  vortex  viscous-wall 
model  did  produce  a  separated  recirculating  flow  behind  the  step.  Observation  of  these 
movies  does  not  reveal  a  precise  reattachment  location  but  indicates  its  inherent  unsteady 
nature.  This  unsteady  flow  is  caused  by  creation  of  large  vortex  structures  formed  in 
the  separated  free  shear  layer. 

For  quantitative  comparison  with  experimental  data,  velocity  mean  and  fluctuation 
values  were  calculated  at  various  locations  in  the  flow  region.  Figure  8  presents  the 
calculated  mean  and  fluctuation  velocity  profiles  for  a  flow  with  expansion  ratio  of  1.33 
and  a  Reynolds  number  of  12,500  (  =  U0H/v).  For  comparision,  the  experimental  data  at 
the  same  Reynolds  number  are  also  shown  (dotted  ’ines).  The  computational  averaging  time 

corresponds  to  about  one  minute  of  real  time  in  the  water  channel  and  used  80  minutes  of 

CDC  6600  time.  The  time-average  profiles  of  the  longitudinal  velocity  component.  Figure 
8a,  show  the  recirculation  region  to  be  about  nine  step-heights  long.  A  calculation  at  a 
small  expansion  ratio  of  1.14  did  not  indicate  any  significant  change  in  reattachment 
location.  Thus,  the  experimental  variation  with  expansion  ratio,  as  shown  in  Figure  7, 
is  not  obtained  numerically. 

Both  of  these  calculations  were  done  with  the  inlet  vorticity  distributed  over  the 
experimental  boundary  layer  thickness,  which  is  1.5  step  heights.  Previous  calculations 
[11]  with  a  single  inlet  vortex,  corresponding  to  a  very  thin  boundary  layer,  produced  a 
reattachment  length  of  approximately  7  step  heights  (expansion  ratio  of  1.33)  and  a  reverse 
flow  behind  the  step  comparable  to  experimental  values  (u  -  -  0.2).  In  this  calculation 
the  formation  of  vortex  structures  was  enhanced  and  the  flow  structure  was  similar  to  the 

experimental  results  at  an  Ren  of  4,000  (Figure  6).  In  this  situation  the  reattachment 

location  appears  to  be  determined  by  the  two  or  three  large  vortex  structures  which  form 
down  stream  of  separation.  Another  possible  cause  for  the  reattachment  disagreement  with 
experiment  is  the  lack  of  spanwise  velocity  fluctuations  in  these  purely  two-dimensional 
calculations.  It  is  known  that  spanwise  fluctuations  are  produced  in  wall  boundary  layers 
by  the  bending  of  the  transverse  vorticity  into  the  streamwise  vorticity  component.  There¬ 
fore,  the  separated  shear  layer  contains  a  streamwise  vorticity  component  from  the  upstream 
wall  boundary  layer  which  is  not  included  in  the  two-dimenslor.al  vortex  dynamics  method. 

In  order  to  assess  the  effects  of  streamwise  vorticity  an  eariier  calculation  [11]  was 
done  which  included  dissipation  of  the  transverse  vorticity.  The  dissipation  was  incor¬ 
porated  in  a  uniform  manner  (i.e.  non-physical)  by  reducing  the  circulation  of  each  vor¬ 
tex  by  five  percent  per  unit  time.  This  dissipation  changed  the  reattachment  location 
,  from  ten  to  7  step  heights  downstream  of  the  step.  Hence  the  vortex  dynamics  results 

can  produce  a  variation  in  reattachment  location  comparable  to  the  experimental  shift; 
but,  as  expected,  the  calculated  results  are  sensitive  to  the  inlet  vorticity  distribution 
and  might  require  a  modeling  of  the  effect  of streamwise  vorticity. 
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The  normal  velocity  profiles  (Figure  8b)  in  the  first  6  step  heights  downstream  of 
the  step  do  not  agree  with  the  experimental  data.  After  6  step  heights  the  profile  shape 
and  magnitude  do  have  reasonable  agreement.  Previous  calculations  at  larger  expansion 
ratios  did  produce  a  secondary  vortex  directly  behind  the  step  face.  It  is  possible  that 
at  this  low  expansion  ratio,  the  secondary  vortex  depends  upon  the  three-dimensional 
motion  that  is  experimentally  observed  near  the  step  face. 

The  root-mean-square  (RMS)  flow  direction  velocity  component  (Figure  8c)  follows  the 
trend  of  the  experimental  data,  wi'th  the  exception  of  the  near-wall  region.  The  experi¬ 
mental  data  Indicate  a  slight  decrease  in  value  as  the  wall  is  approached  while  the  dis¬ 
crete  vortex  dynamics  result  show  an  increase  in  RMS  value.  The  peak  wall  value  depends 
upon  the  maximum  allowed  discrete  vortex  strength  that  is  created  at  the  wall.  In  this 
calculation  the  maximum  strength  is  0.1  U0H  and  the  peak  RMS  value  is  0.2.  A  previous 
calculation  with  twice  the  maximum  strength  produced  near-wall  RMS  peaks  that  are  twice 
the  current  results.  The  RMS  normal -direction  velocity  component  (Figure  8d)  has  reason¬ 
able  agreement  with  the  experimental  data.  Since  the  normal  velocity  goes  to  zero  at  the 
wall,  the  fluctuations  are  also  zero  at  the  wall  and  the  Increase  of  RMS  values  seen  in 
the  flow  direction  component  is  not  found  in  the  normal  component. 

The  calculated  Reynolds  shear  stress  (Figure  8e)  is  generally  smaller  than  the  experi¬ 
mental  results.  The  previous  numerical  calculation  of  the  free  mixing  layer  showed  that 
the  Reynolds  shear  stress  depended  upon  the  discrete  vortex  core  shape.  With  all  the  vor¬ 
tices  having  the  same  core  shape  and  size,  the  shear  stress  was  approximately  twice  the 
experimental  value.  Changing  the  calculational  procedure,  so  that  the  core  size  would 
grow  with  time  and  approximate  the  viscous  diffusion  of  vorticity,  produced  results  in 
agreement  with  experiment.  A  choice  can  also  be  made  as  to  the  exact  short-range  velocity 
behavior  that  is  to  be  used.  For  a  single  Isolated  line  vortex,  the  exact  result  has  an 
exponential  behavior.  A  reasonable  approximation  to  this  shape  is  achieved  by  adding  a 
small,  but  growing,  distance  to  the  Interaction  distance  r.  Thus  Instead  of 

(u,v)  «  ,  one  should  use  (u,v)  <*  ~  ,  where  r2  =  5tv.  This  model  pro- 

r2  rZ+rcore  core 

duced  a  free  mixing  layer  shear  stress  which  was  70%  of  the  experimental  value  and  has 
been  used  in  these  back-step  calculations. 

In  the  sudden-expansion  work  [11]  it  was  found  that  the  calculated  shear  stress 
depended  upon  the  distribution  of  inlet  discrete  vortices.  Figure  9  presents  results  of 
calculated  Reynolds  shear  stress  with  the  inlet  shear  layer  one-fourth  of  the  previous 
thickness.  Six  step  heights  down  stream  of  the  step  the  calculated  shear  stress  matches 
or  exceeds  the  experimental  values.  Near  the  step  edge  the  calculated  shear  stress  still 
does  not  agree  well  with  the  real  three-dimensional  wall  boundary  layer  that  has  become 
separated  and  which  contains  streamwise  vorticity. 

Conclusions 


This  paper  has  shown  that  Is  possible  to  simulate  unsteady  separated  flow  with  the 
discrete  vortex  dynamics  method.  Like  experimental  flow  visualization,  the  computer¬ 
generated  time-dependent  vorticity  motion  provides  further  understanding  of  this  inher¬ 
ently  unsteady-flow  problem.  The  qualitative  features  of  separated  flow  are  predicted 
by  this  numerical  method,  but  close  quantitative  agreement  with  experiment  will  require 
extension  of  the  method.  To  improve  the  vortex  dynamics  results,  a  model  of  dissipation 
caused  by  small-scale  three-dimensional  vorticity  should  be  added  to  the  two-dimensional 
calculation  or  a  full  three-dimensional  discrete  vortex  dynamics  calculation  should  be 
done.  An  example  of  the  latter  approach  has  been  provided  by  Leonard's  simulation  of  a 
turbulent  spot  in  a  laminar  boundary  layer  [15],  The  experimental  investigation  of  this 
paper  has  shown  that  the  laser  Doppler  anemometer  can  be  used  in  highly  turbulent  recir¬ 
culating  flow.  The  comprehensive  data  set  that  has  been  obtained  will  be  useful  in  the 
development  of  any  numerical  technique  that  is  applied  to  separated  flows. 
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Figure  1.  Water  channel  and  details  of  the  test  section  (dimensions  in  centimeters 
unless  otherwise  noted). 
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Figure  3.  Profile  of  the  wall  boundary  layer  2  mm  upstream  of  the  step,  showing  full 
turbulence  and  good  spanwlse  uniformity  (the  spanwise  coordinate  2  is  normalized  by  the 
channel  half-width, 300  mm,  and  the  origin  is  at  the  channel  mid-plane). 
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Figure  5.  Profile  of  the  reattached  wall  boundary  layer  far  downstream  of  the  separated 
flow  showing  continued  deviation  from  an  unperturbed  turbulent  boundary  layer  profile. 
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Figure  4a  thru  e.  Mean  and  fluctuating  velocity  components  in  the  backward-facing  step 
flow  at  Reynolds  number  of  12,000  (  *  U0  H/v),  where  U0  is  the  freestream  velocity  ahead 
of  the  step  and  H  is  the  step  height.  The  expansion  ratio  is  1.14.  The  origin  of  the 
left  profile  is  at  0.075  H  before  the  step  edge  and  the  remaining  profiles  have  their 
origins  at  each  step-height  interval. 


tion  of  separated  shear  layer  structure  with  Reynolds  number.  The 
e  (Re  ~  4,000)  corresponds  to  the  minimum  separation  length  (see 
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SUMMARY 

The  preliminary  stages  in  the  design  of  a  high-lift  wing  usually  involves  the  extensive  testing  of 
simplified  models  in  wind  tunnels;  this  is  both  tine-consuming  and  expensive.  Development  of  a  Multiple 
Aerofoil  Viscous  Iterative  System  (MAVIS),  a  method  for  calculating  the  flow  about  two-dimensional  high- 
lift  sections,  will  give  great  economies  at  the  initial  design  stage  provided  that  the  design  method  can 
predict  not  only  the  maximum  lift  coefficient  and  the  profile  drag  but  is  also  very  fast  and  easy  to  use. 
However,  this  appears  difficult  as  the  nature  of  the  flow  is  complex;  the  flow  region  is  multiply- 
connected;  wakes  from  upstream  elements  interaot  with  the  boundary  layers  on  downstream  elements;  there 
are  regions  of  separated  flow  on  the  lower  surfaoes  of  the  slat  and  wing  and  the  possibility  of  separated 
flow  on  the  upper  surface  of  the  flap  throughout  the  incidence  range. 

In  the  UK  we  have  developed  methods  for  calculating  each  region  of  the  flow  and  the  methods  are 
combined  by  an  iterative  procedure.  This  modular  approach  means  that  improved  approximations  in  a 
particular  region  oan  be  easily  inserted  into  the  system.  The  method  has  been  programmed  so  that  the 
calculations  oan  be  made  in  a  wind  tunnel  and  predictions  compare  well  with  the  measurement  of  two- 
dimensional  flow  on  high-lift  wings. 

Applications  of  this  method  can  permit  the  effective  design  of  the  leading  edge  slat,  slat/wing  cut 
profiles,  wing  upper  surface  shrouds  and  trailing  edge  flaps.  It  can  be  further  used  in  the  design  of  a 
flap  system  to  optimise  the  gap  and  overlap  of  the  various  elements  and  also  their  deflection  angles. 


NOTATION 

cD 

drag  coefficient 

7m 

position  of  maximum  velocity 

Of 

skin  friction 

(X 

angle  of  incidence 

°L 

lift  coefficient 

fi 

(1-M*0  cos2oO  1/2 

°P 

pressure  coefficient 

6 

boundary  layer  thickness 

0 

aerofoil  chord 

6* 

boundary  layer  displacement 

H 

shape  parameter,  «  6/0 

thickness 

M 

Mach  number 

6 

boundary  layer  thickness 

P 

mean  static  pressure 

parameter  (see  Eq.  (3)) 

R, 

Reynolds  number 

e 

boundary  layer  momentum 

U 

x-oonponent  of  mean  velocity 

thickness 

u 

x-component  of  fluctuating 
velocity 

5 

boundary  layer  thickness  psrameter  (see  Eq.  (5)) 

YT 

y-component  of  mean  velocity 

k 

curvature 

V 

/-component  of  fluctuating 

P 

fluid  density 

velocity 

i 

velocity  potential 

?n 

component  oi  -eincity  normal 
to  surface 

w 

relaxation  factor 

Subscripts 

i  solution  of  the  inviscid  equations  for  the  equivalent  invtscid  flow 
e  condition.!  at  the  body  surface 
t  oor.Uiti.ons  at  the  trailing  edge 

conditions  on  the  wake  centre  line 
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1.  THE  NATURE  OP  THE  PLOW 

The  flow  about  a  multi-component  aerofoil  at  high  lift  la  one  of  the  moat  complex  flowa  to  be 
modollad  by  theoretical  methods.  It  contains  many  features,  such  aa  supercritical  flow  on  the  slat, 
separated  flow  on  the  flap  and  a  complex  interaction  of  shear  layers,  all  of  which  would  be  difficult  to 
compute  in  isolations  the  combination  of  these  features  compounds  the  difficulty  of  modelling  the  i low. 
This  complexity  also  means  that  it  is  difficult  to  perform  simple  and  useful  wind-tunnel  tests.  Por 
example,  individual  elements  of  the  high-lift  aerofoil  con  be  quite  small  and  are  consequently  very 
susoeptible  to  scale  effects.  The  difficulty  of  providing  the  correct  scale  for  the  experiment  is 
compounded  by  the  existence  of  the  supercritical  flow  on  the  slat.  Useful  wind-tunnel  tests  oan  however 
be  performed  in  preKS'>ri-.'’  low-speed  tunnels  (e.g.  RAE  5m.  tunnel),  which  allow  the  Mach  and  Reynolds 
numbers  to  be  varied  independently  thus  providing  a  firm  basis  for  extending  the  results  to  full  scale. 
The  nature  of  the  problem  is  indicated  in  Figure  1 ,  which  shows  the  variation  in  maximum  lift  with 
independently  varying  Reynolds  and  Mach  number  obtained  from  some  tests  on  a  high-lift  wing  in  the  RAE 
5m. tunnel.  As  the  Reynolds  number  decreases  there  is  a  marked  decrease  in  the  maximum  lift,  which  is 

probably  a  result  of  low  Reynolds  numbers  on  the  slat.  At  high*?  free  stream  Mack  numbers  the  maximum 
lift  again  decreases  aa  a  result  of  the  appearance  of  supercritical  flow  on  the  slat  end  a  possible 
interaction  between  a  shock  wave  and  the  slat  boundary  layer. 

Plow  about  a  high-lift  aerofoil  is  indicated  schematically  in  Figure  2  and  some  of  the  features  of 
the  flow  are:- 

a)  the  region  of  flow  is  multiply-connected  with  the  wakes  from  upstream  elements  interacting  with  the 
boundary  layers  of  downstream  elements. 

b)  the  shear  layers  over  the  flap  are  very  thick  and  the  curvature  of  the  flow  gives  rise  to  a  static 
pressure  variation  across  the  shear  layer. 
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o)  the  slat  and  the  flap  must  fit  snugly  back  to  form  the  oruise  aerofoil  with  the  result  that  there 
are  cavities  beneath  the  slat  and  shroud  in  which  separation  bubbles  are  formed. 

d)  if  the  angle  of  deflection  of  the  flap  is  sufficiently  large  then  the  flow  will  separate  from  the 
flap.  Although  the  drag  is  markedly  increased  the  complete  aerofoil  will  not  necessarily  stall 
and,  in  fact,  the  separated  flow  on  the  flap  oan  exist  throughout  the  incidence  range. 

e)  at  the  leading  edge  of  tho  aerofoil  the  suctions  on  the  slat  can  be  high  enough  to  indicate  that  the 
supercritical  flow  has  developed  even  though  the  freeetream  Mach  number  is  only  about  0.2. 

The  fluid  mechanics  underlying  the  efficient  operation  of  high-lift  aerofoils  can  be  explained  by 
examining,  in  Figure  3.  the  pressure  distributions  at  two  angles  of  incidence  for  a  four  element  high- 
lift  aerofoil.  Here  the  load  is  shared  between  the  elements  so  that  the  peak  suctions  on  each  element 
are  greatly  reduced.  The  flap  and  vane  are  almost  totally  protected  by  the  rest  of  the  aerofoil  from 
the  effects  of  changing  incidence  and  the  interaction  between  the  elements  raises  the  suction  at  the 
trailing  edge  of  the  slat,  wing  and  vane,  which  also  has  the  effect  of  reducing  the  pressure  rise  on  each 
element. 

As  the  slat  is  moved  oloser  to  the  wing,  the  load  on  the  slat  is  increased  whilst  the  lead  on  the 
wing  is  reduced.  It  follows  that  the  pressure  rise  on  the  wing  is  reduced  and  the  flow  is  less  likely 
to  separate  from  the  wing.  If  the  slat  is  brought  too  close  to  the  wing  then  either  the  increased 
pressure  rise  on  the  slat  will  cause  the  flow  to  separate  from  the  slat  or  the  interaction  of  the  slat 
wake  with  the  wing  boundary  layer  will  provoke  a  flow  separation  on  the  wing.  Poster  et  al.,  Reference 
1,  found  that  the  maximum  lift  on  a  slatted  wing  with  a  flap  initially  increased  with  decreasing  gap 
until,  as  shown  in  Figure  h.  there  was  a  marked  decrease  in  maximum  lift  below  a  slat  gap  of  1.5%  chord. 
In  Figure  5  it  can  be  soen  that  the  slat  wake  interacts  strongly  with  the  wing  boundary  layer  for  slat 
gaps  larger  than  the  optimum  and  the  stall  is  provoked  by  the  interaction  of  these  viscous  layers. 
Although  this  mechanism  may  not  always  define  the  optimum  slat  gap,  it  is  important  to  represent  it  in 
the  theoretical  method, 

Ve  have  indicated  the  aspects  of  the  flow  which  ought  to  be  included  in  a  satisfactory  treatment  of 
the  problem  and  these  suggest  that  the  theoretical  model  should  be  as  comprehensive  as  possible. 

However,  the  method  should  also  be  fast  and  easy  to  use,  so  that  an  aircraft  designer  will  be  able 
to  replace  the  costly  and  time  consuming  tests  of  simplified  wind-tunnel  models,  which  currently  form  the 
initial  stage  in  the  design  of  a  high-lift  wing.  The  designer  will  require  that  the  method  predicts  the 
maximum  lift  coefficient  of  the  aerofoil,  the  profile  drag  and  should  also  be  sufficiently  sensitive  to 
provide  a  sensible  optimisation  of  the  devices.  A  reasonably  fast  method  is  provided  by  matching  a 

solution  of  the  external  flow  with  a  solution  for  the  shear  layers  around  the  aerofoil.  However,  it 
must  be  borne  in  mind  that  the  thickness  of  the  shear  layers,  especially  above  the  flap,  may  invalidate 
the  basic  assumptions  of  the  matching  procedure. 

Sections  2,  3  and  I4  of  the  paper  deaoribe  the  methods  of  calculating  the  inner  and  outer  flows  and 
the  process  used  to  mateh  the  inner  and  outer  solutions.  We  also  consider  the  representation  of 
separated  flows  the  prediction  of  profile  drag,  the  constraint  of  the  flow  due  to  a  wind  tunnel  and  the 
allowance  for  the  effects  of  compressibility.  Finally  the  method  is  compared  with  wind-tunnel  data  for 
single  and  multi-aerofoils  and  applied  to  the  design  of  a  flexible  shroud. 
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2.  INVISCID  SOLUTION 


For  the  external  flow  we  have  seen  that  we  need  solutions  of  the  potential  equations  of  compressible 
flow.  But  at  take-off  and  landing  it  is  very  unlikely  that  the  shock  wave  on  the  slat  will  be  strong 
enough  to  require  a  solution  of  the  Euler  equations  and  a  solution  of  the  compressible  potential 
equations  will  be  sufficient.  However,  the  solution  of  the  compressible  potential  equations  is  compli¬ 
cated  by  the  multiply  connected  nature  of  the  flow  region.  Grossman  and  Melnik,  Reference  2,  have  trans¬ 
formed  the  region  external  to  two  aerofoils  to  the  annulus  between  two  circles,  each  of  which  represents 
one  of  the  original  aerofoils.  This  annulus  provides  a  suitable  computing  plane  for  a  field  method. 
However,  this  approach  appears  to  be  practically  limited  to  considering  two  aerofoils.  in  alternative 
approach  is  to  consider  the  unmodified  external  flow  field  or  its  transformation  to  a  region  of  finite 
extent.  Either  an  aligned  grid,  numerically  generated  by  the  method  of  Thompson  et  al.,  Reference  3,  or 
a  non  aligned  grid  system  could  be  used. 


But  none  of  these  methods  has  been  sufficiently  developed  for  use  in  a  routine  calculation,  so  we 
have  solved  the  incompressible  potential  equations  by  a  panel  method  and  used  a  compressibility 
correction:  obviously  we  are  unable  to  represent  shock  waves  by  this  method.  However,  even  for  a  panel 
method,  the  geometry  of  the  high-lift  aerofoil  can  still  present  difficulties  and,  for  some  methods,  poor 
accuracy  is  obtained  over  the  shroud  and  other  thin  regions  of  the  aerofoil.  Ve  use  a  method  whioh  is 
particularly  suit-.d  to  calculating  the  potential  flow  over  high-lift  aerofoils. 

This  method  was  developed  by  Newling  at  BAe  Manchester  in  1976,  Reference  It,  and  solves  Laplace's 
equation  by  using  the  external  Neumann  boundary  conditions  with  a  mix  of  source  and  vortex  singularities 
placed  on  the  surface  of  the  aerofoil.  However,  instead  of  arbitrarily  chosing  either  the  source  or 
vortex  distribution,  the  method  solves  for  both  as  unknowns.  Obviously,  if  an  unknown  souroe  strength 
and  an  unknown  vortex  strength  are  associated  with  each  panel  then  there  will  be  twice  the  number  of 
unknowns  as  equations  for  the  normal  velocity.  To  reduce  the  number  of  unknowns  to  be  the  same  as  that 
of  the  equations,  the  source  and  vortex  density  on  opposite  panels  on  the  upper  and  lower  surface  are 
prescribed  to  be  equal. 


Normally  in  panel  methods  it  is  argued  that  the  order  of  the  singularity  distributions  should  be 
chosen  to  be  the  same  for  both  the  source  and  the  vorticity.  However,  it  is  well  known  that  when 
solving  the  analysis  problem  with  normal  velocity  boundary  conditions  at  the  panel  mid-points  then, 
unless  some  extra  constraints  are  introduced,  the  source  distribution  will  be  stable  only  if  it  is  of 
an  even  order,  such  as  piecewise  constant,  piecewise  quadratic  etc.,  and  the  vorticity  distribution  will 
only  be  stable  if  it  is  of  an  odd  order,  such  as  discrete  vortices,  piecewise  linear  etc.  For  reason¬ 
able  accuracy  at  reasonable  computing  oosts,  this  leads  us  to  a  model  with  a  pieoewise  constant  souroe 
distribution,  defined  at  the  panel  mid-points,  and  a  piecewise  linear  vorticity  distribution,  defined  at 
the  panel  edges. 


Fortunately,  the  equal  upper  and  lower  formulation  for  the  two  dimensional  flows  tends  to  minimise 
the  source  gradients  and  consequently  reduce  the  leakage  errors  of  the  constant  souroe  panels.  Also  the 
resulting  large  gradients  in  vorticity,  particularly  at  the  leading  edge,  are  adequately  treated  with  the 
continuous  linear  distribution.  Hence,  using  the  notation  of  Figure  6.  the  velocity  at  the  point 
for  a  body  with  N  panels  is  giver  byi- 
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which  gives  N+1  unknowns  and  N  equations.  The  additional  condition  is  provided  by  the  Eutta  condition, 
which  requires  smooth  flow  at  the  trailing  edge.  In  this  method,  this  can  be  implicitly  satisfied 
precisely  at  the  trailing  edge  by  equating  the  vortex  strength  on  the  upper  and  lower  trailing  edges  to 
zero. 


Now  we  have  a  system  of  N  equations  and  N  unknowns  whioh  can  be  solved  by  normal  matrix  algebra. 

For  multi-aerofoils,  to  reduce  the  computer  storage  and  time  requirements,  the  equations  are  solved  with 
a  block  iterative  technique.  Here  each  individual  body's  self  influence  matrix  is  inverted  using  a 
direct  algorithm,  (and  stored  for  future  use  in  the  viscous  iterations)  and  a  solution  to  the  equations 
is  iterated,  block  by  block,  with  the  standard  Jacobi  technique. 

This  method  is  inherently  more  accurate  than  that  of  Hess  and  Smith  because  of  its  lower  leakage, 
reduced  vorticity  in  the  trailing  edge  region  and  the  implicit  Kutta  condition.  Figure  7  illustrates 
the  improved  accuracy  by  a  comparison  between  the  two  methods  and  an  exact  solution  for  a  cambered 
Karman  aerofoil.  The  figure  also  demonstrates  that  the  accuracy  of  the  method  does  not  depend  on  the 
opposite  panels  on  both  surfaces  being  of  equal  length.  Comparisons  for  other  configurations  by  our¬ 
selves  and  other  workers  have  shown  similar  agreement  for  other  configurations,  particularly  for  the 
exact  solution  of  the  two  element  aerofoil  of  Williams,  Reference  9. 

Figure  8  shows  a  comparison  between  this  method  and  that  of  Hess  and  Smith  for  a  three  element 
aerofoil.  This  comparison  clearly  shows  the  differences  between  the  two  methods  and  the  improvements 
offered  by  our  method.  It  can  also  be  seen  how  an  erroneous  boundary  layer  development  and  slot  ilow 
would  be  predicted  with  the  Hess  and  Smith  method. 
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3.  CALCULATION  OF  SHEAR  LAYERS 

In  this  method  the  development  of  all  the  shear  layers  Is  calculated  by  Integral  methods  rather  than 
finite  difference  methods *  we  are  prepared  to  accept  a  small  loss  in  accuracy  in  order  to  obtain  a  method 
which  is  sufficiently  fast  for  the  aircraft  designer.  The  laminar  portion  of  the  boundary  layer  is  cal¬ 
culated  by  the  method  due  to  Thwaites,  Reference  6,  with  allowance  for  compressibility  by  the  Stewartson- 
Illingworth  transformation,  Reference  7*  Transition  from  laminar  to  turbulent  flow  in  the  boundary  layer 
is  predicted  by  the  empirical  correlation  of  Granville,  Reference  8.  If  laminar  separation  occurs 
upstream  of  natural  transition  then  the  development  of  the  laminar  separation  bubble  is  predicted  by  the 
semi-empirical  method  of  Horton,  Reference  9.  Williams,  Reference  10,  has  shown  that  Horton's  method, 
with  a  slight  modification,  can  predict  the  growth  and  bursting  of  a  laminar  separation  bubble  on  the  slat 
of  a  high-lift  aerofoil.  We  can  also  specify  transition  at  a  fired  position  corresponding  to  the 
artificial  fixing  of  transition  in  a  wind-tunnel  experiment. 

Over  portions  of  the  aerofoil,  where  the  turbulent  boundary  layer  is  unaffected  by  the  wake  of  the 
preceding  element,  the  development  is  calculated  by  the  lag  entrainment  method  of  Green,  Reference  11. 
Downstream  of  the  trailing  edge  of  the  slat,  wing  and  vane,  the  pressure  changes  are  much  greater  than 
those  associated  with  a  single  aerofoil.  In  these  regions  the  lag-entrainment  method  is  also  used  to 
calculate  the  development  of  the  wake.  The  interaction  between  the  wake  and  boundary  layer  is  calculated 
by  the  integral  method  due  to  Irwin,  Reference  12,  in  which  a  reasonably  simple  algebraic  expression, 
containing  six  unknown  quantities,  is  used  to  describe  the  velocity  profile  of  the  boundary  layer  and  a 
single  wake.  An  integration  of  the  boundary  layer  equations  across  the  combined  layer  yields  six 
ordinary  differential  equations,  which  are  integrated  in  the  streamwise  direction.  The  performance  of 
the  method  is  illustrated  in  Figure  9  by  a  comparison  with  experimental  measurements,  taken  from  tests  of 
Foster  et  al.,  Reference  1,  for  an  aerofoil  at  an  angle  of  incidence  of  15°  with  the  slat  deflected  25° 
and  the  flap  deflected  10°.  This  method  can  only  model  a  single  wake,  but  it  is  a  reasonable  approxi¬ 
mation  to  add  the  slat  wake  and  the  wing  wake  to  form  a  single  wake  to  interact  with  the  flap  boundary 
layer. 

lj.  MATCHING  OF  THE  INNER  AND  OUTER  SOLUTIONS 

The  effect  of  the  shear  layers  about  the  aerofoil  is  represented  by  defining  an  equivalent  lnviseid 
flow  which  is  identical  to  the  real  flow  outside  the  shear  layers.  There  are  at  least  two  methods  of 
defining  the  equivalent  inviscid  flow*  the  displacement  surface  method  and  the  surface  transpiration 
method.  In  the  first  method  the  surface  of  the  aerofoil  is  replaced  by  the  displacement  surface,  which 
is  extended  into  the  wake,  and  the  mass  flow  between  the  displacement  body  and  the  edge  of  the  shear 
layer  in  the  equivalent  inviscid  flow  is  equal  to  the  mass  flow  in  the  boundary  layer.  In  the  second 
method  the  inviscid  flow  is  continued  analytically  through  the  shear  layer  on  to  the  surface  of  the 
aerofoil  or  the  centre  line  of  the  wake  and  identity  of  the  flows  outside  the  shear  layers  is  obtained  by 
applying  an  appropriate  transpiration  velocity  at  the  surface  of  the  aerofoil  or  discontinuity  in  normal 
velocity  along  the  centre  line  of  the  wake  in  the  equivalent  inviscid  flow.  The  required  transpiration 
velocity,  Vis,  is  obtained  by  applying  the  continuity  equation  to  the  shear  layer  and  the  equivalent 
inviscid  flow  and  integrating  the  difference  acrosB  the  shear  layerj  then 
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where  the  suffix  i  refers  to  the  inviscid  quantities  and  s  to  quantities  evaluated  either  at  the  aerofoil 
surface  or  on  the  wake  streamline.  This  can  be  written  as 


ViB  “  r-  h  (9i»  ui*5) 

Pis  « 


6  *  1  ]  (piui  -  9U)  ay 

'  (Jo 

?isuis 


and  5  is  the  quantity  that  naturally  arises  in  a  general  formulation  of  the  momentum  integral  equation  over 
a  curved  surface.  It  can  be  easily  demonstrated  that  6  is  not  equal  to  the  displacement  thickness  4*for 
flows  jii  which  the  component  of  velocity  parallel  to  the  surface,  cannot  be  regarded  as  constant  out  from 
surface.  However,  Dr.  Look  has  indicated  in  an  earlier  paper  at  this  conference  that  for  single  aerofoils 
the  difference  between  J  and  <5*iR  generally  small. 

East,  Reference  13,  has  obtained  the  momentum  integral  equation  for  a  general  flow  over  a  curved  sur 
face  by  taking  differences  of  the  appropriate  equations  for  the  equivalent  inviscid  and  the  viscous  flows 
and  integrating  the  difference  across  the  Bhear  layer.  This  gives  the  X-momentum  equation  as 
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and  ks  is  the  curvature  of  the  surface. 

The  terns  on  the  right  hand  aide  of  Equation  (It)  represent  the  effects  due  to  flow  curvature  and 
normal  stresses.  These  terms  are  generally  of  second  order  and  in  the  present  analysis  have  not  been 
included  in  the  integration  of  the  shear  layer  equations.  It  should  be  noted  that  in  this  formulation 
the  equivalent  inviscid  pressure  distribution,  rather  than  the  viscous  pressure  distribution,  is  used  in 
the  calculation  of  the  development  of  the  shear  layers  this  will  only  have  a  noticeable  effect  when  the 
curvature  of  the  flow  is  sufficiently  large  and  the  surface  pressures  in  the  two  flows  are  not  equal. 

For  the  representation  of  the  wake,  Lock,  Reference  llj,  has  argued  that  the  curvature  of  the  wake 
close  to  the  trailing  edge  is  sufficiently  large  to  warrant  the  use  of  a  higher  order  approximation  to 
lake  account  of  the  pressure  change  across  the  wake  in  the  equivalent  inviscid  flow,  a  vortex  sheet  is 
atroduced  along  the  dividing  streamline  from  the  trailing  edge,  such  that  there  is  a  jump  in  tangential 
velocity  given  by 
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where  k  is  the  mean  curvature  of  the  wake,  and  the  suffix  w  refers  to  the  quantities  in  the  wake. 

To  this  order  of  approximation  the  pressure  changes  across  the  boundary  layer  in  the  real  flow  and 
the  equivalent  inviscid  flow  ar6  different  and  a  small  correction  k9iaUis(B-»3)  must  be  subtracted  from  the 
calculated  inviscid  pressures.  As  noted  earlier,  this  correction  should  only  be  applied  in  comparisons 
with  experimental  pressure  distributions  and  for  the  development  of  the  shear  layer  the  equivalent 
inviscid  velocity  is  used. 

To  represent  the  effect  of  the  shear  layers  on  the  flow  about  a  high-lift  aerofoil,  we  have  adopted 
the  transpiration  model  for  the  following  reasons i- 

a)  the  boundary  condition  is  applied  on  the  surface  of  the  aerofoil  in  the  panel  method  is 
inverted  only  once  on  the  first  iteration.  For  the  displacement  surface  model  the  body 
geometry  changes  on  each  iteration  so  that  the  influence  matrix  must  be  recomputed  and 
re-inverted  at  each  iteration. 

b)  the  wakes  from  the  slat  and  wing  are  more  easily  represented  by  the  transpiration  method, 
although  the  derivation  of  the  transpiration  velocity  needs  more  careful  consideration. 

First  we  look  at  the  case  in  which  the  wake  and  boundary  layer  have  not  merged,  Figure  10a. 

The  differences  between  the  continuity  equation  applied  to  each  of  the  flows  could  be 
integrated  across  the  whole  shear  layer  giving  an  expression  for  the  transpiration  velocity 
on  the  surface  in  the  equivalent  inviscid  flow.  However,  it  is  preferable  to  integrate 
the  difference  across  the  boundary  layer  and  then  across  each  half  of  the  wake  to  give  a 
transpiration  velocity  at  the  surface  and  a  distribution  of  sinks  placed  along  the  dividing 
streamline  of  the  wake  in  the  viscous  flow.  In  practice,  we  place  the  sinks  on  the  dividing 
streamline  in  the  inviscid  flow. 

In  the  second  case,  Figure  10b,  the  wake  and  boundary  layer  have  merged  forming  a  single  shear 
layer  and  it  is  not  possible  to  evaluate  the  transpiration  velocity  for  a  portion  of  the  shear 
layer  corresponding  to  the  boundary  layer.  If  the  difference  is  integrated  from  the  surface 
to  the  first  velocity  maximum  in  the  viscous  flow  at  yB  we  obtain 
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Now  in  contrast  to  the  non-merged  case,  we  no  longer  have  equality  of  the  normal  velocities  in 
the  two  flows  and  the  second  term  on  the  right  hand  side  is  not  zero.  It  follows  that,  for 
the  merged  case,  the  transpiration  velocity  should  be  applied  at  the  surface  and  derived  by 
integration  across  the  whole  shear  layer.  However  in  practice  it  is  found  that  the  displace¬ 
ment  effect  of  the  portion  of  the  flow  predominantly  derived  from  the  wakes  is  quite  small. 

c)  if  there  are  significant  variations  of  pressure  across  the  shear  layer,  the  displacement 

surface  does  not  represent  the  true  displacement  of  the  external  layer.  However,  if  the  term 
J  is  calculated  from  the  boundary  layer  equation,  Equation  (3),  including  terms  of  the  approp¬ 
riate  order,  then  the  normal  velocity  given  by  Equation  (3)  will  give  a  true  representation  of 
the  equivalent  inviscid  flow. 

The  effect  of  the  shear  layers  are  represented  in  the  panel  method  either  by  adding  discrete  singu¬ 
larities  to  the  flow  or  by  altering  the  boundary  conditions;  both  these  only  change  the  right  hand  side 
of  the  influence  matrix  equations  so  that  the  first  inversion  of  the  matrix  can  always  be  used.  The 
transpiration  velocities  on  the  aerofoil  are  modelled  by  modifying  the  Neumann  boundary  condition  from 
zero  to 
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whilst  a  piecewise  constant  distribution  of  sinks  along  the  wake  centre  line  up  to  the  point  of  merging 
of  the  wake  and  boundary  layers  is  used  to  approximate  the  jump  in  normal  velocity.  The  vortex  sheet 
along  the  wake  is  approximated  by  a  piecewise  linear  distribution  of  vorticity  on  the  centre  line;  the 
mean  curvature  of  the  displacement  surfaces  on  either  side  of  the  wake,  calculated  by  numerical  differ¬ 
entiation,  is  used  as  an  approximation  to  the  curvature  of  the  flow.  The  curvature  of  the  displacement 
surface  is  also  used  to  calculate  the  pressure  correction  on  the  aerofoil. 

We  have  only  been  able  to  obtain  convergent  solutions  for  the  viscous  flow  if  under-relaxation  is 
used  in  calculating  the  correction  terms.  In  calculating  the  transpiration  velocity  the  under¬ 
relaxation  is  applied  to  the  quantity  6  so  that  for  the  n  th  iteration,  we  take 
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where  the  value  w  *  0.25  has  been  found  to  produce  convergent  results.  For  the  vortex  sheet  in  the  wake, 
the  relaxation  has  been  applied  to  the  vorticity  and  the  singularity  distributions  are  repositioned  along 
the  streamline  from  the  trailing  edge  at  every  fifth  iteration. 


5.  SEPARATED  FLOW 

There  can  be  two  distinct  areas  of  separated  flow  on  the  upper  surface  of  a  multi-aerofoil.  At 
large  flap  deflection  angles,  the  flow  can  be  separated  over  a  significant  part  of  the  flap  without 
causing  the  complete  aerofoil  to  stall  and  still  giving  an  increase  in  the  overall  lift  with  increasing 
flap  angle  or  incidence.  To  calculate  the  flow  over  an  aerofoil  in  this  condition  the  method  is  being 
extended  to  include  the  separated  flow  model  of  Maskew  and  Dvorak,  Reference  15,  where  the  separated  wake 
is  modelled  as  a  free  shear  layer.  When  completed  it  will  permit  sensible  calculations  to  be  made  with 
larger  flap  deflection  angles  and  for  the  optimum  flap  angle  to  be  computed. 

The  second  problem  of  separated  flow  is  to  compute  the  maximum  lift  coefficient  of  the  complete 
configuration.  Here  the  major  flow  breakdown  is  usually  a  separation  from  the  upper  surface  of  the 
shroud  of  the  main  element  ahead  of  the  flap  and  in  some  cases  there  will  be  distinct  separated  flows 
on  the  main  element  and  the  flap.  It  is  not  obvious  whether  the  model  of  Maskew  and  Dvorak  is  directly 
applicable  to  this  case  or  whether  some  more  complicated  model  is  required.  However,  the  results  of 
Henderson,  Reference  16,  would  indicate  that  the  oonoept  of  a  free  shear  layer  emanating  from  each  body 
is  valid  for  the  multiple  separations. 
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6.  PREDICTION  OP  PROFILE  DRAG 


The  profile  drag  on  a  single  aerofoil  oan  be  calculated  from  the  momentum  thickness  at  the  trailing 
edge  by  the  Squire  and  Young  formula. 
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where  Ut  is  the  inviscid  velocity  and  H+  is  the  shape  parameter  at  the  trailing  edge.  The  Squire  and 
Young  foraula  can  be  derived  by  integrating  the  momentum  equation  along  the  length  of  the  wake  with  the 
assumption  that  the  shape  parameter  takes  the  constant  value  l/2(H+  +H  ).  There  appears  to  be  nothing 
in  the  derivation  of  the  formula  which  would  prevent  it  being  applied  to  multi-aerofoils  with  the  same 
degree  of  success  as  for  single  aerofoils.  We  have  used  the  momentum  thickness  calculated  at  the 
trailing  edge  of  the  last  element,  but  the  pressure  distribution  through  which  the  total  wake  develops 
is  more  closely  represented  by  a  value  of  Uj  at  the  centre  of  the  total  wake  rather  than  from  a  value 
calculated  at  the  trailing  edge  of  the  last  element. 

Williams,  Reference  17,  has  compared  measured  values  of  the  profile  drag,  measured  by  the  wake 
traverse  technique,  for  a  range  of  high-lift  devices  with  predictions  by  the  modified  Squire  and  Young 
formula  vising  values  of  the  momentum  thickness  measured  at  the  trailing  edge  of  the  aerofoil.  The 
results  are  given  in  Table  1  and  demonstrate  that  the  profile  drag  can  be  predicted  with  an  accuracy  of 
7 %  provided  reliable  values  for  the  momentum  thickness  are  used. 

7.  VUtD  TOinifL  EFFECTS 

Because  of  the  difficulty  of  predicting  the  effects  of  a  wind  tunnel  for  a  high-lift  wing,  whose 
effective  chord  can  be  very  large  compared  with  the  tunnel  height,  the  program  has  been  written  to  allow 
the  tunnel  to  be  modelled.  We  have  chosen  to  model  the  tunnel  by  representing  the  walls  as  a  solid 
boundary  with  piecewise  constant  souroe  panels.  Checks  are  made  to  ensure  that  the  tunnel  is  sufficient¬ 
ly  well  panelled  and  that  the  leakage  through  the  walls  is  minimised  by  computing  the  velocities  upstream 
and  downstream  of  the  aerofoil.  This  approach,  rather  than  the  popular  transformation  technique,  has 
been  adopted  so  that  at  a  later  date  the  effect  of  the  tunnel  wall  boundary  layer  can  be  included  and 
also  because  it  can  be  extended  to  three  dimensions. 

Unfortunately,  largely  beoause  of  the  shortage  of  suitable  data,  it  has  not  been  possible  to 
conduct  an  exhaustive  comparison  with  experimental  results.  Those  which  are  available  tend  to  be  for 
large  values  of  tunnel  height  to  chord  ratio  for  which  the  corrections  would  be  expected  to  be  small, 
and  in  these  oases  the  method  agrees  well  with  the  simpler  traditional  methods. 

However,  the  Increase  in  computing  time  for  modelling  the  tunnel  is  small  and  it  allows  comparisons 
with  experiment  to  be  routinely  oomputed  with  tunnel  effects,  thus  removing  one  area  of  uncertainty. 


8.  COMPRESSIBILITY  EFFECTS 

A  suitable  method  of  solution  of  the  fully  compressible  potential  flow  equations  for  multiple  bodies 
is  not  yet  available  and  consequently  the  panel  method  has  been  extended  to  predict  subcritlcal  flows  by 
using  the  Prandtl-Glauert  transformation  in  the  Gothert  Rule  2  form  of  Reference  18.  In  this  form  the 
flow  equations  are  solved  about  the  affine  body  but  s  -.tisfying  the  boundary  conditions  along  the  real 
normal.  This  ensures  that  the  real  velooities,  when  transformed  from  the  affine  plane  are  normal  to  the 
real  body.  The  method  is  further  advanced  by  a  semi-empirical  higher  order  correction  developed  at  BAe 
Warton.  Here  the  longitudinal  perturbation  velocity  i«  modified  retrospectively  after  the  Prandtl- 
Glauert  solution  has  been  achieved.  The  correction  is  developed  from  the  second  order  accurate  field 
equation. 


+  '  Moo  00,0{  <0  +  $=1  c°s2«  )  +  *2  +2  eincx^)  (10) 


by  using  the  previously  calculated  flow  quantities  to  yield  a  new  value  of  ft _.  This  has  been  shown  to 

work  well  for  single  aerofoils  at  high  free  stream  Mach  numbers  with  the  local  velocities  close  to  their 
critical  value. 

Although  this  method  cannot  handle  shock  waves,  it  does  nevertheless  predict  the  subcritlcal  effects 
of  compressibility  and  show  where  the  boundaries  of  supercritical  flow  are  likely  to  occur.  Figure  11 
shows  the  pressure  distribution  on  a  three  body  aerofoil  at  0.90  Mach  number  compared  with  the  incompress¬ 
ible  result. 
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9-  COMPARISON  WITH  EXPERIMENT 

We  have  compared  the  theoretical  method  with  the  experimental  results  for  a  single  aerofoil  and  a 
three  element  aerofoil.  For  the  single  aerofoil  we  have  taken  the  tests  on  a  12.2%  thick  RAE  100  section 
reported  by  Woodward  in  Reference  19.  The  experimental  results  have  been  corrected  for  tunnel  constraint 
and  the  pressure  distribution  at  an  angle  of  incidence  of  5.86°  is  compared  with  the  theoretical  predict¬ 
ion  in  Figure  12.  Agreement  between  experiment  and  theory  is  good  except  at  the  trailing  edge  where  the 
theoretical  method  does  not  predict  sufficient  load.  In  Figure  12  the  rate  of  convergence  of  the  lift 
coefficient  for  two  angles  of  incidence  is  illustrated  and  the  method  can  be  seen  to  have  effectively 
converged  after  15  iterations.  Unfortunately  the  profile  drag  was  not  measured  in  the  experiment,  bat 
we  would  expect  the  Squire  and  Young  formula  to  give  a  reasonably  accurate  result.  Figure  ll*  shows  the 
remits  of  a  calculation  which  does  not  include  the  effect  of  wake  curvature.  In  this  case  the  predicted 
lift  coefficient  is  slightly  higher  than  the  experimental  value  and  in  particular  the  method  under 
predicts  the  suction  on  the  lower  surface  of  the  aerofoil. 

A  three  element  aerofoil  with  the  flap  deflected  to  a  typical  take-off  setting  of  20°,  with  optimum 
lap  and  gap  settings,  represents  an  interesting  test  case.  Here  the  actual  pressure  gradients  on  the 
flap  upper  surface  are  high  and  tne  flow  is  close  to  separation.  As  can  be  seen  from  Figure  15  the 
agreement  of  the  pressure  distributions  reveals  that  the  agreement  in  Cj,  is  somewhat  fortuitous.  On  the 
flap,  MAVIS  predicts  a  separation  about  three  quarters  of  the  chord  back  from  the  leading  edge  and  this 
persists  throughout  the  iterative  procedure.  The  empirical  fixes  to  estimate  the  boundary  layer  param¬ 
eters  after  separation  are  not  good  enough  to  reduce  the  calculated  pressure  gradients  and  to  allow  the 
separation  to  move  rearwards. 

This  difficulty  also  explains  the  discrepancy  in  predicted  Cj),  particularly  at  high  lift  coefficients, 
because  the  fixes  used  to  produce  a  converged  solution  do  not  allow  the  correct  development  of  the 
boundary  layer  and  wakes  over  the  flap  and  consequently  the  trailing  edge  parameters  are  in  error. 

10.  FLEXIBLE  SHROUD  DESIGN 

Most  multi-aerofoils  stall  from  the  wing  shroud  and  by  increasing  the  curvature  in  this  region,  over 
what  would  normally  be  expected  from  the  clean  aerofoil  profile,  the  boundary  layer  growth  is  suppressed 
and  the  maximum  lift  increased  by  both  the  increased  camber  and  by  being  able  to  achieve  higher  incidences, 
However,  the  likely  optimum  shape  of  the  shroud  for  maximum  lift  at  low  speed  would  almost  certainly 
compromise  the  high  speed  clean  aerofoil  design.  So,  in  order  to  optimise  the  maximum  lift  at  take-off 
and  still  retain  good  high  speed  characteristics,  a  study  was  made  of  a  flexible  shroud  which  deflected  as 
the  flap  was  deployed. 

This  optimisation  is  obviously  highly  dependent  on  the  effects  of  visco-Jity,  not  only  on  the 
boundary  layer  development  on  the  shroud  but  also  on  the  effects  of  the  Blat  wake  and  flow  through  the 
slots.  Therefore  to  avoid  a  protracted  experimental  design  study  and  to  be  able  to  complete  the  process 
theoretically,  it  is  essential  that  a  method  is  used  which  models  all  the  required  features.  In  our 
study  we  used  the  current  MAVIS  method  and  by  predicting  the  maximum  lift  by  examining  the  boundary  layer 
development  on  the  main  element,  it  was  possible  to  achieve  an  increase  in  Ct».t  of  0.25  as  shown  in 
Figure  1 6. 
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TABLE  1 

PREDICTION  OF  PROFILE  DRAG  BY  SQUIRE  AND  YOUNG  FORMULA 
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FIGURE  12  Comparison  with  experiment  for  a  12.2%  RAE  100  aerofoil  at  5.86°  incidence 
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FIGURE  13  Convergence  history  for  the  RAE  100  aerofoil 
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SUMMARY 


A  direct-inverse  method  is  presented  for  computing  the  flow  about  low  speed  airfoils 
u...ler  high  lift  massive  separation  conditions.  On  the  lower  surface  the  flowfield  is 
determined  using  an  iterative  inviscid  relaxation  technique  coupled  to  a  laminar-turbulent 
momentum  integral  boundary  layer  scheme  using  direct  (airfoil  specified)  boundary  condi¬ 
tions.  On  the  upper  surface,  the  flowfield  is  also  computed  directly  with  viscous  inter¬ 
action  up  to  the  separation  point,  with  the  separation  point  and  separated  pressure  level 
determined  as  part  of  the  solution.  Downstream  of  separation,  inverse  boundary  conditions 
(pressure  specified)  are  utilized;  and  the  flowfield  and  displacement  surface  are  calcu¬ 
lated.  Typical  results  and  comparisons  with  experimental  data  for  GA(W)-2  and  NACA  4412 
airfoils  are  presented,  including  pressure  distributions,  lift,  and  drag  coefficients 
versus  angle  of  attack.  It  is  believed  that  the  method  can  yield  accurate  engineering 
estimates  of  aerodynamic  properties  at  moderate  Reynolds  numbers  and  that,  thus,  it  is 
applicable  to  general  aviation  and  helicopter  aerodynamics. 


INTRODUCTION 


Over  the  past  several  years,  the  finite-difference  direct- inverse  approach  has  been 
successfully  used  for  the  design  and  analysis  of  subsonic  and  transonic  airfoils  (Ref.  1). 
This  method  can  be  used  in  either  the  direct  (analysis)  mode  in  which  the  airfoil  shape 
is  prescribed  and  the  flowfield,  surface  pressures,  and  aerodynamic  coefficients  are 
determined,  or  in  the  direct-inverse  (design)  mode  in  which  rn  initial  nose  shape  is  given 
along  with  the  pressure  distribution  on  the  remainder  of  the  airfoil.  In  the  latter  case, 
the  flowfield  and  actual  airfoil  shape  are  computed.  This  method  and  others  (Ref.  2)  have 
been  found  to  yield  accurate  predictions  of  transonic  airfoil  behavior  at  design  and  near 
design  conditions. 

However,  in  the  analysis  of  high  performance  airfoils,  aerodynamicists  would  also 
like  to  be  able  to  predict  airfoil  pressure  distributions  at  high  lift,  high  angle  of 
attack  conditions.  Since  such  situations  are  characterized  by  large  regions  of  separated 
flow  and  are  dominated  by  strong  viscous  interaction  effects,  inviscid  methods  are  defi¬ 
nitely  not  applicable.  Furthermore,  subsonic-transonic  analysis  and  design  methods  (Refs. 
1-2)  typically  only  include  the  effects  of  weak  viscous  interaction  and  fail  to  give 
acceptable  answers  whenever  the  length  of  the  separated  zone  exceeds  a  few  percent  of  the 
airfoil  chord. 

Fortunately,  Barnwell  (Ref.  3)  demonstrated  a  few  years  ago  that  t..e  direct-inverse 
technique  could  be  successfully  applied  to  the  low  speed  high  lift  case.  By  specifying 
the  separation  point,  he  was  able  to  obtain  excellent  agreement  with  experimental  data  by 
solving  the  small  perturbation  inviscid  flow  equation  with  direct  boundary  conditions 
(airfoil  ordinates  specified)  upstream  of  separation  and  inverse  boundary  conditions 
(pressure  specified)  downstream  of  separation.  Since  Barnwell  did  not  include  a  boundary 
layer  calculation  or  coupling,  the  questions  arose--Could  similar  results  be  obtained 
using  the  full  potential  equation  coupled  with  viscous  interaction  and  letting  the  sepa¬ 
ration  point  and  pressure  level  be  determined  as  part  of  the  solution? 

The  purpose  of  this  paper  is  to  describe  j  model  which  can  be  used  to  determine  the 
flowfield  about  a  low  speed  single  element  airfoil  at  high  angle  of  attack  high  lift 
conditions  and  to  present  typical  results  obtained  with  the  model.  This  model  has  been 
incorporated  into  a  computer  program  (Ref.  4),  called  TRANSEP,  which  is  a  modification  of 
the  basic  TRANDES  code  (Ref.  1).  Thus,  it  can  also  be  used  for  subsonic-transonic  air¬ 
foil  analysis  and  design,  including  the  effects  of  weak  viscous  interaction. 

FLOW  MODEL  AND  SOLUTION  METHOD 

As  indicated  above,  the  present  technique  is  based  upon  the  previously  developed 
transonic  direct-inverse  method  and  its  ability  to  use  either  the  displacement  surface 
(airfoil  ordinate  plus  displacement  thickness)  or  pressure  as  the  airfoil  boundary  con¬ 
dition.  For  the  low  speed  high  angle  of  attack  cc;te,  the  airfoil  lower  surface  only 
experiences  weak  viscous  interaction  (i.e.,  no  extensive  separation).  The  lower  surface 
boundary  layer,  however,  frequently  has  a  long  laminar  run  before  transitioning  to  fully 
turbulent  flow.  Thus,  the  model  needs  to  include  an  initial  laminar  boundary  layer  in 
its  viscous  interaction  section.  On  the  upper  surface  the  boundary  layer  is  also  initi¬ 
ally  laminar,  but  it  quickly  becomes  turbulent  in  character  followed  by  boundary  layer 
separation  and  a  separatir  'one  sometimes  extending  over  as  much  as  three-fourths  of  the 
airfoil  upper  surface.  Fortunately,  the  separated  region  at  low  freestream  velocities  is 
characterized  by  an  approximately  constant  pressure  level. 
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Consequently,  the  low  speed  massive  separation  problem  has  been  modeled  as  shown  on 
Figure  1.  To  obtain  the  inviscid  portion  of  the  flowfield,  the  complete  second  order 
partial  differential  perturbation  potential  equation  is  represented  by  a  system  of  second 
order  accurate  firite  difference  equations.  These  difference  equations  are  then  solved 
iteratively  by  column  relaxation,  which  in  order  to  obtain  rapid  convergence  is  usually 
done  on  several  grids.  Normally,  these  equations  are  first  solved  on  a  very  coarse  grid 
which  is  then  interpolated  and  used  as  an  initial  condition  for  a  coarse  grid  (typically 
25  x  13) .  This  procedure  is  normally  repeated  twice  more  to  obtain  a  solution  on  a  medium 
grid  (49  x  25)  and,  if  desired,  on  a  fine  grid  (97  x  49).  The  latter  has  130  points  on 
the  airfoil (  however,  acceptable  results  are  usually  obtained  on  the  medium  grid,  particu¬ 
larly  considering  the  computer  time  involved. 

To  include  viscous  effects  the  basic  approach  is  to  calculate  for  weak  interaction 
regions  a  boundary  layer  displacement  thickness  and  to  use  it  to  correct  che  location  cf 
the  displacement  surface  (i.e.,  airfoil  ordinate  plus  displacement  thickness,  5*).  For 
the  strongly  interacting  separated  zone,  the  pressure  is  specified  and  the  location  of 
the  displacement  surface  is  computed  by  integrating  the  surface  tangency  conditions,  with 
the  initial  conditions  specified  by  the  displacement  surface  slope  and  ordinate  at  the 
interface  between  the  two  regions.  Normally,  the  displacement  surface  of  the  entire  air¬ 
foil  is  updated  every  ten  relaxation  cycles. 

Thus,  on  the  lower  surface  the  flow  is  computed  using  direct  boundary  conditions 
(airfoil  specified)  including  the  effects  of  weak  viscous  interaction.  On  the  upper 
surface,  the  flowfield  is  also  computed  directly  with  viscous  interaction  up  to  the 
separation  point,  which  is  determined  as  part  of  the  solution.  Downstream  of  separation, 
inverse  boundary  conditions  are  utilized,  and  the  pressure  is  assumed  to  be  constant  in 
the  separated  zone.  Studies  with  this  model  have  shown  that  the  separated  zone  pressure, 
which  has  to  be  computed  as  part  of  the  solution,  must  be  determined  by  conditions  at  both 
the  separation  point  and  at  the  trailing  edge  and  not  just  on  conditions  in  the  vicinity 
of  separation.  This  result  is  in  agreement  with  the  conclusion  of  Gross  (Ref.  5)  that 
conditions  at  the  downstream  end  of  the  separation  bubble  determine  bubble  pressure. 

Hence,  in  the  present  formulation,  the  pressure  coefficient  for  the  constant  pressure 
separated  zone  is  computed  by: 


CPsep 


-2  (<frITE  -  .»3ep) 

XITE  *  Xsep 


(1) 


Here,  as  shown  on  Figure  2,  and  $s„p  are  the  nondimens ional  perturbation  potentials 

at.  the  displacement  surface  "trailing  edge"  and  the  turbulent  boundary  layer  separation 
point.  Note  that  Eq.  (1)  is  a  small  perturbation  approximation  for  Cpsep;  and  while  this 
form  introduces  some  error  into  the  problem,  its  usage  has  been  found  topbe  simple,  accu¬ 
rate,  and  reliable. 

In  principle,  the  separated  region  and  wake  should  be  accurately  modeled  with  respect 
to  physical  phenomena  and  details,  and  this  approach  has  been  taken  by  other  investiga¬ 
tors  (Refs.  5-7).  In  the  present  model,  however,  the  wake  region  contains  very  few 
computational  points  since  the  coordinate  system  rapidly  stretches  to  infinity.  Thus, 
the  wake  is  assumed  to  be  inviscid  with  a  constant  pressure  trailing  edge  formed  by  the 
upper  and  lower  displacement  surfaces.  Fortunately,  extensive  numerical  experiments  w  h 
the  present  model  indicate  that  the  results  for  the  pressure  distribution  and  aerodynamic 
coefficients  are  primarily  dependent  upon  obtaining  accurate  predictions  for  the  location 
of  the  separation  point  and  the  magnitude  of  the  separated  pressure.  Apparently,  the 
details  of  the  wake  region  are  of  secondary  importance. 

In  the  present  method,  the  laminar  portion  of  the  boundary  layer  is  computed  using  a 
compressible  Thwaites  method  and  the  turbulent  boundary  layer  is  computed  using  the 
Nasn-Macdonald  (Ref.  9)  method.  These  integral  methods  are  efficient  and  reliable  and 
yield  excellent  predictions  for  displacement  thicknesses  (Ref.  10).  Internally,  the 
transition  point  is  determined  from  a  Granville  type  correlation  (Ref.  11)  based  upon  the 
difference  between  the  local  momentum  thickness  Reynolds  number  and  the  value  at  the 
laminar  instability  point  combined  with  the  pressure  gradient  history.  Sometimes,  particu¬ 
larly  on  the  upper  surface  at  high  angles  of  attack,  laminar  separation  is  predicted  up¬ 
stream  of  the  transition  point.  In  these  cases,  the  local  momentum  thickness  Reynolds 
number  is  compared  to  an  empirical  correlation  in  order  to  determine  if  the  laminar  bubble 
is  long  or  short.  If  the  bubble  is  short,  its  length  is  assumed  to  be  one  horizontal  AX 
grid  width  and  the  turbulent  flow  computation  is  initiated  at  the  next  downstream  grid 
point.  No  attempt  is  made  to  handle  long  bubbles. 

As  indicated,  the  theoretical  results  are  primarily  dependent  upon  accurate  predic¬ 
tion  of  the  upper  surface  separation  point  location.  In  the  Nash-Macdonald  integral 
method,  separation  is  assumed  to  occur  when  the  value  of  (-e/q)dq/ds  exceeds  a  specific 
value,  SP.  Here  e  is  the  local  momentum  thickness  and  q  is  the  local  boundary  layer  edge 
velocity.  Obviously,  accurate  predictions  require  an  appropriate  selection  of  the  value 
of  SP  in  order  to  obtain  the  correct  separation  point.  Extensive  studies  with  che  present 
method  indicate  that  accurate  results  can  only  be  obtained  at  high  angles  of  attack  by 
making  SP  a  function  of  angle  of  attack,  Reynolds  number,  and  the  low  angle  of  attack  lift 
curve  slope:  and  an  empirical  correlation  has  been  developed  for  this  purpose. 
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Now  the  solution  scheme  for  the  present  method  is  iterative  with  respect  to  not  only 
the  flowfield  but  also  the  separation  point  and  separated  pressure  level.  A  convergence 
history  for  a  typical  case  is  shown  on  Figure  3.  Initially,  some  oscillation  occurs  on 
each  grid,  but,  as  can  be  seen,  the  values  quickly  converge.  Normally  400  iterative 
cycles  are  performed  on  both  medium  and  fine  grids.  Also,  the  location  of  the  separation 
point  on  the  fine  grid  (97  x  49,  130  airfoil  points)  is  held  fixed  at  the  chordwise  loca¬ 
tion  computed  on  the  medium  grid  (49  x  25).  Typical  run  times  for  a  medium  grid  result 
on  an  Amdahl  470/V6  are  about  one  minute. 

TYPICAL  RESULTS 


In  the  development  of  the  present  model,  the  NACI)  4412  and  GA(W}-2  airfoils  were 
primarily  used  as  test  cases  due  to  the  excellent  experimental  pressure  distributions 
available  for  these  airfoils  (Refs.  12-13).  The  importance  of  including  strong  inter¬ 
action  for  such  airfoils  even  at  relatively  low  angles  of  attack  is  shown  on  Figure  4, 
which  compares  the  strong  interaction  model  (IMASS"1)  with  a  calculation  using  only  weak 
viscous  interaction  (IMASS=0).  Notice  that  the  present  model  predicts  a  significantly 
different  upper  surface  pressure  distribution,  and  a  separated  zone  on  the  last  ten  per¬ 
cent  of  the  airfoil.  As  a  result  of  the  latter,  the  lower  surface  and  trailing  edge 
pressures  are  also  different.  While  the  results  (i.e..  Cl  =  1.0768)  shown  on  Figure  4 
were  obtained  with  an  early  version  of  the  model,  the  present  version  predicts  for  this 
case  a  C^  of  1.15,  which  is  very  close  to  the  experimentally  measured  value  of  1.18  and 
significantly  lower  than  the  weak  interaction  result. 

A  typical  result  for  the  GA(W)-2  airfoil  is  portrayed  on  Figure  5,  which  compares 
the  predicted  pressure  distribution  with  results  obtained  from  experimental  measurements 
(Ref.  12).  This  case,  which  is  near  Cr^x,  has  an  extensive  upper  surface  separated 
region  from  about  60Z  chord  to  the  trailing  edge.  On  the  lower  surface  the  boundary 
layer  remained  entirely  laminar,  although  results  with  an  all  turbulent  lower  surface 
showed  no  significant  difference.  On  the  upper  surface,  transition  with  a  short  separa¬ 
tion  bubble  occurred  near  the  leading  edge.  As  can  be  seen,  the  agreement  with  experiment, 
particularly  for  the  Cp  distribution,  is  excellent.  Other  results  for  the  GA(W)-2  have 
been  previously  reported  in  Reference  14. 

The  flow  about  a  NACA  4412  airfoil,  which  is  a  typical  conventional  airfoil,  has  also 
been  investigated  for  Reynolds  numbers  from  10s  to  6.3  x  106  and  angles  of  attack  from 
-0.54  degrees  up  to  about  20  degrees.  Some  typical  results  are  shown  on  Figures  6-8,  and 
additional  results  are  presented  in  Reference  15.  As  can  be  seen,  the  lower  surface 
pressure  distributions  are  in  excellent  agreement  with  the  experimental  data  (Ref.  13); 
and  the  upper  surface  results  and  lift  coefficients  are  sufficiently  accurate  for  engi¬ 
neering  usage.  The  only  obvious  discrepancy  is  near  the  turbulent  separation  point  where 
the  predicted  pressures  appear  to  be  usually  slightly  high.  However,  the  average  separated 
pressure  level  is  quite  representative  of  the  measured  data. 

Figures  9  and  10  present  a  comparison  of  the  theoretical  and  experimental  aerodynamic 
coefficients  at  the  higher  angles  of  attack.  Here  the  drag  coefficients  have  been  com¬ 
puted  using  an  empirically  modified  form  (Ref.  14)  of  the  classical  Squire-Young  formula¬ 
tion  (Ref.  16).  Also,  it  should  be  noted  that  the  present  results  above  CLmax  are 
sensitive  to  the  method  of  determining  upper  surface  separation.  This  sensitivity  indi¬ 
cates  that  the  present  method  could  probably  be  improved  by  using  a  more  accurate  turbulent 
boundary  layer  calculation  scheme.  In  addition,  experimental  data  (Refs.  13,  17-18)  in 
the  vicinity  of  CJLmax  disagrees  by  as  much  as  0,3  in  lift  coefficient  and  three  degrees 
in  angle  of  attacx,  even  at  the  same  Reynolds  numbers.  Nevertheless,  the  present  method 
should  lead  to  reasonable  results  for  the  flow  about  low  speed  airfoils  up  to  C-ov*  and 
sometimes  even  beyond  C^max .  Lmax 

Finally,  some  comment  should  be  made  concerning  the  accuracy  and  applicability  of 
the  present  method.  Based  upon  experimental  comparisons,  it  should  yield  accurate  pres¬ 
sure  distributions  and  aerodynamic  coefficients  for  airfoils  at  low  speeds  at  Reynolds 
numbers  above  1  x  106  and  for  angles  of  attack  above  six  degrees.  For  lower  angles,  the 
non-massive  separation  model  (IMASS“0)  is  recommended.  Such  results  can  be  obtained  on 
either  the  medium  or  the  fine  grid.  However,  due  to  the  finite  mesh  size  used  in  the 
finite  difference  formulation,  the  separation  point  may  only  be  accurate  to  three  percent 
chord.  Consequently,  at  very  high  lift  coefficients  the  overall  accuracy  of  the  method 
will  be  somewhat  less.  Currently,  the  method  is  being  extended  into  the  medium  and  low 
transonic  Mach  number  range. 
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SUMMARY 


The  supersonic  interacting  boundary  layer  equations  are  solved  for  laminar  flow  past 
a  configuration  with  an  interior  (concave)  compression  corner  region.  The  approach  em¬ 
ploys  conformal  coordinates  to  map  the  body  geometry  into  stagnation  point  flow  and  uses 
the  boundary  layer  scale  laws  to  identify  the  principal  terms  of  the  compressible  counter¬ 
part  of  the  Navier-Stokes  equations.  A  Levy-Lees  type  transformation  is  used  in  these 
coordinates  to  simplify  the  governing  equations.  The  viscous-inviscid  interaction  law  is 
given  by  evaluating  the  small  perturbation  theory  inviscid  flow  past  the  displacement  bo¬ 
dy  obtained  as  the  sum  of  the  body  surface  plus  the  viscous  displacement  thickness.  A  fic¬ 
titious  time  dependent  term  is  introduced  in  the  governing  equations,  that  are  then  re¬ 
laxed  using  an  alternating  direction  implicit  (A.D.I.)  technique.  The  numerical  scheme 
is  second  order  accurate  in  both  the  longitudinal  and  normal  directions. 
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I  INTRODUCTION 


The  design  of  high  performance  turbomachineries  requires  a  good  knowledge  of  the 
cascade  flow  .field?  reliable  algorithms  must  therefore  be  developed  for  solving  complex 
flow  fields  including  separation  effects. 

The  aim  of  present  work  is  the  development  of  a  second  order  accurate  numerical  sche¬ 
me  for  the  solution  of  the  interacting  boundary  layer  equations  applied  to  supersonic 
flow  past  a  family  of  flat  plate/wedge  type  configurations.  The  interacting  boundary 
layer  equations  are  particularly  suitable  for  studying  flow  problems  where  strong  invi- 
scid-viscous  flow  interaction  occurs,  due  to  rapid  boundary  layer  growth  and  to  the 
failure  of  the  classical  boundary  layer  theory  whenever  flow  separation  is  present. 

The  approach  here  used  first  employs  conformal  coordinates  to  map  the  body  geometry  to 
a  flat  wall  and  uses  boundary  layer  scale  laws  to  identify  the  principal  terms  of  the 
compressible  counterpart  of  the  Navler-Stokes  equations  in  primary  variable  form.  Levy- 
tees  type  variables  are  used  for  capturing  self-similar  solution,  wherever  it  might 
occur  and  a  coordinate  transformation  is  made  to  reduce  the  Infinity  flow  region  to  a 
unit  square.  The  inviscid  flow  is  supposed  to  be  an  isentropic  one  over  the  displace¬ 
ment  body,  that  is,  over  the  surface  obtained  adding  to  the  original  geometry  the 
displacement  thickness,  with  the  local  properties  obtained  from  linear  theory.  The 
nature  of  the  problem  is  no  more  an  initial  value  one  /I/ ,  as  for  the  classical  boundary 
layer  equations,  because  the  momentum  equations  assumes  the  form  /2/ 


Acx  d*  +  Fyy  “  G  <*' 


These  equations,  very  similar  to  the  classical  elliptic  partial  differential  equa¬ 
tion,  require,  therefore,  also  a  downstream  boundary  condition.  In  order  to  solve  the 
governing  equations  a  fictitious  time  derivative  of  the  displacement  thickness  is  intro¬ 
duced  in  the  momentum  equation.  The  relaxation  technique  used  to  solve  this  equation 
is  very  similar  to  the  alternating  direction  implicit  method  (A.D.I.)  proposed  by  Werle 
and  Vatsa  /2/.  Results  of  non  separating  flow  over  the  compression  corner  family  repre¬ 
sented  in  figure  1,  are  presented  for  =  3,  for  adiabatic  and  cold  wall  conditions 
and  compared  with  those  obtained  with  classical  boundary  layer  equations. 

All  the  calculations  have  been  performed  by  an  I.B.M.  B70/158  computer. 

II  GOVERNING  EQUATIONS 
II. 1  Geometry 

The  flow  past  a  compression  corner  is  transformed  into  a  stagnation  point  flow 
using  the  following  conformal  transformation  /3,4,5/: 


z  = 

(C  /  B 

+  D  (i  -  /  2) 

(1) 

where  z  =  y 

+  ix 

(physical  plane) 

(la) 

?  =  n 

+  15 

(conformal  plane) 

(1b) 

where  x,  y  and  z  have  been  nondimensionalized  by  the  characteristic  length  £  of  the 
flat  plate  preceding  the  compression  corner  (see  figure  D.0^  is  the  incompressible 
Falkner  Skan  pressure  gradient  parameter  /6/,  related  to  the  semivertex  angle  of  the 
compression  wedge  6  trough  the  relation 
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(2) 
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The  parameter  B  is  defined  as: 

B  =  (  2  -  6J2/(2  "  3»}  (3) 


The  scale  factors  for  trasformation  (1)  are  the  same  for  both  the  g  and  n  coordi¬ 
nates  and  are  given  /4,5/  as: 


h  =  h1  =  h2  = 


✓r  +  n 


>/{(C2+n2)i+2B(n2-C2)+B2}e“/2 


(4) 


The  use  of  5  and  n  variables  allows  the  study  of  flow  past  any  of  the  family  of 
bodies  formed  by  any  line  of  constant  n,  denoted  as  nb  (see  figure  1). 

II. 2  Conservation  laws:  the  Navier-Stokes  equations. 

The  nondimensional  governing  steady  flow  equations  of  a  viscous,  compressible, 
heat  conducting  fluid  are  /7/: 

Continuity: 

7 • (P  V  )  =  0  (5) 


Momentum: 

(V-V)v  =  -  -1  Vp  + 


1  V  *  T 

Re  p 


(6) 


Energy: 


p(V.V)  T  -  (V-V)p  = 


h  7T>  +  k(Tt™> 


(7) 


In  these  equations  the  velocities  have  been  nondimensionalised 

::::2 


by  U""  =  ITT  the 


lengths  by  L""  =  %  the  pressure  by  pR"=  p  "  IT'"2 ,  the  density  by  p"  =  p",  the  temperature 
by  T“  '=  lT2/Cp ,  the  viscosity  by  p”;  which  is  the  viscosity  evaluated  at  the  reference 
temperature  TR"‘ind  finally  the  stress  tensor  components  by  t'r’  =  )jr”  lT7 SL-  The  Reynolds 
number  Re  and  the  Prandtl  number  Pr  are  defined  as: 


Re  =  p'"l  ir’/u’o 
Koo  a/  MR 


Pr  = 


^R  Cp  / 


The  gas  is  assumed  to  be  air  with  constant  specific  heats  and  constant  Prandtl  num¬ 
ber,  with  the  perfect  gas  law: 

State  equation: 


p  =  p  R  T 

The  last  equation  is  the  vi  .cosity  law: 
Viscosity  law: 

U  =  p  (T) 


(8) 


(9) 


II. 3  The  boundary  layer  approximation. 

Boundary  layer  like  equations  similar  to  the  classical  ones  of  Prandtl  and  Van 
Dyke  /8/  are  still  valid  in  case  of  separated  supersonic  flow,  as  shown  by  Stewartson 
and  Williams  /9 /;  no  new  viscous  terms  over  those  included  in  the  classical  boundary 
layer  equations  are  therefore  contained  in  the  interacting  ones.  To  obain  these  equa¬ 
tions  the  followings  boundary  layer  scaling  laws  are  introduced  in  the  conformal  plane 
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/10/s 


1/2  -  — 
e  -  1/Re  ;  n  =  +  en  ;  v  =  ev 

The  scale  factor  h  becomes: 

,  _  nb  n  b  (n^n  +  Bnbn  +C2nhn)  , 

h  =  hfa  {l+eC-f— j  -  T“I - 5-T - r~ 2~2-l+  0(e  )} 

5  +  b  r+n£+2C  nb+2Bnb-2BC2+Bz 


(10a, b,c) 


(11) 


where  h^  is  the  scale  factor  at  the  surface  (n  =  nb) •  The  application  of  the  scaling 
laws  to  the  governing  equations  gives: 


Continuity: 


h  (hbpu)  +  -=  (hbp7)  =  0 


(12) 


Longitudinal  Momentum: 


uu£  +  vu-  =  -  ^  -^r  (uu-) 


b  3n 


(13) 


Normal  Momentum: 


p-  =  0 

*n 


(14) 


Energy: 


(15) 


puT?  +  p*T-  -  uP?  =  1=  (UT-) }  +  jjj- 

Equation  (14)  shows  that  the  pressure  p  is  only  function  of  £,  and  therefore  equal 
to  the  inviscid  pressure  pg,  evaluated  along  the  surface  of  the  displacement  body  /2,11/. 
The  expression  of  is  obtained  from  the  inviscid  nondimensional  longitudinal  momentum 
equation: 


=  Pe^  =  -»e  ue  ue? 

Boundary  conditions 

At  n  =  jib  the  classical  no  slip  and  zero  injection  conditions  are  used: 


(16) 


u  =  0 


v  =  0 


(17a, b) 


and  the  wall  temperature  is  imposed: 


T  =  Tw  (O 


(17c) 


The  asymptotic  boundary  condition  for  n  ■»»  are: 


u  u0  ;  T  T 


(17d,e) 


II. 4  Boundary  layer  equations  in  transformed  variables. 

The  boundary  layer  equations  given  before  are  here  recast  using  the  Levy-Lees 
variables  /12/.  Thus  defining: 


F  =  u/uc 


9  =  T/T 


=  J 


o  Pe  ue  ye  hb 


g 

a 


v  = 


ph. 


(20+  A  F*)/(2  +  A) 


u_  K  o  P  dn//S? 


If  V  -  /  2{  If  F 


(18a, b,c) 
(18d,e) 

(18f) 
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the  governing  equations  (12)  through  (15)  become: 
Continuity 


P+V  +  2  t  F_  =  0 
a  5 


Longitudinal  momentum 


-§£  (*F0)  -  VFa  +  @(0-F")  -  25  FF?  =  0 


fj'(*Fo)  +  ^(g-F2)  -  VFa  -  2?FF?  =  0 


Static  temperature  energy  equation 


h  (fe  6a)  "  V9a  +  ip2  -  2  <F6c  =  0 


Total  temperature  energy  equation 


h  9a)  -  25S  "1)  FFa}'  Vga  ‘  2?  F*5 


where  A,  (5  and  are  obtained  from  the  local  inviscid  flow  as: 

..2  ~ 


A  .  UJS  .  ;  .  a.  is 

T  '  a  u  d. 

e  e  ’ 

The  viscosity  parameter  2is  defined  by: 


-  (2 +A) 


(22a, b,c) 


=  _MJ2 _ 


If  p  is  expressed  by  the  Sutherland  law  /1 3/, 2  becomes: 


-  1+C 


where  c  =  198. 6/T 


(23b, c) 


Te  beeing  the  dimensional  inviscid  temperature. 
The  assumption  of  linear  theory  for  U=P(T)  gives: 


Boundary  conditions 


At  a  =  0 


T 

0  =  -SL 

BW  T„ 
e 


or  g  =  g„  or  g  = 


As  a  *  • 


(24?.,b,c,d,e) 

(24f,g) 


The  introduction  of  the  total  energy  g  in  the  governing  equations  is  convenient  because, 
for  the  particular  case  with  Pr=1,  2=1  and  gw=1,  9  is  identically  unity  everywhere  (adia¬ 
batic  flow)  and  the  governing  equations  are  reduced  to  the  simpler  incompressible  ones. 

II. 5  Inviscid-viscous  interaction  model 

For  present  purposes  the  inviscid  properties  ue'Te»Pe'Pe  are  obtained  using  the 
•earized  theory  applied  to  the  displacement  body.  According  to  this  theory  the  inviscid 
velocity  parallel  to  the  body  is  given  by  /5/: 


ue  =  1  - 


where  e  =  ?g  +eg§- 


(25a, b) 


The  expression  of  the  slope  of  the  body  7  is  given  in  Reference  5. 

The  displacement  thickness  appearing  in  equation  (25b)  has  the  following  expression: 

6  =  /  (1-  — ^~)  dN  (26) 

o  Peue 

which  using  the  Levy-Lees  variables  becomes: 

<5  =  /"{ (2+A)g  -  AF2  -  2F)  h  da  (27) 

^UAnhPoO 


Using  equations  (25a, b)  the  driving  function  becomes: 


~KP  { sr  +e  tr  (fc  af* }  where 


=  (2+A)  C 


(28a, b) 


The  interaction  law  introduces  in  the  governing  equations,  through  the  driving  function 
6.], a  term  proportional  to  (  proportional  to/“-^— |  do  )  that  changes  the  parabolic 

nature  of  the  boundary  layeS^equations  in  elliptic,  lisides  the  upstream  condition  at 
the  leading  edge  is  therefore  required  also  a  downstream  boundary  condition. 

Ill  NUMERICAL  METHOD 

III.1  General  statement 

The  numerical  technique  used  to  solve  the  governing  equations  is  very  similar  to 
the  alternating  direction  implicit  (A.D.I.)  /14/  proposed  by  Werle  and  Watsa  /2,4/.  Ac- 

p 

cording  to  them  a  fictitious  time  dependent  derivative  for  the  dislacement  thickness 
is  added  to  the  momentum  equation,  which  is  relaxed  in  time  until  a  steady  state  solution 
is  obtained.  The  numerical  technique  used  consists  of  two  time  steps  ("  and  n+1  sweeps). 


III. 2  Solution  of  the  "sweep  equations 
a)  Governing  equations 

The  governing  equations  written  at  time  t"=tn+^t/2  are: 


Continuity 


F  +  Va  +  2  =  0 


Longitudinal  momentum 


!_  uV)  -v¥+  <F::2-g!!){ 


Energy  equation 


s  .  _g  3  6n  +F  36  d  .1 >  3|5\_2cp!!p!!c  =q 

+e  hf  TX  +e  Kp  W  3flV  3t}  C  0 

b  35  b  (30) 


3_  ,2_  ,  2AU  3_ 

3a  'Pr  9a  2+An  3a 


{£-(^-1)  f"f"}  -v"g"  -  2c  F"g5’5;  =  0 


The  second  order  accuracy  in  the  5  direction  is  achieved  by  writing  the  equations  at  the 
central  longitudinal  station  /5/  (see  figure  2) ,  according  to  the  Crank  Nicolson  techni¬ 
que.  Finite  difference  representation  of  the  governing  equations  are  obtained  as  follows: 
Longitudinal  momentum 

The  equation  is  written  at  point  P  (see  figure  2).  Central  differences  are  used  to 

C ,  3 

represent  a  derivatives.  The  non  linear  terms  are  quasilinearized  according  to  the  scheme: 

Ac  Bc  =  Ai-1  Bc  +  Ac  Bi-1  -  Ai-1  Bi-1  +  0(AS2)  (32a) 

where  Ac  and  Bc  at  the  center  of  the  interval  are  expressed  as  the  average  of  the  two 

extreme  values.  The  non  linear  terms  of  the  momentum  equation  become  therefore: 

(vV)c  J  -  CR  ^  Vj.,.,  )  -  (2CR-1) 

*  2  «  -  <2C”-’>  'I!),)  <32o> 

::  u 

p!!  =  <Fi-1,j  +  ¥  Fl.  )  <~t3A5— (32d) 


having  expressed  the  longitudinal  derivative  Fr 


with  a  central  difference  about  point 


P_  j.  For  the  self  similar  solution  (solution  a?'?he  starting  longitudinal  station) the 

c  t  J  j;  j; 

Crank  Nicolson  parameter  CR  is  set  to  1  and  the  the  term  F  F^is  dropped;  for  all  the 
other  stations  on  the  surface  CR  =1/2  .  The  terms  326n/352  ,36n/35  and  KA(that  contains 
5  derivatives)  can  be  expressed  as  central  differences  with  the  known  values  of  the  old 
time  tn.  Backward  difference  is  used  to  represent  3o73t.  The  final  finite  difference  form 
of  the  momentum  equation  is: 

“Ij  Fi,j-1  +  W2.  Fi,j  +  w3j  Fi,j+1  +  w4j  Vi',j  “  w5j  (33) 
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(33a, b) 


where  w.  =  to  (  6"  )  and  w,  =  u,  (  g'!  .,  6’,’  )  (33a, b) 

2.  2.  i  5j  5j 

Continuity  equation 

The  continuity  equation  is  written  at  point  Q_  j  .  (see  figure  2)  as: 

°,  J-5 

+“6j  <Fl.j  1  *"7j  ,3*> 

In  this  way  it  is  possible  to  couple  directly  this  equation  to  the  momentum  one  and  sol¬ 
ve  d'.r.ctly  the  set  of  equations  by  the  Davis  coupled  scheme  /12,5/,  i.e.: 

Fli -Ei  pi.s-i  tTj  tsj  1351 

with  the  following  boundary  conditions: 


F"  (5,0)  =  0 


F  (C,=)  =  1 


V  (5,0)  =  0 


(35a, b,c) 


Energy  equation 

This  equation,  written  at  point  P  .  is  considered  already  linearized  because  it  is  sol- 

wJ  ::  :: 

ved  using  the  most  currently  estimated  values  of  F,  .  ,  V,  ■  and  l.  .  .By  expressing  each 

1/J  if  J  if] 

variable  at  the  center  of  two  longitudinal  stations  as  seen  before  for  the  momentum  equa¬ 
tion,  the  energy  equation  assumes  the  form: 


“83  +  “9.  g'i,j  +  U)10j  gi, j+1  =  “11. 


with  the  boundary  conditions 

::  20w 

g  (5,0)  -  2+fl 


g"  *  5,00)  =  1 


(37a, b) 


This  is  again  a  set  of  tridiagonal  equations  which  are  then  solved  by  means  of  the  Thomas 
algorithm: 

gi,j  =  R1j  gi,j-1  +T1j  l38) 

b)  Solution  technique 

The  complete  solution  algorithm  in  each  longitudinal  station  at  the  ”  sweep  is  iterative 
and  follows  this  scheme: 
bl  -  6^  is  guessed. 

b2  -  V7  j  ,  F?  .  and  A 7  j  are  guessed. 

i/j  i,j  j-  ,  J 

b3  -  The  energy  equation  is  solved. 

b4  -  The  continuity  and  momentum  equations  are  solved  together. 

The  steps  b3  and  b4  are  repeated  until  the  required  convergence  is  achieved. 
b5  -  6^  is  calculated  and  compared  with  the  value  guessed  at  step  bl;  if  the  convergen¬ 

ce  has  not  been  reached  all  the  algori thm  is  repeated  using  the  Regula  Falsi  method 
/1 4/  for  guessing  the  new  value  of  6^'. 

III. 3  Solution  of  the  n+1  sweep  equations 

3*  n  A  i  25 

In  order  to  proceed  with  the  solution  technique  from  t '  to  t  =t  +At/2  the  mo¬ 
mentum  equation  is  written  at  the  wall  by  expressing  the  term  35I1+V3t  as  backward  de¬ 
rivative,^  the  following  way: 


5n+1-6Ji 


1-  (i  VS-O*  xn  de®  r  k"  1-  326n+1  +  8on+1  d_,1  ,  \  +  a"  6n+1- 

3a  Fa  gw  Kp  If-  KP  9w{  hfa  ^3  +  35  d5(K^  }  +  gw  _At 


"p  ywl  hT 


0  (39) 


Rearranging: 


1  326n+1  .  36n+1  d  ,1  ,  ...  ,n+1 


it  e 

.....  _  de„ 

k  {rF?  KP  sr 

.  n  «n 

t  g„  t  K 

p  3w  p 


“ 


(350 
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In  equation  (39)  the  coefficient  Kp  is  evalueted  at  time  n  instead  of  ::  /2/  in  order  to 
obtain  a  simpler  expression  for  the  coefficient  o>.|  3 .  In  fact  from  equation  (30)  evalue¬ 
ted  at  the  wall  it  is  possible  to  obtain: 


1_  jT£ 

hb  3?2 


+  £L/1_)35_ 


(6n-2  6"  ) 


Note  that  at  convergence  K“=K*  and  the  results  will  obviously  concide. 

P  P  ^  m  I  4 

Central  differences  approximations  are  used  for  3^6  /3t  and  for  35  /35  in  equation 

(39a)  .  The  final  difference  equation  has  the  following  tridiagonal  form: 

.n+1  .n+1  ,  .  n+1  _  .... 

w14i  6i-1  +u15i  6i  +M16i5i+1  "  “17.  (41) 

that  can  be  solved  with  the  Thomas  algorithm  seen  before. 

An  upstream  and  a  downstream  boundary  condition  must  be  applied  to  equation  (41).  At  the 
first  station  of  integration  the  self  similar  solution  must  be  imposed  and  therefore  che 
upstream  boundary  condition  is  the  value  of  the  displacement  thickness  corresponding  to 
the  self  similar  solution.  Downstream  the  boundary  layer  should  asymptotically  approach 
the  constant  pressure  gradient  self  similar  state,  analytically  expressed  by  setting: 


=  0  at  5  =  f 


RESULTS 


The  compression  corner  of  figure  1  characterized  by  different  wedge  angles (from 
0  to  6)  ,  by  nb=0-02  and  nb=0.06,  has  been  considered  in  the  present  numerical  study 
for  supersonic  flow  at  Mm=3.  The  coordinate  transformations  in  the  a  and  5  directions  are 
taken  as  a=10a  for  a  from  0  to  1  and  5  =  €start+  S  (£max“5  start*  f  £  C  from  0  to  1, 

£  beeing  the  conformal  coordinate  of  the  first  station  and  £  that  of  the  last  one. 

5  start  cannot  be  taken  at  the  leading  edge  of  the  compression  corner  because  the  small 
perturbation  theory  is  not  valid  near  the  stagnation  point.£start  has  been  taken  in  a 
quasi-flat  plate  region  so  that  the  local  similarity  concept  could  be  used  to  obtain  a 
reliable  and  accurate  starting  solution.  The  corrisponding  value  of  the  driving  function 
har  been  taken  from  the  pressure  gradient  distribution  calculated  along  the  displacement 
body,  that  is  along  the  body  obtained  as  the  sum  of  the  physical  surface  and  the  displa¬ 
cement  thickness (  computed  with  the  classical  boundary  layer  equations).  This  distribu¬ 
tion,  as  already  shown  by  Fortunato  and  Werle  /5/  for  the  non  interacting  case,  has  a  lo¬ 
calized  region  of  rapid  drop  near  the  leading  edge  and  then  a  quasi-flat  region  around 
?=0.7,  that  has  been  taken  therefore  as  starting  longitudinal  coordinate  value.5max  bas 
been  taken  equal  to  2.7. 

Figures  3,4  and  5  refer  to  the  adiabatic  wall  compression  corner,  characterized  by 
nb=0.02  and  5-0.  Figure  3  shows  the  influence  of  the  initial  guessed  profile  of  the  dis¬ 
placement  thickness  6 :  the  broken  line  refers  to  an  initial  non  interacting  boundary  lay¬ 
er  profile,  while  the  solid  line  to  the  5  distribution  proportional  to  the  longitudinal 
conformal  coordinate  5 .  It  is  evident  in  figure  3  that  both  the  displacements  converge 
to  the  final  interacting  solution  in  a  few  iterations,  thus  indicating  that  the  initial 
solution  does  not  influence  sensibly  the  number  of  iterations.  Figure  4  shows  the  time 
behaviour  of  5 "and  6n+1;  it  is  clear  that  only  5  or  6  iterations  are  necessary  for  the 
convergence  of  both  the  displacement  thicknesses  and  that  this  number  is  practically  in- 
dioendent  of  the  longitudinal  station.  In  figure  5  the  displacement  thickness  values  for 
different  time  steps  are  plotted  versus  the  iterations  number;  the  figure  shows  that,  at 
least  in  the  time  step  range  analyzed  here,  the  time  step  does  not  influence  the  number 
of  iterations  necessary  to  reach  the  convergence;  in  fact  the  results  are  practically 
identical  already  after  4  iterations.  The  influence  of  the  downstream  boundary  position 
has  been  assessed  changing  the  last  station  coordinate  from  2.7  to  3.7;  no  difference  has 
been  noted  in  the  solution  and  in  the  number  of  time  iterations  necessary  to  reach  the 
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convergence . 

Figures  6,7  and  8  show  the  inviscid  pressure  and  pressure  gradient  and  the  wall  shear 
stress  distributions  for  the  non  interacting  boundary  layer  case  respectively,  for  adia¬ 
batic  wall  with  nb=0.06  and  various  semivertex  angles.  Figures  9,10  and  11  show  the  same 
parameters  calculated  with  the  interacting  boundary  layer  equations  for  the  same  geome¬ 
tries.  It  is  interesting  to  note  that  for  the  cases  in  which  the  classical  boundary  lay¬ 
er  equations  do  not  encounter  the  separation  singularity  the  results  are  very  close  to 
those  found  by  solving  the  interacting  equations.  For  greater  angles  the  classical  boun¬ 
dary  layer  equations  encounter  the  separation  singularity  near  the  wedge  of  the  compres¬ 
sion  corner  (  5=1.4),  whilst  the  interacting  boundary  layer  equations  indicate  that  in¬ 
teraction  smoothes  the  pressure  gradient  so  that  the  flow  is  still  attached. 

All  the  adiabatic  cases  considered  so  far  require  less  computation  time  than  the  cor¬ 
responding  cold  wall  cases;  in  fact  for  adiabatic  flow  conditions,  with  l*1!  and  Pr=1, 
the  energy  equation  can  be  totally  eliminated.  The  computer  time  required  for  solving 
the  adiabatic  interacting  boundary  layer  equations  with  81x26  grid  points (  13  iterations 
in  time)  is  about  4  C.P.CJ.  mir.uts  of  an  I.B.M.  370/158  computer. 

The  last  case  studied  here  is  the  cold  wall  (T  /T  =0.5)  compression  corner  with  the 

W  O00 

same  geometry  as  before.  Only  two  inner  iterations  in  the  iterative  solution  of  the  sy¬ 
stem  of  continuity,  momentum  and  energy  equations  are  necessary  to  achieve  the  second 
order  accuracy  in  space,  as  shown  by  Fortunato  and  Werle  /5/.  Therefore  the  present  re¬ 
sults  have  been  given  in  figures  12  ,13  ,14  .  It  is  possible  to  note  that  the  cold  wall 
condition  allows  greater  angles  without  the  occurrence  of  separation.  The  computer  ti¬ 
me  required  for  solving  one  cold  wall  case  (9  iterations  in  time)  with  41x26  grid  points 
is  about  10  C.P.U.  minuts. 


V  Conclusion  and  recomandations 

A  second  order  accurate  numerical  method  for  solving  the  interacting  boundary  layer 
equations  has  been  presented  and  results  for  non  separating  cases  (adiabatic  and  cold 
wall)  have  been  obtained. 

Interaction  effects  have  been  shown  to  eliminate  separation  for  cases  in  which  clas¬ 
sical  boundary  layer  theory  fails. 

A  logical  extension  of  the  present  work  is  the  study  of  separation;  the  solution  al¬ 
gorithm  is  the  same  with  some  small  modifications,  as  the  upwind  derivative  concept. 

A  refinement  of  the  algorithm  could  finally  be  sought  in  order  to  improve  the  effi¬ 
ciency  and  reduce  computer  time. 
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CALCUL  DE  L' INTERACTION  '  DE  CHOC/COUCHE  LIMITE 
AVEC  DEuOLLEMENT 

COMPUTATION  OF  THE  SHOCK-WAVE  BOUNDARY  LAYER 
INTERACTION  WITH  FLOW  SEPARATION 

Ardonceau  P.  ,  Alziary  Th.  ,  Aymer  D. 

Centre  d'Etudes  Aerodynamiques  et  Thertniques 
43  Rue  de  1 'Aerodrome 
86000  Poitiers,  France 


RESUME 


Une  nouvelle  muthode  de  calcul  de  1' interaction  onde  de  choc-couche  limite  est  presentee.  Le 
concept  de  couche  limite  est  utilise  pour  ddcrire  l'ecoulement  a  la  paroi,  l'ecoulement  externe  est  appro- 
xime  par  une  relation  pression-deviation  (diedre  tangent  en  supersonique  linearise) . 

Les  equations  de  couche  limite  sont  rdsolues  en  differences  finies  et  la  question  de  l'exis- 
tence  et  de  1'unicitS  de  la  solution  est  envisagee  pour  le  probleme  direct  (pression  imposSe)  ou  inverse 
(epaisseur  de  deplacement,  coefficient  de  frottement  imposSs).  De  cette  analyse  ainsi  que  des  conside¬ 
rations  relatives  au  couplage  visqueux-non  visqueux,  la  quantite  peu£6*  est  choisie  comme  variable  de 
raccordement. 


L'algorithme  de  couplage  presente  traite  implicitement  ’.a  condition  limite  aval  nScessaire 
pour  '■'rmer  correctement  le  probleme  de  la  couche  limite  en  interaction.  L’algorithme  utilise  une  tech¬ 
nique  de  linearisation  de  Newton  qui  permct  une  convergence  rapide.  Un  exemple  d'application  est  donne. 

Abstnad 


A  new  method  to  com  pate,  the  shock  wave-boundan  y  layen  Intenadion  it,  pnesented.  The.  boundany 
layen  concept  is  used  to  desenibe  the  viscous  {tow  neon  the  watt  and  the  outen  inviscid  {low  is  calculated 
by  a  pnessune-tunnlng  relation  (tangent  wedge  o>i  llneanized  supensonlc )  {on.  simplicity. 

The  boundary  layen  equations  one  solved  In  {Inite  dl{{enence  {om  and  the  question  o{  the 
existence  and  annuity  o{  the  solution  Is  examined  {on  the  dined  (pnessune  imposed)  on  Invense  (displace¬ 
ment  thickness,  {nletion  coe{(lcient. . .  imposed)  pnoblem.  F nom  the  a{onementioned  analysis  togethen  with 
vlscous-lnviscid  matching  cons  (deflations  a  panticulan  choice  is  made  {on  the  matching  vaniable  (peue6*). 

An  algonlthm  is  pnesented  to  convenge  the  matched  solution  which  implicitely  includes  the 
downstneam  condition  necessany  to  close  the  Intenading  boundany  layen  pnoblem.  The  algonlthm  makes  use 
o{  a  Newton  lineanization  technique  which  Is  shown  to  pnovlde  a  {ast  convergence.  A  typical  example  is 
pnesented. 

NOTATIONS 


T 

Cf  =.  _ — £ —  coefficient  de  frottement 

2  P.«. 

D  fonction  d'amortissement 

F  fonction  de  mSlange  amont/aval 

K  coefficient  d'expansion  du  maillage 

P  pression  externe 

Pr  nombre  de  Prandtl  «  pCp/A 

Prf  noubre  de  Prandtl  turbulent 

R  densite  exteme 

Re  nombre  de  Reynolds  « 

S  fonction  de  sensibility  (couplage) 

U  vitesse  longitudinale  externe  ou  discr€tis£e 

V  vitesse  verticale  exteme  ou  discrStisee 

X  coordonnee  discretisee 

Y  coordonnSe  transformee  y It  ou  discretisee 
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Lu 
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enthalpic  statique 
longueur  de  melange 
pression  interne 
vitesse  longitudinale  interne 
vitesse  verticale  interne 

coordonnees 


Y  =  Cp/Cy  ou  fonction  d'intermittence 
$  epaisseur  de  couche  limite 

5*  epaisseur  de  dSplacement 


D-l/2 


e 


ou  viscositS  turbulente 


<«  +  u£> 


0  +1$-) 

M  rrT 


3u 


coefficient  de  frottement  u 


angle  des  lignes  de  courant 
viscosite  dynamique 
coefficient  de  relaxation 


ABCDE 

ayde 


coefficients  matriciels 


Indices 


numerotation  verticale  du  maillage 

nume.-otation  longitudinale  du  maillage 

totaJe 

chami?re 

variable  externe 

variable  interne  ou  incompressible 

indice  d' iteration 

valeur  externe 

valeur  3  la  paroi 

valeur  3  1' inf ini 


1 .  INTRODUCTION 


Diverses  methodes  ont  Ste  proposees  pour  le  calcui  de  1 'interaction  onde  de  choc/couche  limite. 
Les  plus  anciennes  basSes  sur  la  resolution  des  equations  integrales  de  couche  limite  sont  encore  couram- 
ment  utilisSes,  malgre  leur  caractere  approximatif ,  du  fait  de  leur  rapidite  {l,  2,  3}.  Plus  rdcemment 
sont  apparues  des  methodes  toujours  basees  sur  la  notion  de  couche  limite  mais  rdsolues  cette  fois  on 
differences  finies  (4,  5),  puis  une  solution  des  equations  de  Navier  Stokes  complete  est  devenue  post’ole 
grace  3  l'utilisation  le  moyens  de  calculs  puissants  et  d'algorithmes  efficaces  {6,  7}. 


La  methode  de  calcui  presentee  oons  cet  article  a  pour  objectif  principal  d’etudier  l'influ- 
ence  des  modeles  de  turbulence  sur  la  qualite  des  previsions.  Son  application  3  des  dcoulements  tridi- 
mensionnels  est  aussi  envisagde.  Ces  deux  objectifs  paraissent  pour  l'instant  diff icilement  compatibles 
avec  une  resolution  directe  des  equations  de  Navier-Stokes  qui  semble  3  la  limite  des  moyens  actuels  de 
calcui,  au  moins  pour  des  maillages  assez  serres.  D'autre  part,  les  mlthodes  integrales,  dont  l'effica- 
cite  est  bien  demon tree,  necessitent  un  apport  semi-empirique  en  plus  de  la  moddlisation  de  la  turbulence 
et  par  consequent  il  est  difficile  de  tirer  des  conclusions  sur  la  modelisacion  de  la  turbulence  elle-meme. 
La  methode  choisie  est  de  type  couche  limite  mais  rdsolue  par  differences  finies,  le  caractSre  approche 
resident  alors  seulement  dans  1 'approximation  de  couche  limite  elle-meme. 


L’etude  de  la  modelisation  de  la  turbulence  dans  1 'interaction  onde  de  choc/couche  limite  a 
fait  l'objet  d'un  travail  experimental  {8}  mais  le  calcui  prdsentd  est  pour  l'instant  limits  3  un  modele 
de  turbulence  algebrique  classique,  un  effort  important  ayant  ete  accorde  3  1' optimisation  du  calcui  de 
couche  limite  et  de  l'algorithme  de  couplage. 


Dans  le  premier  paragraphe  on  rappelle  briSvement  le  principe  de  1 'approche  couche  limite  qui 
dScoule  du  comportement  des  Equations  de  Naviet -Stokes  aux  grands  nombres  de  Reynolds.  Les  divers  modes 
de  raccordement  entre  la  couche  limite  et  l'Scoulement  externe  sont  envisages  (3  la  paroi,  en  4,  en  i) . 


Le  second  paragraphe  est  consacrS  au  calcui  de  la  couche  limite  et  en  premier  lieu  au  choix 
du  mode  de  calcui,  "direct"  ou  "inverse",  et  done  de  la  condition  limite  imposSc  3  la  couche  limite.  Cette 
Stude,  purement  numerique,  montre  l'importance  du  choix  de  cette  condition  sur  I’existence  et  1'unicitS 
de  la  solution  locale  des  Squations  de  couche  limite,  en  particulier  au  decollement. 
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L' analyse  numerique  du  programme  de  calcul  de  couche  limite  est  pr§sentee  dans  le  paragraphe 
suivant.  La  methode  d' integration  de  la  region  decollee  est  egalement  ddcrite  ainsi  que  le  modele  de 
turbulence  algebrique  utilise. 

Le  quatrieme  paragraphe  est  entierement  consacre  3  l'algorithme  de  couplage  entre  la  couche 
limite  et  l'ecoulement  exterieur.  Une  methode  originale  a  ete  developpge.  II  a  Ste  demontre  {9}  que 
pour  etre  "bien  pose"  le  probl£me  de  couche  limite  en  interaction  forte  necessite  une  condition  limite 
aval.  L'algorithme  devtloppe  traite  implicitement  cette  condition  aval  et  optimise  en  meme  temps  le 
processus  iteratif  de  couplage. 

L'application  de  la  methode  decrite  d  un  cas  d' interaction  onde  de  choc/couche  limite  en 
ecoulement  supersonique  est  presentee  en  comparaison  avec  les  rSsultats  experimentaux  de  LAW  { 10}  et  de 
divers  calculs  publics  5  ce  jour  {5,  6,  7}.  La  prevision  des  distributions  de  pression  parietale  et  de 
Cf  presente  des  divergences  sensibles  avec  des  resultats  obtenus  par  methode  de  Navier-Stokes,  en  parti¬ 
cular  au  niveau  de  la  pression  "plateau".  II  ne  semble  pas  encore  possible  d'attribuer  ces  divergences 
au  modele  de  turbulence  utilise,  a  1' amelioration  du  maillage  par  rapport  aux  methodes  de  Navier-Stokes, 
ou  d  1' approximation  de  couche  limite. 


II.  CONDITIONS  DE  RACCORDEMENI  ENTRE  LA  COUCHE  LIMITE  ET  L'ECOULEMENT  EXTBRNE 
II. 1.  Generalites 

La  methode  de  calcul  presentee  dans  cet  article  est  de  type  couche  limite,  c'est-3-dire  que 
l'on  admet  implicitement  que  les  effets  visqueux  contenus  dans  les  equations  de  Navier-Stokes  sont  confi¬ 
nes  dans  une  petite  region  proche  de  la  paroi  3  1 'exterieur  de  laquelle  le  fluide  peut  etre  correctement 
decrit  par  les  equations  d'Euler.  Cette  structure  des  couches  visqueuses  d  des  nombres  de  Reynolds  eleves 
est  observee  experimentalement  depuis  tres  longtemps  mais  une  formulation  mathematique  rationnelle  du 
comportement  des  equations  de  Navier-Stokes  lorsque  Re  -*■  *•  n'a  ete  publiee  que  beaucoup  plus  tardivement 
{11,  12}. 

La  methode  des  developpements  asymptotiques  raccordes  consiste  d  chercher  une  solution  regu- 
liere  au  voisinage  de  e  *  0,  e  ■  RJ1/2  caractdrisant  les  effets  visqueux.  On  recherche  done  une  solution 
interne  valide  au  voisinage  de  la  paroi  et  une  solution  externe  valide  partout  ailleurs.  Les  developpe¬ 
ments  asymptotiques  externes  : 

U(x,y,e)  “  Ui(x,y)  +  eU2(x,y)  +  0(e2) 

V(x,y,e)  =  Vj (x,y)  +  eV2(x,y)  +  0(e2)  ,n 

R(x,y,e)  =  Ri(x,y)  +  eR2(x,y)  +  0(c2) 

P(x,y,e)  -  Pi (x,y)  +  cP2(x,y)  +  0(e2) 

sont  introduits  dans  les  equations  de  Navier-Stokes  et  foumissent  au  premier  ordre  les  equations  d'Euler, 
et  au  deuxieme  ordre  une  forme  de  petites  perturbations  des  equations  d’Euler. 

Les  developpements  limites  valides  au  voisinage  de  y  •  0  sont  introduits  de  la  meme  maniere 
apres  une  transformation  de  la  variable  normale  d  la  paroi  JSfinie  par  : 


Y  »  y/e 

(2) 

u(x,y,e)  =  ui(x,Y)  +  eu2(x,Y)  +  0(e2) 
v(x,y,e)  =  evj (x,Y)  +  e"v2(x,Y)  +  0(e3) 
p(x,y,e)  =  pj(x,Y)  +  ep2(x,Y)  +  0(e2) 

P(x,y,e)  =  Pi (x,Y)  +  ep2(x,Y)  +  0(e2) 

(3) 

(la  forme  particuliere  du  developpement  de  v  est  imposee  par  l'equation  de  continuity). 

L' injection  de  ces  developpements  dans  les  equations  de  Navier-Stokes  fait  apparaltre  au  pre¬ 
mier  ordre  les  equations  de  couche  limite  de  Prandtl  qui  apparaissent  done  comme  une  approximation  a 
1' ordre  1  des  equations  de  Navier-Stokes  et  au  deuxidme  ordre  une  forme  de  petite  perturbation  des  equa¬ 
tions  de  Prandtl  (en  1'absence  de  courbure) . 


Relations  de  couplage 


Les  conditions  de  raccordement  entre  la  solution  interne  et  la  solution  externe  fournissent 
les  relations  de  couplage  aux  divers  ordres  d' approximation  {12,  13}.  Lorsqu'il  s'agit  d'une  interaction 
"faible"  la  solution  externe  d'ordre  1  peut  etre  calculSe  en  utilisant  la  condition  de  glissement  3  la 
paroi  (V(x,0)  »  0) .  La  solution  interne  est  ensuite  calculde  puis  la  solution  externe  d’ordre  2  et  ainsi 
de  suite  suivant  le  principe  de  la  hidrarchie  de  la  solution  externe  (fig.  1). 


Ce  processus  tombe  en  ddfaut  lorsque  des  chocs  apparaissent  dans  la  solution  externe  d'ordre  1 
(dP/dx  -*■  »)  ou  un  decollement  dans  la  couche  limite  d'ordre  1  (d2{*/dx2  ■»  ») .  Ce  type  de  singularity 
peut  etre  evite  en  considerant  simultanement  les  effets  d'ordre  1  et  2  &  1 'exterieur  avec  la  couche 
limite  d'ordre  I  (fig.  2).  Cette  methode  de  couplage  relative  aux  interactions  "fortes"  fournit  la 
relation  de  raccordement  sur  V  : 

V*(x,0)  -  lime  (vj (x,Y)  -  Y  (x,0))  +  0(e2)  (4) 

Y-*®  3y 

oO  V*  designe  la  solution  externe  d'ordre  I  et  2  dSfinie  par  :  V*  »  V)+eV2 


En  utilisant  1 'Equation  de  continuity  la  relation  (3)  peut  etre  ycrite  sous  la  forme  bien 

connue  : 

RV(x,0)  »  (RU(x,0)  i  4*)  R  ■  density  dans  l'ecoulement  externe  (5) 


mtm-trz- 
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Si  l'on  cherche  3  ecrire  cette 


relation  2  y  ■  { 


* 


par  tin  dSveloppement  limite  au  voisinage  de  y 


0  : 


RV(x,S*)  »  RV(x,0)  +  6*  ~  (x,0)  +  ... 
et  en  appliquant  l'equation  de  continuity  la  relation  de  couplage  s'ecrit  : 

RV(x,5*)  -  RU(x,0)  *  ||* 
soit  en  approximant  RU(x,6*)  par  RU(x,0) 

RV(x,6*)  -  RU(x,S*)  * 


(-)  *  - 
Vy=6*  dx 


(6) 


On  peut  de  la  meme  maniere  obtenir  une  relation  de  couplage  en  y  »  {  {14} . 

L'avantage  evident  du  couplage  en  6*  eat  que  la  surface  de  displacement  apparait  comme  une 
ligne  de  courant  pour  l'?coulement  exterieur.  Par  contre  dans  le  couplage  en  paroi,  la  couche  limite 
joue  le  role  d'une  distribution  de  sources  placees  3  la  surface  {12}  et  il  y  a  par  consequent  echange  de 
fluide  entre  la  couche  limite  et  l’Scoulement  exterieur  (fig.  3).  Cette  perm?abilit?  de  la  couche  limite 
pose  un  probleme  de  raccordement  lorsque  le  fluide  exteme  ne  verifie  pas  la  condition  isentropique  vala- 
ble  3  1 'exterieur  de  la  couche  limite.  Cette  incoherence  ne  semble  pas  cependant  remettre  en  cause  la 
procedure  puisque  des  conditions  de  raccordement  suppl?mentaires  peuvent  etre  fournies  par  1' etude  du 
raccordement  de  la  couche  limite  du  second  ordre  {26}. 


.  •  «  ifc 

Une  difficulte  associee  3  la  notion  de  surface  de  deplacement  et  done  au  couplage  en  5  est 
le  comportement  supersonique  de  la  couche  limite  au-deia  d’un  nombre  de  Mach  de  l'ordre  de  1.4  pour  une 
couche  limite  turbulente  {IS}.  La  couche  limite  raccord6e  3  l'6coulement  exteme  en  6*  ne  permet  pas  alors 
la  naissance  du  phenomSne  d 'auto-induction  et  les  solutions  de  branchement  correspondant  3  1' interaction 
forte  n'apparaissent  pas.  La  technique  couramment  utilisee  consiste  3  appliquer  3  la  couche  limite  une 
discontinuity  (jump  supercritique-subciitique)  pour  dgvelopper  des  solutions  d'interactior  forte.  Le 
caractere  empirique  de  cette  methodf  peut  etre  ?vit?  en  prolongeant  l'ecoulement  exteme  3  la  paroi. 

LE  BALLEUR  {16}  a  montre  que  le  couplage  en  paroi,  qui  decoule  directement  de  la  methode  des  developpe- 
ments  asymptotiques  raccordes,  garantit,  au  moins  dans  une  plage  etendue  de  nombres  de  Mach,  le  compor¬ 
tement  subcritique  de  la  couche  limite  en  interaction.  Malgr?  les  difficultes  liees  3  la  permeabilite 
de  la  couche  limite,  ce  type  de  couplage  a  ?t?  prefer?  pour  eviter  le  recours  3  la  technique  du  "jump". 


111.  CALCUL  DE  LA  COUCHE  LIMITE 
III. I,  Introduction 


Parmi  les  problemes  lies  au  calcul  de  la  couche  limite  soumise  3  de  forts  gradients,  on  peut 
citer  celui  de  la  modelisation  de  la  turbulence  d'une  part  et  d'autre  part  le  calcul  du  decollement  qui 
implique  une  modification  du  mode  d ' integration,  la  couche  limite  n'ayant  plus  dans  ce  cas  le  caractere 
purement  parabolique  d'une  couche  limite  attachSe. 

Par  opposition  aux  methodes  de  calcul  dites  "directes"  dans  lesquelles  le  gradient  de  pression 
est  impos?  3  la  couche  limite  {17}  sont  epparues  des  methodes  "inverses"  {18,  19}  le  gradient  de  pression 
etant  alors  le  resultat  de  1 'integration  des  Equations  avec  une  condition  limite  externe  telle  que  l'epais- 
seur  de  deplacement  6*  ou  le  coefficient  de  frottement  parietal  Cf.  Le  choix  de  la  condition  externe  3 
prescrire  est  important  et  la  question  de  1' existence  et  de  l'unicit?  ae  la  solution  du  probleme  de  couche 
limite  doit  etre  envisagee  pour  les  differents  modes  d'integration. 

III. 2.  Choix  de  la  condition  limite 


Lors  des  iterations  dc  couplage  entre  la  couche  limite,  on  est  amen?  3  imposer  des  conditions 
"non  physiques"  3  la  couche  limite  et  ie  probleme  se  pose  de  savoir  si  3  une  abscisse  donnee  *J+I  le  pro¬ 
bleme  de  la  couche  limite  a  une  .;t  une  seule  solution  pour  toute  valeur  de  la  condition  impos?e.  Afin  de 
repondre  3  cette  question  la  procedure  suivante  a  6t?  mise  en  oeuvre  :  la  couche  limite  est  calculee  jus- 
qu'3  l'abscisse  Xj  et  au  point  XjT|  on  fait  varier  la  condition  imposee  {10}.  L'etat  de  la  couche  limite 
au  point  J  conditionne  en  partie  le  r?sultat  et  ie  calcul  a  ete  reproduit  pour  diffdrentes  situations 
(couche  limite  acceleree,  ralentie  ou  3  gradient  de  pression  nul  jusqu'3  Xj) .  Pour  connaitre  le  compor¬ 
tement  de  la  solution,  decollement  inclus,  le  calcul  est  effectu?  soit  en  methode  inverse  (6*  prescrit) 
lorsque  l'ecoulement  est  decolle  soit  en  methode  directe  lorsque  l'ecoulement  ast  attach?. 

Les  termes  de  convecti*  pu  du/3x  et  Pu  3h/8x  sont  negliges  lorsque  la  couche  limite  est 
d?coll?e  afin  de  preserver  la  stab,  .to  du  calcul.  (Approximation  sugger?e  par  Flugge  Lotz  et  Reyhner 
{21}).  Le  rSsultat  present?  fig.  4  est  relatif  3  une  couche  limite  turbulente  "supercritique"  (M  »  2.96). 
La  procedure  de  calcul  est  la  meme  que  celle  d?crite  au  paragraphe  III. 3. 

En  abscisse  t<:  port?  le  rapport  p(Xj+|)/p(Xj)  et  en  fonction  de  cette  variable  est  represen- 
t€e  la  variation  du  Cf,  de  6*  et  peue  S’,  et  de  peve  e'est  3  dire  le  flux  de  masse  qui  entre  ou  sort  de 
la  couche  limite. 

La  premiSre  constatation  est  1 'existence  d'un  rapport  de  pression  maximal  entre  les  points  J 
et  J+l,  le  maximum  correspondant  grossierement  au  decollement  de  la  couche  limite.  Une  fois  le  decolle¬ 
ment  naissant  dfipasse,  la  presSicn-dliminue  legSrement  lorique  la  couche  limite  est  plus  decollee.  Ce 
resultat  est  observ?  quel  que  soit  l'etat  ini-t^®!  la  couche  limite,  qualitativemont  du  moins,  et  montre 
que  : 


g£2Z223S3$ 
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1°/  le  probleme  direct  (grad  p  impose)  n'a  pas  toujours  de  solution 
2°/  au  voisinage  du  decollement  il  existe  une  solution  double 

Ainsi  le  probleme  de  la  singularity  au  dScollement  peut  etre  facilement  relie  3  un  problSme 
d'existence  et  d'unicite  de  la  solution  et  l'utilisation  de  mSthodes  directes  pour  calculer  des  couches 
limites  decollees  parait  assez  dangereuse. 

Si  l'on  considere  maintenant  le  Cf  comme  variable  imposee  3  la  couche  limite  on  observe  que 
le  Cf  decroit  de  maniere  monotone  jusqu'au  decollement  et  qu'en  ce  point  la  dSrivge  dCf (J+l)/dp(J+l)  est 
infinie.  Dans  le  domaine  decolle  le  Cf  presente  une  decroissance  monotone  jusqu'3  une  valeur  limite  in- 
ferieure  et  ensuite  augmente  legerement.  Notons  que  rechercher  une  solution  par  methode  inverse  consiste 
3  rechercher  1' intersection  de  la  courbe  avec  une  droite  horizontale.  On  peut  en  cor.clure  que  le  decol¬ 
lement  est  facilement  franchissable  3  Cf  prescrit  mais  que  13  encore  un  problSme  d'existence  et  d'unicite 
se  pose  pour  de  forts  decollements . 

La  variable  p£ve  est  indiquee  mais  vu  l'allure  de  la  courbe  peve(J+l)  •  f(p(J+l))  qui  presente 
presque  un  point  de  rebroussement,  l'emploi  de  Pevc  comme  variable  est  3  proscrire  absoJument. 

Restent  les  deux  variables  basees  sur  l'epaisseur  de  deplacement  6  et  le  produit  peue  5  .  (Fig. 
4).  La  pente  negative  de  la  courbe  6*(J+1)  = f (p(J+l))  est  symptcmatique  d'un  Scoulement  supercritique. 

En  effet,  une  couche  limite  supercritique  est  caracterisee  par  son  inaptitude  3  generer  son 
propre  gradient  de  pression  {22}.  Si  une  perturbation  externe  entraine  unc  augmentation  de  l'Spaisseur  de 
deplacement  soit  d6*/dx  >  0,  le  gradient  de  pression  correspondent  est  negatif  (grad  p<0) .  Ceci  conduit  3 
un  amortissement  de  la  pression  initiale  et  la  solution  couplee  ne  se  branche  pas  sur  des  solutions  de 
forte  interaction  {22}. 


5^ 

Notons  neanmoins  qu'au-del3  d'une  certaine  compression  la  derivee  d6  (J+l)/dp(J+l)  redevient 
positive  et  les  techniques  de  "jump"  consistent  3  passer  artificiellement  de  la  branche  supercritique  3 
la  branche  subcritique  (IX. 2). 

En  ce  qui  conceme  le  calcul  de  couche  limite  proprement  dit  il  n'a  pas  ete  possible  de  cal¬ 
culer  la  couche  limite  3  6*  prescrit  dans  la  branche  subcritique  et  de  plus  un  tel  calcul  serait  sujet  3 
caution  etant  donne  1 'existence  d'une  solution  double.  Par  contre  dans  la  branche  plus  verticale  (decol¬ 
lement  naissant  et  decollement  franc)  le  calcul  3  5*  prescrit  ne  pose  pas  de  probleme,  la  solution  existe 
et  est  unique  meme  pour  de  tres  forts  decollements. 


L'utilisation  de  peue6*  comme  variable  csl  pl-a  cya"fAeeuse  car  la  branche  supercritique  n'existe 
pas  dpeue6  \J+l)/dp(J+l)  est  toujours  positif  et  dans  le  decollement  la  solution  est  bien  definie,  comme  pour 
6*. 

*  * 

Le  couplage  en  paroi  faisant  intervenir  (Peue6  )  et  non  6  seul,  ainsi  que  1’ absence  de  branche 
supercritique  dans  la  solution  locale  du  problSme  de  couche  limite,  conduisent  done  naturellement  3  utiliser 
peue6*  comme  quant ite  a  imposer  3  la  couche  limite. 


III. 3. 

Integration  numerique  des  equations  de  couche  limite 

Le  systeme  d 'equations  3  resoudre  est  le  suivant  : 

a/ 

<»...!?) 

p 

1 

•  -  : 

b/ 

3u  i  3u  “*ue  3  ,v  -  3u. 

pU  ax  +  PV  37  =  PeUe  ~3x  +  3y  (R~  C  3y > 

* 

t 

t 

c/ 

3h  o  3h  “*Ue  3  .  u  -  3h.  .  u  -,3u,2 

pu  35? +  pv  37  ■  -upeue  ~^  +  w(rrcW)  r  e(w} 

d/ 

IE.  o 

3y 

(7) 

e/ 

.CO 

1  (p  u  -pu)dy  »  p  u  6  «  f(x)  donne 
o  e  e  e  e 

* 

f  / 

£  .  A. 

P  Vi 

*  j 

avec  les  conditions  aux  limites  suivantes  : 
u(x,0)  »  v(x,0)  «  0  adherence 

’  i 

i 

! 

g/ 

3h  1 

(x,0)  ■  0  paroi  adiabatique 

ue 

he  +  — j  *  hT  enthalpie  totale  constante  3  l'exterieur  , 

mf 

Le  modSle  de  turbulence  c,cest  du  type  algf.brique  et  sera  discute  ultSrieurement  (III. 5). 

Les  Equations  sont  ecrites  sous  forme  adimensiomelle  mais  en  variables  non  transformSes  afin 
de  se  prefer  facilement  3  l'emploi  de  modSles  de  turbulence  plus  complexes  que  les  modeles  algSbriques. 

Les  variables  principales  choisies  sont  u  et  h  et  les  terr.es  contenant  soit  p  soit  p  sont  exprimSs  en 
fonction  de  h  et  he  (enthalpie  3  l'exterieur  de  la  couche  limite).  Les  Squations  sont  ensuite  complStement 
linfiarisees  et  Scrites  sous  forme  de  differences  finies  du  second  ordre  en  x  et  y.  Une  formulation  impli- 
cite  est  Svidemment  adoptee  pour  sa  stability. 


."  ~cga«s>. 


La  condition  integrate  /(peue-pu)dy  *  f(x)  eat  traitee  simultanement  avec  les  equations  de 
quantity  de  mouvement  selon  x  et  d'energie.  Contrairement  aux  methodes  directes  la  pression  et  par  conse¬ 
quent  ue  sont  traitdes  conme  des  inconnues.  L' integration  simultande  des  equations  de  quantite  de  mouve¬ 
ment  et  d'energie  est  imposee  par  la  presence  de  p  et  u  dans  l'expression  Peue4  . 

line  integration  successive  de  l'dquation  de  quantite  de  mouvement  et  d'energie  imposerait  une 
solution  iterative  de  1  'equation 


a/  /(p  u  -pu)dy  =  f(x)  du  type 

e  e  (8) 

b/  f(pA  *uk-  k  *uk)dy  «  f(x)  oil  k  designe  1 'indice  d’iteration  sur  les 

termes  non  lineaires 

Cette  procedure  qui  consiste  a  intdgrer  1' equation  de  quantite  de  mouvement  avec  la  relation 
intdgrale  8b/  ne  permet  pas  le  calcul  de  regions  ddcollees  a  des  nombres  de  Mach  eleves  car  le  signe  de 
df (x)/dp(x,y)  depend  du  nombre  de  Mach  local  M(x,y)  alors  que  df(x)/du(x,y)  est  toujours  negatif. 

La  relation  (8. a)  est  done  resolue  avec  les  termes  faisant  intervenir  u  et  p  (done  h  et  he) 
sous  forme  explicite  et  lindarisde  completement  suivant  le  principe  ((AB)+  «  AB+(A+-A)B+A(B+-B)) . 

La  structure  generale  de  la  matrice  pour  un  profil  donne  est  representee  fig. 5.  Chaque  terme 
represente  une  matrice  2t2.  Le  vecteur  representant  la  solution  est  ecrit  sous  la  forme  : 


U(ND1M) 

H(NDIM) 

La  matrice  est  de  type  tridiagonale  avec  en  plus  une  ligne  et  une  colonne.  La  derniere  ligne 
est  utilisee  pour  ecrire  la  relation  intdgrale  7e/  alors  que  la  colonne  represente  l'inconnue  U (NDIM)  ■  u 
et  H(NDIM)  “  he  . 

Chaque  ligne  est  done  de  la  forme  : 


lA<D  l*(Hcil!>)+|B(I)i*(H<i))+lc<I)  l*(u<i:!))^lG<D  I*(h<ndxm>)  '  (D(I» 


la  demidre  ligne  s'ecrivant  ! 


NP7.M 

I  |£(D  | x  jj J  *  (D(NDIM)) 


La  rdsolution  est  effectuee  par  un  algorithme  de  substitution  derive  de  l'algorithme  de 
THOMAS  {23}.  Dans  un  premier  temps,  la  matrice  est  mise  3ous  la  forme  presentee  fig. 6,  ou  |lj  est  la 

matrice  unite  |q  et  les  coefficients  |a|  |y|  et  (4)  sont  donnes  par  les  relations  de  substitution  : 
|ct(I)  |  -  |G(I)|*(|B(I)|-|A(I)  j*|a(I-l)|)-1 

|y(I)|  -  (|G(I)|-1A(I)|*|y(I-J)  |)*(|B(I)|-|A(D|*|a(I-l)I)-1  (12) 

(«(!))  -  ((D(I))-|A(I)|t(4(I-l)))*(|B(I) |-(A(I))*|a(l-l) 

La  derniere  ligne  est  elle-meme  rdduite  par  une  relation  de  substitution. 

| e (1) |  -  |E(I) | -|e(I-l) |*|a(X-l) | 


| e (NDIM) |  -  |E(NDIM) |  -  l  | e(I) | *(6(X) ) 
1-1 


(4 (NDIM))  -  (D(NDIM)) 


NDIM 

l  |e(I)|*(4(I)) 
I- 1 


Dans  un  second  temps  le  vecteur  X  est  calcule  par  rdsolution  de  la  matrice  en  commenqant  par 
la  dernidre  ligne  et  en  remontant.  Les  termes  non  lindaires  sont  resolus  pour  chaque  profil  avant  de 
calculer  le  suivant  en  iterant  jusqu'd  convergence.  Une  sous-relaxation  est  ndeessaire  au  moins  pour  les 
profils  ddcolles  et  la  valeur  relaxee  du  vecteur  X  d  l'itdration  k  est  donnde  par  : 

t  -  +  (l-u)Xk_1 

Le  coefficient  de  relaxation  est  choisi  egal  d  0.5  ce  qui  correspond  d  une  optimisation  pour 
1' integration  d’une  couche  limite  comportant  des  profils  ddcollds.  La  valeur  de  u  peut  etre  prise  dgale 
d  0.8  ou  0.1}  si  la  couche  limite  est  compldtement  attachde.  Le  test  de  convergence  est  effectue  sur  les 
0(1 ) . . .U(ND1M)  et  l 'iteration  arrStde  lorsque  : 
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Uk(I)-Uk~l(I) 

Uk(NDIM) 


<  .0001  pour  tous  les  I. 


Le  nombre  moyen  d' iterations  par  profil  est  da  l'ordre  de  25  pour  le  cas  de  calcul  presents. 

Ce  nombre  doit  pouvoir  etre  nettement  rSduit  par  l'utilisation  de  modgles  de  turbulence  ne  comportant  pas 
de  termes  du  genre  |3u/3y|  ou  bases  sur  tw  ce  qui  n'est  pas  sans  poser  des  problemes  lorsque  tw-*0  (Cf. 
1X1.5). 

III. 4.  Integration  dans  la  region  dScollee 

En  1' absence  de  decollement  1' integration  de  la  couche  limite  dont  les  equations  sont  de  type 
parabolique  s'effectue  dans  le  sens  de  x  croissant,  le  rSsultat  Stant  entiSrement  fonction  des  valeurs 
initiales  et  des  conditions  aux  limites.  Le  caract6re  parabolique  en  +x  est  perdu  dans  le  decollement  car 
les  termes  pu  3u/3x  et  pu  3h/3x  changent  de  signe  ce  qui  autorise  une  influence  de  l'aval  vers  l'amont. 
Les  equations  sont  encore  de  type  parabolique  dans  les  regions  decoliees  mais  dans  le  sens  des  x  decrois¬ 
sants. 

Trois  solutions  sont  possibles  pour  traiter  cette  influence  de  l'aval  vers  l'amont  : 

1/  1' approximation  proposee  par  Flugge  Lotz  et  Reyhner 

2/  If  cnangement  du  sens  d' integration  dans  la  r6gion  dScollee 

3/  les  balayages  successifs  de  toute  la  couche  limite  en  modifiant  les  molecules  de  differences  finies 
dans  les  regions  decoliees 

a)  Approximation  de  Flugge  Lotz  et  Reyhner  {21} 

Cette  approximation  consiste  simplement  2  negliger  les  termes  convectifs  en  x  lorsque  la  vi- 
tesse  longitudinale  devient  negative.  Ceci  permet  de  preserver  le  caractere  parabolique  en  +x  et  d'intS- 
grer  la  couche  limite  en  un  seul  balayage  en  x.  Les  termes 

3u  3h  „ 

pu  —  et  pu  sont  transforme.s  en 

,u+|u|,  du 
p(' 2°  dt 

(14) 

p(HlM)  Oh, 

qui  s’annulent  done  lorsque  u<0.  Cette  uSthode,  tres  utile  pout  initialiser  une  distribution  de  vitesse 
dans  la  couche  limite  ou  pour  calculer  de  faibles  dScollementS,  pose  nSanmoins  des  problSmes  de  convergence 
pour  de  forts  decollements.  Elle  n'a  de  plus  qu'un  caractSre  approximatif ,  assez  raisonnable  en  ecoulement 
laminaire  oil  les  vitesses  de  retour  sont  faibles,  beaucoup  plus  contestable  en  turbulent  oil  des  vitesses 
de  retour  de  Ml. 2  ue  sont  rencor.trees. 

b)  Changemcnt  du  sens  d' integration  dans  la  region  decollee 

La  solution  adoptee  par  CEBECZ  {24}  d'intSgrer  I'extSrieur  du  bulbe  de  l'amont  vers  l'aval  et 
le  bulbe  de  l'aval  vers  l'amont  ei.  u'iterer  jusqu'2  convergence  du  champ  global  est  certainement  la  plus 
efficacc  sur  le  plan  du  temps  de  calcul.  Cependant  l'algorithme  est  relativement  complexe.  De  plus,  dans 
un  calcul  couple  couche  limite/fluide  parfait,  des  iterations  de  couplage  sont  imposSes  et  cette  propriStS 
peut  etre  utilisee  pour  converger  2  la  fois  le  bulbe  de  dScollement  et  la  solution  couplee. 

c)  Balayages  successifs  amont-aval 

L'unfluence  de  l'aval  vers  l'amont  est  dans  ce  cas  rendue  possible  par  la  modification  du  type 
de  differentiation  ("backward"  si  u(x,y)>0, "forward"  si  u(x,y)<0)  des  dSrivSes  partielles  3u/3x  et  3h/3x. 
Pour  stabiliser  la  frontiere  u(x,y)  ■  0  une  differentiation  centrSe  est  appliquee  lorsque  |u(x,y)|<um  . 

La  remontee  des  perturbations  de  l'aval  vers  l'amont  n'excSde  pas  alors  2  mailles  par  iteration  pour  un 
schema  du  second  ordre  et  un  nombre  d'iterations  important  doit  etre  effectuS  (l'ordre  de  grandeur  est 
donne  par  le  nombre  de  profils  dScolles).  Cet  inconvenient  par  rapport  2  la  deuxieme  mSthode  n'est  pas 
critique  lorsque  des  iterations  de  couplage  sont  2  envisager.  Le  mode  de  diffSrenciation  adopts  est  le 
suivant  : 


F+l  3u 
2  3x  b 


3u|  _  3U(J,I)-4U(J-I,I)+U(J-2.I) 

3x|b  “  26x 

3u|  _  -3U(K,I)+4U(J+I ,  I)-U(J+2, I) 

3x|  f  2Ax 


La  fonction  F  assurant  le  melange  amont  aval  Stant  definie  par  : 

F(J’I}  *  tSHtt  *  (1'exp 


.  ;««S^Sy 
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La  vitesse  de  reference  u  esc  Sgale  3  : 

ra 

u  «  .02  u 
m  e 

Une  transition  ''douce"  entre  les  deux  modes  de  differentiation  evite  une  oscillation  de  la 
ligne  u(x,y)  -  0  au  cours  des  iterations  de  convergence  des  terces  non  lir.Saires.  La  vitesse  de  rSfSrence 
est  choisie  suff isamment  petite  pour  Sviter  de  prendre  en  compte  des  dSrivSes  aval  pour  des  profils  bien 
attaches. 


Ill .5.  Modele  de  turbulence 

Le  modele  algebrique  de  turbulence  est  un  modele  3  deux  couches  classiques.  Les  tenses  e  et  e 
apparaissant  dans  7b  et  c  sont  donnes  par  : 


e  » 

e  *= 


07) 


ofl  e  designe  la  viscosite  turbulente,  le  nombre  de  Prandtl  est  pris  Sgal  3  0.725  et  le  rapport  au  nombre 
de  Prandtl  turbulent  est  de  Pr/Prt  “  0.80. 


Le  modele  exteme  £q  est  donne  par  l 

e  =  .0168  u  6?  (18) 

o  e  i 


4>  t 

61  est  l'epaisseur  de  deplacement  incompressible  comptee  a  partir  de  l'ordonnee  y  oil  la  vitesse  s'annule 
dans  le  cas  d'un  profil  decolie 


y(u=0) 


09) 


La  fonction  d'intermittence  y  est  reprgsentee  par  y  «  (l+5.5(y/6)6)  6  etant  l'epaisseur  de  couche  limite 

3  0.99  ue.  Contrairement  aux  calculs  effectuSs  avec  les  equations  de  Navier-Stokes  compl&tes  oil  la  vitesse 
varie  a  l'exterieur  de  la  couche  limite  {7}  et  ofl  des  chocs  prennent  naissance  au  voisinage  de  y  *  6,  la 
frontiere  6  est  bien  definie. 


Le  modele  interne  est  de  type  longueur  de  mglange 
■  du  ■ 


*2  1^1 


avec  l  “  0.4  y  D 

oii  D  est  le  facteur  d'amortissement  de  Van  Driest  donne  par  l'expression 
D  »  I-e  y/ys  ys  epaisseur  de  la  sous  couche  "laminaire" 


y 


s 


Le  module  de  turbulence  ainsi  defini  n'a  pas  fait  l'objet  de  tentative  d’optimisation.  II  est  qualifie 
de  modele  "d'gquilibre"  suivant  la  terminologie  de  SHANG  et  HANKEY  et  de  MAC  CORMACK  {6,  7). 


IV.  ALGORITHME  DE  COUPLAGE 


IV.  I .  Calcul  de  l'ecoulement  exteme 


Bien  que  le  mode  de  calcul  de  couche  limite  soit  de  type  inverse,  la  relation  de  couplage 
ptrmet  d'utiliser  indiff eremment  une  mSthode  directs  ou  inverse  pour  le  calcul  de  1'Scoulement  externe. 

II  est  prSvu  de  coupler  le  present  calcul  de  couche  limite  3  un  calcul  externe  en  mfithode  des  caractSris- 
tiques.  On  utilise  actuellement  une  relation  pression  deviation  donnee  par  : 


P  -  P  O+A6+B02+C82) 


(22) 


ofl  6  est  1 'angle  de  l'Scoulement  externe  prolongs  en  paroi  et  deduit  de  la  i-lation  de  couplage  (17)  : 

A 


6  -  §  (*,0)  -  & 


6*  d_ 
dx  RU(x,0)  dx 


RU(x,0) 


sort 


.A  A  dp  u 

8  -M  +  J - £-i 

dx  peu#  dx 


(23) 


Ces  coefficients  dans  le  developpement  limite  (22)  sont  respectivement  Sgaux  3  : 
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A 


yM 


y>2-T 


B 


(24) 


\  r^)2  H* 


/M5-! 


IV. 2.  M6thode  de  couplage 

L'algorithme  de  couplage  a  pour  fonction  de  pe-nrattre  de  calculer  la  distribution  de  pression 
qui  satisfait  simultanement  les  equations  de  la  couche  limite  et  celles  de  l'ecoulement  externe,  les  deux 
ecoulements  etant  relies  par  la  relation  de  couplage  (17). 

De  nombreuses  procedures  existent  mais  les  methodes  paraissent  assez  laborieuses.  Bien  que 
la  couche  limite  soit  de  nature  parabolique  et  que  dans  le  cas  d'un  ecoulement  externe  supersonique  les 
equations  d'Euler  soient  hyperboliquer ,  le  probleme  couple  ndcessite  une  condition  3  la  limite  aval  pour 
etre  correctement  pose  (9,  13).  Cette  constatation  rappelle  le  caractSre  initialement  elliptique  des 
equations  de  Kavier-Stokes .  Le  couplage  entre  les  deux  regions  externe  et  interne  autorise  en  effet  la 
remontee  de  1 ’information  ce  qui  implique  l'existence  d'une  condition  3  la  limite  aval  pour  fermer  com- 
pletement  le  probleme. 

L'algorithme  propose  par  VERLE  et  VATSA  (4)  qui  prend  automatiquement  en  compte  cette  condi¬ 
tion  aval  par  1 ' intermediaire  de  1 'equation  de  quantite  de  mouvement  ecrite  3  la  paroi  constitue  une 
amelioration  sensible  par  rapport  aux  methodes  de  "tir"  precedenment  utilisees.  La  methode  parait  mal 
adaptee  au  calcul  de  couches  limites  decollees  (calcul  direct  de  la  couche  limite)  et  son  application  3 
une  couche  limite  supercritique  avec  couplage  en  4*  a  jete  un  doute  sur  la  validity  des  methodes  de  cou¬ 
che  limite  en  interaction  (5). 

La  presente  methode  comme  celle  de  WERLE  et  VATSA  traite  implicitement  la  condition  3  la 
limite  aval  et  optimise  le  nombre  d' iterations  de  couplage.  Elle  est  applicable  aux  calculs  directs  ou 
inverses,  et  est  presentee  ici  sous  le  formulation  "r.ixte"  (CL  inverse,  ext  direct). 

Soit  k  1' indice  d' iteration  de  couplage.  Une  estimation  du  gradient  de  pression  en  un  point 
dans  la  couche  limite  3  1 'iteration  k+1  en  fonction  de  1 'angle  6  de  couplage  peut  etre  fournie  par  la 
relation  : 

grad  pk+1  -  grad  Pk  ♦  -3-  ^  P-  (9k+1-6k.)  (25) 

38* 

*  k+I  k+ I  .  . 

De  la  meme  maniere  on  peut  relier  la  pression  externe  P  3  1 'angle  9  en  lin€arisant  la  relation 

pression/deviation  (22) . 

Pk+I  ..  Pk  +  AP<n(8k+l-8k)  (26) 


Les  angles  9  ainsi  que  les  gradients  de  pression  dans  la  couche  limite  etant  calcules  entre  les  mailles 
(derivation  en  deux  points)  la  pression  externe  p  doit  elle-meme  etre  definie  3  la  derai-maille  soit  : 

Pk+'(j +  i) .  etc . 

Lea  distributions  de  pression  externes  et  internes  devant  etre  identiques  3  1' iteration  k+1,  on  doit  done 
verifier  pk+1(J)  *  Pk+,(J). 

Les  relations  (25)  et  (26)  peuvent  etre  combinies  en  eliminant  9  ce  qui  donne  sous  forme  discr6tis€e  : 

k+1. 


pk*'  (J)-pk+1  (J-l )-fpk(J)-pk+l  (J-l ))  pk+'(J)+pk'fl(J-l)-  Pk(J)+Pk(J-D 

-  “  2  AP 


ou  en  notant  S  le  rapport 

4X  *  USEfUl 


39 


2  AP_ 


(27) 


la  prec6dente  relation  s'ecrit  : 

k 


,k+1/T_,\  .  P  (J)*(l-S)-fpK<J)-pK(J-l)l+2  S*fP  (J)+P  (J-l)) 
v  '  S+l 


k+1 


(28) 


Cette  relation  permet  d'estimer  3  la  maille  J-l  la  pression  p  qui  doit  satisfaire  les  equations  de 
couche  limite  et  de  l'ecoulement  extfrieur.  8acha-.it  que  de  plus  on  impose  que  la  pression  aval  soit  dgale 


I 


•■1SE3& 
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3  une  certaitve  valeur  P-+  la  relation  (28)  intggrde  de  l1  aval  vers  l'amont  fournit  une  nouvelle  distribu¬ 
tion  de  pression  pk+l (J*i . . .JMAX) . 

Dans  le  present  calcul,  la  couche  limite  est  calculee  en  mdthode  inverse  et  done,  connaissant 
pk+l(j)  ii  est  facile  de  recalculer  a  partir  d'une  des  relations  (25)  ou  (26).  La  nouvelle  distri¬ 
bution  de  peue6*  est  redefinie  par  l'intggration  de  l'aaont  vers  l'aval  de  la  distribution  0K+ 

(Peue6^+1(x)  -  peue«*(x0)  +  |  8k+*(x)dx  (29) 

xo 

k+ 1  f 

Le  profil  initial  est  perturbs  ,  sa  pression  devant  etre  ggale  1  p  (I)  nais  le  produit  peue6  est  main- 
tenu  constant.  On  retrouve  ainsi  la  solution  de  faible  interaction,  dans  la  mesure  oil  la  forme  du  profil 
initial  eat  compatible  avec  cette  solution.  En  tout  Stat  de  cause,  un  profil  de  type  plaque  plane  four¬ 
nit  une  bonne  approximation. 

La  prisente  methode  se  r£v21e  extremement  rapide  pour  les  interactions  ne  conduisant  pas  au 
dlcollement  de  la  couche  limite  (15  2  20  iterations)  (fig. 7).  Une  sous  relaxation  est  ngeessaire  pour  des 
calculs  incluant  des  dgcollements  du  fait  d'une  part  de  la  non  iin£arit£  des  courbes  peuei*/p  au  voisinage 
du  dgcollement  (fig. 4)  et  d'autre  psrt  parce  que  le  bulbe  de  dgcollement  est  int£gr£  par  des  balayages 
auccessifs  et  que  done  les  distributions  de  p,.ue,  ne  doivent  pas  varier  trep  d'une  iteration  2  1' autre. 

Le  nombre  d'itfration  ngeessaire  es  .  alors  de  30  2  40. 

IV. 3.  Calcul  de  la  derivge  S  - 

••  . .  ■  ■  -  00 

La  linearisation  de  la  relaxation  du  comportement  local  de  la  couche  limite  utilises  pour 
l'acc£l£ration  de  la  convergence  de  la  mgtiwde  de  couplage  n£cessite  la  connaissance  du  terme  S(x)  - 
d  grad  p/de  (Cf  relation  (28)), 

Notons  que  pour  une  couche  limite  de  caractSre  atrieteount 
en  un  point  donn£  x  ■  Xj  depend,  outre  des  conditions  initiales,  ue  la 
A  la  limite,  eoit  en  methode  inverse  de  Peue6*  de  x  ■  Xj  2  x  »  Xj  : 

p(Xj)  -  (P^i’d^),  L  J) 

du  processus  it£ratif  de  couplage  imposerait  ia 


pour  L  »  1 . .  J  (31) 


ce  qui  conduirait  au  calcul  de  j’  termes.  La  linearisation  de  la  relation  grad  p(J)/0(J)  revient  done  a 
ne  considgrer  que  les  deux  diagonalea  principales  de  Is  relation  (31).  Si  k  est  l'indice  de  l'it£ration 
de  couplage  la  pression  en  J  2  1 'iteration  k+1  est  estimSe  par  : 

Pk+'(J)  -  Pk+'(J-D  +  Sk(J)(8k+1(J)  -0k(J))  (32) 


L'optimisation  ideale 

dPj 

*W\ 


parabolique  (attaches)  la  solution 
distribution  en  x  de  la  condition 

(30) 

connaissance  des  dgrivees  (Jacobien) 


On  observe  pratiquement  qv.  la  convergence  est  assurSe  sans  relaxation  sur  la  distribution  de 
0(J)  done  de  peuef*(J)  lorsque  la  couche  limite  est  attachSe.  Par  rontre  lorsque  le  dgcollement  se  produit 
la  dgrivge  S(J)  change  de  signe  dans  les  regions  dgcollees  et  une  sous  relaxation  parait  alors  ngeessaire. 
On  doit  en  plus  considgrer  que  1 'influence  de  l'aval  sur  l'amont  remet,  au  moins  en  th£orie,  la  validitS 
i'  la  relation  (31)  en  cause  puisque  la  pression  en  J  depend  alors  aussi  de  la  distribution  de  Peue6^(X^) 
pour  L>J. 

Cependant,  pour  le  cas  du  calcul  present^  en  (V)  les  dgrivees  grad  p  (Xj)  ont  ete  evaluees  en 
ngg'igeant  les  points  en  aval,  soit  : 


8<ad  Pj_,/2 


p(Xj)  -  p(Xj_,) 
Ax 


®J-l/2 


f(peue«t(XJ)  -  P.u/ttj.,)) 


La  methode  la  plus  directe  pour  obtenir  la  dgrivfe  d  grad  p/de  consiste  2  faire  deux  calculs 
-uccessifs  au  point  Xj  en  perturbant  la  valeur  de  PeueS*  au  point  J.  Cette  mSthode  nScessite  alors  deux 
calculs  de  couche  limite  par  iteration  de  couplage. 

L'gtude  de  la  relation  de  comportement  (III. 2)  a  mont.-g  que  le  terme  de  sensibilitg  S  (pente 
de  la  normale  2  la  courbe  peue$^/p)  changeait  de  signe  lors  du  decollement.  II  est  alors  interessant  de 
relier  S  au  Cf  pour  gviter  le  double  calcul  de  couche  limite  : 

;■(..'  «  ck(J)  (33) 

Le  coefficient  de  proport ionnalitg  est  calculg  en  divers  points  du  champ  par  un  double  calcul 
de  la  couche  limite  oomme  indiqug  precCdemment  et  la  relation  (33)  fournit  une  bonne  approxiration  pour 
les  autres  points. 
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V.  RESULTATS  ET  DISCUSSIONS 


V.l.  Resultats 


Le  calcul  prAsente  est  relatif  au  cai  experimental  etudiA  par  LAW  {10}  et  qui  a  servi  de 
standard  pour  divers  calculs  d'interaction  soit  en  methode  de  couche  limite  {5,  22}  soit  par  resolution 
des  equations  de  Navier-Stokes  {6,  7}.  Le  maillage  utilise  est  de  60»60,  le  pas  en  x  est  constant,  le 
pas  en  y  variable  avec  un  coefficient  d'expansion  de  K  «  1,120  : 

AY ( 1+ I )  -  K  AY(I) 

La  question  du  maillage  au  voisinage  ie  la  charr:‘Are  n’a  pas  ete  abordee.  Le  calcul  est  effec- 
tu6  sur  paroi  plane,  la  deviation  intervient  simplement  au  niveau  de  l'Acoulement.  exteme,  c'est-A-dire 
que  le  cas  de  calcul  est  relatif  A  1' interaction  par  choc  incident  et  non  pas  par  deviation  de  la  paroi. 
L'Aquivalence  entre  les  deux  modes  de  comparaiaon  est  bien  etablie  en  laminaire  car  l’interaction  s'etend 
sur  un  domaine  relativement  grand  par  rapp'-rt  A  l'epaisseur  de  couche  limite  et  done  par  rapport  &  la 
mail^e  en  X.  Dans  le  cas  present  l'equivalcnce  n'est  pas  assur€e,  conme  en  temoigne  le  calcul  de  SHANG 
et  HANKEY  {27}  effectuA  pour  les  deux  modes  de  compression. 

Les  donnAes  du  calcul  sont  «  2.96,  le  nombre  de  Reynolds  A  la  charniAre  de  R^  «  107,  le 

nombre  de  Prandtl  Pr  ■  0,725.  Le  domaine  de  calcul  s'6tend  de  Xq/Xc  «  0,88  AX  /X  ■  1,124  et 

Y  /X  -  0,07.  “ax  c 

max  c  * 


La  viscosite  dynamique  est  approximee  par  une  loi  en  puissance 


r '  (f>  »*> 

Oo  CO 

Les  deux  profils  initiaux  sont  donnes  par  un  calcul  de  couche  limite  direct  {25}.  Le  calcul 
d'interaction  est  initialise  par  une  premiAre  iteration  effectuee  en  method'  directe  A  gradient  de  pres- 
sion  uul.  La  pression  imposee  dans  les  iterations  de  couplage  est  imposee  en  X^X^x  et  Agale  A  la  pres- 
sion  A  1' inf  ini  aval  fournie  par  la  relation  (22).  Compte  tenu  de  la  sous  relaxation  appliqu6e  dans  la 
relation  de  couplage  la  pression  infini  aval  n'est  atteinte  qu'au  bout  Je  7  iterations.  La  valeur 
impos€e  est  ensuite  depassAe  puis  converge  lentement  (fig. 8).  L'Avolution  de  p  et  du  Cf  avec  le  nombre 
d' iterations  est  presentee  sur  la  figure  suivante  (fig. 9).  La  pression  pari€tale  finale  est  prAsentAe 
sur  la  figure  10  en  comparaison  avec  les  r€aultats  experimentaux  et  ceux  obtenus  par  divers  auteurs 
{5,  6,  7}.  Le  Cf  final  est  pr€sent6  figure  II. 

Le  temps  de  calcul  necessaire  pour  obtenir  une  convergence  de  0,52  cur  la  pression  finale  est 
de  12  minutes  sur  IBM  370/168  ce  qui  correspond  A  40  iterations  de  couplage. 

V.2.  Discussion 

L'observation  des  resultats  que  ce  soit  la  pression  parietale  ou  le  Cf  (fig.  10,  II)  montre 
des  Acarts  importants  entre  les  divers  rAsultats  obtenus.  L'approximation  de  couche  limite,  dont  la 
validitA  semblait  douteuse  A  la  suite  Jes  travaux  de  WERLE  et  BERTKE,  ne  semble  pas  devoir  etre  remise  en 
cause.  II  semble  que  dans  le  cas  citA  l'algorithme  de  couplage  (methode  directe/couplage  en  6*)  soit  plus 
vraisemblablement  A  l'origine  du  resultat  trAs  dAcevant. 

Le  raodele  de  turbulence  employe  dans  le  present  calcul  se  rapproche  trAs  nettement  de  celui 
de  HUNG  et  MAC  C0RMACK,  la  difference  se  situant  au  niveau  du  modAle  interne  : 


prAsent  calcul 

<M>2)'/2 


HUNG  et  MAC  C0RMACK  {7} 


Cette  difference  semble  as  ’Z  mineure  et  les  differences  entre  les  calculs  de  HUNG  et  MAC 
C0RMACK  et  le  present  calcul  peuvent  avoir  plusieurs  origines  : 

1/  la  cause  la  plus  probable  est  liAc  A  la  resolution  numArique  faite  sur  paroi  plane,  c'est-A-dire  que  le 
cas  traite  est  celui  de  l'interaction  par  choc  incident.  Le  calcul  comparatif  d'une  interaction  par 
choc  incident  et  par  deviation  de  la  paroi  {27}  montre  que  dans  le  premier  cas  la  distribution  de  pres¬ 
sion  pariAtale  est  decalee  vers  l'amont,  ce  qui  correspond  bien  au  rSsultat,  et  que  lo  minimum  du  Cf 
avant  le  recollement  est  lui  moins  prouonce  ce  qui  est  egalement  observe . 

On  peut  aussi  citer  : 

2/  des  questions  relatives  au  maillage  (60  pas  en  y  dans  le  present  calcul,  31  seulement  dans  le  calcul  de 
HUNG  et  MAC  C0RMACK  pour  la  couche  dissipative  et  une  part  de  1 'ecoulemcnt  non  visqueux). 

3/  la  definition  des  grandeurs  telle  nue  ue  ,  la  valeur  3  la  fiontiAre  de  la  couche  limite,  en  methode  de 
Navier-Stokes,  (SHANG  et  HANKEY  utilisent  ^  qui  semble  se  situer  en  dehors  de  la  couche  limite). 

4/  l'approximation  dp/dy  *  0  de  couche  limite. 

L'obtention  des  resultats  prAsentAs  est  assez  rAcente  et  il  n'a  pas  cncoie  ete  effectuA  do 
tests  comparatif s,en  particulier  1 '^valuation  des  tenr-s  nAgligAa  dans  l'equatio.i  do  quantite  de  mouvement 
normale  A  la  paroi.  Ces  controles  ainsi  qu'un  effort  sur  la  modAlisation  des  tonnes  turbulents  seront 
entrepris  ulterieurement.  La  rapidite  du  calcul  autorise  en  effet  une  Atude  plus  systematique  des  modeles 
de  turbulence  dont  1' importance  est  evictente  pour  le  traitement  des  Acoulements  decolles . 


VI.  CONCLUSION 


Une  mSthode  de  calcul  de  1 ' interaction  onde  de  choc/couche  limite  a  St6  d€velopple.  Elle  uti¬ 
lise  le  concept  de  couche  limite  formulae  en  mdthode  inverse,  lu  condition  S  la  limite  impos6e  est  le  pro- 
duit  peue<5*.  Cette  condition  linite  semble  constituer  le  meilleur  choix,  rnalgre  la  relative  complexity 
qu'elle  entralne  au  niveau  de  1 'integration  de  la  couche  limite,  car  d'une  part  le  couplage  conserve  un 
caractere  subcritique  I  des  nombreo  de  Mach  elev£s  en  £coulement  turbulent,  et  d'autre  part  1 'existence  et 
l'unicitd  de  la  relation  paratt  assuree  dans  les  rfigions  de  forts  gradients,  dfcollement  inclus. 

L'algorithme  do  couplage  base  sur  le  comportement  local  de  la  couche  limite  prend  implicite- 
ment  en  compte  uuc  condition  imposee  i  l'aval  pour  le  problSme  tauplS.  Les  durees  de  calcul  sont  exf.re- 
mement  cooipetit j.ves,  per  rapport  &  une  resolution  des  equations  de  Navier-Stckes  completes  ce  qui  autorise 
l'emploi  d'un  maillage  sort?  (60x60)  sur  un  mini-calculateur. 

Des  divergences  apparaissent  par  rapport  aux  methodes  exacted  (NS)  mais  il  n’est  pas  possible 
d'en  tirer  de  conclusion  definitive,  le  mode  de  production  de  1 'interaction  OC/CL  n'etant  pas  le  meme 
(choc  incident/devintion  de  la  paroi). 

Plusieurs  applications  oont  prgvues  ou  en  cours  actuellenent.  En  nrr  er  lieu,  le  raccorde- 
rrent  A  une  methode  exacte  de  l'ecouleiaent  externe  (caracteristiques) .  Une  extens.o-i  a  des  Scoulements 
tridimen.'ionnels  est  Sgalement  prdvua.  Enfin  un  gros  effort  doit  Stre  consenti  ecvtcs  la  modSlisation  de 
la  turbulence  dont  1' importance  paratt  primordiale  pour  une  prevision  "raisonnable"  de  l'Scoulement. 
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2eme  ordre 


FIG.l  -  Couplage  regulier  (hierarchique)  entre  ia 
couche  limite  et  l'ecoulement  exteme  - 


ler  ordre 


2<?me  ordre 


FIG. 2  -  Couplage  singulier  (simultane)  entre  la 
couche  limite  et  1 'dcoulement  externe  - 


b/  coup'.age  a  la  paroi 
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FIG. 3  -  Interpretation  physique  du 
couplagi  en  6*  et  ft  la  paroi 


FIG. 4  -  Relation  locale  ae  comportement  entre 

£  4 

Pev£,  6  ,  Pgue6  ,  le  Cj  et  la  pressicn  - 


5  -  Structure  de  la  matnce  en  methode 


jj: 

inverse  (5  ou  Peue(S  impose)  - 


rIG.b  -  Structure  de  la  matnce  apres 
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TOWARD  A  SPLINE  TECHNIQUE  FOR  THE  HIGH 
REYNOLDS  NUMBER  INTERACTION  (TRIPLE  DECK)  PROBLEM 

BY 

M.  Napolitano  and  G.  Vacca 
ISTITUTO  DI  MACCHINE,  VIA  RE  DAVID  200, 

70125  BARI  ITALY 

t 

SUMMARY 


The  present  paper  is  concerned  with  the  high  Reynolds  number  viscous-inviscid  inter¬ 
action  problem.  The  numerical  solution  of  the  asymptotic  triple  deck  equations  for  super¬ 
sonic  as  well  as  subsonic  flow  conditions  is. considered.  The  experience  gained  by  the  1st 
author  on  the  continuous  development  of  an  efficient  triple  deck  solver  is  briefly  out¬ 
lined  and  some  results  worthy  of  attention  are  presented.  The  need  for  higher  order  numer 
ical  accuracy  is  pointed  out  and  the  fundamental  steps  necessary  for  developing  a  high-or 
der  numerical  method  for  the  triple  deck  equations  are  followed  thru.  A  fourth-order-accu 
rate  spline  Cauchy  integral  solver  is  presented  and  an  interesting  matrix  singularity 
problem  connected  with  such  a  problem  is  analyzed  in  some  detail.  The  intrinsic  instabili 
ty  of  spline  techniques,  as  applied  to  the  time-like  variable  for  the  case  of  parabolic 
partial  differential  equations,  is  removed  and  a  stable  procedure,  particularly  suitable 
for  the  triple  deck  (or  interacting  boundary  layer)  equations  ,is  presented  and  verified 
for  a  simple  model  problem.  The  logical  steps, necessary  for  combining  all  the  above  into 
a  fourth-order-accurate  spline  triple  deck  solver,  are  finally  indicated. 

1 .  INTRODUCTION 


The  problem  of  high  Reynolds  number  viscous-inviscid  interaction,  including  flow  se£ 
aration,  has  attracted  the  attention  of  many  engineers  and  scientists  for  quite  a  long 
time.  Whereas,  due  to  Prandtl  boundary  layer  theory  (see,  e.g.,  Ref.  1),  high  Reynolds 
number  attached  flows  have  been  thoroughly  understood  for  more  than  half  a  century  and 
the  skin  friction  and  heat  transfer  coefficients  at  the  surface  of  a  body  can  be  routinely 
evaluated  by  solving  the  compressible  flow  boundary  layer  equations,  the  phenomena  of  vis 
cous-inviscid  interaction  and  laminar  separation  have  challenged  for  a  long  time  the  theo 
reticians  and  the  experimentalists  as  well.  In  particular,  for  the  classical  problem  of 
the  shock-induced  separation  of  a  laminar  (or  turbulent)  boundary  layer,  it  has  been  quite 
a  challenge  to  understand  how  the  interaction  of  an  inviscid  supersonic  flow  (for  which 
the  governing  equations  are  hyperbolic)  with  a  boundary  layer  (for  which  the  governing  e- 
quations  are  parabolic)  produces  upstream  propagation  insofar  as  the  boundary  layer  sep¬ 
arates  before  the  shock  inpingement  point.  Without  neglecting  the  contribution  of  many 
other  researchers  to  the  understanding  of  this  phenomenon,  see  for  example  Crocco  (Ref. 2), 
Goldstein  (Ref.  3) ,  Lees  and  Reeves  (Ref.  4) ,  a  complete  and  rational  explanation  of  the 
laminar  separation  phenomenon  has  been  obtained  only  with  the  triple  deck  theory  of  j 

Stewartson  and  Williams  (Ref.  5),  Stewartson  (Ref.  6),  Sychev  (Ref.  7),  Neiland  (Ref.  8)  j 

and  Messister  (Ref.  9) .  For  the  case  of  high  Reynolds  number  laminar  separation  the  dsym£ 


totic  triple  deck  theory  shows  that,  around  the  separation  point,  the  flow  field  is  made 
up  of.  three  regions,  the  inner,  middle  and  outer  deck,  characterized  by  viscous,  inviscid 
rotational  and  inviscid  irrotational  flows,  respectively.  These  three  regions  have  charac¬ 
teristic  nondimensional  length  of  order  Re"3//®,  and  height  of  order  Re"V®,  Re"V2and  Re"®/® 


respectively,  Re  being  the  Reynolds  number  of  the  flow. 

To  first  order  in  the  perturbation  parameter  e  (e  =  Re" 1/®)  the  inviscid  flow  in  the 
outer  deck  is  described  by  the  thin  airfoil  theory,  whe-e  the  thin  airfoil  profile  is  the 
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total  displacement  function,  sum  of  the  body  surface  profile  and  of  the  viscous  displace¬ 
ment  thickness,  the  flow  in  the  inner  deck  is  governed  by  boundary-layer-like  equations 
with  the  pressure  gradient  and  the  total  displacement  thickness  related  by  the  inviscid 
thin  airfoil  interaction  law  and  the  middle  deck  is  a  displaced  Blasius  boundary  layer 
flow, which  has  the  passive  role  of  transmitting  the  pressure  interaction  between  the  out¬ 
er  inviscid  and  the  inner  viscous  flows . 

The  theoretical  significance  of  the  triple  deck  equations  goes  beyond  its  numerous 
practical  applications,  see  for  example  Stewartson  (Ref.  6),  insofar  as  this  rational  as¬ 
ymptotic  theory  has  finally  explained  the  mechanism  of  upstream  propagation  in  high 
Reynolds  number  interacting  fl  's.  Moreover,  they  provide  a  theoretical  basis  for  most  of 
the  approximations  to  the  Navier-Stokes  equations  commonly  known  as  interacting  boundary 
layer  or  parabolized  Navier-Stokes  equations  and  clearly  indicate  the  scale  laws  which  all 
numerical  techniques  have  to  honor  in  order  to  accurately  resolve  high  Reynolds  number  seg 
arated  flows,  see  Davis  and  Merle  (Ref.  10)  and  Davis  and  Rubin  (Ref.  11)  for  a  more  de¬ 
tailed  discussion  of  this  point.  Recent  comparisons  between  interacting  boundary  layer  and 
triple  deck  aquations  for  the  problem  of  supersonic  flow  past  a  compression  corner,  see 
Burggraf  et  al.  (Ref.  12),  and  for  the  problem  of  laminar  separation  by  strong  slot  injec 
tion,  see  Napolitano  (Ref.  13),  have  indicated  that  the  triple  deck  equations  become  real^ 
istic  only  for  extremely  high  values  of  the  Reynolds  number. 

This  would  apparently  reduce  the  practical  interest  of  this  set  of  equations.  Howev¬ 
er,  all  efficient  numerical  techniques,  developed  for  the  triple  deck  equations,  can  be 
easily  extended  to  the  interacting  boundary  layer  equations  and  used  for  the  solution  of 
practical  problems. 

In  addition,  for  the  case  of  subsonic  flow  it  has  been  shown,  by  Jobe  and  Burggraf 
(Ref.  14),  and  by  Chow  and  Melnik  (Ref.  IS)  independently,  that  higher  order  triple  deck 
theory  predicts  the  drag  of  a  finite  flat  plate  quite  accurately  even  at  moderate  values 
of  the  Reynolds  number. 

Furthermore,  it  has  been  postulated  by  Sychev  (Ref.  7),  and  recently  verified  by 
Smith  (Ref.  16),  that  also  for  the  case  of  catastrophic  separation,  e.g.  for  flow  past  a 
circular  cylinder,  the  flow  field  takes  on  a  triple  deck  structure  around  the  separation 
point.  In  conclusion, it  is  now  generally  aknowledged  that  for  properly  modeling  the  high 
Reynolds  number  viscous-inviscid  interaction  phenomenon,  including  separation  effects, 
the  full  set  of  Navier-Stokes  equations  is  not  necessary  and  it  is  sufficient  to  combine 
a  set  of  boundary-layer-like  equations  with  a  thin  airfoil  inviscid  interaction  law, which 
provides  a  connection  between  the  inviscid  pressure  gradient  and  the  viscous  displacement 
thickness. 

In  spite  of  the  great  theoretical  and  practical  significance  of  the  interacting  bound 
ary  layer  and  triple  deck  equations,  the  number  of  numerical  methods  available  for  their 
solution  is  by  no  means  comparable  with  that  of  the  Navier-Stokes  solvers,  and  plenty  can 
still  be  done  with  respect  to  their  efficiency  and  accuracy  as  well.  For  example,  some  nu 
merical  techniques  (see  Ref.  5  and  17)  are  not  capable  of  properly  assessing  separated 
flows,  due  to  ineffective  imposition  of  the  required  downstream  boundary  condition.  Other 
techniques  (e.g.,  Ref.  14,  13  and  18  )  use  a  true  unsteady  time  dependent  approach  which  con¬ 
verges  very  slowly  and,  especially  for  the  subsonic  flow  case  (Ref.  14  and  15),  requires 
a  lengthy  iteration  procedure  for  satisfying  the  interaction  law  at  every  time  step. 

Werle  and  Vatsa  (Ref.  19)  have  developed  an  ADI  (Alternating  Direction  Implicit)  nu¬ 
merical  procedure  for  the  supersonic  flow  interacting  boundary  layer  equations,  which  ef¬ 
fectively  accounts  for  the  boundary  value  nature  of  the  interaction  phenomenon.  Napolita¬ 
no,  Werle  and  Davis  (Ref.  20)  have  then  generalized  such  a  numerical  technique  to  the  su¬ 
personic  and  subsonic  triple  deck  equations.  Napolitano  (Ref.  13)  and  Napolitano  and 
Messick  (Ref.  21)  have  further  improved  that  approach  for  the  case  of  supersonic  and  sub¬ 
sonic  flows,  respectively.  However,  numerical  accuracy,  particularly  in  the  streamwise  di¬ 
rection,  is  still  an  issue.  In  this  respect, the  use  of  splines  interpolating  polynomials 
or  high  order  compact  (Hermitian)  finite  difference  schemes  (see,  e.g..  Ref.  22  and  23) 
could  produce  a  significant  improvement  of  the  ADI  approach.  Unfortunately,  most  Hermitian 
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and  spline  procedures  (see,  e.g.,  Ref.  22  and  23)  have  been  applied  successfully  for  the 
case  of  boundary- layer- like  equations  only  in  the  direction  normal  to  the  flow.  This  is 
probably  due  to  the  fact  that  a  direct  application  of  a  cubic  spline  to  the  solution  of  a 
parabolic  partial  differential  equation,  leads  to  an  unconditionally  unstable  algorithm. 

Aim  of  the  present  work  is  to  remove  such  a  difficulty  and  develop  a  high  order  nu¬ 
merical  procedure  for  the  triple  deck  (or  interacting  boundary  layer)  equations  which  suc¬ 
cessfully  introduces  interpolating  spline  polynomials  in  both  streamwise  and  normal  direc 
tions. 

In  section  2, the  ADI  technique  of  Napolitano  et  al.  (Ref.  20)  will  be  briefly  out¬ 
lined  together  with  its  improvements,  necessary  for  solving  the  difficult  problems^ of  su¬ 
personic  (Ref.  13)  and  subsonic  (Ref.  21)  strong  slot  injection  within  a  reasonable  ccnput 
er  time.  In  section  3, the  development  of  a  spline  numerical  procedure  for  the  viscous-in- 
viscid  (pressure-displacement  thickness)  interaction  law  is  considered.  For  the  superson¬ 
ic  flow  case,  such  an  interaction  law  is  a  two-point  boundary  value  problem  with  the  addi 
tional  difficulty  of  having  the  first  and  second  derivatives  possibly  discontinuous  at  one 
or  more  points  (see,  e.g.,  Ref.  13,20  and  21),  and  the  method  developed  by  Napolitano  and 
Vacca  (Ref.  24)  is  directly  applicable.  For  the  subsonic  flow  case,  the  interaction  law 
contains  a  Cauchy  integral,  for  which  Napolitano  et  al.  have  developed  a  fourth-order-ac¬ 
curate  spline  numerical  procedure  (Ref.  25).  However,  such  a  technique  is  somewhat  awkward 
to  use,  coupled  to  a  triple  deck  equations  solver,  insofar  as  it  requires  the  integrand 
and  the  integral  (in  the  Cauchy  integral  relation)  to  be  evaluated  at  the  gridpoints  and 
at  the  midpoints  of  the  computational  grid,  respectively.  Therefore,  its  formulation  capa 
ble  of  evaluating  both  the  integral  and  the  integrand  at  the  nodal  points  is  derived  and 
a  very  interesting  singularity  problem  is  explained  in  detail. 

In  section  -..a  stable  spline  procedure  for  a  parabolic  partial  differencial  equation, 
particularly  suitable  for  the  boundary-layer-like  interacting  boundary  layer  and  triple 
deck  equations, is  developed  and  verified  for  a  model  problem. 

Finally,  the  logical  steps  for  combining  the  two  techniques  of  sections  3  and  4  into 
a  high  order  accurate  spline  supersonic  and  subsonic  triple  deck  (or  interacting  boundary 
layer)  equations  solver  are  briefly  outlined.  The  authors  are  presently  completing  the  de 
velopment  of  the  supersonic  flow  code  and  hope  to  present  at  least  preliminary  results 
at  the  meeting. 


2.  THE  TRIPLE  DECK  EQUATIONS  AND  THE  ADI  NUMERICAL  TECHNIQUE 


The  problem  of  interest  is  that  of  high  Reynolds  number  laminar  (supersonic  or  sub¬ 
sonic)  flow  of  a  Newtonian  fluid  past  a  flat  plate  (Ref.  6).  (It  is  noteworthy  to  specify 
that  the  theory  is  valid  also  for  more  complex  geometries,  e.g.,  a  circular  cylinder  (Ref. 
16).).  At  a  distance  L  from  the  leading  edge  of  the  flat  plate  a  disturbance  region  is 
produced  by  any  of  several  causes  (see  Ref.  6) .  In  order  to  accurately  describe  the  flow 
field  around  the  disturbance  region,  according  to  the  triple  deck  theory,  independent  and 
dependent  variables  are  nondimensionalized  according  to  the  following  scalings: 
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v*  =  u*  13/4UM3-1)1/8C3/8(T£/T*,  ;3v  , 


(4) 


i  i 


P*  =  P*  +  P*  U^2  X1/2(m2-1)_1/4  c1/4  e2p  _  (5) 

In  equations  (1)  -  (5),  x,  y,  u  and  v  are  the  longitudinal  and  normal  coordinates  and 
velocity  components  respectively;  p  is  the  pressure,  p  the  density,  M  the  Mach  number,  T 
the  temperature,  y  the  viscosity  coefficient,  C  =  u*  Tj/p*  Tw  is  the  Chapman  constant,  and 
X  =  0.332  is  the  Blasius  skin  friction  coefficient.  Subscripts  “  and  w  indicate  free 
stream  and  wall  conditions  respectively.  Equations  (1)  through  (5)  are  then  substituted 
into  the  Navier-Stokes  equations  and  to  first  order  in  the  perturbation  parameter  e  the 
following  triple  deck  equations  are  obtained; 

u„  +  v  =  0  (6a) 

x  y 

and 

uu  +  vu  =  -  ^  +  u  (6b) 

x  y  dx  yy  ' 

with  boundary  conditions 

u (x,F)  =  0  ,  (7) 

v(x,F)  =  Vw  ,  (8) 

u(x,y-«»)  ♦  y  -  6  -  F  ,  (9) 

and  the  initial  condition 

u(x-*-»,y)  -*■  y  ,  (10) 

where  F(F=F(x))  is  the  profile  of  a  physical  disturbance  on  the  plate  (i.e.,  a  hump,  a 
compression  corner,  etc.),  Vw  is  the  value  of  the  velocity  with  which  a  secondary  fluid 
is  eventually  injected  into  the  boundary  layer,  and  &  is  the  perturbation  viscous  displace 
ment  thickness. 

In  the  momentum  equation  (6b)  the  pressure  gradient  dp/dx  is  related  to  the  total 
displacement  thickness,  D  (D  =  5  +  F) ,  by  the  following  interaction  law: 


y  ■  i  C  v  ■  <«> 

where  the  integral  is  a  Cauchy  principal  value  one,  for  supersonic  and  subsonic  flow,  re¬ 
spectively. 

Because  of  equation  (11),  or  (12), the  triple  deck  fundamental  problem  is  of  the  bcund 
ary  value  tipe  and  a  boundary  condition  is  required  for  p  (or  D  equivalently)  at  upstream 
as  well  as  downstream  infinity.  The  key  of  the  success  of  any  numerical  technique  for  this 
problem  is  the  correct  imposition  of  such  a  downstream  boundary  condition. 

This  has  been  accomplished  by  Werle  and  Vatsa  for  the  supersonic  interacting  boundary 
layer  equations  (Ref.  19)  and  by  Napolitano,  Werle  and  Davis  (Ref.  20)  for  both  the  super¬ 
sonic  and  subsonic  triple  deck  equations.  Their  idea  is  quite  simple:  a  relaxation-like 
time  derivative  for  the  total  displacement,  D,  is  added  to  the  right  hand  side-  of  the  mo¬ 
mentum  equation  (6b),  to  give: 

uux  +  vuy  =  '  if  +  uyy  +  It  *  (13) 

then,  a  two  sweep  Alternating  Direction  Implicit  (ADI)  procedure  is  used  to  relax  the  e- 
quations  in  time  until  convergence  is  achieved.  In  the  two  sweeps,  the  solution  is  advanced 
from  time  tn  to  time  t*=  tn  +  At/2  and  then  from  t*  to  tn+^  =  t*  +  At/2  by  writing  the  mo¬ 
mentum  equation  as: 


<uux  +  vu  -  u  )*  =  -  (fg)"  +  X(D*  -  Dn) 


(14a) 
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and 


<““*  *  vuy  -  *  »<D»«  -  D*l 


(14b) 


respectively;  (X  =  2/At) .  In  practice, the  numerical  algorithm  proceeds  as  follows.  In  the 
first  sweep,  the  pressure  gradient  (dp/dx)n  is  a  known  function  and  equation  (14a)  is 
solved  numerically,  coupled  to  continuity  equation  (6a),  to  provide  u* ,  v* ,  D* .  In  the  sec¬ 
ond  sweep, the  right  hand  sides  of  equations  .(14a)  and  (14b)  are  combined  to  give: 


(|f  n+1  =  $>n  +  X  (D 


n+1 


2D*  +  Dn) 


(15) 


The  expression  of  <g£)n+  »  given  by  equation  (15), is  then  introduced  in  the  superson 


ic  or  subsonic  interaction  law,  respectively,  to  give 
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-  2D* 
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,n+1 


x-  £ 
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(17) 


After  evaluating  the  D“ti  distribution  by  means  of  equation  (16)  or  (17),  equation 
(15)  allows  to  evaluate  the  n+1  time  level  pressure  gradient  and  the  whole  process  is 
repeated  until  a  satisfactory  convergence  criterion  is  met.  Equations  (6a)  and  (6b)  are 
solved  by  standard  finite  difference  methods  (see,  e.g..  Ref.  19,  20  and  13).  In  order  to 
evaluate  D*,  Werle  and  Vatsa  iterate  at  every  location  x  (Ref.  19),  whereas  Napolitano, 
Werle  and  Davis  use  a  more  efficient  linear  superposition  technique  (Ref.  20  and  13).  The 
nonlinear  terms  in  the  momentum  equation  (6b)  were  first  linearized  in  space  (Ref.  20)  and 
later  in  time, in  order  to  allow  for  a  simpler  accomodation  of  windward  differencing  (for 
reverse  flow  regions)  and  of  local  discontinuities  (Ref.  13  and  21).  Variable  grid  in  the 
x  direction  has  been  successfully  used  by  Napolitano  (Ref.  13)  and  Napolitano  and  Messick 
(Ref.  21), in  order  to  properly  resolve  flow  properties  (e.g.,  pressure  and  wall  shear), 
which  change  very  rapidly  near  the  separation  point  and  decay  very  slowly  far  upstream 
and  downstream.  Some  interesting  results  have  been  obtained  by  Nc.politano  (Ref.  13)  for 
the  problem  of  strong  slot  injection  into  a  supersonic  laminar  boundary  layer.  The  wall 
shear,  pressure  and  displacement  thickness  profiles,  for  various  values  of  the  injection 
velocity  Vw,are  presented  in  figures  1,  2  and  3.  The  major  points  of  interest  are  that  the 
discontinuous  pressure  gradients  at  the  two  slot  edges  are  properly  captured  (see  Ref.  13 
for  details)  and  that  separation  first  occurrs  ahead  of  the  slot  (see  figure  1),as  ex¬ 
pected  by  Smith  and  Stewartson  (Ref.  17)  on  the  base  of  linear  theory  and  already  veri¬ 
fied  by  Werle  for  a  finite  value  of  the  Reynolds  number  (Ref.  29).  A  step  size  study  for 
the  pressure  at  the  leading  edge  of  the  slot  is  also  presented  in  figure  4,  which  clearly 
indicates  that  accuracy  in  the  streamwise  direction  is  quite  a  problem.  It  is  true  that 
three  different  finite  difference  representations  of  the  pressure  at  the  slot  leading  edg^., 
indicated  as  I,  II  and  III,  produce  the  same  extrapolated  (to  zero  step  size)  value.  How¬ 
ever,  for  finite  values  of  the  step  size  Ax,  the  truncation  errors  are  seen  to  be  quite 

significant  (all  results  in  figures  1  to  3  are  extrapolated  to  zero  step  size  for  the  sake 

of  accuracy) . 

The  technique  of  Napolitano,  Werle  and  Davis  (Ref.  20)  used  originally  a  Crank  Nicol 
son  approach  for  the  star  (*)  sweep  finite  difference  equations  and  was  second-order-accu 

rate  also  in  the  streamwise  direction,  x.  With  such  an  approach  Werle  has  obtained  second- 

order-accurate  results  for  supersonic  flow  past  a  compression  corner.  In  figure  5  the 
shear  and  pressure  profile  obtained  with  a  rather  '-oarse  step  size,  Ax  =  0.6,  are  pre¬ 
sented  for  the  case  of  a  normalized  ramp  angle,  a,  >  q’ al  to  2.5  and  are  favorably  compared 
with  the  extrapolated  results  of  References  19  and  26.  However,  such  an  approach  presented 
the  typical  oscillations  of  the  Crank  Nicolson  scheme  for  small  values  of  the  step  sizes 
ratio  Ax/Ay,  and  it  was  therefore  ill  suited  for  solving  the  triple  deck  problem  for  flow 
past  a  small  rarabolic  hump  (see  Ref.  20) .  For  this  reason,  the  first-order-accurate 
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scheme  was  preferred  and  the  results  of  figure  5  have  never  been  published  before. 

Another  point  worthy  of  attention  is  the  solution  of  the  second  sweep  equation  (17), 
for  the  case  of  subsonic  flow.  The  Cauchy  integral  is  evaluated  with  second  order  accuracy, 
by  integrating  the  term  analytically  over  every  mesh  of  the  integration  domain  after 
extracting  the  node  point  values  of  the  remaining  regular  terms  of  the  integrand  (see  Ref. 
20,  27  and  28  for  more  details).  In  this  way, equation  (17)  is  reduced  to  a  system  of  line¬ 
ar  algebraic  equations  of  the  type 


A  Dn+1 

Af.Dj 


=  b. 


(18) 


_n+1 


whose  solution  prc  /ides  the  sought  vector.  In  the  original  approach  (Ref.  20),  an  iter 

ative  procedure  was  used  to  solve  the  system  (18).  This  was  first  written  as 


[T 


ij  +  (Aij 


Tfj)]  d!?+- 


=  b. 


(19) 


where  T^  is  the  tridiagonal  matrix  whose  main,  upper  and  lower  diagonals,  coincide  with 
the  corresponding  ones  of  A^ ^ .  The  system  was  then  solved  as 


*U  »“>■ 


-  bi  *  <»i] 


v  “S’ 


(20) 


n+1 


and 


by  Gaussian  tridiagonal  reduction  until  the  new  and  the  previous  iteration  values  D. 

n+1  ^ 

converged. 

In  order  to  obtain  convergence,  underrelaxation  was  found  necessary  as  in  previous 
studies  (Ref.  14  and  15)  and  the  overall  convergence  rate  for  the  subsonic  flow  code  was 
about  an  order  of  magnitude  slower  than  that  of  the  supersonic  flow  code.  Later  (Ref.  21), 
since  the  matrix  A^  is  the  same  at  every  new  n+1  time  level,  the  inverse  A^  was  calcu¬ 
lated  once  and  for  all  and  the  solution  to  the  second  sweep  equation  was  obtained  directly 
as: 


Di+1  =  AIj  bj  '  {21) 

With  such  a  technique,  also  employing  the  variable  grid  spacing  of  Ref.  13,  Napolitano 
and  Messick  (Ref.  21)  were  able  to  solve  the  very  difficult  problem  of  strong  slot  injec¬ 
tion  into  a  subsonic  laminar  boundary  layer,  with  a  computational  effort  comparable  to  that 
required  for  the  corresponding  supersonic  flow  problem.  The  wall  shear  profiles, for  varicus 
values  of  the  slot  injection  velocity  Vw,  are  presented  in  figure  6,  where  it  is  seen  that, 
for  the  case  of  subsonic  mainstream,  separation  first  occurrs  after  the  slot. 

Again, it  is  important  to  realize  that  accuracy  in  the  x  direction  is  the  major  diffi¬ 
culty  of  the  ADI  technique  discussed  in  this  section.  A  spline  approach,  fourth-order-accu 
rate  in  the  y  direction  has  been  derived  by  the  present  authors.  However,  they  have  decided 
that  it  was  much  ■  re  important  to  improve  the  accuracy  in  the  streamwise  direction.  This 
required  a  much  longer  effort,  whose  results,  todate,  are  presented  in  the  next  two  sec¬ 
tions. 


3.  A  SPLINE  CAUCHY  INTEGRAL  SOLVER 

It  has  been  seen  that,  for  the  case  of  subsonic  flow,  an  integral  equation  of  the 
Fredholm  type  has  to  be  solved  at  each  second  sweep  of  the  ADI  solution  procedure.  In  or¬ 
der  to  obtain  a  spline  numerical  technique  for  the  triple  deck  equations,  it  is  then  nec¬ 
essary  to  be  able  to  apply  a  spline  technique  to  the  numerical  solution  of  such  an  inte¬ 
gral  equation.  Napolitano  et  al.  (Ref.  25)  have  developed  a  cubic  spline  procedure  for  the 
numerical  solution  of  a  Cauchy  integral  of  the  type: 

1  (x>  =  *a  '  a  <  *  <  b  •  (22) 

They  have  considered  both  the  direct  and  inverse  problem,  i.e.  either  the  numerical  e 
valuation  of  I(x),  for  a  given  f(5),  or  that  of  f(£),  for  a  known  I(x).  The  integration  do 
main  (a,b)  is  divided  into  an  arbitrary  number  of  meshes  of  constant  length  h  and  a  compu¬ 
tational  grid  is  formed  with  x^  ( j=1 ,2 , . . . ,N;  x^=a;  xn=b)  being  its  gridpoints  and  x^  (x^ 

=  xi+7'  i*1  »2, . . .  ,N-1 )  being  its  midpoints . 


In  equation  (22)  the  integrand  is  replaced  by  its  cubic  spline  interpolating  polyno¬ 
mial  S(£)  on  each  mesh,  to  give 


N-1  xj+1 

I(x.)  =  Z  t  / 

1  3=1  Xj  xi  5 


where 


S(5)  =  k 


(xi+l'5r  .  (5'X3r  .  ..  Vi-* 


($-x.) 


j  6h 


■*■}'  2  *-i+1 

;i+l“ +  <f /6)  h 


+  (£j+rkj+ih2/6)  ifpi  ,  (24) 

(see,  e.g.,  Ref.  22)  and  i‘ .  and  k.  are  the  spline  aoproximations  of  f(£)  and  its  second 
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derivative  d  f(£)/d-"  at  the  nodal  point  x^.  All  these  f^  and  k^  values,  which  are  con¬ 
stant  over  each  mesh,  are  then  brought  out  of  the  integrals,  see  equation  (23),  and  all 
the  terms  containing  £  are  integrated  analytically.  After  some  lengthy  algebra,  the  fol¬ 
lowing  final  equation  is  obtained 

N-1  r (x, —x. ) 3  -  (x.-x.  .)3  (x,-x. ,.)3  x.-x... 

■  ji,  h  (  1  3  iii,1'3*1 — W13-  * -Vs 

<«  -  *£*■  **]  *  % 

*  -  <251 

with 

xi-xi  2 
Ln  =  In  1  i 

xi  xj+1 

Equation  (25),  after  that  all  the  k^  have  been  determined  by  the  known  values  of  f ^ , 
allows  to  evaluate  1(5^)  at  all  midpoints  with  fourth  order  numerical  accuracy  (see  Ref. 
25) .  For  the  case  of  the  inverse  (Cauchy  integral)  problem,  after  eliminating  all  the  k^ 
unknowns  in  terms  of  the  f^  unknowns,  equation  (25)  provides  r.  system  of  N-1  linear  equa¬ 
tions,  which, together  with  a  closure  equation, is  solved  to  provide  all  the  f..  (j=1,2,...,N) 
unknowns.  Such  a  closure  equation  was  needed  because  the  Cauchy  integral  was  evaluated  at 
the  midpoints  of  the  integration  domain  ,  in  order  to  avoid  the  singularity  at  the  tv/o  ex 
tremes,  a  and  b,  where  I(x)  diverges  if  f(£)  does  not  vanish.  It  is  clear  that  in  the 
triple  deck  problem, where  the  integration  domain  is  infinite  and  the  integrand  vanishes 
as  x-*-±<»,  such  a  problem  does  not  arise.  Moreover,  it  is  extremely  important  to  be  able 
to  evaluate  the  Integral  Kx^)  and  the  integrand  f(Xj)  at  the  same  nodal  points.  Therefore, 
the  method  of  Ref.  25  has  been  generalized  to  the  case  in  which  x^=xi*  A  straightforward 
application  of  equation  (25),  with  x^x^  is  seen  to  produce  4  singular  logarithmic  terms, 
due  to  the  integration  over  the  two  meshes  immediately  adjacent  to  the  point  where 

the  argument  of  the  integral  diverges.  However,  such  a  difficulty  can  be  easily  removed 
and  the  Cauchy  integral  can  be  properly  evaluated  at  the  nodal  points,  as  follows.  Equa¬ 
tion  (23)  is  rewritten  as: 

!(*,)  -  *Xj+1  5I£1££  +  /i+1  Si£if£  +  V  /3+1  ism.  (26) 


3=1  x, 


j=i+1  xs 


The  first  and  last  terms  in  the  right  hand  side  of  equation  (26)  lead  to  two  equa- 
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tions  formally  identical  to  equation  (25),  without  any  singular  term.  Moreover,  a  correct 
evaluation  of  the  middle  term  gives 


=  ki-i  is  +  (fi-rki-iV>  -  ki+i  Tff  -  (fi+rk 


vi-i 


h. 

i+1  T)' 


(27) 


It  is  noteworthy  that  the  same  correct  value  for  T(x^)  is  obtained  by  using  equation 
(25)  and  setting  all  the  logarithmic  terms  equal  to  zero,  if  either  the  numerator  or  the 
denominator  of  the  argument  of  the  logarithm  is  zero.  A  final  difficulty  arises  when  the 
Cauchy  integral  is  evaluated  at  either  extreme  of  the  integration  domain  (where  f  must  be 
zero  in  order  for  I  to  exist).  For  this  case,  e.g.,  for  1(a),  it  is  convenient  to  write 


I  (a,  =*a+hm^  +  *b  SI£IS£ 

a“5  a+h  a“§ 


(28) 


The  second  term  of  the  right  hand  side  of  equation  (28)  is  evaluated  by  means  of  e- 
quation  (25)  by  replacing  1  with  2  as  the  lower  index  of  the  summation  signs  and  the  first 
term  can  be  easily  shown  to  provide 


/+h  S(5)dC  f  .  ..  h2  {k2“k1,h 
\  -3TTT  ~  f2  +  k14  +  9 


(29) 


Again,  the  same  result  is  obtained  by  using  equation  (25)  and  setting  to  zero  the 
singular  logarithmic  terms. 

It  is  noteworthy  that, for  the  case  of  the  subsonic  interaction  law, the  integration 
domain  is  infinite  and  the  far  upstream  and  downstream  contributions  are  accounted  for,  an 
alytically.  For  this  case,f.j  does  not  need  to  be  zero  and  1(a)  is  evaluated  by  combining 
the  contributions  from  a-h  to  a  and  from  a  to  a+h,  as  in  equation  (27).  Also,  the  present 
approach  provides  the  nodal  points  extension  of  the  second-order-accurate  Cauchy  integral 
solver  of  Napolitano  (Ref.  27)  by  simply  replacing  the  cubic  spline  S(£)  of  equation  (24) 
with  its  linear  counterpart,  obtained  by  dropping  all  terms. 

In  order  to  verify  the  present  procedure,  the  following  two  model  problems,  for  which 
the  analytical  qolution  is  available  (Ref.  30),  have  been  considered 


I1  (x) 


=  ^  =  (1-x2)  (x  In  -  2)  +| 


i2(x>  - 1  (i+$y_vsH 


d£  =  x(1-x2)  (x  In  -  2)  +  |x  , 


(30) 


(31) 


for  which  f(a)  =  f(b)  =0,  so  that  1(a)  and  1(b)  are  finite.  I1  (x)  has  been  chosen  because 
the  present  fourth-order-accurate  cubic  spline  method  should  provide  the  exact  solution 
for  any  step  size,  h;  I2(x),  as  a  general  model  problem.  Equation  (25),  with  the  previous¬ 
ly  outlined  special  treatments  for  the  otherwise  singular  logarithmic  terms,  has  been  used 
to  evaluate  Ii (x^  and  IjJx^).  The  exa^t  values  of  fj  have  been  used  and,  according  to 
Ref. 


25,  the  kj  values  have  been  evaluated  as 


k . 


(32) 


at  all  the  internal  gridpoints  and  as  their  linear  extrapolation  from  the  two  neighboring 
points  at  the  two  extremes  of  the  integration  domain,  i.e., 


k1  "  2k2  ” 


'3  •  kN  =  2kN-1  "  “N-2 
The  same  computer  program  has  been  used  to  evaluate  I1 (x)  and  I2 (x)  according  to 
both  the  fourth-order-accurate  and  the  second-order-accurate  methods  (by  setting  all  k^ 
values  identically  to  zero  in  the  second  case) .  The  results  for  I2(0.2)  are  plotted  in  fig¬ 
ure  7  as  the  truncation  errors,  e  (difference  between  analytical  and  numerical  values)  ver 
sus  the  step  size,  h  and  are  seen  to  verify  the  expected  order  of  accuracy  of  the  present 
nodal  points  Cauchy  integral  evaluation  technique.  Moreover,  the  fourth-order-accurate  cu 
bic  spline  procedure  has  evaluated  1^  (x)  exactly,  as  expected. 

In  the  subsonic  flow  interaction  law,  the  unknown  displacement  thickness  appears  also 
inside  the  Cauchy  integral.  It  is  therefore  extremely  important  to  be  able  to  solve  for 
the  unknowns  f^,  given  the  values  of  Kx^).  For  this  Cauchy  integral  inverse  problem,  the 


(33a, b) 
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use  of  equation  (25) ,  after  that  all  the  kj  have  been  eliminated  in  favor  of  the  f j  un¬ 
knowns,  by  means  of  equations  (32)  and  (33a, b) ,  provides  a  system  of  N  linear  algebraic  e- 
quations  for  the  N  unknowns, fy 

For  simplicity,  since  f1  and  fN  must  be  zero  in  order  for  I(x^)  and  I(xN)  to  be  fi¬ 
nite,  equation  (25)  is  written  only  at  all  internal  gridpoints  and  provides  a  system  of 
N-2  linear  algebraic  equations, 

Aijfj  =  h  (i  =  2,...,N-1;  j  =  2 , . . . ,N-1 )  .  (34) 

It  is  noteworthy  that,  by  evaluating  both  1^  and  f^  at  the  same  nodal  points,  the 
closure  equation  required  in  Ref.  25  becomes  unnecessary.  However,  the  present  approach 
has  produced  a  new  difficulty,  due  to  a  particular  symmetry  property  of  the  matrix  A^. 

For  both  the  cubic  and  linear  spline  methods,  the  elements  a^  of  matrix  A^  ^  are  such 
that 

ai,j  *  "  a  (N-1  -i),(N-1-j)  (35) 

and,  therefore,  A^  is  singular  for  all  odd  values  of  N,  whereas  it  is  invertible  for  all 
even  values  of  N.  This  result  is  extremely  important  insofar  as  it  indicates  that  the  sys 
tern- (34)  has  a  unique  solution  vector  fj,  only  for  values  of  the  step  size  h  associated 
with  even  values  of  the  order  of  the  matrix  A^...  This  is  obviously  a  numerical  difficulty, 
due  to  the  discretization  of  the  Cauchy  integral  problem, and  requires  a  full  explanation. 
It  can  be  seen  that  the  singularity  of  the  matrix  A^  is  due  to  the  row  corresponding  to 
xi=0.  This  row  is  clearly  antisymmetric  (see  equation  (35))  as  it  can  be  easily  understood 
by  noting  that  every  function  f (?) , which  is  even  with  respect  to  the  midpoint  of  the  inte 
gration  domain  (a, b) , produces  a  Cauchy  integral  I(x)  which  vanishes  at  such  a  point.  There¬ 
fore,  it  is  the  coincidence  of  a  gridpoint  with  the  center  of  the  numerical  integration 
domain,  which  causes  the  matrix  A^  to  be  singular  and  allows  for  spurious  solution  vec 

tors,fj.  Each- of  these  vectors  is  symmetric  and  its  elements  fj  change  sign  at  every  succe£ 
slve  gridpoint.  It  is  therefore  clear  that  they  are  a  nonphysical  solution,  since,  for 
N +«>, the  only  regular  function  which  changes  its  sign  infinite  times  is  the  null  function. 
At  this  point,  it  is  also  clear  why,  when  the  Cauchy  integral  values  are  given  at  the  mid 
points  of  each  mesh  (Ref.  25),  no  singularity  is  encountered.  For  this  case,  in  fact,  if 
the  integral  1(5^)  happens  to  be  evaluated  exactly  at  the  middle  of  the  integration  dcmain 
the  spurious  solution  vectors  should  have  two  successive  elements  (adjacent  to  5^)  equal 
and  with  opposite  sign. 

The  function  f(?),  corresponding  to  the  model  problem  of  equation  (31),  has  been  eval 
uated  for  several  even  values  of  N,  using  both  the  cubic  and  the  linear  spline  approxima¬ 
tions.  The  numerical  results,  presented  in  figure  8,  again  as  the  truncation  errors  ver¬ 
sus  the  step  size  h,  clearly  demonstrate  the  correctness  of  the  approach. 

The  relevance  of  the  present  study  to  the  solution  of  the  interacting  boundary  layer 
and  triple  deck  equations  is  quite  evident.  Every  numerical  technique,  for  evaluating  the 
argument  of  the  Cauchy  integral  in  the  subsonic  interaction  law,  is  liable  to  produce  a 
matrix  A^  which  is  singular  for  odd  values  of  N.  Since  most  of  these  numerical  techniques 
are  iterative  in  nature  (see,  e.g.,  Ref.  14,  15  and  20),  such  a  singularity  (of  A^)  would 
invariably  produce  a  divergent  solution.  It  .is  probably  due  to  this  reason  that,  before 
Napolitano  et  al.  (Ref.  20)  have  successfully  used  an  inverse  technique  for  the  subsonic 
interaction  law,  only  direct  methods  were  considered  feasible. 


4.  A  SPLINE  TECHNIQUE  FOR  A  PARABOLIC  PARTIAL  DIFFERENTIAL  EQUATION 

In  section  2,  it  has  been  seen  that  for  the  ADI  technique,  as  applied  to  the  triple 
deck  equations,  the  accuracy  in  the  direction  normal  to  the  body  surface  is  much  higher 
than  the  accuracy  in  the  streamwise  direction.  Therefore,  it  would  be  extremely  benefi¬ 
cial  to  introduce  a  high-order-accurate  method,  based  on  spline  polynomials,  at  least  in 
the  x  direction.  However,  most  numerical  procedures,  applied  to  parabolic  partial  differ¬ 
ential  equations  (PDE)  use  high  order  spline  and  Hermitian  concepts  only  for  the  normarching 


•*  "r.v  r  ■■ : 


direction  (see,  e.g.,  Ref.  22  and  23),  whereas  first-order-accurate  backward  or  second- 
order-accurate  central  (Crank  Nicolson)  finite  difference  approximations  are  used  in  the 
marching  (time-like)  variable. 

In  the  present  section  a  high-order-accurate  spline  technique  (in  both  directions) 
for  a  parabolic  PDE  is  developed  and  verified  for  the  following  linear  model  problem: 
fyy  =  fx  (OSxSIi  0<y<1)  (36) 

with  initial  and  boundary  conditions  such  that  the  exact  solution  is: 

— TT^X 

f(x,y)  =  e  sin  ny  (37) 

For  the  problem  given  in  equation  (36)  ,  a  fourth-order-accurate  (in  y)  spline  proce¬ 
dure  using  a  fifth  order  interpolation  polynomial  is  given  by  Rubin  and  Khosla  (Ref.  22). 
A  block  tridiagonal  system  of  equations  is  solved  at  every  location  x^  to  provide  the 
spline  approximations  to  f  and  fyy,  i.e.,  fi;.and  (i=1 ,2, . . . ,1}  j=1 ,2, . . . ,  J)  .  In  order 
for  the  f A j  values  to  be  fourth-order-accurate  also  in  the  time-like  x  variable,  it  is 
sufficient  to  introduce  a  cubic  spline,  S(x),  formally  identical  to  S(f-),  given  in  equa¬ 
tion  (24)  ,  with  fi;.  and  ki;.  being  the  cubic  spline  approximations  to  the  function  f(x^,y^) 
and  its  second  (partial)  derivative  Por  such  a  cubic  spline  S(x),  fourth- 

order-accurate  forward  and  backward  approximations  to  the  first  order  derivative,  fx,  are 


given  in  terms  of  the  f. 


and  k^  values  (Ref.  12)  as 


-  -  f  (ki-i,j  +  °-5ki>  + 


fx(xi'yj>  ~  T  (ki,j  T  T - 55 -  • 

These,  together  with  the  fourth-order-accurate  spline  approximations  of  fyy,  given 
by  Rubin  and  Khosla  (Ref.  22) ,  provide  the  fallowing  fourth-order-accurate  approximations 
to  the  governing  equation  (36) 


+  0.5k. 


fi,j“fi~1, 


-¥  <ki-1fj  +  °-5ki> 

f  (ki,j  +  °-5ki-1>  + 


Mi,j  =  (Li,j+1  +  10Li,j  +  Li,j-1>  /  12  •  (42) 

If  the  initial  conditions  f.  . ,  k.  j  and  L.  .  are  known  for  all  j  values, eouation  (41) 

•  /  3  1 /  3  1  >  3 

written  at  all  x0  .  nodal  points  provides  a  set  of  two  by  two  block  tridiagonal  equations 

9  J 

in  the  unknowns  f„  . ,  L~  .,  k_  .  ( j=l ,2 , . . .  ,J) . 

9  J  *>9  J  *•9  j 

Moreover,  equation  (40),  written  at  all  x,  .  locations,  allows  to  eliminate  all  k,  . 

* /  3  *  /  3 

in  favor  of  the  f0  ^  and  L,  .  unknowns  which  can  then  be  straightforwardly  solved  by  block 
*  1 3  ‘  i  3 

tridiagonal  Gaussian  reduction  (Ref.  31).  The  solution  is  then  advanced  to  the  next  sta¬ 
tions  x,  .  by  writing  equations  (40)  and  (41)  at  the  x,  .  locations  and  so  on.  Unfortunate 
—  /  3  /  J 

ly,  this  very  simple  high-order-accurate  numerical  procedure  is  unconditionally  unstable, 

as  a  racher  complex  Von  Neumann  stability  analysis  clearly  indicates  (Ref.  32)  and  numeri¬ 
cal  experiments  inevitably  verify.  This  instability  is  basically  due  to  the  intrinsic 
stiffness  of  spline  interpolating  polynomials,  which  are  extremely  sensitive  to  branching 
phenomena,  whenever  the  boundary  conditions  are  given  on  the  same  side  of  the  integration 
domain.  It  is  therefore  clear  that  such  an  instability  would  certainly  be  eliminated  if 

one  could  provide  a  downstream  boundary  condition,  e.g.,  f.  .  or  k.  ..  However,  the  prob- 

i  /  3  i  /  j 

lem  given  in  equation  (36)  is  parabolic  in  nature  and  does  not  require  any  downstream  (in 
the  x  direction)  boundary  condition.  At  t.iis  point,  it  is  necessary  to  recall  that  the 
triple  deck  (or  interacting  boundary  layer)  equations  are  of  the  boundary  value  nature 
because  of  the  interaction  law.  Therefore,  for  this  case  of  extreme  practical  interest, 
kT  .  can  be  either  taken  to  be  zero  or  evaluated  by  an  asymptotic  theory  and  an  iterative 
stable  procedure  can  be  easily  constructed:  equetions  (40)  and  (41)  are  solved  by  consid¬ 
ering  an  old  iteration  value  of  k,  .  and  evaluating  the  new  iteration  values  of  k,  .  • , 

1/3  i  1  /  J 

f,  .  and  I.,  j  for  all  gridpoints  x, ,  y..  The  final  kT  .  values  are  fixed  boundary  condi- 
i»3  i/3  13  i/3 
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tions,  whereas  all  the  other  k^j  values  are  updated  at  every  iteration.  A  fictitious  time 
derivative  ffc  can  be  eventually  added  to  equation  (37)  in  order  to  optimize  the  conver¬ 
gence  of  the  algorithm. 

It  is  obvious  that  this  high-order-accurate  method  is  expected  to  be  very  efficient 
for  the  triple  deck  problem, where  an  iteration  procedure  is  already  required  because  of 
the  interaction  law.  For  the  case  of  a  simple  parabolic  equation,  the  gain  in  accuracy  is 
offset  by  the  increased  computational  effort  and  by  the  lack  of  the  required  downstream 
boundary  condition.  However,  this  last  difficulty  is  easily  removed  by  using  a  simple  bade 
ward  finite  difference  representation  for  f  in  the  first  sweep  of  the  solution  procedure. 
In  this  way  a  first  order  accurate  initial  solution  for  f,  .  is  obtained  together  with  the 
following  boundary  conditions  for  kT  . : 

kI,j  =  (2fI,j  "  5fI-1,j  +  4fI-2,j  "  fI-3,j>/**2  <43> 

Two  points  are  of  particular  interest:  first,  the  use  of  a  first-order-accurate  solu¬ 
tion  as  the  initial  guess  for  the  iterative  procedure  accelerates  its  convergence  (the 
method  is  unconditionally  stable) ;  second,  the  local  first  order  accuracy  of  k_  .  does  not 

l ,  j 

reduce  the  overall  order  of  accuracy  of  the  method  (see,  e.g.,  Ref.  24).  The  algorithm,  as 
described  above,  has  been  applied  to  the  model  problem  of  equation  (36) .  The  results  for 
f,  a i  ^  and  k,  . ,  at  the  center  of  the  integration  domain  (x,  = y,  =0.5),  are  provided 

1  f  J  1  #  J  1  f  J  11 

as  the  logarithms  of  the  truncation  errors  versus  the  logarithms  of  the  step  size  h  (Ax  «= 

Ay = h) ,  in  figure  9,  where  the  fourth  order  accuracy  of  f,  .  and  M,  .  and  the  second  order 

j  1 1 3 

accuracy  of  k.  .  are  clearly  verified. 

1 1 3 

For  the  sake  of  completeness,  it  is  pointed  out  that  an  improvement  in  the  conver¬ 
gence  rate  of  the  present  algorithm  can  be  obtained  oy  updating  all  the  k.^  ^  values  after 
each  iteration  by  enforcing  the  continuity  of  the  spline  first  derivative  on  each  mesh  of 
the  integration  domain,  i.e.,  by  evaluating  all  k^^  ^  from  the  following  tridiagonal  system 
of  equations 


(fi-1,j  "  2fi,j  +  fi+1,j)  =  ki-1,j  +  4ki,j  +  ki+1,j  '  (44) 


Ax 


CONCLUSIONS 

The  numerical  procedures  developed  in  sections  3  and  4  can  be  combined  together,  to 
provide  a  fourth-order-accurate  spline  ADI  procedure  for  the  triple  deck  (or  interacting 
boundary  layer)  equations,  on  the  lines  of  References  20,  13  and  21.  The  authors  are  pre¬ 
sently  working  at  this  problem  and  hope  to  present  preliminary  results  at  the  conference. 
However,  sections  3  and  4  present  two  novel  approaches, which  are  of  considerable  interest 
per  se,  for  their  relevance  to  computational  fluid  dynamics. 
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SUMMARY 

A  method  has  been  developed  for  calculating  the  laterally  symmetric  separated  flow 
past  a  slender  elliptic  cone  at  incidence,  including  the  calculation  of  the  position  of 
the  separation  line  when  the  boundary  layer  is  laminar.  The  method  falls  into  two  parts; 
a  vortex  sheet  model  for  the  outer,  invisciJ  separated  flow,  and  a  triple-deck  model  of 
the  viscous-inviscid  interaction  of  this  external  flow  with  a  laminar  boundary  layer  on 
the  cone. 

A  uniformly  valid  representation  of  the  vortex  sheet  is  adopted,  which  represents  a 
considerable  advance  on  previous  techniques  for  calculating  vortex  sheets  using  slender 
body  theory.  The  method  is  capable  of  calculating  the  shape  of  the  vortex  sheet,  its 
vorticity  distribution,  the  pressure  distribution  over  the  cone,  etc,  for  an  elliptic 
cone  of  arbitrary  cross-secvional  eccentricity  at  incidence  with  specified,  symmetric, 
separation  positions. 

These  pressure  distributions  have  been  used  to  'drive'  a  conventional  laminar 
boundary-layer  calculation  in  an  attempt  to  predict  the  separation  position  in  an 
iterative  manner.  It  is  shown  that  this  approach  is  -unsatisfactory  and  that  a  triple¬ 
deck  is  needed  to  describe  the  interaction.  Results  are  presented  for  the  predicted 
separation  positions,  which  show  good  agreement  with  experiment. 


LIST  OF  SYMBOLS 

a  length  of  semi-major  axis 

A  coefficient  in  equation  for  sheet  shape  (Fig  1) 

A1  coefficient  in  equation  for  sheet  shape  (Fig  16) 

A'  coefficient  in  equation  for  pressure  gradient  (Fig  14) 

b  length  of  semi-minor  axis 

c  numerical  constant  (Eg. (6)) 

Cp  pressure  coefficient 

g  vortex  sheet  strength  (Eg. (4)) 

h  height  above  cone  surface 

i  /=! 

j  integer  index 

k  slenderness  parameter 

p  static  pressure 

q  dynamic  pressure 

r  radius 

Re.,  Reynolds  number 

t  cone  thickness  ratio  (b/a) 

x,  y,  z  Cartesian  body  axis  coordinates 

y,  z  local  axis  system  near  separation  (Fig  1) 

W  complex  potential 

Z  complex  coordinate 

a  incidence 

r  circulation  of  isolated  vortex 

8  angular  coordinate 

a  arc  length  along  vortex  sheet 

x  skin  friction 

4>  velocity  potential 

<t>  perturbation  velocity  potential 

9  vortex  sheet  angle 

♦  vortex  sheet  tangent  angle 

subscript  s  separation 

e  external  (to  boundary  layer) 
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INTRODUCTION 


Aircraft  aerodynamiclsts  have  been  predominantly  concerned  with  the  flow  over  wings 
for  many  years.  This  is  hardly  surprising,  as  the  function  of  a  wing  is  to  generate  a 
large  aerodynamic  force  which  makes  up  nearly  all  of  the  lift  and  a  large  part  of  the 
drag  acting  upon  an  aircraft  in  flight.  However,  within  the  last  thirty  years  it  has  been 
realised  that  various  body-like  shapes  can  produce  appreciable  forces  that  must  be  con¬ 
sidered  in  the  design  of  an  aerospace  vehicle.  In  particular,  attention  has  recently  been 
focussed  on  the  problem  of  forebody  separation  from  the  noses  of  aircraft  and  missiles 
being  flown  at  high  incidences.  These  separations  produce  lifting  and  side  forces  that 
are  important  when  considering  the  stability  and  control  of  flight  under  such  extreme 
conditions. 

The  cone  may  be  regarded  as  the  simplest  forebody  shape  that  exhibits  the  important 
features  of  such  flows,  ie  the  separations,  and  study  of  the  flow  about  a* cone  at  inci¬ 
dence  will  help  in  the  understanding  of  the  fundamental  fluid  mechanics  involved  in  such 
flows.  As  such,  the  cone  holds  a  position  with  respect  to  flows  about  the  wider  class  of 
slender  bodies  similar  to  that  held  by  the  plane  delta  wing  with  respect  to  flows  about 

slender  wings.  In  either  case,  the  main  feature  of  the  flow  at  moderate  to  high  inci¬ 

dences  is  the  presence  of  separations  in  the  form  of  rolled-up  spiral  shear  layers  lying 
above  the  wing  or  body.  In  the  case  of  the  wing,  these  separations  spring  from  the 
(usually  sharp)  leading  edges,  as  the  boundary  layers  from  the  upper  and  lower  surfaces 
flow  off  the  wing  and  merge  to  form  a  free  shear  layer.  The  vorticity  contained  in  the 
shear  layer  causes  it  to  roll  up  and  ultimately  convect  into  a  vortex  core  which  lies  in 
a  predominantly  streamwise  direction.  Because  of  the  geometric  simplicity  of  the  plane 
delta  wing,  and  because  the  separation  position  is  fixed  by  the  sharp  leading  edges,  it 
has  attracted  many  attempts  to  model  this  flow,  leading,  notably,  to  the  development  of 
the  vortex  sheet  model1. 

When  a  slender  body  of  smooth  cross  section,  such  as  a  cone,  is  placed  at  a  large 
incidence  in  a  flow,  separations  that  are  of  a  fundamentally  similar  nature  to  those  seen 
on  the  delta  wing  are  observed  (Fig  1).  However,  there  are  now  no  sharp  (salient)  edges 
to  fix  the  separation  position,  which  appears  as  a  line  running  along  the  body.  This 
separation  is  the  result  of  a  rather  more  subtle  interaction  between  the  boundary  layer 

and  the  external  flow  than  is  the  case  with  the  wing.  Since  it  is  hoped  to  model  this 

interaction  mathematically,  great  care  must  be  taken  in  the  representation  of  the  vortex 
sheet  in  the  vicinity  of  the  separation  line,  as  this  local  behaviour  is  found  to 
dominate  the  interaction.  An  analysis  of  the  inviscid  flow  in  the  vicinity  of  the 
separation  line  on  a  smooth,  slender  body  has  been  carried  out  by  Smith2,  who,  using  the 
vortex  sheet  model  within  the  framework  of  slender  body  theory,  obtained  two  important 
results: 

(1)  if  vorticity  is  being  shed  from  the  body  and  convected  into  the  vortex  sheet,  the 
sheet  leaves  the  surface  of  the  body  tangentially; 

(ii)  the  curvature  of  the  sheet,  measured  in  the  plane  normal  to  the  separation  line,  is 
generally  infinite  at  its  base  ('singular'  separation)  or  has  a  curvature  locally  equal 
to  that  of  the  body  ('smooth'  separation). 

These  results  are  of  particular  importance  when  considering  the  development  of  a  vortex 
sheet  model  to  describe  flows  over  slender  bodies,  and  ah  important  part  of  the  work 
reported  here  is  the  incorporation  of  this  local  behaviour  of  the  sheet  into  a  global 
model  of  the  flow. 

Having  obtained  a  model  of  the  inviscid  flow  that  properly  represents  the  vortex 
sheets,  the  boundary  layer  must  be  considered,  so  that  the  separation  position  may  be 
found  and  thus  complete  the  theory.  Cooke-1  calculated  the  development  of  a  laminar 
boundary  layer  on  a  cone  at  incidence,  without  representing  the  vortex  sheets  in  the 
inviscid  flow,  ie  he  considered  only  attached  flow.  It  is  a  straightforward  extension  of 
his  work  to  replace  the  attached  flow  pressure  distributions  used  by  him  with  pressure 
distributions  from  the  vortex  sheet  model  This  suggests  an  iterative  procedure  for 
matching  viscous  and  inviscid  separation  positions,  as  first  outlined  by  Smith4,  but 
results  presented  here  show  that  this  is  an  unsatisfactory  approach,  as  the  viscous- 
inviscid  interactior  cannot  be  described  by  conventional  laminar  boundary  layer  theory 
alone. 


A  closer  examination  of  the  problem  in  the  vicinity  of  the  separation  reveals  that 
a  triple-deck  is  required  to  describe  the  interaction.  An  analysis  of  this  problem  has 
been  carried  out  by  F.T.  Smith5  as  an  extension  of  his  earlier  two-dimensional  work  based 
on  the  ideas  of  Sychev6.  The  results  of  this  analysis  show  that  the  triple-deck  intro¬ 
duces  a  Reynolds  number  effect  on  the  position  of  the  separation  line,  which,  wnen 
included,  giv-=*s  separation  line  positions  that  agree  well  with  experimental  values. 

2  MATHEMATICAL  MODEL  OF  THE  FLOW 

The  complete  problem  is  of  course  one  of  solution  of  the  full  Navier-Stokes  equa¬ 
tions,  but  various  simplifying  assumptions  can  be  made  to  bring  the  problem  close?  to  the 
classical  aerodynamic  one  of  matching  viscous  and  inviscid  flows,  but  in  a  rational7 
rather  than  an  empirical  way.  These  assumptions  are  summarised  below. 

(i)  The  flow  is  steady  and  laminar.  Disturbances  of  large  time  scale  (sheet  motion, 
sheet  tearing  and  unsteady  shedding)  are  not  described. 
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(ii)  The  Reynolds  number  of  the  flow  is  high.  A  consequence  of  this  is  that  the  effects 
of  viscosity  are  confined  to  thin  shear  layers  on  the  body  and  in  the  flow.  Vorticity  is 
generated  in  the  boundary  layers  and  convected  into  free  shear  layers.  In  the  limit  of 
infinite  Reynolds  number,  when  the  flow  is  inviscid,  these  layers  become  infinitesimally 
thin,  and  the  free  shear  layers  are  represented  by  surfaces  of  discontinuity  in  the 
velocity  field,  or  vortex  sheets,  and  there  is  no  viscous  diffusion  of  vorticity. 

(iii)  The  body  is  slender.  The  cross-sectional  extent  of  the  body  is  small  compared  with 
its  length.  It  is  also  assumed  that  the  meridional  slope  of  the  body  is  sufficiently 
smooth  in  some  sense  (see  Ward®  for  details,  and  Lighthill9) .  An  immediate  consequence 
of  this  assumption  is  that  at  moderate  Mach  numbers,  any  shocks  present  (eg  bow  shocks) 
will  be  weak.  This,  combined  v-'th  the  high  Reynolds  number  assumption  from  above,  means 
that  any  vorticity  not  contained  in  the  shear  layers  will  be  weak,  and  the  flow  outside 
the  layers  may  be  approximated  by  an  irrotational  one.  As  such,  the  flow  velocity  may  be 
written  as: 


u  =  v<i> 

ie  a  velocity  potential  exists.  The  governing  equation  for  <J>  is  the  so-called  full 
potential  equation,  which  is  a  nonlinear  partial  differential  equation.  However,  the 
assumption  of  slenderness  yields  a  further  simplification.  Because  of  the  difference  in 
longitudinal  and  transverse  length  scales, variation  in  flow  quantities,  including  the 
potential,  are  greater  in  the  transverse  'cross-flow'  planes  than  along  the  length  of  the 

body.  Consequently,  terms  like  are  regarded  as  small  in  comparison  with  and 

—  ,  and  dropped  from  the  full  potential  equation.  This  is  an  incomplete  argument,  as 

far  from  the  body  the  longitudinal  perturbations  are  as  great  as  the  cross-flow  perturba¬ 
tions,  which  have  decayed,  and  the  near-field  or  'inner*  approximation  of  slenderness  is 
no  longer  valid  in  this  outer  region.  The  inner  problem,  to  leading  order,  is  when  the 
body  is  approached  so  closely  that  only  the  cross-sectional  extent  of  the  body  is  'seen' 
by  the  flow,  the  body  appearing  to  be  of  infinite  length.  In  the  outer  region,  the 
finite  extent  of  the  body  is  realised.  A  more  detailed  analysis  may  be  found  in  Ref  10. 
It  emerges  that  the  outer  solution  is  only  needed  to  determine  an  overall  pressure  level 
at  each  cross-flow  station  and  is  not  considered  further. 


The  inner  problem  is  the  main  concern  of  this  paper,  and  may  be  expressed  in 
general  terms  as  follows.  Within  a  region  close  to  the  body,  where  y  and  z  are  0(k), 
where  k  is  some  slenderness  parameter  (see  Fig  2),  we  assume  that  if  F(x,y,z)  is  some 

function,  then  fjj  =  °(k  ff  '  k  ff)  *  and  write  the  potential  as: 

*  =  Ux  +  k2* 


where  <t>  is  0(1)  .  Inserting  these  into  the  full  potential  equation  yields: 


Or,  to  0(k2) 


*  ih  *  k2» 

3z 


o(k2)  . 


(1) 


So,  a  consequence  of  the  slenderness  assumptions  is  that  the  flow  appears  two-dimensional, 
at  least  in  terms  of  its  governing  equation.  However,  careful  study  will  show  that  the 
ghost  of  three-dimensionality  still  haunts  the  boundary  conditions.  For  example,  consider 
the  body  boundary  condition  of  flow  tangency  at  the  body  surface.  If  the  equation  of  the 
body  surface  is  S(x,y,z)  =  0  ,  then  this  condition  is: 


VS  .  v4>  =  0 


(2) 


On  introducing  the  slenderness  assumptions,  this  becomes: 


3S  +  3*  3S  +  3*  3S 
3X  3y  3y  3 Z  3z 


The  last  two  terms  will  be  recognised  as  a  velocity  component  normal  to  the  body  surface 
in  the  cross-flow  plane,  so  the  body  cross-section  is  not  a  streamline  of  the  two- 
dimensional  cross  flow. 

The  outer  boundary  condition  ir,  in  terms  of  the  body  axes  used  here: 

i  ~  oz  +  0(log(z2  +  y2))  .  (3) 

We  note  that,  strictly,  we  require  «  *  0(k)  . 
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Along  with  the  body  surface,  the  vortex  sheets  are  also  boundaries  of  the  potential 
flow  region,  and  boundary  conditions  must  be  specified  on  them.  These  boundary  conditions 
reflect  the  requirements  that  the  vortex  sheets  are  stream  surfaces  of  the  three- 
dimensional  flow,  and  that  they  sustain  no  pressure  difference.  The  slender  body  versions 
of  these  two  conditions  are  well  known1*11.  In  principle,  the  vortex  sheets  are  each  of 
infinite  extent,  but  for  computational  convenience  only  a  finite  part  of  the  sheet  is 
represented,  the  many  turns  representing  the  core  being  replaced  by  a  concentrated  vortex, 
joined  to  the  free  end  of  the  finite  part  of  the  sheet  by  a  cut.  This  cut  renders  the 
potential  single-valued,  and  represents  the  vestiges  of  the  sheet  feeding  the  core.  The 
isolated  line  vortex  will  not  in  general  be  aligned  with  the  flow,  and  so  will  experience 
a  force.  This  force  is  balanced  by  an  equal  and  opposite  force  on  the  cut,  so  the  fluid 
is  globally  force  free.  The  two  components  (in  the  cross-flow  plane)  of  this  vector 
force  condition  are  sufficient  to  determine  the  position  of  the  isolated  vortex,  but  a 
further  condition  is  required  to  determine  its  circulation.  For  separation  from  a  sharp 
edged  wing,  the  Kutta  condition  of  smooth  flow  off  the  leading  edge  is  invoked1  to  remove 

the  singularity  that  is  present  in  attached  flow.  For  flow  past  a  body,  there  is  no 

singularity  in  the  attached  flow  that  is  'relieved1  by  separation  and  so  the  Kutta 
condition  has  to  be  redefined  .  At  the  separation  line  we  have  already  enforced  that  the 
sheet  be  tangential  to  the  body,  but  this  is  not  sufficient  to  prevent  flow  from  crossing 
the  sheet  there,  as  it  may  effectively  'slide'  between  the  sheet  and  the  body.  To  prevent 
this,  we  constrain  the  velocity  vector  on  the  inside  of  the  sheet,  between  it  and  the 
body,  to  lie  along  the  separation  line  at  the  base  of  the  sheet2. 

A  limiting  case  of  the  vortex  sheet  model  is  when  the  finite  part  of  the  vortex 
sheet  is  omitted,  and  the  entire  separation  represented  by  an  isolated  vortex  and  cut. 

A  model  of  this  type  has  been  used  by  Bryson12  for  the  flow  past  cones.  It  emerges  from 

his  study  that  solutions  could  not  be  obtained  for  all  combinations  of  incidence  and 

separation  line  location. 

The  greatest  failing  of  slender  body  theory  is  that  it  does  not  allow  for  upstream 
and  downstream  influence  (except  via  convected  vorticity)  between  one  cross-flow  plane 
and  another.  Apart  from  the  case  of  supersonic  flow  (which  has  not  been  excluded  from 
the  inviscid  model) ,  there  will  always  be  an  upstream  influence  of  the  base  of  the  body 
which  has  a  marked  effect  on  pressures,  etc.  This  is  in  general  due  to  some  Kutta 
condition  at  the  trailing  edge.  For  a  real,  finite  body  in  subsonic  flow,  slender  body 
theory  is  only  relevant  some  way  upstream  of  the  base.  In  supersonic  flow  no  information 
can  be  transmitted  upstream,  and  slender  body  theory  is  a  uniformly  valid  approximation. 
However,  as  we  are  concerned  with  forebodies,  there  are  no  trailing  edges. 

To  complete  the  assumptions  used  in  deriving  the  inviscid  model,  we  note: 

(iv)  the  flow  is  assumed  to  be  conical  with  separation  in  the  form  of  symmetrical  vortex 
sheets.  Secondary  separations  are  ignored.  The  assumption  of  conical  flow  simplifies 

?  r  r 

the  specification  of  the  boundary  conditions,  as  terms  like  -r-  may  be  replaced  by  —  . 

d  X  X 

Conical  flow  is  a  similarity  solution  in  which  the  configuration  of  the  vortex  sheets, 
etc,  need  only  be  found  in  one  cross-flow  plane,  the  solution  in  other  planes  following 
by  simple  scaling  of  the  appropriate  quantities. 

The  conical  form  of  the  vortex  sheet  boundary  conditions,  and  conditions  on  the 
isolated  vortex,  are  shown  in  Fig  3.  Here,  and  in  all  subsequent  sections,  the 
variables  have  been  non-dimensionalised;  lengths  with  respect  to  the  local  length,  a  , 
of  the  semi-major  axis  of  the  cone  cross  section,  and  velocities  with  respect  to  kU  , 
where  k  ,  the  slenderness  parameter,  is  chosen  to  be  the  tangent  of  the  cone  semi-apex 
angle  as  measured  in  the  horizontal  plane  (=  a/x) ,  and  U  is  the  velocity  of  the  free 
stream. 

The  inviscid  problem  has  row  been  reduced  to  finding  the  solution  of  Eg.(l)  subject 
tc  boundary  conditions  (2)  and  (3) ,  and  boundary  conditions  on  the  sheet  and  isolated 
vortex  summarised  in  Fig  3,  along  with  the  Kutta  condition  at  the  base  of  the  sheet. 

3  SOLUTION  OF  THE  BOUNDARY  VALUE  PROBLEM 

Writing  $  as  the  real  part  of  a  complex  analytic  function  W(Z)  ,  where 

Z  =  y  +  iz  ,  then  $  automatically  satisfies  Eq.(l),  and  the  problem  is  now  to  con- 

dW 

struct  a  complex  potential  (or  more  usually,  its  derivative  =  v  -  iw  ,  the  conjugate 

compltv.  velocity)  that  satisfies  the  appropriate  boundary  conditions.  In  particular, 

W(Z)  can  be  written  as  a  sum  of  terms  representing  various  components  of  the  flow,  ie 
body  thickness,  incidence,  vortex  sheets,  etc  and,  by  using  appropriate  singularities, 
the  boundary  condition  (3)  can  be  readily  satisfied.  As  we  are  dealing  with  the  two- 
dimensional  Laplace  equation,  the  use  of  conformal  mapping  techniques  is  possible,  and 
thin  greatly  simplifies  the  construction  of  the  complex  potential.  The  use  of  image 
systems  also  ensures  that  boundary  condition  (2)  is  satisfied.  A  series  of  conformal 
transformations  is  used,  as  it  is  simpler  to  specify  different  terms  of  the  potential  in 
different  complex  planes,  and  a  special  transformation  is  used  to  regularise  the 
behaviour  of  the  sheet  shape  near  its  base.  The  sequence  of  transformations  is  shown  in 
Fig  4.  The  first  transformation  maps  the  elliptic  cross  section  of  the  cone  onr.o  a 
circular  contour.  In  this  plane,  it  is  a  simple  matter  to  write  the  terms  that  represent 
the  incidence  of  the  cone,  its  downstream  growth  (the  tangential  flow  condition  on  the 
cone  surface) ,  and  the  terms  representing  the  isolated  line  vortices  (the  cores) .  For  the 
vortex  sheet,  wc  have  the  usual  integral  representation1,  so  we  write: 
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-ength  of  the  vortex  sheet, 
r.  .j: stormed  sheet  position. 


■up lex  -onjuga'a.  ’.ote  that  this  expression  is  non-dimensionalised 
\t_ or.  lenticueo  earlier. 


A  numerical  ap;  rox.>  to  the  integral  in  Eq.  (4)  must  be  mac'e ,  but  this  approxi¬ 

mation  xS  fraught  wi_h  difficult!*,,  peculiar  to  the  separation  from  :  smooth  surface. 

Coov  .xtional  integration  fon.ilae  as  used  in  previous  vortex  sheet  studies  [eg  Simpson's 
or  trapezoidal  ruie)  have  er.  >v  which  are  unbounded  as  the  vortex  sheet  is  approached 
closely.  This  ir-  because  thee'.  integration  formulae  effectively  replace  the  continuous 
distribution  of  vorticity  ever  the  sheet  by  point-vortex  like  terms,  whose  position  anu 
strength  depend  upon  the  particular  integration  rule  used.  As  the  sheet  is  approached, 
this  'lumped',  discrete  nature  of  the  vorticity  Is  apparent,  and  the  sheet  is  not 
represented  satisfactorily,  Ari  image  of  the  vortex  sheet  lies  on  the  other  side  of  the 
cone  surface,  and  it,  put  there  to  satisfy  the  flow  tangency  condition  on  the  body  surface. 
At  the  base  of  the  sheet,  this  image  runs  into  tangential  (cusped)  contact  with  the  sheet. 
As  boundary  conditions  are  to  be  applied  on  the  sheet,  and  details  of  the  solution  in  the 
region  of  the  sheet  base  are  required  for  modelling  the  interaction,  a  different  integra¬ 
tion  process  has  to  be  used,  as  the  tangential  contact  of  sheet  and  image  makes  the 
problem  one  of  close  approach  there.  In  contrast,  for  the  case  of  the  wing,  the  image  is 
effectively  a  continuc.tion  of  the  main  sheet  with  continuous  tangent,  and  this  close 
approach  problem  does  not  arise. 


What  is  needed  is  a  representation  of  the  integral  that  preserves  the  continuously 
distributed  vorticity  on  the  sheet,  and  this  is  achieved  by  use  of  a  'panel'  method.  The 
finite  part  of  the  sheet  is  discretised  into  a  series  of  contiguous  segments  of  specified 
arc  lengths.  Values  of  the  sheet  strength  and  sheet  tangent  angle,  g  and  ,  at  the 
panel  junctions  are  produced  during  the  course  of  the  iteration  process  to  be  described 
later,  but  the  variation  of  these  quantities  over  the  length  of  the  segment  is  left  to  be 
chosen  (freely).  So,  the  integral  is  written  ass 
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The  choice  of  assumed  variation  of  panel  shape  and  vorticity  over  the  panel  is 
guided  by  the  wish  that  each  part  of  the  sum  (5)  be  expressed  in  closed  form.  This  is 
not  possible  directly,  as  again  the  requirement  for  a  good  representation  of  the  vortex 
sheet  near  its  base  means  we  should  be  prepared  to  deal  with  infinite  curvature  there. 

So,  before  the  sheet  integral  is  evaluated,  some  further  transformations  are  applied.  The 
circular  contour  representing  the  cone  cross  section  is  first  collapsed  onto  a  vertical 
slit,  then  the  origin  is  translated  to  the  transformed  separation  position.  The  vertical 
axis  is  then  folded  into  the  lines  bounding  the  upper  right-hand  quadrant  of  the  final 
transformed  plane.  It  may  readily  be  shown  that  as  a  result  of  this  last  folding  trans¬ 
formation,  the  curvature  at  the  sheet  base  of  the  form  shown  in  Fig  1  is  made  finite.  In 
fact,  the  image  of  the  sheet  in  the  final  transformed  plane  has  everywhere  finite  curva¬ 
ture,  and  its  shape  may  be  approximated  by  a  set  of  contiguous  circular  arcs  having 
common  tangents  at  their  junctions.  This  may  be  seen  if  we  consider  the  intrinsic 
equation  of  the  transform  of  the  vortex  sheet  (Fig  5) .  The  slope  of  this  curve  is  the 
curvature  of  the  sheet,  and  a  circular  arc  appears  as  a  straight  line.  By  patching 
together  circular  arcs,  we  obtain  a  'trapezoidal'  approximation  to  the  variation  of  ^ 
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./ith  o  .  An  assumed  variation  of  sheet  strength  over  the  panel  is  adopted  that  matches 
at  the  end  points,  so  the  sheet  strength  is  continuous.  The  choice  of  distribution  of 
sheet  strength  is  governed  by  the  desire  to  express  the  components  of  the  sum  (5)  in 
closed  form.  Following  Mangier  and  Smith13,  we  select  a  distribution  of  the  form 
g(0)  =  cos  $  +  $2  sin  8  over  the  arc,  where  8  is  an  intrinsic  angle  for  the  segment 

(see  Fig  6).  The  integral  representing  the  velocity  induced  by  a  circular  arc  having 
this  distribution  of  vorticity  is  evaluated  in  closed  form.  Because  of  the  continuity  of 
sheet  tangent  and  strength,  this  velocity  is  continuous  along  the  entire  length  of  the 
sheet,  except  at  the  free  end,  and  consequently  we  may  specify  boundary  conditions  at  the 
panel  junctions.  If  we  have  n  panels,  then  we  have  2n  unknowns,  namely  the  sheet 
tangent  angle  and  strength  at  one  end  of  each  panel.  The  sheet  strength  and  tangent 
angle  at  the  other  end  are  identical  with  the  values  for  the  abutting  panel.  The  base 
segment  end,  at  the  separation  position,  has  its  sheet  angle  fixed  by  the  requirement  of 
tangency  to  the  body,  and  its  strength  set  to  zero,  so  as  to  obtain  a  finite  value  in  the 
physical  plane,  through  the  singularity  in  the  mapping  derivative  there.  Tc  solve  for 
these  2n  unknowns,  the  pressure  condition  and  normal  velocity  condition  are  applied  at 
the  panel  junctions  and  midway  along  the  length  of  the  last  panel,  which  has  a  free  end, 
so  wei  obtain  2n  equations.  The  distribution  of  panel  lengths  is  arbitrary,  but  it  may 
be  chosen  to  give  fine  detail  near  the  separation  position.  Here,  the  folding  trans¬ 
formation  helps,  as  it  tends  to  concentrate  points  in  the  vicinity  of  the  separation  line 
when  they  are  mapped  back  to  the  physical  plane.  It  is  useful  to  reduce  panel  size  in 
the  core,  where  the  radius  of  curvature  of  the  sheet  again  becomes  small. 

With  this  construction  of  the  complex  potential,  we  can  take  a  guessed  configura¬ 
tion  of  the  vortex  sheets,  separating  from  a  specified  position  on  a  cone  of  elliptic 
cross  section  at  given  incidence,  automatically  satisfying  the  boundary  conditions  on  the 
body  and  at  infinity,  and  evaluate  the  errors  in  the  boundary  conditions  on  the  sheets 
and  at  the  isolated  vortices.  It  remains  to  obtain  a  configuration  for  the  vortex  sheets 
and  isolated  vortices  that  will  satisfy  the  boundary  conditions  to  within  an  acceptably 
small  tolerance  of  error.  This  is  done  in  an  iterative  fashion. 

4  ITERATIVE  SOLUTION  PROCEDURE 
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The  technique  used  is  a  scheme  similar  to  that  developed  by  Barsby  .  In  this 
method,  an  initial  approximation  to  the  solution  (a  guessed  sheet  shape,  etc)  is 
successively  improved  by  a  multi-dimensional  Newton  Iteration  scheme.  The  solution  is 
regarded  as  having  converged  when  the  sum  of  the  squares  of  the  difference  between  the 
velocities  required  to  satisfy  the  boundary  conditions  and  those  actually  achieved  is 
typically  less  than  10-6  to  10~8.  This  scheme  requires  a  'good1  starting  approximation 
to  the  solution,  and  so  a  thin,  wing-like  cone  was  first  taken,  with  one  of  Smith's1  wing 
solutions  as  the  -Jtatjting  guess  for  the  sheet  shape,  etc.  When  convergence  had  been 
attained  for  this  thin  ellipse,  the  thickness  of  the  cone  cross  section  was  increased, 
and  that  solution  used  as  a  starting  guess.  In  this  way,  the  thickness  of  the  cone  was 
successively  increased  between  iterations,  until  a  right  circular  cone  solution  was 
obtained.  It  was  also  possible  to  vary  the  incidence  and  separation  position  in  a 
similar  way  between  iterations. 

5  INVISCID  RESULTS 

An  example  of  the  type  of  solution  found  by  the  in’/iscid  model  is  shown  in  Fig  7. 
This  is  for  a  circular  cone  at  an  incidence  equal  to  three  times  its  semi-apex  angle, 

( ie  a  relative  incidence  of  3),  with  separation  occurring  113°  around  from  the  windward 
generator.  This  separation  position  was  taken  from  the  experimental  results  of  Rainbird 
et  aZ15.  Their  experiments  were  carried  out  in  a  water  tunnel,  and  the  boundary  layers 
were  laminar.  The  observed  core  position  is  marked  by  a  cross  on  the  figure,  and  the 
location  of  the  computed  core  corresponds  to  a  shift  outboard  of  the  order  of  10%  of  the 
cone  radius.  A  similar  discrepancy  has  been  found  with  vortex  sheet  solutions  for  wings 
when  the  secondary  separation  is  laminar.  It  may  partly  be  accounted  for  in  this  case  by 
the  presence  of  a  large  secondary  separation  that  was  visible  in  the  experiments,  but  not 
accounted  for  in  the  calculation.  This  was  seen  to  lie  under  the  main  core,  and  could 
displace  this  core  inboard.  It  is  of  note  that  for  the  cone  incidence  and  separation 
position  found  in  this  experiment,  no  solution  exists  using  Bryson's12  model.  Another 
set  of  experiments  were  carried  out  by  Rainbird16,  for  a  cone  in  a  supersonic  flow  at 
high  Reynolds  number,  with  turbulent  boundary  layers.  One  of  the  effects  of  a  turbulent 
boundary  layer,  indeed  the  only  one  from  the  point  of  view  of  the  inviscid  model,  is  to 
move  the  separation  position  further  around  the  cone  from  the  windward  generator.  One  of 
Rainbird' s16  cases  has  been  computed,  corresponding  to  a  circular  cone  at  a  relative 
incidence  of  2.52,  with  separation  occurring  132°  from  the  windward  generator,  and  the 
result  for  the  sheet  shape  shown  in  Fig  8.  Again,  a  small  error  in  core  location  is 
evident.  Rainbird16  also  carried  out  a  total-head  survey  for  this  case,  and  the  results 
of  this,  with  the  calculated  vortex  sheet  overlaid,  is  shown  in  Fig  9.  The  discrepancy 
in  the  apparent  location  of  the  early  part  of  the  sheet  as  indicated  by  this  survey  is 
attributed  to  the  displacement  effect  of  the  boundary  layer. 

In  Ref  17,  Zacharov  presents  results  for  the  calculation  of  the  separated  flow  past 
a  slender,  circular  cone  using  a  time  evolution  method  based  upon  .the  equivalence  of 
three-dimensional  conical  steady  flow  and  two-dimensional  unsteady  flow.  His  result  for 
the  sheet  shape  for  this  case  is  also  shown  in  Fig  9.  It  is  seen  that  his  solution  gives 
a  rather  more  flattened  core  than  has  been  obtained  by  the  present  method.  The  total-head 
survey  would  tend  to  indicate  that  his  sheet  intrudes  into  the  secondary  separation,  the 
main  core  appearing  to  be  more  circular.  The  position  of  the  isolated  vortex  in  the  two 
methods  is  very  close,  having  almost  the  same  error  in  location  with  respect  to  the 
observed  core  location. 
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One  of  the  solutions  for  a  10%  thick  ellipse  is  shown  in  Pig  10.  This  is  for  an 
elliptic  cone  at  an  incidence  equal  to  three  times  the  semi-apex  angle  of  the  cone  as 
measured  in  the  horizontal  plane.  This  is  close  to  a  wing-like  solution,  with  a  large 
core.  The  core  position  is  practically  indistinguishable  from  that  for  a  wing  of  the 
same  semi-apex  angle  at  the  same  incidence. 

The  effect  of  cone  thickness  on  nonlinear  lift  is  illustrated  in  Fig  11.  This  shows 
the  variation  of  the  nonlinear  component  of  the  normal  force  with  separation  position  for 
different  cone  thicknesses,  all  at  a  relative  incidence  of  3.  The  separation  angle  is  a 
parametric  one,  so  that  the  coordinates  of  the  separation  position  in  the  cross-flow 
plane  are  given  by 

ys  =  cos  es 

z  =  t  sin  6 
s  s 

where  t  is  the  thickness  ratio  of  the  cone  and  0c  is  the  parametric  angle. 

A  lower  limit  to  the  separation  angle  was  found  during  the  course  of  the  calculations, 
corresponding  to  the  sheet  just  making  regular  contact  with  the  cone  surface  at  separa¬ 
tion  ( ie  smooth  separation).  A  lower  value  for  would  have  the  sheet  turning  into  the 

cone  after  separation.  Thus,  smooth  separation  marks  one  end  of  the  plots  shown  in 
Fig  11,  the  other  end  of  the  plot  being  arbitrarily  truncated  at  the  90°  separation 
position,  ie  the  end  of  the  semi-major  axis.  The  effect  of  thickness  is  to  reduce  the 
amount  of  nonlinear  lift,  the  maximum  value  being  found  for  the  case  of  the  wing.  For  a 
given  thickness,  the  maximum  nonlinear  lift  occurs  at  smooth  separation.  It  should  be 
noted  that  the  amount  of  linear  lift  is  independent  of  separation  position  and  cone 
thickness. 

\ 

!  The  circumferential  pressure  distribution  corresponding  to  the  first  solution  shown 

t  (Fig  7)  is  shown  in  Fig  12.  Also  shown  for  comparison  are  the  pressure  distributions  for 

attached  flow  (no  vortex  sheets),  and  the  pressures  as  measured  in  Ref  14.  The  suction 
peak  due  to  the  vortex  core  is  well  marked.  The  attached  flow  pressure  distribution  was 
used  by  Cooke^  to  calculate  the  development  of  a  laminar  boundary  layer  on  the  cone,  and 
;  a  natural  extension  of  his  work  is  to  repeat  his  calculations  using  the  pressures  from 

the  vortex  sheet  model.  This  is  discussed  below. 

6  BOUNDARY-LAYER  CALCULATION 

The  pressure  in  conical  flow  is  constant  along  rays  passing  downstream  from  the 
apex  of  the  cone.  As  the  elliptic  cone  has  a  developable  surface,  it  may  be  ’unwrapped' 
into  a  plane  circular  sector,  where  these  rays  form  a  radial  ordinate.  The  normal  to  the 
cone  surface,  and  the  circumferential  direction,  complete  a  cylindrical  polar  coordinate 
system.  If  the  laminar  boundary  layer  equations  are  written  down  in  this  coordinate 
system,  and  the  result  that  pressure  is  constant  along  rays  is  used,  then  a  similarity 
solution  for  the  radial  development  of  the  boundary  layer  is  possible,  and  the  calcula¬ 
tion  of  the  three-dimensional  boundary  layer  reduces  to  solving  for  the  radial  and  circum¬ 
ferential  velocity  profiles  at  one  cross-flow  station  (constant  radial  position) ,  the 
solutions  at  other  stations  following  from  a  simple  scaling.  Unlike  the  inviscid  flow, 
this  scaling  is  not  a  linear  one  but  a  parabolic  one  for  such  quantities  as  the  boundary- 
layer  thickness.  A  computer  program  based  on  a  Keller  box  technique  for  solving  the.g 
laminar  boundary-layer  equations  in  a  plane  circular  sector  has  been  written  by  Boyd1 
and  used  here  in  conjunction  with  the  circumferential  pressure  distribution  found  by  the 
vortex  sheet  model. 

7  PREDICTION  OF  SEPARATION  POSITION 

3 

Cooke  calculated  the  development  of  the  boundary  layer  up  to  separation  (defined 
for  this  conical  flow,  as  the  vanishing  of  the  circumferential  component  of  skin  friction) , 
subject  to  the  external  inviscid  flow  being  attached.  This  is  inconsistent,  because  as 
soon  as  separation  occurs  the  external  flow  is  modified  by  that  separation.  Smith4 
suggested  improving  upon  this  by  using  the  vortex  sheet  model  to  provide  a  consistent 
pressure  distribution  and  obtaining  the  separation  position  in  an  iterative  way.  First, 
for  a  cone  at  given  incidence,  a  separation  position  is  guessed,  and  the  vortex  sheet 
solution  is  found.  The  pressure  distribution  from  this  solution  is  used  in  the  boundary- 
layer  calculation,  which  will  pre Jict  a  (generally)  different  separation  position  to  that 
assumed.  The  inviscid  calculatif n  is  repeated,  with  the  assumed  separation  position 
moved  nearer  to  that  given  by  the  boundary-layer  calculation,  and  the  process  repeated. 

The  Inviscid  separation  position  thus  ’chases'  the  viscous  separation  until  the  two  agree. 
The  results  of  the  first  cycle  of  such  an  iteration  are  shown  on  Fig  12,  where  'A'  marks 
the  inviscM  separation  position,  ar.d  ' B '  the  position  of  the  laminar  separation  with 
this  pressure  distribution,  which  is  well  before  tne  assumed  position.  Moving  the 
inviscid  separation  position  nearer  to  the  windward  generator  eventually  leads  to  a  con¬ 
verged  result  as  shown  in  Fig  13,  with  viscous  and  Inviscid  separation  positions  agreeing. 
This  occurred  with  separation  some  76°  from  the  windward  generator,  a  position  well 
,  removed  from  any  experimental  results.  Of  note  is  that  this  position  corresponds  to 

(•  smooth  separation,  ie  A  =  0  in  Fig  1. 


.  7 

'<  These  results  are  in  fact  predicted  by  Smith's  local  analysis  of  the  vortex  sheet 

f,  in  the  vicinity  of  the  separation  line.  He  was  able  to  obtain  the  behaviour  of  the 
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circumferential  pressure  gradient  just  upstream  of  the  separation  (Pig  14).  In  the 
figure,  A1  >  0  ,  so  there  is  an  i.. finite  adverse  pressure  gradient  at  separation, 
unless  A1  vanishes,  when  the  pressure  gradient  is  finite,  but  not  locally  determined. 

Now  A’  is  related  to  A  in  Pig  1,  such  that  both  vanish  simultaneously,  that  is  when 
the  curvature  of  the  vortex  sheet  at  separation  becomes  finite  (smooth  separation)  so 
does  the  pressure  gradient.  It  seems  unlikely  that  a  laminar  boundary  layer  could  with¬ 
stand  approaching  an  infinite  adverse  pressure  gradient,  and  indeed  no  solutions  have 
been  found  for  boundary  layers  separating  at  such  a  point,  they  always  separate  upstream 
of  it.  (See  also  Ref  19.)  So  the  converged  viscous-inviscid  match  using  conventional 
laminar  boundary-layer  theory  gives  a  separation  position  for  which  the  curvature  of  the 
vortex  sheet  is  finite,  ie  smooth  separation  -  a  position  which  can  be  found  by  a  purely 
inviscid  calculation. 

Further  analysis  of  the  viscous  problem  in  the  vicinity  of  the  separation  line  by 
Riley19  and  F.T.  Smith5,  along  lines  proposed  by  Sychev6,  has  shown  that  conventional 
laminar  boundary-layer  theory  is  insufficient  when  attempting  to  describe  the  viscous- 
inviscid  interaction  and  a  triple-deck  is  needed  in  the  neighbourhood  of  the  separation 
line  to  describe  the  interaction  (Fig  15).  The  triple-deck  effectively  ’smears  out’  the 
infinite  pressure  gradient  over  a  finite  length,  which  is  Reynolds  number  dependent.  An 
immediate  result  of  the  analysis  is  that  the  converged  solution  described  above,  smooth 
separation,  is  the  infinite  Reynolds  number  limit,  and  at  finite  Reynolds  number  a 
correction  is  applied  to  it.  This  correction  is  found  by  matching  the  pressure  rise 
across  the  triple-deck  to  that  given  by  the  inviscid  flow,  this  resulting  in  an  expres¬ 
sion  that  relates  the  ’strength’  of  the  singularity  in  the  pressure  gradient,  A’  ,  to 
the  Reynolds  number.  A  quantity  called  A1  is  shown  in  Fig  16,  which  is  a  simple 

multiple  of  A’  ,  and  is  calculated  by  the  vortex  sheet  program.  When  this  quantity 
vanishes,  we  have  smooth  separation  -  the  infinite  Reynolds  number  limit.  As  the 
Reynolds  number  decreases,  the  triple-deck  can  ’smear  out’  a  larger  amount  of  singularity 
and  the  separation  position  moves  further  around  the  cone.  Finding  this  correction 
requires  that  the  scale  of  the  triple-deck  be  determined.  The  Reynolds  number  dependence 
of  this  scaling  is  readily  found  (Fig  15),  but  the  explicit  term  for  the  scale  of  the 
triple-deck  involves  the  skin  friction  of  the  boundary  layer  as  it  enters  the  triple-deck. 
This  is  found  by  performing  a  laminar  boundary  calculation  with  the  pressure  distribution 
corresponding  to  smooth  separation.  The  results  of  such  a  boundary-layer  calculation  are 
shown  in  Fig  17. 

The  calculation  is  terminated  at  the  dotted  line,  where  the  sheet  leaves  the  body. 
The  procedure  for  calculating  the  separation  position  using  the  triple-deck  results  is  as 
follows.  Having  decided  on  the  parameters  of  the  problem,  ie  the  relative  incidence  of 
the  cone  and  its  thickness  ratio,  a  series  of  inviscid  calculations  is  performed  with 
varying  separation  position,  8  ,  giving  the  variation  of  the  coefficient  A  .  This 

S  X 

leads  to  a  plot  like  Fig  16.  The  posit,-->n  of  smooth  separation  is  identified,  (A.  =  0) 
and  a  pressure  distribution  obtained  foi  this  case,  which  is  then  used  in  the 
boundary-layer  program.  The  circumferential  component  of  skin  friction  at  smooth  separa¬ 
tion  (x)  is  then  used  to  determine  the  position  of  the  separation  line  at  finite 
Reynolds  number  via5: 
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(6) 


where  c 
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0.44; 

the  Reynolds  number  based  on  cone  length; 

component  of  external  velocity  tangential  to  the  smooth  separation  line; 
the  external  velocity  normal  to  the  smooth  separation  line; 
the  tangent  of  _ the  semi-apex  angle  of  the  cone  planform; 

where  V  is  the  circumferential  velocity  in  the 
z=0  boundary  layer; 

the  scaled  normal  coordinate  in  the  boundary  layer. 


The  value  of  8g  corresponding  to  this  value  of  A1  is  the  separation  position  corres¬ 
ponding  to  that  Reynolds  number  Rex  .  So,  we  may  write: 
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This  result  for  the  case  of  a  circular  cone  at  a  relative  incidence  of  3  is  shown  in 
Fig  18,  which  is  a  plot  of  predicted  separation  position  against  what  is  effectively  a 
cross-flow  Reynolds  number  k2Rex  •  Also  shown  are  the  position  of  smooth  separation, 

and  the  results  for  the  separation  position  using  attached  external  flow,  ie  no  sheets, 
as  obtained  by  Cooke3.  The  three  crosses  show  experimental  results  reported  in  Ref  14. 
Note  that  the  result  with  attached  external  flow  is  independent  of  Reynold  number,  but 
the  triple-deck  gives  a  separation  position  moving  nearer  to  the  windward  generator  with 
increasing  Reynolds  number.  This  trend  is  confirmed  by  the  experimental  points.  An 
interesting  feature  of  this  result  is  that  the  Reynolds  number  used  is  strictly  a  local 


one,  which  increases  with  distance  along  the  cone.  Consequently,  the  theory  predicts  that 
the  separation  line  on  a  given  cone  is  slightly  curved,  moving  closer  to  the  windward 
generator  as  we  go  downstream.  However,  because  of  the  very  small  exponent  in  the 
Reynolds  number  dependence  shown  in  Eg.  (6)  the  curve  is  only  a  very  slight  departure  from 
a  straight  line  over  most  of  the  cone.  The  theory  predicts  a  separation  position  about 
10°  too  far  around  the  cone,  and  possible  causes  for  this  are: 

(i)  the  Reynolds  number  may  not  be  high  enough  for  the  triple- dock  perturbation  para¬ 
meter  to  be  regarded  as  small.  In  principle  this  would  mean  taking  more  terms  in  the 
expansion  that  gives  the  triple-deck  correction,  and  not  just  the  first  term  as  used  here; 

(ii)  no  account  is  taken  of  the  secondary  separation  in  these  calculations; 

(ili)  the  coefficient  c  in  Eq. (6)  has  been  determined  numerically,  and  may  have  a  small 
error. 

8  DISCUSSION 

As  the  method  has  successfully  produced  solutions  for  the  title  problem,  it  is  use¬ 
ful  to  consider  its  development  for  application  to  less  restricted  cases.  The  assumption 
of  conical  flow  may  easily  be  relaxed  for  the  inviscid  model,  the  only  change  being  in  the 
boundary  conditio*-  or.  the  •."'rtex  sheet,  where  derivatives  are  reintroduced.  The  problem 
of  inviscid  f]  <v  ;■  ••  .  -  non- conical  slender  body  could  then  be  solved  by  a  downstream 
marching  integiacion/it«ra:. '  <n  technique,  similar  to  that  developed  by  Clark2®.  However, 
this  would  ha>  •>  to  Ve  used  m  conjunction  with  a  full  three-dimensional  boundary- layer 
calculation  t.  edict  the  separation  position.  Another  problem  with  non-conical  bodies 
is  how  to  stat .  the  downstream  marching.  Unless  the  nose  is  pointed,  and  separation 
starts  from  tnere,  the  starting  solution  is  currently  not  known.  Indeed,  for  some  cases, 
such  as  an  ogive-cylinder  combination,  it  appears  that  the  upstream  origin  of  separation 
may  be  non-slender,  and  the  removal  of  the  slenderness  requirement  would  then  be 
necessary. 

The  restriction  to  lateral  symmetry  may  be  removed  from  the  inviscid  model  by  using 
a  different  set  of  conformal  mappings  to  regularise  the  sheet  shape,  the  assumption  of 
symmetry  being  implicit  in  the  mappings  used  here.  The  flow  past  yawed  cones  could  then 
be  calculated,  although  there  is  some  doubt  over  how  to  start  the  boundary-layer 
calculation  at  the  attachment  line  for  this  case. 

The  restriction  to  laminar  boundary  layers  is,  at  present,  the  one  that  seems  most 
difficult  to  overcome.  Although  some  asymptotic  analyses  of  the  behaviour  of  turbulent 
boundary  layers  are  available  for  cases  such  as  shock-wave  boundary-layer  interaction,  no 
work  has  yet  been  done  on  the  interaction  of  a  turbulent  boundary  layer  with  a  large 
scale  separation  such  as  a  vortex  sheet.  Indeed,  only  incipient  separation  has  so  far 
been  tackled  as  far  as  the  author  is  aware.  So,  results  akin  to  a  separating  'turbulent 
triple-deck'  are  not  yet  available,  but  appear  to  be  necessary  before  further  progress  is 
made  with  this  case, 

9  CONCLUSION 

A  method  has  been  developed  that  successfully  represents  the  separated  flow  about  a 
slender  elliptic  cone  and  its  interaction  with  a  laminar  boundary  layer  via  a  triple-deck, 
demonstrating  a  rational  approach  to  the  prediction,  of  separated  flows  on  pointed  noses. 

Comparisc.-  .  with  the  limited  experimental  data  available  tend  to  confirm  the 
applicability  o.l  the  vortex  sheet  model  to  open  separation  from  smooth  surfaces  and  the 
relevance  of  the  triple-deck  model  of  viscous-inviscid  separation  to  three-dimensional 
laminar  separation. 
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Fig  9  Pitot  pressure  contours  in  flow  field 
above  yawed  5°  cone,  M  =  1.80  (Ref  16) 
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Fig  10  Sheet  shape  for  103i  thick  cone  at  an 
incidence  equal  to  three  times  its 
apex  angle  and  separation  from  the 
end  of  the  major  axis 
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Fig  12  Pressure  distribution;  ^  =  3.0,  0  =  1 
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Fig  14  Inviscid  pressure  distribution  near 
separation  (Ref  2) 
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Fig  11  Variation  of  nonlinear  component  of 
normal  force  with  separation  position 
for  cones  of  various  thicknesses,  all 
at  a  relative  incidence  of  3. 
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PREDICTION  OF  AERODYNAMIC  CHARACTERISTICS 
FOR  WINGS  WITH  EXTENSIVE  SEPARATIONS 


B.  Maskew,  B.M.  Rao  and  F.A.  Dvorak 
Analytical  Methods,  Inc. 

100  -  116th  Avenue  S.E. 
Bellevue,  Washington  98004 
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SUMMARY 


The  development  of  a  simple  yet  effective  technique  for  modelling  the  effects  of 
trailing-edge  separation  is  discussed.  The  model  encloses  the  low  energy  region  with 
free  vortex  sheets  coupled  with  a  potential  flow  panel  method.  The  technique  includes 
an  iteration  cycle  between  viscous  and  potential  flow  routines,  and  its  development  from 
the  two-dimensional  case  to  the  three-dimensional  case  is  discussed.  A  description  of 
the  potential  flow  panel  method,  which  is  based  on  an  internal  Dirichlet  boundary  con¬ 
dition,  is  included. 


LIST  OF  SYMBOLS 

A,B,W,0  Regions  of  the  idealized  model,  Figure  8 

C  Pressure  coefficient 

P 

C^  Lift  coefficient 

i,j,k  Orthogonal  unit  vector  system  defining  the  axes  of  the  Cartesian  coordinate 
system, 

n  Unit  normal  vector  to  a  surface 

S  Surface 

s  Distance 

V,V  Velocity  vector,  modulus 

x,y,z  Cartesian  coordinates.  Figure  9 

a  Incidence 

6*  Boundary  layer  displacement  thickness 

V  Gradient  operator 

<b  Total  velocity  potential 

4>  Perturbation  velocity  potential 


Subscripts 


A,B,W,0 


OA,  etc. 


e 

P 


U,L 


SEP 

00 


Pertaining  to  regions  A,  B,  W,  and  0,  respectively 

Pertaining  to  the  common  boundary  between  regions  O  and  A,  etc.,  and  facing 
region  0 

Outer  edge  of  boundary  layer 

Conditions  at  a  point,  P 

Upper,  lower  surface,  respectively 

Conditions  at  separation 

Conditions  in  the  undisturbed  onset  flow 


1.0  INTRODUCTION 

The  loss  of  flight  path  control  that  often  follows  the  condition  of  extensive 
separation  on  wings  is  a  serious  problem  influencing  the  safety  of  all  aircraft  operations 
and  the  combat  effectiveness  of  fighter  aircraft.  Recent  investigations  of  a  "controlled 
separation"  concept  (see,  for  example,  (1)  and  (2))  have  demonstrated  the  possibility  of 
maintaining  control  through  the  condition  of  maximum  lift.  If  such  a  concept  is  to  be 
fully  exploited,  it  needs  to  be  considered  early  in  the  design  process  of  new  aircraft. 
Theoretical  methods  capable  of  predicting  the  aerodynamic  characteristics  under  the 
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conditions  of  extensive  separation  are,  therefore,  needed. 

Considerable  effort  has  been  applied  to  calculation  of  flow  characteristics  for 
well  defined  vortex  separation  (2) .  The  present  paper  is  concerned  with  the  modelling 
of  viscous  separation  starting  from  the  wing  trailing  edge.  The  work  is  part  of  a  multi¬ 
phase  program  aimed  at  predicting  aerodynamic  characteristics  of  combat  aircraft  at  high 
angle  of  attack  with  leading-edge  and  side-edge  vortex  separations  modelled  as  well  as  < 

trailing-edge  separations. 


\ 


2.0  BACKGROUND 

The  pressure  distribution  in  a  trailing-edge  separation  region  is  usually  character¬ 
ized  by  a  constant  pressure  region  extending  back  to  the  trailing  edge  followed  by  a  short 
recompression  region  (e.g.,  (3)).  A  simplification  of  this  characteristic  is  modelled  in 
the  two-dimensional  CLMAX  program  (4) ,  (5)  using  a  pair  of  constant  strength  vortex  sheets 
to  enclose  the  separated  region,  Figure  1.  The  length  of  the  sheets  required  a  semi- 
empirical  approach  and  the  condition  that  the  sheets  be  force  free  is  satisfied  in  an 
iterative  cycle  in  which  segments  of  the  sheet  are  aligned  with  local  flow  directions. 

The  method  combines  boundary  layer  and  potential  flow  codes  in  an  cuter  iteration  cycle. 

The  potential  flow  pressure  distribution — which  includes  the  influence  of  the  free  vortex 
sheets — is  passed  to  the  boundary  layer  routine  which  then  supplies  the  separation  points 
and  the  boundary  layer  displacement  thickness  distribution  for  the  next  iteration.  The 
boundary  layer  displacement  effect  in  the  attached  flow  region  is  modelled  by  transpira¬ 
tion  (i.e.,  source  distribution)  rather  than  by  a  displacement  surface.  The  main  advantage 
of  the  transpiration  approach  is  that  the  matrix  of  influence  coefficients  in  the  panel 
method  remains  essentially  the  same  from  one  iteration  to  the  next;  only  the  wake  condition 
changes . 

The  thin  vortex  sheet  model  of  the  upper  separated  shear  layer  was  demonstrated  by 
Young  and  Hoad  (6)  to  be  a  reasonable  representation  of  the  flow  as  far  back  as  the 
trailing  edge.  For  example,  a  comparison  from  (6)  of  a  laser-velocimeter  flow  survey, 
and  a  CLMAX  program  calculation  i3  shown  here  in  Figure  2.  Downstream  of  the  trailing 
edge  the  vortex  sheet  model  becomes  less  representative  of  the  flow;  however,  a  later 
evaluation  of  a  graded  vorticity  model  over  the  recompression  zone  had  little  effect  on 
the  airfoil  solution.  Closer  modelling  of  the  recompression  zone  (such  as,  for  example, 
the  approaches  used  by  Gross  (7)  or  Zumwalt  (8) )  would  be  desirable  in  cases  where  the 
wake  interacts  closely  with  a  downstream  component. 

A  particular  feature  of  the  vortex  sheet  model  enclosing  the  region  of  low  energy  is 
that  pressures  can  be  calculated  directly  in  the  separated  zone  (4) .  This  is  an  additional 
advantage  over  the  displacement  surface  approach  of  Henderson  (9)  and  over  the  source  out¬ 
flow  model  of  Jacob  (10).  The  CLMAX  method  generally  gives  very  close  agreement  with 
experimental  pressure  distributions.  For  example.  Figure  3  shows  the  post-stall  pressure 
distribution  for  a  GA(W)-1  airfoil  at  20®  incidence.  Calculations  have  been  performed  over 
a  wide  range  of  conditions,  and  the  variations  of  lift  coefficient  on  a  NACA  0012  section 
over  a  range  of  incidence  from  0°  to  90®  is  shown  in  Figure  4.  Experimental  values  are 
taken  from  Hoerner  (11).  The  CLMAX  model  has  been  extended  to  the  case  of  transonic  (12) 
and  also  unsteady  (5)  flows  in  two  dimensions. 

An  early  extension  of  the  CLMAX  method  to  the  three-dimensional  non-lifting  case  of 
bluff-body  separation  was  formulated  with  a  surface  source  panel  method  (13) .  Although 
the  procedure  gave  reasonable  correlation  with  experimental  base  pressure  when  the  experi¬ 
mental  separation  line  was  used,  the  model  gave  an  "overshoot"  in  the  calculated  pressure 
just  ahead  of  separation,  see  Figure  5.  This  caused  the  boundary  layer  calculation  to 
predict  an  earlier  separation  at  every  iteration. 

An  improvement  of  the  three-dimensional  model  was  developed  using  distributed  vor¬ 
ticity  (14)  on  the  surface  panels  rather  than  source  singularities.  On  each  panel,  the 
vorticity  was  constant  spanwise  and  varied  linearly  chordwise,  and  the  Neumann  boundary 
condition  was  satisfied  at  a  control  point  on  each  panel.  The  basic  method  was  the  VIP3D 
code  (15)  which  already  had  a  viscous/potential  iteration  procedure.  Again,  the  boundary 
layer  displacement  effect  was  modelled  by  the  transpiration  technique.  A  typical  example 
of  its  application  at  low  angle  of  attack  is  shown  in  Figure  6  for  the  Kolbe  and  Bolt2  (16) 
wing.  This  spanwise  lift  distribution  (previously  presented  in  (15))  was  recalculated 
recently  after  correcting  a  program  error  uncovered  in  VIF3D  during  the  extension  to  sepa¬ 
rated  flow.  The  separated  flow  model  was  first  assembled  ir.  a  stripwise  manner.  Figure 
7(a),  to  expedite  development  of  the  procedure.  A  calculated  pressure  distribution  for  a 
rectangular  wing  at  19®  is  shown  in  Figure  7(b),  compared  with  experimental  measurements 
(17) .  The  calculations  were  performed  with  and  without  a  simple  model  of  tip-edge  sepa¬ 
ration. 

Although  the  model  illustrated  in  Figure  7(a)  is  a  reasonable  one  for  rectangular 
wings,  it  is  not  suitable  for  more  general  planforms.  In  developing  the  method  further, 
the  complete  model  was  reviewed  and  reformulated. 
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3.0  BASIC  FORMULATION 


In  Figure  3,  we  have  taken  a  streamwise  cut  through  the  wing  and  its  wake  and,  based 
on  the  earlier  work,  (4)  and  (14) ,  have  formed  an  idealized  model  using  four  closed 
regions;  airfoil  (A),  bubble  (B) ,  wake  (W)  and  outer  flow  (0).  The  latter  region  is 

closed  by  an  outer  boundary,  Sw,  at  a  large  distance  from  the  wing  and  its  wake  where  the 

disturbances  to  a  uniform  onset  flow,  V^,  have  essentially  disappeared. 

We  assume  the  existence  of  velocity  potential  fields,  $w>  ^O'  that  satisfy 

Laplace's  equation  throughout  the  regions  A,  B,  W  and  0,  respectively.  By  applying 

Green's  theorem  to  each  of  these  regions  and  combining  the  resulting  contributions,  the 
velocity  potential  at  a  point,  P,  situated  within  any  of  these  regions  can  be  written: 
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where  Sqa»  S0B»  etc.,  are  the  common  boundaries,  respectively,  between  regions  0  and  A, 
and  between  O  and  B,  etc.  Vectors  no,  ng  are  unit  normals  to  the  surface  directed  into 
the  regions  0  and  B,  respectively.  The  quantity,  r,  is  the  distance  between  an  element 
of  surface  and  the  point,  P. 

Equation  (1)  is  an  extension  of  the  two-region  case  given  by  Lamb  (18),,  ART  58. 

The  present  equation  includes  an  additional  term,  <fim,  which  is  the  contribution  from 
the  boundary  S„  due  to  a  uniform  onset  flow,  whereas  Lamb  assumed  the  flow  at  infinity 
to  be  at  rest. 

If  the  point,  P,  lies  on  one  of  the  surfaces,  say  the  S0A  facing  region  0,  then 
the  local  contribution  to  4p  is  obtained  by  a  limiting  process  using  a  small  hemispheri¬ 
cal  distortion  of  the  surface  centered  on  P.  The  local  contribution  (from  the  first 
term  in  the  integral)  is 

"* '  (Slfk)r 


This  is  half  the  jump  in  potential  across  the  surface  at  point  P.  The  surface  integral 

over  Soa  in  Eqn.  (D  would  exclude  point  P  in  this  case.  A  similar  treatment  is  performed 

if  P  lies  on  any  of  the  surfaces.  Note  that  the  first  potential  appearing  in  the  ex¬ 
pression  for  A4>p  is  the  one  in  the  region  that  point  P  is  "facing". 

Each  of  the  integral  expressions  in  Eqn.  (1)  represents  the  perturbation  potential  due 

to  distributions  of  doublets  and  sources  over  the  respective  boundaries.  For  example,  the 

first  integral  is  the  perturbation  potential  for  a  doublet  distribution  of  strength 


($0  “  $&)  on  the  boundary,  Sqa»  and  with  axes  ng,  plus  the  perturbation  potential  for  a 


I»q  -  v»j  on  me  oounuaiy,  ogA,  anu  w>.t«  axes  ng, 

source  distribution  of  strength  -ng  •  (V$g  -  7$A) 


4.0  BOUNDARY  CONDITIONS 


For  a  given  region  there  exists  an  infinite  number  of  combined  doublet  and  source 
distributions  over  the  boundary  of  that  region  giving  the  same  velocity  potential  field 
within  the  region  but  producing  different  solutions  in  other  regions.  Thus  a  unique 
solution  for  the  idealized  model  in  Figure  8  exists  only  if  appropriate  boundary  condi¬ 
tions  are  imposed  on  both  sides  of  each  boundary  surface.  (Some  of  these  conditions 
can  be  implied  by  suitable  choice  of  model.)  In  the  present  case  a  set  of  boundary  con¬ 
ditions  has  been  assembled  based  on  the  earlier  work  (4),  v.!.4) ,  but  with  an  improved 
basic  model  tor  the  three-dimensional  potential  flow.  Summarizing  the  main  boundary 
condition: 


(i)  Inside  the  wing  we  specify  an  internal  Dirichlet  boundary  condition: 


(ii)  On  the  exterior  surface  of  the  wing  we  specify  the  Neumann  boundary  condition: 


(a)  in  the  attached  flow  region  on  boundary  SgA,  we  set 


i.e.,  the  transpiration  model  of  the  boundary  layer  displacement 
effect; 


(b)  in  the  separated  zone  on  boundary  SgA,  we  set 


nfi  •  V*B  =  0 


(iii)  On  boundary  Sob  (free-shear  layers) ,  we  apply  the  condition  of  zero  entrain¬ 
ment.  (Later  this  condition  could  be  changed  in  order  to  model  the  recompres¬ 
sion  zone.)  With  zero  entrainment,  the  source  terms  disappear  on  this  boundary 
in  Eqn.  (1) .  In  addition,  we  satisfy  the  condition  that  the  shear  layer  be 
a  streamline  of  the  flow,  but  this  is  not  applied  directly:  the  shear  layer 
geometry  is  first  p-escribed  then  the  streamline  condition  is  satisfied  in  a 
wake  shape  iteration  cycle. 


The  shear  layer  model  used  earlier  (4) ,  (14) ,  is  represented  here  by  a  dcubJet 
distribution  vith  a  linear  variation  along  streamlines  in  Sgs: 

V8)  =  ®SEP  '  8  TtL„„ 


where  s  is  measured  along  each  streamline  starting  at  a  point  on  the  separation 
line.  The  potential  gradient  is  taken  from  the  wing  surface  immediately  up¬ 
stream  of  the  separation  point.  Note  that  at  each  spanwise  station,  Sqb 
has  both  an  upper  and  a  lower  part  corresponding  to  two  separation  points. 
Figure  8.  The  two  resulting  potential  gradients  must  be  related  as  follows. 


(iv)  Kutta  Condition. 


At  each  spanwise  station  the  velocity  potential  surface  gradients,  -g~|  , 

d  'SEP 

at  the  upper  and  lower  separation  points  are  set  equal.  This  is  equivalent 
to  the  Kutta  condition  used  in  the  earlier  work  (4) ,  (14) . 


(v)  The  downstream  wake  region,  W,  is  reduced  to  zero  thickness  with  zero  entrain¬ 
ment  for  the  time  being.  (This  is  an  adequate  model  for  wing-alone  cases; 
however,  a  thick  downstream  wake  model  with  appropriate  conditions  in  region  W 
is  being  considered  for  the  case  of  multiple  components.)  With  the  assumption 
of  small  thickness,  the  contribution  from  corresponding  upper  and  lower  parts 
of  boundary  Sqw  in  Eqn.  (1)  can  be  combined,  leaving  a  constant  doublet  value 
with  strength  equal  to  the  jump  in  potential  at  the  downstram  end  of  region  B. 


Finally,  with  the  appropriate  boundary  conditions  applied  in  the  idealized  model, 
Eqn.  (1)  is  applied  at  points  P  on  the  inside  surface  of  the  wing: 
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where  <f0  =  *o  “  $«>  is  the  perturbation  potential.  The  integral  over  Sqa  and  Sqb  excludes 
the  point,  P,  when  it  lies  on  that  part  of  the  boundary.  The  quantities,  $>SEpu  and  4gEPI/ 

3*0 

SU,  SI.  and  -j—  are  all  functions  of  spanwise  location.  S™, 

ds  SEP 


SL  are  the  streamline 


lengths  from  the  separation  line  to  the  downstream  end  of  the  upper  and  lower  parts,  S0BU 
and  S0Bli,  respectively,  of  the  boundary,  SpB. 


5.0  NUMERICAL  PROCEDURE 

The  general  arrangement  of  the  configuration  is  shown  in  Figure  9  relative  to  the 
coordinate  axes.  The  x-axis  is  normally  taken  downstream  with  z  upwards  and  y  spanwise. 

The  z-x  plane  is  regarded  as  a  plane  of  symmetry  in  unyawed  flight. 

The  complete  surface  of  the  wing,  including  the  tip-edge  surface  is  represented  by  a 
number  of  flat  quadrilateral  panel  over  each  of  which  the  doublet  and  source  distribution 
are  assumed  constant.  The  surfaces,  Sqb  and  Sqw,  also  are  represented  by  flat  quadrilateral 
panels  but  with  constant  doublet  distributions  only?  i.e.,  for  the  zero  entrainment  case. 
Over  Sob,  the  linear  doublet  variation  is  therefore  represented  in  a  stepwise  manner  at 
this  time.  (This  appears  to  be  a  satisfactory  model  but  a  linear  streamwise  doublet 
variation  over  each  panel  would  be  a  straightforward  extension.) 

Using  this  model  the  boundary  condition  equation,  Eqn.  (4) ,  is  satisfied  simultane¬ 
ously  at  a  control  point  underneath  each  surface  panel  on  the  wing.  If  there  are  N  panels 
on  the  wing,  then  we  have  N  simultaneous  equations  in  N  unknown  doublet  (or  perturbation 
velocity  potential)  values.  On  each  chordwise  set  of  panels  involving  a  separation  zone, 
one  Dirichlet  boundary  condition  equation  is  replaced  by  the  explicit  Kutta  condition. 

This  treatment  is  not  necessary  where  a  regular  wake  is  shed  from  the  trailing  edge. 

Following  the  solution  of  the  surface  doublet  distribution,  the  surface  velocity 
ve.-  ors  are  obtained  from  the  gradient  of  the  potential  using  a  second-order  distribution 
through  the  panel  control  point  values.  Forces  and  moments  are  obtained  by  pressure  inte¬ 
gration.  Pressures  in  the  separated  zone  are  obtained  as  in  (4) : 


where  q?»  is  the  free-stream  dynamic  head  and  AH  is  the  change  in  total  pressure  in  the 
separated  zone  relative  to  the  value  in  the  undisturbed  onset  flow.  In  the  present  case 

-  3*0 
AH  =  pV 


SEP 


and  is  calculated  for  each  spanwise  station.  V  is  the  average  velocity  in  the  shear 
layer. 

For  the  initial  solution  the  wake  geometry  is  prescribed  starting  at  the  separation 
line  geometry.  Iterative  routines  are  installed  in  the  code  to  relax  the  wake  geometry 
and,  hence,  satisfy  the  force-free  condition.  So  far  this  has  only  been  applied  to  the 
tip-edge  separation  (e.g.,  (19)),  and  has  not  been  tried  for  the  bubble  region.  Also, 
at  this  time  the  complete  viscous/potential  iteration  cycle  has  not  been  activated  with 
the  modified  code. 

It  should  be  pointed  C’tt  that  without  the  separation  model,  the  basic  equation  used 
here  is  the  same  as  that  given  by  Morino  (20) ,  who  applied  Green's  theorem  directly  to 
the  exterior  flow  field.  The  attached  flow  formulation  is  also  similar  to  that  used  by 
Johnson  and  Rubbert  (21)  and  also  Bristow  (22) ,  except  that  they  used  higher-order  singu¬ 
larity  distributions.  Earlier  evaluation  of  higher-order  distributions  in  the  work  lead¬ 
ing  to  the  present  program  had  indicated  a  severe  cost  penalty  when  running  the  three- 
dimensional  code  because  of  data  storage  and  retrieval  of  the  interpolation  coefficients 
for  each  panel.  Also,  the  conditions  at  an  arbitrary  separation  line  become  very  cum¬ 
bersome  with  the  higher-order  distributions.  The  piecewise  constant  model,  on  the  other 
hand,  offers  a  much  simpler  formulation  and  has  proven  to  be  very  cost  effective.  In 
fact,  comparisons  against  higher-order  methods  have  shown  essentially  the  same  accuracy 
for  a  given  density  of  control  points.  For  example,  Figure  10  shows  the  chordwise  dis¬ 
tribution  of  Vy  at  stations  on  either  side  of  the  planform  kink  on  a  wing  with  strake  at 
a  =  5°.  The  wing,  which  has  a  NACA  0002  section,  is  one  of  the  test  cases  in  (23).  The 
Vy  calculation  is  particularly  difficult  in  this  region  and  several  methods  gave  several 
different  solutions.  The  present  solution  is  very  close  to  the  second-order  Panair 
method  (21) .  The  present  computation  involving  946  panels  took  ten  minutes  of  CPC  Cyber 
175  CPU  time  (approximately  2%  minutes  of  CDC  7600) .  Host  of  the  panels  were  concentrated 
in  the  leading-edge  region  because  of  the  high  curvature  there  and  the  tip  surface  was 
closed  by  a  half  body  of  revolution.  With  more  regular  thickness /chord  ratios,  adequate 
results  are  obtained  using  considerably  lower  panel  densities. 


6.0  DISCUSSION  OF  RESULTS 

The  separated  flow  model  was  tested  on  a  10°  swept  wing  at  21°  incidence.  The 
constant  chord  wing  had  an  aspect  ratio  of  6.  The  number  of  panels  representing  the  wing 
was  260,  arranged  in  a  40  (chordwise)  by  5  (spanwise)  array  on  the  main  surface  and  a 
3  x  20  array  on  the  tip  surface.  The  latter  was  a  half  body  of  revolution  based  on  the 
NACA  0012  profile  of  the  wing.  Calculations  were  performed  using  a  prescribed  separation 
line  corresponding  to  experimental  measurements  (17) ;  the  x  location  of  this  line  was 
approximately  .06  of  the  chord  back  from  the  leading  edge.  For  these  calculations, 
region  B  of  the  wake  (Figure  8)  extended  about  5  chord  lengths  beyond  the  T.E.  (Prelim¬ 
inary  calculations  had  confirmed  earlier  findings  (13)  that  unlike  the  two-dimensional 
case  (4) ,  the  solution  in  three  dimensions  is  relatively  insensitive  to  the  length  of  the 
vortex  sheet  modelling  the  shear  layer.)  In  the  present  calculations  18  panels  were  used 
to  represent  the  linear  doublet  distribution  on  each  streamwise  strip  of  wake  panels. 

The  wake  geometry  was  prescribed,  leaving  the  surface  at  approximately  a/2,  based  on 
earlier  experience  (4) ,  (5) .  The  wake  was  shed  continuously  along  the  upper  surface 
separation  line  to  the  tip,  down  the  tip  edge  to  the  trailing  edge  and  back  along  the 
lower  side  of  the  trailing  edge. 

Figure  11  shows  calculated  pressure  distributions  compared  with  experimental  measure¬ 
ments  (17)  at  two  spanwise  stations,  n  *  .6  and  .9  of  the  semispan  approximately.  The 
calculations  include  the  case  of  fully  attached  as  well  as  separated  flowB  and  indicate 
the  large  influence  of  the  separated  flow  model.  (Note  that  the  attached  flow  pressures 
at  the  n  =  .9  station  are  perhaps  shifted  too  much  in  the  negative  direction  over  the 
downstream  half  of  the  chord.  This  is  because  this  station  is  at  the  last  column  of 
panels  before  the  tip  edge  and  so  the  spanwiso  acceleration  of  the  flow  as  it  passes 
round  the  tip  surface  (19)  is  calculated  prematurely.  This  problem  is  less  severe  for 
the  separated  flow  case  because  of  the  influence  of  the  tip-edge  separation  model.  In 
auy  event,  more  columns  of  panels  would  normally  be  used  in  the  tip  region.) 

The  results  from  the  separated  flow  model  compare  very  favorably  with  the  experimen¬ 
tal  data.  In  particular,  the  pressure  in  the  separated  region  is  in  very  good  agreement 
and  should  lead  to  a  good  prediction  of  the  drag  force.  Differences  in  the  peak  suction 
area  may  be  caused  by  incorrect  location  of  the  separation  line?  i.e.,  a  small  forward 
movement  at  the  inboard  station  and  a  small  rearward  movement  at  the  outboard  station 
would  improve  the  predictions. 

It  is  clear  from  the  experimental  results  in  Figure  11  that  the  separation  was  un¬ 
steady  and  it  is  interesting  to  observe  that  some  of  the  apparently  "bad"  values  are,  in 
fact,  very  close  to  the  attached  flow  calculation.  This  is  particularly  so  at  the  n  =  .6 
station. 

The  computation  time  for  the  separated  flew  case  was  96  seconds  of  CDC  Cyber  175 
time,  which  is  approximately  equivalent  to  24  seconds  on  the  CDC  7600.  It  should  be 
emphasized,  however,  that  this  calculation  represents  just  the  first  pass  through  a 
complete  solution.  Even  so,  such  a  computation  time  is  a  good  basis  for  practical  com¬ 
puting  costs  for  a  complete  iterative  procedure.  Before  the  iteration  loops  for  wake 
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relaxation  and  boundary  layer  calculations  are  switched  on,  sensitivity  studies  will  be 
conducted  to  examine  the  effect  of  panel  density,  wake  location  and  toparation  line  path 
through  the  panels.  Thi3  will  lead  to  a  better  understanding  of  the  calculation  model 
and  will  help  to  ensure  good  convergence  characteristics  of  the  overall  procedure. 


7.0  CONCLUSIONS 

Initial  results  from  a  three-dimensional  potential  flow  code  with  simple  separated 
wake  modelling  and  internal  Dirichlet  boundary  conditions  are  in  very  favorable  agree¬ 
ment  with  experimental  measurements  for  the  case  of  extensive  upper-surface  separation 
on  a  wing.  The  simple  basic  panel  method  using  piecewise  constant  source  and  doublet 
distributions  is  justified  not  only  from  the  favorable  comparisons  of  its  performance 
against  higher-order  methods  and  experimental  results,  but  also  on  its  low  computing 
costs.  The  latter  is  especially  important  as  a  basis  for  a  practical  iterative  pro¬ 
cedure  for  separated  flow  predictions. 
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Comparison  of  Calculates  and  Experimental  Lift  Characteristics  for  a  NACA  0012 
Airfoil  (Re  =  6.0  x  106,‘  M  =  0.2). 
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WAKE  RELAXATION  IN 
VERTICAL  PLANES  ONLY 


Fig.  7(a).  Earlier  Separated  Flow  Model  (14). 


a  =  19.56* 
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Fig.  7(b).  Chordwise  Pressure  Distribution  on  a  Rectangular  Wing  Near  the  Tip  Section; 
(y/b  =  0.95). 
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Fig.  9.  General  Arrangement  of  the  Configuration  with  a  Schematic  of  the  Separation  Model 
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Fig.  10.  Comparison  of  Calculated  y-Component  of  Velocity  at  Two  Stations  on  a  Straked 
Wing  (Attached  Flow)?  t/c  =  .02,  a  =  5°. 
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Fig.  11.  Comparison  of  Calculated  and  Experimental  Pressure  Distribution  at  Two  Stations 
on  a  Wing  with  Extensive  Separation;  a  =  21.38s. 
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AN  EXPERIMENTAL  STUDY  OF  THE  FLOW  ON  A  SWEPT  WING  IN  FLIGHT 


A.Bertetrud 

F.F.A.,  The  Aeronautical  Research  Institute  of  Sweden 
Box  11021.S-161  li  Brornma,  Sweden 


A  short  resumi  will  be  given  concerning  a  series  of  flight  tests  presently  being  per¬ 
formed  in  Sweden  on  a  swept  wing  aircraft.  A  large  amount  of  wind  tunnel  data  on  the  wing 
of  the  aircraft  has  been  obtained  earlier!  <2  ,  making  the  complete  data  set  a  promising 
case  for  correlation  of  wind  tunnel  and  free  flight  tests.  Preliminary  tests  in  flight 
have  also  been  reported  earlier3. 

Figure  1  sh^ws  the  aircraft,  a  SAAB  32ALansen,  and  the  main  region  of  experimental 
investigation.  The  coordinates  given  refer  to  the  system  used  in  one  of  the  wind  tunnel 
tests.  .‘ne  aircraft  is  equipped  with  accelerometers,  rate  gyros,  indicators  for  control 
surface  deflection  angles  and  ether  reference  information.  Time  averages  of  all  reference 
information  as  well  as  the  aerodynamic  probes  are  scanned  with  a  frequency  of  40  Hz.  This 
enables  an  extensive  description  of  aircraft  rigid  body  motion,  wing  flexibility  and  flight 
reference  data  together  with  the  corresponding  aerodynamic  flow  conditions. 

The  aerodynamic  flow  is  investigated  using  surface  static  pressure  taps,  modified 
Preston  tubes  and  boundary  layer  rakes  as  well  as  different  types  of  heated  films  for  the 
measurement  of  local  skin  friction  and  boundary  layer  turbulence.  The  time  average  values 
are  recorded  via  a  digital  system  whereas  the  turbulence  data  is  also  recorded  directly  on 
six  analog  channels. 

Figure  2  exemplifies  the  stationary  flight  conditions  investigated,  ranging  from 
H  =  0.27  to  0.9.  In  addition  a  rather  varied  program  of  manoeuvres  is  flown  to  investigate 
flow  properties  during  instationary  conditions.  In  the  flight  envelope  examples  are  found 
of  laminar  and  turbulent  attachment  line  flow,  natural  and  bubble  transition,  shock-free 
flow  as  well  as  flow  with  shocks  and  even  in  some  cases  shock  induced  separation.  Exten¬ 
sive  flow  visualization  is  performed. 

Figure  3  exemplifies  some  static  pressure  distribution  results  at  y/b=0.6  for  a 
Mach  number  of  0.8.  The  open  symbols  are  from  the  flight  tests  (a =2.45°),  in  this  case 
at  Rec  =  20*106  ,  the  closed  symbols  from  the  wind  tunnel  tests2,  at  Rac =  16*106  and  an  angle 
of  attack  of  2.9  degrees.  The  line  indicates  results  obtained  with  the  Jameson-Caughey 
FLOW  22  code4,  which  is  used  as  a  production  code  to  obtain  rapid  comparisons. 

Figure  4  shows  a  detail  of  the  pressure  distributions  at  M=0.5  obtainable  in  the 
leading  edge  region.  Flights  performed  at  various  altitudes  yield  a  variation  in  angle 
of  attack,  and  in  the  figure  three  different  angles  of  attack  are  shown.  At  3.2°  there  is 
natural  transition,  at  4.7°  there  are  indications  of  a  closed  separation  bubble  occurring 
roughly  between  22  and  32  mm  from  the  leading  edge.  At  5.9°  there  are  indications  of 
either  a  shock,  a  bubble  or  both  in  combination.  Note  that  a  total  of  10  pressure  taps 
are  located  within  1%  of  the  chord  on  the  suction  side,  which  is  better  than  the  detail 
obtainable  on  most  wind  tunnel  models.  Also  indicated  in  the  figure  is  computations  with 
a  three-dimensional  panel  method^  developed  at  the  FFA. 

At  present  25  flight  hours  have  been  flown  in  a  program  of  approximately  50  hours. 

The  static  pressure  and  skin  friction  distributions  on  the  wing  have  been  determined  and 
presently  the  test  is  focussed  at  completing  the  boundary  layer  measurements  as  well  as 
improving  the  determination  of  for  example  shock  position  and  shock  unsteadiness  on  the 
wing. 

CONCLUSIONS 

The  results  from  the  present  flight  test  program  may  be  of  value  in  the  areas  of 

-  wind  tunnel/flight  correlation  of  viscous  flow  on  swept  wings 

-  inviscid  and  viscous  code  development 

-  transition  prediction 

-  shock/boundary  layer  interaction 

-  testing  techniques 
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FLUID  DYNAMICS  PANEL  SYMPOSIUM 
"COMPUTATION  OF  V I SCOUS- 1 NV I  SC  10  INTERACTIONS" 
ROUND  TABLE  DISCUSSION 


Dr.  Qinnn 


The  idea  behind  the  last  three  days  has  been  to  share  with  each  other  the  different  ideas  and  concepts 
that  are  being  used  to  design  surfaces  over  which  there  are  flows  with  strong  viscous  and  inviscid 
interactions.  We  have  heard  a  number  of  them.  All  have  agreed  with  some  experimental  data,  and  that 
itself,  might  be  an  issue  we  would  care  to  discuss.  I  presume  tnat  everybody  is  to  some  extent  content 
with  what  he  has  seen  with  respect  to  the  different  techniques  used  to  calculate  such  flows.  Maybe  you 
would  care  to  discuss  some  of  the  shortcomings,  whether  or  not  you  are,  in  fact,  content  with  them;  what 
are  the  limitations  in  the  different  procedures? 

To  jog  our  memories  on  the  different  calculation  techniques  that  have  been  presented  over  the  last  three 
days,  I  have  asked  M.  Le  Balleur,  Or.  Kline,  and  Dr.  Melnik  to  take  no  more  than  about  5  minutes  each  in 
reviewing  or  giving  their  impressions  of  the  three  sessions  in  which  each  of  them  presented  ''•ema'ks.  We 
will  start  with  the  first,  M.  Le  Balleur,  Session  1. 

M.  Le  Balleur 


If  we  look  back  at  the  beginning  of  our  session,  the  theme  was  that  of  unseparatnd  flows,  using  the 
thin-layer  concept,  and  all  of  the  presentations  dealt  essentially  with  wing  profiles  or  airfoils.  You 
will  recall  that  we  heard  Dr.  Lock's  paper,  presented  by  Dr.  Green,  on  a  review  cf  methods  for 
predicting  viscous  effects  on  airfoils  and  wings  at  transonic  speeds.  We  then  har.  a  paper  by  Messrs 
Nebeck,  Sobieczky  and  Seebass  which  defined  methods  taking  into  account  the  viscous  effects  for  the 
generation  of  shock-free  airfoils.  Then  we  had  a  paper  by  Messrs  Stanewsky,  Nandanan  and  Inger  that 
showed  the  importance  or  the  problems  of  the  boundary  layer  and  shock  wave  interaction.  Then  we  had  a 
paper  by  Messrs  t^sopper  and  Grenon  which  showed  the  possibility  of  carrying  out  coupled  computations 
for  viscous  unsteady  flows.  Then  we  had  a  paper  by  Or.  Leicher  on  high-lift  airfoils,  one  by  Messrs 
Rosch  and  Klevenhusan  on  multi-element  airfoils  in  transonic  flow.  Then  Dr.  Firmin  talked  to  us  about 
the  difficult  three-dimensional  problem  of  wings  with  a  coupling  where  you  have  a  transonic  small 
disturbance  inviscid  calculation  and  a  wake  calculation.  Finally,  Dr.  Wai  and  Dr.  Yoshihara  spoke  of 
the  problem  of  two-dimensional  airfoils  and  this  particularly  included  the  separation  problems,  as  well 
as  a  specific  treatment  for  the  shockwaves  interactions,  using  the  viscous  ramp  model. 

So  my  comments  in  regard  to  that  particular  session  are  tnat  we  heard  about  a  number  of  different 
methods  concentrating  to  seme  extent  on  the  two-dimensional  problems,  or  the  problems  of  multi -element 
airfoils,  both  on  the  three-dimensional  and  two-dimensional  unsteady  problems,  and  concluding  with  the 
calculation  of  separation  by  a  method  which  goes  oeyond  the  stage  of  a  separation  modellino  limited  to 
isobars,  as  is  often  .he  case  in  multi-elemenc  airfo’ls.  The  characteristic  of  all  of  these 
computations  is  th»t  they  used  integral  methods  for  calculating  the  viscous  effects,  and  I  think  that 
this  is  an  important  point.  A  second  point  is  that,  except  for  the  techniques  that  include  the 
separation  oroblems,  they  used  a  simple  successive  iteration  coupling  technique,  with  possibly  an 
under-relaxation  to  ensure  convergence.  It  would  appear,  offhand,  that  there  is  now  a  great  deal  of 
precision  in  computing  the  two-oimensional  profiles,  and  I  think  that  it  would  be  interesting  for  us  to 
evaluate  and  discuss  this  point. 

The  major  elements  that  are  common  to  all  of  these  computations  are  the  necessity  to  take  into  account 
the  displacement  effects,  and  particularly  the  thickness  effects  (or  displacement)  of  the  wake. 

Reference  was  also  made  to  the  need,  in  order  to  take  good  estimates  of  the  wake,  to  take  the  curvature 
effects  into  account.  It  seems  to  me  worthwhile  to  stress  one  particular  point,  mentioned  by  Dr.  Green, 
which  was  the  possibility  of  choosing  for  the  wake  curvature  either  its  mean  curvature,  or  the  curvature 
induced  in  the  inviscid  flow  which  was  indicated  as  K*  curvature  or  displacement  surface  curvature.  One 
last  point  is  that  of  taking  into  account  the  wake  geometry.  This  therefore  represents  the  points  of 
agreement  among  all  of  the  papers. 


However,  it  would  appear  that  a  certain  number  of  controversies  in  the  different  techniques  have 
emerged.  First  of  all,  although  all  of  the  computations  used  potential  programs,  you  will  note  that 
some  of  these  use  non-conservative  versions,  some  that  are  fully  conservative,  and  others  that  are 
partial ly-conservative.  It  appears  to  me  therefore  that  a  first  question  that  would  be  very  worthwhile 
to  look  at  would  be  to  see  whether  there  is  a  weighting  in  the  two  types  of  .he  schemes  that  might 
produce  with  universality  an  approximate  solution  for  the  Euler  equations,  or  are  these  Euler  equations 
indeed  necessary  to  be  solved.  Another  point  that  wasn't  brought  up  very  much,  but  one  that  we  ought  to 
discuss,  is  that  of  the  question  of  the  wall  corrections  in  the  transonic  range.  All  of  the  comparisons 
were  given  with  such  corrections.  It  would  seem  very  important  to  me  to  see  whether  we  can  make 
comparisons  with  experiment  that  might  be  derived  from  this  limitation.  If  we  leave  aside  the 
three-dimensional  problems,  for  which  the  first  results  indicate  the  importance  of  the  leading  edge 
area,  the  problem  that  gave  rise  to  the  greatest  controversy  is  the  question  of  the  interaction  between 
the  shock  wave  and  the  boundary  layer  and  the  problem  of  the  trail ing  edge;  l  noted  it  was  said  in  Dr. 
Lock's  presentation  that  the  treatment  of  the  shock -boundary  layer  interaction  as  well  as  the  trailing 
edge  treatment  in  terms  or  a  strong  local  interaction  were  not  essential,  but  I  think  that  Dr.  Melnik 
will  consent  on  that  point.  During  the  second  day,  Dr.  Melnik  said  that  on  the  contrary  the  problem  of 
the  trailing  edge  was  essential,  particularly  for  drag  problems.  For  the  shock-boundary  layer 
interaction,  it  seems  to  me  that  there  are  two  major  directions  that  emerge  from  this,  if  you  don't 
adopt  the  position  that  consists  o'  saying  that  one  shouldn't  bt  concerned  with  this.  The  first  concern 
will  be  connecteo  to  the  problem  of  the  inviscid  flow  and  tied  to  the  intensity  of  recompression  under 
shock.  The  viscous  techniques  essentially  are  intended  to  offsat  the  over-recompression  at  the  wa’l  due 
to  a  fully  conservative  code.  The  second  point  involves  the  calculation  of  the  viscous  flow  and  was 
brought  out  by  Dr.  Stanewsky 's  paper,  which  shows  that,  beyond  the  intensity  of  the  after-shock 
recompression,  you  have  the  problem  of  whether  one  can  predict  with  accuracy  the  thicknesses  of  the 
boundary  layer  downstream  of  the  shock,  in  order  that  the  trailing  edoe  area  can  be  properly  predicted. 


This  raises  the  problem  of  the  validity  of  the  boundary  layer  equations,  and  particularly  of  their 
resolution  with  a  distribution  of  pressure  which  results  from  a  ni’ierical  spreading  of  the  shock  wave. 

In  some  cases,  there  is  then  a  question  of  inaccurate  prediction  or  the  downstream  boundary  layer,  which 
may  depend  on  the  numerical  thickening  of  the  shock  wave. 

Or.  Melnik 


There  was  a  great  deal  of  overlap  between  the  second  session  and  the  first  *id  third  sessions.  In  this 
session  there  were  a  number  of  papers  Involving  flows  that  were  not  separated  including  my  review  paper 
and  a  couple  of  papers  that  did  address  flows  with  seoaration.  The  separation  zones  in  these  papers 
looked  to  be  reasonably  extensive  and  so  overlapped  somewhat  with  the  third  session.  Most  of  Le 
Balleur's  comments  on  the  papers  in  the  first  session  apply  equally  well  to  the  second  session.  Rather 
than  trying  to  summarize  each  paper,  !  will  try  to  idemi:',  the  areas  where  there  is  general  agreement 
and  the  areas  where  there  is  still  some  contention  on  1  ^nese  problems  should  be  approached. 

I  think,  in  agreement  with  Or.  Le  Balleur.  it  now  seems  clear  now  that  the  effects  of  the  wake  can  be 
important.  Techniques  have  been  developed  to  include  them  in  airfoil  calculations  and  also  in  wing 
calculations  so  there  seems  to  be  little  reason  not  to  Include  them  in  the  theoretical  model.  There  is 
a  related  point  in  the  paper  dealing  with  mixing  of  jets  with  external  flows.  In  this  paper  the  authors 
used  a  set  of  matching  conditions  to  couple  a  m< .ing  layer  with  a  set  that  seems  not  to  be  related  to 
previous  analyses  of  matching  and  1  think  tnat  ■  =*  is  some  question  in  my  mind,  and  perhaps  in  others, 

concerning  the  correctness  of  these  matching  con„  tions.  The  results  presented  look  good,  and  the 
conditions  are  probably  correct,  but  1  think  that  some  further  work  should  be  done  to  better  justify  the 
matching  conditions  employed  and  to  relate  them  to  the  standard  matching  conditions  for  this  problem 
previously  derived  by,  say,  Viviand. 

On  the  question  of  shock  wave  boundary  layer  interactions  there  were  a  variety  of  methods  developed  to 
treat  the  local  solution  near  a  shock  wave  when  the  shock  waves  are  weak.  However,  this  is  an  area  of 
contention  between  two  groups,  myself,  Adamson  and  Messiter,  on  the  basis  of  rational  asymptotic 
analysis,  feel  that  the  sublayer  is  not  important;  on  the  other  side,  Inger  and  his  students  feel  that 
the  interacting  sublayer  is  an  important  element  in  the  determination  of  the  pressure.  I  think  that 
this  is  a  topic  worthy  of  discussion  in  this  roundtable  discussion. 

As  far  as  the  trailing  edge  interaction  goes,  I  think  that  there  is  a  minor  area  of  contention  between 
us  and  the  British.  1  have  computed  cases  with  and  without  the  trailing  edge  correction,  and 
generally,  the  effects  are  not  large.  However,  there  ,re  cases,  which  I  did  show  in  my  talk,  where  you 
can  underpredict  the  drag  by  about  20  -  25%  if  you  don't  Include  trailing  edge  interaction  effects. 

That  theory  applies  just  to  cusped  trailing  edge,  and  there  is  a  need  to  extend  it  to  more  general 
airfoils  with  non-zero  trailing  edge  angles.  Results  in  the  written  version  of  my  paper,  that  I  did  not 
have  a  chance  to  discuss,  showed  significant  discrepancies  in  drag  when  the  trailing  edge  angle  was 
larger  than  15°.  This  indicates  a  need  to  do  more  work  on  these  types  of  airfoils,  and  maybe  we  can 
talk  about  that  in  the  roundtable  discussion. 

What  came  out  loud  and  clear  in  the  meeting  was  that  integral  entrainment  methods  seem  to  work  very  well 
for  airfoil  flows.  I  think  we  are  very  lucky  since  viscid-inviscid  interactions  would  take  a  great  deal 
of  computer  time,  if  we  had  to  do  finite  difference  methods.  I  think  the  availability  of  integral 
entrainment  methods  makes  the  prospects  of  doing  efficient  numerical  calculations  with  these  methods 
very  likely  in  3D. 

The  papers  on  separated  flows  demonstrated  that  we  have  at  least  two  or  three  workable  iterative  methods 
for  iterating  between  the  inviscid  and  viscid  flows  wnen  separation  is  present,  provided  the  separation 
zone  is  not  too  large.  The  main  remaining  issue,  which  has  been  with  us  for  a  long  time,  is  the  physics 
of  separated  flows  for  which  not  much  progress  was  demonstrated  at  this  meeting.  The  turbulence  models 
that  are  beirg  used  are  not  adequate.  It  is  not  clear  whether  entrainment  methods  or  integral  type 
methods  will  be  adequate,  although  there  have  been  some  promising  results  obtained  with  integral  methods 
shown  in  this  meeting.  I  think,  all  in  all,  our  understanding  of  how  to  model  turbulence  and  how  to 
close  turbulence,  particulary  for  small  separation  bubbles  with  substantial  pressure  gradients  across 
the  bubble,  is  still  rather  poor.  This  should  also  provide  an  Interesting  subject  for  discussion. 

One  of  the  issues  addressed  in  the  Symposium  was  the  question  of  normal  pressure  gradients  in 
two-dimensional  flows.  Dr.  Le  Balleur  {and  Prof.  Bradshaw)  have  been  developing  procedures  based  on  a 
generalized  set  of  shear  layer  equations  that  include  an  approximation  to  the  normal  momentum  equation, 
while  I  and  others  have  concentrated  on  the  use  of  local  asymptotic  solutions  in  regions  where  normal 
pressure  gradients  are  important.  Although  calculations  have  not  yet  been  presented  with  Le  Balleur's 
method,  his  approach  could  prove  to  be  a  flexible  and  accurate  method  for  Including  normal  pressure 
gradient  effects  in  strong  viscid/inviscid  interactions.  Perhaps  the  relative  merits  of  these  two 
approaches  could  be  discussed  later  in  this  session. 

Finally,  as  an  introduction  to  what  I  am  sure  Prof.  Kline  is  going  to  talk  about,  I  heard  in  the 
conversations  during  the  coffee  breaks  that  this  audience  seems  to  appreciate  the  fact  that  we  really 
don't  know  how  well  these  CFD  codes  are  performing.  We  compare  them  to  experiment,  and  every  originator 
of  a  code  shows  extremely  good  agreement.,  even  in  situations  where  I  feel  the  agreement  should  not  be 
good.  For  airfoil  flows,  the  problem  seems  to  be  that  the  'xperimentalist  generating  wind  tunnel  data 
have  not  been  able  to  adequately  pin  down  the  free  stream  Mach  number  and  angle  of  attack,  due  mainly  to 
wind  tunnel  wall  interference  and,  perhaps,  also  to  side  wall  boundary  layer  effects.  Consequently, 
theoreticians  have  felt  free  to  adjust  both  angle  of  attack  and  Mach  number  in  their  calculations  to 
minimize  disagreements  with  data.  I  think  that  we  are  now  at  the  point  where,  if  we  are  to  make 
progress,  we  must  have  good  wind  tunnel  data  with  accurate  estimates  of  the  experimental  values  of  M 
and®<  .  In  the  future  we  must  strive  to  eliminate  this  source  of  uncertainty  in  correlations  of  theory 
and  experiment.  I  feel  the  question  of  code  validation  is  also  an  Important  subject  for  discussion  in 
this  session. 
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Dr.  Kline 

Dr.  Quinn  has  suggested  that  we  summarize,  add  on,  or  clarify.  M.  Le  Balleur  and  Bob  Melnik  have  done 
an  excellent  job  of  summarizing.  1  would  like  to  clarify  some  earlier  semantic  problems  concerning  flow 
detachment  of  a  turbulent  boundary  layer  from  a  faired  surface,  add  on  a  bit  about  the  physics  of  that 
phenomenon,  and  discuss  what  this  physics  implies  concerning  appropriate  modeling  of  detachment  in 
viscid-inviscid  interactions. 

Regarding  clarification,  a  question  was  asked  me  earlier  in  the  meeting  concerning  what  I  meant  by 
"detachment"  (or  separation).  Upon  reflection,  it  became  clear  that  we  were  using  the  term  from  three 
different  viewpoints.  These  three  might  be  called:  (i)  computational/parametric;  (ii)  analytical;  ( i i i ' 
correlative/physical/computational. 

In  viewpoint  (1),  Bob  Melnik,  R.E.  Green,  and  others  were  considering  detachment  as  a  function  of 
parameters,  particularly  shock  incidence,  Mach  number,  and  Reynolds  number,  for  a  given  computational 
procedure.  In  viewpoint  (ii),  several  authors,  particularly  Houdeville,  Ardonceau,  and  Veldman,  were 
analyzing  where  computations  become  "stiff"  owing  to  the  approach  to  singular  points  and  discussing 
means  for  avoiding  these  difficulties.  In  viewpoint  (iii),  I  was  discussing  an  improved  physical 
correlation  for  detachment  in  what  might  be  called  "shape-factor  space",  the  relation  of  that 
correlation  to  flow  structure,  and  the  implications  of  both  the  correlation  and  the  flow  physics  for 
viscid-inviscid  interaction  models  in  computations.  1  would  now  like  to  add  to  viev^ioints  (ii)  and 
(iii).  Let  me  begin  by  saying  a  little  about  the  improved  correlation. 

In  research  at  Stanford,  for  about  two  years  we  have  been  using  an  improved  correlatin  plane  hv  vs. A; 
where:  h  =  (H-l)/H  andA  =  &  */<f.  This  plane  has  several  useful  properties.  The  range  of  both  h 
and  A-  is  0-1.  One  can  show  from  the  "wall-wake"  correlation,  say  in  the  form  given  by  D..  Coles 
(1956),  that  the  function  h  »  h(Aj  is  at  most  only  weakly  dependent  on  Re,  and,  more  important,  in  a 
zone  of  either  detachment  or  reattachment  h  =  h(A.)  is  linear  and  independent  of  Re. 

Figure  1  is  an  h-Aplane  with  the  Coles  wall-wake  function  (curve  W-W)  and  the  Sanborn-Kl ine  correlation 
for  incipient  detachment  (curve  I-D)  shown.  All  known  points  for  detachment  recorded  in  the  literature 
are  also  shown.  When  we  eliminate  flows  with  boundary  layers  far  from  equilibrium,  we  see  that  all  the 
data  center  on  the  intersertion  of  curve  W-W  and  curve  I -D,  but  considerable  scatter  exists.  To 
understand  the  scatter,  we  need  to  understand  something  about  the  physics,  i.e.,  the  flow  structure. 

The  important  thing  for  our  present  purpose  is  to  remember  that  the  detachment  of  a  turbulent  boundary 
layer  from  a  faired  surface  s  a  zone  —  not  a  line.  Detachment  occurs  as  the  result  of  an  increasing 
number  of  small  bits  of  unsteady,  three-dimensional  backflow.  Cf  =  0  occurs  at,  or  extremely  close 
to,  the  point  where,  on  average,  the  flow  goes  forward  50%  of  the  time  and  backward  50%  of  the  time. 
Turbulent  detachment  is  thus  essential’y  unsteady  and  three-dimensional,  unlike  the  textbook  pictures 
that  desc-ibe  the  laminar  case. 

For  about  two  years,  we  have  also  been  using  a  r.ew  instrument  called  a  "thermal  tuft".  The  thermal  tuft 
is  comprised  of  three  wires  very  close  to  the  wall.  The  center  wire  is  heated,  and  the  outer  wires  are 
used  as  thermometers.  (See  Eaton,  et.  al.  1979.)  With  this  instrument,  we  can  obtain  quite  accurate 
measurements  of  the  time-average  fraction  of  forward  flow  (denotedV  p).  Thus  we  can  delineate  where 
Cf  =  0  with  good  accuracy.  We  also  obtain  a  "metric"  of  boundary  layer  state  (or"stall  margin").  We 
call  the  location  where Y  p  -  50%  and  Cf  =  0  full  detachment. 

One  point  from  a  thermal  tuft  with  5%  average  backflow  (95%  forward  flow)  owing  to  Ashjaee  (1980)  is 
shown  in  Fig.  1  as  #  •  Ashjaee's  point  lies  essentially  at  the  intersection  of  the  curves  W-W  and  I-D 
in  Fig.  1;  it  thus  verifies  the  location  of  incipient  separation  using  the  new,  more  accurate  technique. 


In  many  early  computing  methods,  full  detachment  was  taken  to  be  somewhere  in  the  range  1.85  H£  2.6. 
Howev- r,  Fig.  1  shows  that  full  detachment  occurs  when  H  =  4.  This  was  shown  explicitly  by  Coles  (1956) 
in  his  seminal  paper  on  the  "Law  of  the  Wake".  Coles  demonstrated  that  at  detachment  Cf  =  0, a  */cf 
=  A  =  0.5,  and  this  leads  immediately  to  H  =  4,  as  shown  in  Fig.  1.  Hence  both  the  early  computation 
methods  and  the  data  center  on  incipient  detachment,  although  it  is  taken  to  be  full  detachment  by 
nearly  all  researchers.  It  is  not  difficult  to  explain  why  this  is  so. 

In  visual  techniques,  markers  will  move  upstream  until  there  is  some  small  fraction  of  backflow;  the 
exact  location  of  farthest  upstream  movement  will  depend  on  the  type  of  marker  used.  Since  a  variety  of 
uncalibrated  visual  methods  were  employed,  we  must  expect  considerable  scatter  centering  on  incipient 
detachment  —  just  what  is  observed  in  Fig.  1. 

The  reason  why  some  theories  have  also  mistaken  incipient  for  full  detachment  leads  directly  to  the 
connection  between  the  physics  and  computation.  If  one  thinks  of  the  boundary  layer  blockaged*/<f,  it 
becomes  clear  that  only  a  relatively  small  value  of  the  time-average  fraction  of  backflow  will  cause<f* 
to  increase  rapidly,  thus  strongly  increasing  the  interaction  between  the  viscid  and  inviscid  zones. 

This  increased  interaction  implies  the  need  for  improved  matching  procedures,  and  this  often  is 
displayed  mathematically  by  "sciff"  matrices  in  a  given  solution  algorithm.  To  put  this  differently, 
the  first  appearance  of  singularities  in  the  solution  matrix  is  usually  associated  with  incipient 
detachment  --  rather  than  full  detachment.  This  can  clearly  be  seen  in  the  results  of  the  1968 
AFOSR- I FP -Stanford  Confere-  e  on  Commutation  of  Turbulent  Boundary  Layers.  All  28  methods  either 
stopped  or  were  continued  r  ,d  hoc  modification  of  the  interaction  procedure,  up  to  full 

detachment. 

Since  the  appearance  of  :  Jarit;  is  highly  "equation-dependent",  the  degree  of  difficulty  will 
depend  on  the  precise  foou  or  the  •  *-»..■  ;.ig  equations  i  "he  solution  matrix,  including  the  variable 
chosen,  the  governing  equations  u  i.  .nd  the  differencing  scheme  employed.  This  conclusion  is  common 
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mathematical  knowledge,  and  is  evident  in  the  presentations  of  this  meeting,  particularly  those  of 
Ardonceau,  of  lloude vi lie,  and  of  Veldman,  The  1968  experience  suggests  in  addition,  that  any  procedure 
following  the  standard  boundary  layer  algorithm  of  Prandtl  is  not  likely  to  carry  all  the  way  to  full 
detachment,  since  the  28  methods  in  the  '68  Conference  embody  a  wide  variety  of  equations  and  numerical 
procedures. 


Recognition  that  singularities  can  arise  well  ahead  of  full  detachment  is  important,  even  though  the 
physical  distance  from  incipient  to  full  detachment  is  qi:He  short  in  many  flows.  The  knowledge  advises 
us  when  to  be  careful  concerning  possible  singular  behavior.  It  also  advises  when  we  need  to  shift  our 
modeling  to  account  for  effects  of  detachment  and  the  presence  of  free  shear  layers. 


In  modeling  passage  flows  at  Stanford  in  the  last  few  years,  we  have  had  considerable  success  with  very 
simple  programs  when  we  have  followed  these  twin  ideas  of  modifying  matching  and  flow  models  at 
incipient  detachment.  Baraina  et  al.  (1981)  summarize  the  results  for  two-dimensional,  incompressible, 
planar  diffusers.  They  show  success  in  computing  three  flow  regimes  (unstalled  flow,  transitory  stall, 
and  full  stall)  with  a  single  program  running  less  than  a  second  in  a  medium-sized  computer.  We  use  a 
boundary  layer  program  with  conventional  matching  until  we  reachA  =  0.42.  At  this  point  the  models  are 
shifted  to  fit  free  shear  layers  and  conditions  derived  from  the  physics  of  separated  flows  introduced. 


Initially,  the  method  was  found  from  physical  reasoning.  More  recently,  we  have  been  routinely  studying 
the  Jacobean  of  the  coefficients  of  the  solution  matrix.  When  singularities  occur,  we  then  seek  means 
for  removing  the  singularities  from  the  domain  of  computation.  This  has  led  to  a  number  of  further 
advances  for  internal  flow  cases.  We  expect  to  report  in  relatively  short  times  (measured  on 
research-project  time-constants)  advances  covering  inverse  procedures,  other  geometries,  compressible 
flows  up  to  M  =  0.9,  and  flows  with  forced  unsteady  mean  streams.  All  these  methods  run  in  times  one 
or  two  orders  of  magnitude  less  than  required  for  grid  computations  using  the  time-average  Navier-Stokes 
equations  (even  with  simple  closure  models).  Thus,  we  have  several  methods  of  considerable  utility  for 
many  engineering  computations. 

We  have  not  yet  seen  methods  of  this  sort  applied  to  external  flows,  but  we  believe  they  may  have 
something  to  offer  not  only  in  rapid  computation  but  also  possibly  in  improving  the  modeling  of  some 
cases  of  shock/boundary- layer  interaction  where  one  suspects  the  flow  physics  near  the  wall  will  be 
similar  to  that  described  above. 
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Or.  Quinn 

Thank  you  gentlemen.  Dr.  Melnik  brought  up  the  question  of  wind  tunnel  data.  Mr.  Rosch  has  some 
comments  appropriate  to  that  topic. 

Mr.  Rosch 


Dr.  Melnik  and  I  were  talking  about  this  special  problem  during  lunch.  I  want  to  make  it  very  clear. 
Everyone  dealing  with  inviscid  and  viscous  numerical  schemes  compared  their  results  with  measurements. 
But,  as  it  turns  out,  everyone  has  their  own  airfoil  section  together  with  some  experiments  from  wind 
tunnels  to  which  they  have  access.  I  find  that  it  is  very  difficult  to  compare  one  method  with  another 
cne.  On  the  other  hand,  a  computer  code  has  to  be  compared  with  some  sort  of  measurement If  you  want 
to  compare  your  numerical  experiment  with  measurements,  you  have  to  know  at  least  the  free  stream  Mach 

number  and  the  angle  of  attack.  It  turns  out  that  the  Mach  number  and  the  angle  of  attack  you  should 

use  in  a  numerical  calculation  are  depending  on  ;he  wind  tunnel  and  the  wind  tunnel  wall  corrections,  so 
no  one  really  knows  which  effect  of  (Disagreement  depends  on  the  Mach  number  and  which  one  on  the 
mismatch  of  the  angle  of  attack.  The  aim  of  this  remark  is  only  to  make  it  very  clear  and  to  suggest 

that  in  future  worx  for  wind  tunnels  some  details  should  be  laid  on  wind  tunnel  wall  correct’ons  and 

they  should  be  stated  n  the  papers  when  they  are  published. 

Or.  Quinn 

Thank  you  Mr.  Rosch.  Let's  keep  on  with  this  point,  I  would  like  to  get  some  discussion.  Is  there 
anyone  in  the  wind  tunnel  community  who  would  like  to  address  this  point? 

Mr.  King 

I  wanted  to  mention  that  rather  than  trying  to  make  wind  tunnel  wall  corrections,  we  have  used  a 
pressure  survey  tube  to  measure  the  pressure  distribution  both  above  and  below  the  airfoil  inside  the 
wind  tunnel.  We  have  then  used  these  measured  pressures  as  boundary  conditions  on  our  numerical 
calculations.  These  results  we  presented  at  the  AIAA  Snowmass  meeting  and  the  effects  of  the  pressure 
boundary  condition  on  the  calculated  results  were  quite  significant. 

Dr.  Quinn 
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Qui^e  significant  -  how  much,  10%,  15%? 
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Hr.  King 

We  could  get  a  movement  of  the  shock  on  the  airfoil  in  an  essentially  weak  interaction  case,  in  which 
the  boundary  layer  had  little  effect  on  shock  position.  The  shock  position  on  the  airfoil  would  move  by 
15  to  20%. 

Or.  Quinn 

That  is  a  lot.  Who  else  would  like  to  coiment? 

Mr.  Firmin 


I  wish  to  agree  with  what  has  been  said  by  Mr.  King  and  support  the  view  that  the  boundary  conditions 
near  the  wind  tunnel  walls  must  be  known  and  taken  into  account  in  calculates.  I  would  like  to  remind 
the  audience  that  a  recent  AGARD  report  exists,  AGARD-AR-138,  where  Winter  and  Ohman  make 
recoimendations  about  wind  tunnel  testing,  both  for  two  dimensional  and  three  dimensional  flows.  They 
recommend,  in  addition  to  the  boundary  layer  and  wake  measurements  that  have  normally  been  made,  that 
for  aerofoi 1  tests: 

1.  : he  boundary  conditions  for  the  inviscid  flow  in  the  vicinity  of  the  roof  and  floor  be  measured,  and 

2.  The  side  wall  boundary  layer  thicknesses  are  determined,  and  if  possible,  the  sensitivity  to  end 
walls  conditions  be  determined  by  using  sucticn  to  change  the  thicknesses.  If  these  measurements  are 
made,  then  doubts  about  the  effects  of  tunnel  walls  can  largely  be  overcome. 

Dr.  Quinn 


Any  further  comments? 
Mr.  Ohman 


As  a  matter  of  cou-se  we  now  measure  the  wall  boundary  conditions  on  all  two-dimensional  tests  done  in 
our  wind  tunnel.  We  use  a  method  similar  to  the  one  developed  by  M.  Capellier  and  Chevallier  at  ONERA 
to  compute  the  wall  corrections.  That,  in  our  case,  seems  to  work  quite  well.  Concerning  the  side-wall 
boundary  layer  effect,  that  is  still  a  very  tricky  problem,  and  I  don't  think  that  we  have  a  final 
solution  to  that  one.  We  find  that  the  application  of  side  wall  suction  in  the  vicinity  of  the  model 
seems  to  work  quite  well  in  our  case.  1  know  that  there  are  other  situations  where  it  apparently 
doesn' t  work. 

We  have  seen  in  most  cases  very  good  agreement  between  calculations  and  measurements  in  supercritical 
flow,  howhere  has  mention  been  made  of  the  geometric  accuracy  of  the  model.  I  suspect  that  in  most 
cases  the  authors  have  used  the  theoretical  coordinates  of  the  airfoil  section,  rather  than  the  measured 
ones.  If  the  mode  1  is  accurately  made,  there  may  be  no  cause  for  concern.  However,  the  sensitivity  of 
supercritical  flow  to  model  geometry  is  extremely  high,  so  for  a  not-so-well  made  model,  you  can  eas'ly 
get  calculated  results  that  are  quite  different  according  to  whether  you  use  actual  measured  model 
coordinates  or  theoretical  design  coordinates.  Some  of  us,  who  have  presented  comparisons  of 
theoretical  and  experimental  results,  should  look  into  this  point. 

Mr.  Rosch 


Mr.  Ohman,  I  disagree  with  some  of  your  statements  and  I  won't  put  the  blame  on  the  mismatch  between  the 
design  airfoil  coordinate  and  the  coordinate  that  actually  is  manufactured.  In  our  firm  we  make  various 
checks,  and  we  see  that  we  get  different  results  between  different  wind  tunnels.  So  it  isn’t  really  the 
model  construction  problem. 

Mr.  Ohman 


Just  a  very  quick  response.  We  have  done  comparisons  of  wind  tunnels,  in  our  case  with  NLR.  NLR  used  a 
slotted  wall,  we  used  a  perforated  wall  wall  tunnel,  and  we  got  the  same  results  in  supercritical  flows. 

Or.  Green 

I  would  like  to  raise  the  importance  of  knowing  the  geometry  in  3-0  model  testing.  In  this  case 
aeroelastic  distortion  comes  in  and  the  effects  can  be  appreciable,  though  they  can  in  principle  be 
incorporated  in  viscous  interaction  codes.  This  brings  up  a  question  that  I  wanted  to  ask  Dr.  Drougge, 
had  time  permitted,  at  the  end  of  his  presentation  -  are  any  aeroelastic  measurements  going  to  be  made 
tc  define  the  shape  of  the  aircraft  in  the  FFA  flight  experiments? 

Dr.  Drougge 

Yes. 

Dr.  Ty deman 


I  would  like  to  n-ke  a  remark  on  the  application  of  shock-wave  -  boundary  layer  interaction  models  in 
numerical  schemes.  There  are  a  number  of  flow  patterns  in  which  the  straight-forward  application  is 
doubtful.  I  am  thinking,  for  instance,  on  the  double  shock  configuration  of  Mr.  Stanewsky  (Paper  4, 
Fig.  13).  The  critical  value  of  Cp  is  not  indicated,  but  probably  remains  below  the  first  pressure 
jump  in  his  figure.  It  is  questionable  whether  the  first  shock  indeed  '  the  airfoil  surface.  This 
implies  that  it  is  also  questionable  whether  the  shock-wave  -  boundary  model  should  be  applied. 


Some  other  flow  patterns  which  may  give  rise  tc  problems  have  been  sket  >  >  in  Figure  2.  These  patterns 
were  observed  during  experiments  on  an  airfoil  with  flap. 
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Or.  Quinn 

Thank  you  Or.  Tydeman.  This  seems  to  be  a  point,  that  we  could  continue  discussing  and  perhaps  even  have 
a  symposium.  I  am  going  to  halt  discussion  on  this  particular  aspect,  and  if  there  is  time  later  on,  we 
will  come  back  to  it.  In  closing  the  discussion,  I  want  to  try  to  give  the  flavor  of  what  has  been 
said:  If  wall  conditions  or  small  errors  in  local  incidence  reposition  a  shock  by  as  much  as  10  or  1j%, 
the  error  in  pressure  may  be  considerably  more.  Consequently,  when  we  see  agreement  between 
calculations  and  not-very-wel 1 -discussed  experimental  data,  we  should  keep  in  mind  the  liklihood  of 
errors  in  the  experimental  facility,  in  the  model  geometry,  and  in  the  analysis. 

Or.  Tydeman 

I  would  like  to  comment  on  the  wall  corrections  and  the  displacement  of  the  shock  wave.  You  must  be 
aware  that  it  depends  very  much  on  the  type  of  pressure  distribution.  For  instance,  when  you  have  a 
flat  pressure  distribution  ahead  of  the  shock  wave,  you  need  only  a  few  tenths  of  a  degree  to  change  the 
shock  position  quite  a  lot.  On  the  other  hand,  when  there  is  a  steep  gradient  ahead  of  the  shock  wave, 
the  shock  is  hardly  willing  to  move.  In  other  words,  it  is  very  dangerous  to  make  a  common  statement. 

Dr.  Quinn 

Let's  end  the  discussion  for  the  moment  on  shock  waves  and  boundary  layer  interactions  in  wind  tunnels 
and  move  on  to  a  point  that  received  a  lot  of  discussion  on  the  first  and  second  days.  You  recall  that 
authors  provided  calculations  and  contrasted  them  with  experiments  to  show  they  were  in  reasonable 
agreement.  Or.  Melnik  and  others  then  asked  if  they  had  included  wake  effects;  and  the  response  would 
provoke  considerble  discussion.  I  want  to  touch  on  the  wake  effects  now.  Mr.  Slooff  had  some 
questions  on  the  trailing  edge  conditions,  and  1  think  that  might  relate  to  the  wake  problem. 

Mr.  Slooff 

I  would  like  to  dwell  briefly  on  a  subject  that  was  barely  touched  at  this  conference;  Bob  Melnik 
mentioned  it  briefly.  It  is  a  subject  I  have  a  problem  with  and  it  has  been  a  problem  for  several 
years.  I  would  like  to  share  it  with  the  community  here.  Maybe  there  is  somebody  here  that  has  solved 
it  or  perhaps  it  will  trigger  somebody  to  solve  it  in  the  future.  It  is  in  fact  an  inviscid  problem 
already.  We  may  think  of  solutions  of  the  Euler  equations  and  in  particular  of  solutions  of  the  flow 
over  an  airfoil  with  a  finite  trailing  edge  angle  and  with  a  shock  on  the  upper  surface,  across  which  we 
have  a  jump  in  total  pressure  and  no  shock  on  the  lower  surface  (Fig.  3).  Then  it  is  quite  easy  to  show 
that  the  only  possible  type  of  flow  at  the  trailing  edge  which  will  satisfy  zero  pressure  jump  across 
the  wake  is  one  in  which  the  flow  leaves  the  trailing  edge  tangential  to  the  lower  surface.  If  there  is 
a  shock  only  on  the  lower  surface,  the  situation  is  just  the  other  way  around  and  in  general  one  might 
say  that  the  flow  will  have  to  leave  the  surface  in  the  direction  towards  the  strongest  shock,  if  there 
are  shocks  on  both  surfaces.  We  can  play  the  game  in  mind  that  the  shock  strength  reduces  to  zero,  and 
what  we  end  up  with  then  is  a  potential  flow.  However,  there  is  no  reason  to  believe  that  something 
sudden  happens  with  that  trailing  edge  flow  at  the  moment  that  the  total  pressure  jump  goes  to  zero.  On 
the  other  hand  the  classical  picture  of  potential  flow,  as  obtained  for  instance,  from  the  theory  of 
conformal  mapping,  is  that  the  flow  leaves  a  trailing  edge  along  the  bisector.  It  seems  that  we  have  a 
conflict  here. 

Another  way  to  look  at  the  problem  is  from  the  point  of  view  of  three-dimensional  wing  flow.  It  was 
shown  sometime  in  the  late  60' s,  I  think,  by  Mangier  and  Smith  that,  on  a  3-d  wing  with  a  vortex  sheet 
leaving  the  trailing  edge,  depending  on  the  sign  of  the  shed  vorticity  and  the  angle  between  the 
vorticity  vector  and  the  trailing  edge,  flow  also  has  to  leave  the  trailing  edge  parallel  to  either  the 
upper  or  the  lower  surface.  Again  we  may  play  a  game  of  limits  and  say  that  the  2-d  case  is  obtained 
when  we  let  the  aspect  ratio  go  to  infinity.  Again  we  end  up  with  a  flow  at  the  trailing  edge  which  is 
either  parallel  to  the  upper  or  the  lower  surface.  The  question  now  is,  what  is  the  relevant  inviscid 
trailing  edge  flow  solution?  I  think  that  we  might  also  put  the  question  in  this  way:  what  is  the  limit 
of  trailing  edge  flow  when  the  Reynolds  number  goes  to  infinity? 

I  also  have  a  comment,  which  is  that  a  good  viscous-inviscid  interaction  method  should  contain  the 
proper  limit  for  delta  star  going  to  zero  at  the  trailing  edge.  It  seems  to  me  that  we  are  not  sure 
what  that  limit  is  in  the  2-d  case,  but  in  the  3-d  case  it  seems  inevitable  that  it  should  be  according 
to  the  Mangier  and  Smith  criterion.  I  would  like  to  draw  your  attention  to  a  formulation  of  viscous  3-d 
trailing  edge  flow  which  was  given  by  Piers  and  some  colleagues  in  1975*,  which  is  a  formulation  which 
satisfies  the  criteria  that  if  the  delta  star  goes  to  zero  then  we  satisfy  the  Mangler-Smith  criterion. 

I  don't  think  any  method  discussed  at  this  symposium  satisfied  this. 


*  NLR  Report  TR75076  U 


Or.  Quinn 


Dr.  Green  is  anxious  to  speak  to  this  point. 

Or.  Green 

Could  we  have  the  slide  again  please.  I  would  like  to  have  an  argument  with  Mr.  Slooff  over  this.  The 
upper  picture  which  he  draws,  I  would  support  wholeheartedly.  You  don't  need  a  shock  wave  in  there, 
what  you  need  to  draw  in  is  the  boundary  layer  and  then  argue  that  its  behavior  near  the  trailing  edge 
region  is  quasi  inviscid  -  the  important  part  of  the  boundary  layer  behaves  inviscidly.  The  boundary 
layer  looks  like  a  flow  with  slip  velocity  at  the  wall  and,  if  the  airfoil  is  generating  much  lift,  the 
bounoary  layer  on  the  upper  surface  will  have  a  higher  value  of  shape  factor  because  of  the  adverse 
pressure  gradients  and  will  therefore  have  a  lower  slip  velocity  and  a  lower  total  head  at  the  wall. 
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The  only  solution  in  that  case,  for  the  trailing  edge  region  modelled  as  a  rotational  i nvi sc  id  region  of 
strong  interaction,  is  as  Mr.  Slooff  has  drawn  it  on  the  top.  1  made  this  point  in  1971  in  the  paper  1 
gave  in  the  AGARO  meeting  in  Gottingen  on  high  Reynolds  number  flow.  In  fact,  the  argument  came  from 
Mangier  and  Smith;  it  is  the  argument  that  you  can't  have  two  contiguous  corner  flows  separated  by  a 
free  stream  line  if  the  stagnation  pressure  on  the  dividing  streamline  differs  in  the  two  flows.  So 
when  we  come  to  the  question  of  what  is  the  relevant  inviscid  trailing  edge  flow  solution  in  the  limit 
of  Reynolds  number  going  to  infinity,  I  would  say  that  the  limit  Reynolds  number  going  to  infinity  is 
not  relevant.  When  we  are  looking  for  the  equivalent  inviscid  flow  that  is  part  of  our  interactive 
solution,  what  is  said  in  Lock's  paper  is  that  we  are  seeking  an  inviscid  flow  which  is  identical  to  the 
real  flow  outside  the  viscous  region.  This  equivalent  inviscid  flow  has  in  it  at  the  trailing  edge  a 
discontinuity  in  the  axial  distribution  of  the  velocity  components  normal  to  the  boundary.  The  sum  of 
tho  discontinuities  in  the  upper  and  lower  parts  of  the  flow  must  match  the  trailing  edge  angle.  The 
solution  for  the  inviscid  flow  must  be  such  that,  when  it  is  matched  with  a  model  of  the  strong 
interaction  behavior  in  the  trailing  edge  region,  in  the  combined  solution  the  boundary  streamline  on 
the  under  surface  is  continuous  through  the  trailing  edge  region  whilst  that  on  the  upper  surface  is 
turned  sharply  through  the  trailing  edge  angle.  It  seems  to  me  that,  on  the  basis  of  what  Lock  has 
said,  one  can  put  together  an  entirely  self-consistent  model  for  the  inviscid  flow  which  matches  the 
picture  that  Mr.  Slooff  has  suqgested  for  us  here.  The  arguments  carry  over  quite  logically  to  three 
dimensions,  although  in  three  dimensions  there  is  the  possibility  of  the  vortex  sheet  changing  direction 
as  it  comes  off  the  trailing  edge  in  some  strange  lifting  cases.  I  believe  that  the  principles  set  down 
in  Lock's  paper  meet  the  point  that  has  been  raised  here. 

Mr.  Slooff 


I  know  and  accept  the  heuristic  argument  based  on  the  different  total  head  in  the  mean  part  of  the 
boundary  layers  approaching  the  trailing  edge.  It  already  follows  immediately  from  Dr.  Kuchemann's 
inviscid  shear  flow  trailing  edge  model.  I  think,  if  I  understood  you  correctly,  that  you  agree  with  me 
that  the  proper  picture  of  inviscid  flow  at  the  trailing  edge  might  be  the  one  in  which  the  flow  leaves 
the  trailing  edge  parallel  to  whatever  surface  is  appropriate  for  the  particular  case.  Not  the 
bisector.  I  think  that  we  agree  basically  on  that. 

Dr.  Melnik 


I  would  like  to  comment  on  the  points  raised  by  Ors.  Slooff  and  Green.  I  thought  that  I  wasn't  going 
to  find  anything  to  disagree  with  John  Green  about,  but  at  the  last  minute  he  came  through  with 
something  that  I  think  I  disagree  with.  First  let's  get  to  the  problem  raised  by  Slooff.  He  did  raise 
a  good  point,  and  it  is  interesting  that  Jerry  South  raised  it  in  a  telephone  conversation  to  me  a 
couple  of  months  ago.  It  is  the  kind  of  question  that  people  who  do  singular  perturbation  theory  love 
to  get.  It  is  a  singular  perturbation  problem,  and  it  is  a  question  of  non-uniform  limits.  If  there  is 
a  total  pressure  difference  on  the  upper  and  lower  sides  of  the  airfoil,  the  argument  is  correct  that 
the  streamline  must  come  off  tangent  to  the  lower  surface,  < i . e. ,  tangent  to  the  surface  that  has  the 
higher  total  pressure).  If  the  total  pressure  difference  is  exactly  zero,  it  is  also  true  that  the 
streamline  must  go  along  the  bisector.  Both  statements  are  true.  So,  the  question  to  ask  is,  how  does 
thi*  difference  in  behavior  get  resolved  in  the  limnt  as  the  difference  in  total  pressure  vanishes? 

What  happens  is  that  if,  for  example,  you  have  an  inf initesmally  weak  shock  on  the  upper  surface,  the 
streamline  will  come  off  tangent  to  the  lower  surface  and  soon  turn  in  a  direction  to  approach  the 
bisector.  As  the  shock  strength  gets  weaker  and  weaker,  the  region  of  turning,  where  you  go  from 
tangent  to  the  lower  surface  to  tangent  to  the  bisector,  shrinks.  This  question  gets  resolved  in  the 
non-uniform  approach  to  the  limit  as  the  total  pressure  difference  goes  to  zero.  As  the  total  pressure 
loss  across  the  shock  wave  goes  to  zero,  the  streamline  at  the  limit  is  exactly  along  the  bisector,  but 
for  any  small  but  non-zero  total  pressure  loss  there  is  an  infinitesimal  region  that  shrinks  to  zero 
where  the  streamline  direction  transitions  from  the  direction  of  the  lower  surfasce  to  the  direction  of 
the  bisector.  Now,  with  regard  to  what  John  Green  said  about  Robin  Lock's  statement  about  the 
displ acement  thickness  forming  a  corner  that  just  cancels  the  geometric  corner,  so  that  you  have  a 
smooth  equivalent  di splacement  surface  and  no  stagnation  point.  That  is  true,  and  it  is  a  situation 
where  interacting  boundary  layer  theory  can  eliminate  a  singularity  to  get  a  smooth  solution.  The 
problem  is  that  although  the  solution  is  now  regular,  it  is  incorrect.  The  streamwise  length  scale 
over  which  the  displacement  thickness  exactly  conceals  the  geometric  corner  turns  out  to  be  the  order  of 
the  displacement  thickness,  which  is  very  narrow.  In  the  terms  that  I  use.  that  would  be  0(£^) 

(where  £  is  the  dimensionless  friction  velocity),  Bernie  Grossman  and  I  nave  extended  my  cusped 
trailing  edge  theory  to  precisely  this  problem,  that  is,  an  airfoil  with  finite  trailing  edge  angle. 

From  the  resulting  theory  you  find  that  if  you  take  into  account  normal  pressure  gradients  through  the 
boundary  layer,  the  interaction  spreads  over  the  order  of  the  boundary  layer  thickness  which  is  0(£  ) 
and  much  larger  than  the  displacement  thickness.  With  the  theory  you  treat  the  flow  as  inviscid  and 
rotational  over  most  of  the  boundary  layer.  Of  course,  in  that  theory,  there  is  then  no  requirement 
that  the  streamline  comes  along  the  bisector.  You  solve  the  rotational  flow  and  the  streamline  at  the 
bottom  of  the  boundary  layer,  the  one  with  the  higher  total  pressure,  will  leave  tangent  to  the  lower 
surface.  As  the  Reynolds  number  goes  to  infinity,  and  the  non-uniformity  in  the  boundary  layer  goes  to 
zero,  that  region  where  it  transitions  to  the  direction  of  the  bisector  will  again  shrink  to  zero  as  the 
boundary  layer  thickness  goes  to  zero,  and  you  will  be  left  with  the  streamline  along  the  bisector  in 
the  limit.  So,  to  summarize,  Lock  is  right,  in  that  solution  of  the  interacting  boundary  layer 
equations  without  normal  pressure  gradients  will  elimin?fo  the  singularity,  but  it  is  an  improper 
solution.  If  you  take  into  account  normal  pressure  gradients,  you  get  a  self-consistent  solution  and  a 
different,  but  theoretically  correct,  resolution  of  what  happens  in  the  limit. 

Or.  Green 

With  regard  to  interest  in  the  flow  at  infinite  Reynolds  number,  I  would  repeat  that  the  inviscid 
solution  that  we  are  concerned  with  in  our  computation  of  real  flows  is  always  one  to  which  we  have 
applied  the  appropriate  boundary  conditions  so  as  to  match  it  to  a  viscous  flow.  Therefore,  it  is  an 
inviscid  flow  which  has  to  match  the  conditions  at  the  trailing  edge  that  are  enforced  by  there  being  a 
region  of  strong  viscous  interaction  at  the  trailing  edge.  With  reference  to  Lock's  analysis,  I  should 
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like  to  make  it  clear  that  this  can  embrace  normal  oressure  gradients.  It  is  a  misconception  to  think 
that  it  depends  on  the  assumption  of  constant  pressure  across  the  boundary  layer.  It  is  a  question  of 
how  you  define  your  boundary  ’ayer  quantities.  This  point  is  dealt  with  in  Lock's  paper,  and  I  believe 
Dr.  Melnik  will  find  the  analysis  to  be  self-consistent. 

Mr.  Melmuth 


I  was  concerned  about  this  finite  railing  edge.  We  studied  this  to  some  extent  on  our  upper-surface 
blowing  paper  presented  in  January  at  AIAA  and  we  were  concerned  with  similar  kinds  of  questions 
regarding  the  orientation  of  the  stagnation  streamline.  I  think  that  what  has  been  said  here  i'  correct 
regarding  total  heads,  and  the  impact  of  that  with  respect  to  the  tangency  of  the  dividing  streamline. 
One  concern  that  I  have  on  the  finite  trailing  edge  angle  is  that  you  just  can't  use  Prandtl-Glauert 
theory  in  the  vicinity  of  the  trailing  edge,  tou  have  to  include  the  non-linear  effects  associated  with 
the  stagnation. 

Dr.  Quinn 

I  am  afraid  our  time  has  run  out.  I  would  like  to  be  able  to  say  that  the  Round  Table  Discussion 
summarized  our  present  ability  to  compute  flows  with  meaningful  viscous  and  inviscid  interactions,  and 
to  some  extent  it  has.  But  equally  important,  through  your  discussion,  you  have  all  brought  attention 
to  situations  that  were  discussed  either  incompletely  or  not  at  all.  Perhaps  this  symposium  should  be 
followed  up  Dy  another  to  treat  the  unresolved  issues.  M.  Monnerie  and  I  have  each  heard  favorable 
remarks  concerning  the  technical  content  of  this  symposium.  We  hope  you  all  share  those  sentiments  and 
we  take  this  opportunity  to  thank  the  authors  for  their  excellent  presentations  of  new  research.  We 
particularly  thank  M.  Le  Balleur,  Dr.  Lock  by  way  of  Dr.  Green,  Dr.  Melnik  and  Prof.  Kline  for  sharing 

their  perspectives  of  specific  areas.  We  also  thank  all  of  you  for  your  participation  and  your 

interesting  comments.  Good  conferences  just  don't  happen,  they  are  the  result  of  hard  work  and  in  this 

regard,  M.  Monnerie  and  I  express  our  very  special  gratitude  to  our  colleagues  who  served  on  the  program 

committee;  Dr.  Green,  Prof.  Hindelang,  Prof.  Gersten,  Prof,  von  Ingen,  Prof.  Mattioli,  Dr.  Panaras,  and 
seeking  expertise  beyond  that  which  we  have  on  the  panel,  we  co-opted  two  (members:  Prof.  Kline  and  M. 
Serieix.  At  this  time  I  take  great  pleasure  in  introducing  the  Chairman  of  the  Fluid  Dynamics  Panel  Dr. 
Orlik-Riickemiann. 

Dr.  Orlik-Riickemann 


We  have  corme  to  the  end  of  this  long,  but  very  informative,  sometimes  controversial  and  on  the  whole 
very  thought-provoking  meeting.  I  am  sure  that  we  have  all  greatly  enjoyed  the  last  three  days.  We  are 
very  much  in  debt  to  the  Air  Force  Academy  and  to  the  U.S.  Air  Force  for  providing  these  fine 
facilities.  I  hope  that  we  now  will  all  go  hone  feeling  a  little  bit  richer,  not  only  oy  virtue  of 
having  acquired  additional  pieces  of  knowledge,  but  also  in  the  sense  of  having  established  personal 
contacts  of  lasting  value,  or  maybe  just  having  cultivated  and  strengthened  some  of  the  old  ones. 

I  have  heard  several  positive  comments  about  this  symposium.  Of  course,  the  fact  that  we  all  have 
enjoyed  it  so  (much  is  due  to  the  combined  efforts  of  a  whole  team  of  dedicated  people.  Some  of  those 
were  already  mentioned.  It  is  now  my  very  pleasant  duty  to  recognize  these  people,  so  that  we  can  all 
express  our  appreciation  and  our  sincere  thanks  for  their  efforts  and  for  a  job  very  well  done. 

Firstly,  Mr.  Monnerie  and  Or.  Quinn  and  the  members  of  their  committee  for  putting  together  such  a  fine 
technical  program,  chairing  the  various  sessions,  and  leading  and  stimulating  the  discussion.  Then  the 
U.S.  panel  coordinator,  Dr.  Keith  Richey,  for  selecting  such  a  beautiful  site,  making  the  necessary 
arrangements,  and  performing  an  outstanding  job  in  personally  supervising  the  administrative  and 
logistic  functions  during  this  meeting.  In  this  effort,  Dr.  Richey  was  ably  and  tirelessly  assisted  by 
our  (most  efficient  Panel  staff  from  Paris,  Mr.  Bob  Rollins,  the  Panel  Executive  and  Mademoiselle 
Anne-Marie  Rivault.  On  behalf  of  the  Academy,  the  local  arrangements  were  graciously  handled  by  Mrs. 
Janet  Shea.  The  audio  and  visual  equipment,  respectively,  was  expertly  operated  by  Mr.  Art  Young  of  the 
State  Department  and  Staff  Sargent  Cary  Harpley  of  the  Academy.  Their  performance  certainly  equalled 
the  very  best  I  have  ever  seen. 

Last,  but  not  least,  the  translation.  We  have  been  very  fortunate  indeed  in  having  with  us  a  truly 
efficient  team  of  interpreters,  who  in  most  cases  performed  smoothly  and  seemingly  without  effort, 
despite  the  usual  difficulties  associated  with  speakers  who  talk  too  fast  or  with  a  foreign  accent  such 
as  mine.  Our  interpreters  were  Mrs.  Sophia  Porson,  Mrs.  Margaret  Mark,  and  Miss  Doris  Kirsch. 

Now  a  few  words  about  our  future  plans.  Next  year  there  will  be  tw^  Symposia.  The  first  in  Toulouse, 
France,  on  the  11-14  of  May,  on  the  "Aerodynamics  of  Powerplant  Installation"  and  the  second  in  Lisbon, 
Portugal,  on  the  2-5  of  November  on  the  "Fluid  Dynamics  of  Jets  with  Applications  to  V/STOL".  The  Panel 
will  also  sponsor  a  Lecture  Series  on  "Dynamic  Stability  Parameters"  to  be  given  on  the  2-5  of  March  at 
NASA  Amies,  USA,  and  on  the  16-19  of  March  at  VKI,  Belgium(.  We  hope  to  see  as  many  of  you  as  possible  on 
those  occasions.  If  you  cannot  participate  yourself,  please  pass  the  word  on  to  your  colleagues.  With 
that,  I  would  like  to  thank  you  all  for  your  participation  and  to  wish  you  a  pleasant  trip  home.  This 
meeting  is  now  adjourned. 
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Expansion  around  convex  corner  between 
wing  and  aileron 


X-shock  in  concave  comer  between 
wing  and  aileron 


Figure  2 
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Fig.3  Finite  T.E.  angle  problem 
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